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PRKKACE 

THE  preparation  of  this  volume  was  undertaken  to  meet  a  demand 
that  has  been  growing  for  some  years  past  for  a  text-hook  of 
Physical  Science  which  should  connect  more  intimately  than  has 
hitherto  been  usual  the  scientific  aspects  of  Physics  with  its  modern 
practical  applications.  The  reader  must  be  left  to  judge  how  far 
the  authors  have  succeeded  in  thus  combining  the  outlooks  of  the 
man  of  science  and  the  engineer. 

The  contents  have  been  selected  to  meet  the  requirements  of 
various  classes  of  students  those  preparing  for  Intermediate  and 
other  examinations  of  Lonuon  and  other  Universities  ,  atid  those 
entering  for  appointments  in  the  Army,  Navy,  and  Civil  Service, 
or  offering  themselves  for  examination  in  Electrical  Engineering 
(Grade  I.)  by  the  City  and  Guilds  of  London  Institute 

The  book  has  been  arranged  jn  parts,  in  accordance  with  the 
divisions  of  the  subject  found  convenient  in  most  ^hools  and 
colleges.  Part  I.,  Dynamics,  comprises  the  sections  of  Mechanics 
and  Applied  Mathematics  usually  •studied,  and  includes  sections 
on  motion,  statics,  and  the  properties  of  fluids.  Part  II.,  Heat; 
Part  III.,  Light;  Part  IV,  Sound;  and  Part  V.,  Magnetism  and 
Electricity  ,  deal  respectively  with  the  principles  of  these  subjects 
and  their  applications. 

Complete  courses  of  laboratory  work  have  been  provided  in1 
each  Part.  Many  physical  laboratories  are  equipped  with  apparatus 
differing  in  some  respects  from  the  instruments  here  described, 
nevertheless  the  guidance  given  will  enable  intelligent  use  to  bei 
made  of  other  forms  of  apparatus  designed  for  the  same  or  similar 
purposes. 

Attention  is  directed  to  the  experimental  treatment  of  dynamical 
principles,  because  its  neglect,  which  is  unfortunately  common, 
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makes  it  difficult  for  a  student  to  secure  a  thorough  and  systematic 
knowledge  of  physical  science.  The  complete  course  of  experi- 
mental work  has  been  devised  to  meet  both  the  requirements  of 
the  physicist  and  of  the  engineer ,  in  cases  where  the  methods 
of  treatment  adopted  by  these  differ  radically,  the  teacher  or  student 
may  choose  the  experiment  which  best  suits  his  special  needs. 

In  Part  V  ,  the  treatment  of  the  Dynamo,  Telegraph,  and  so  on, 
is  that  which  follows  naturally  and  logically  from  the  earlier 
theoretical  principles  explained;  technical  considerations  of  design 
and  construction  have  been  omitted  as  unsuitable  in  a  text-book  of 
Physics. 

A  large  number  of  worked-out  examples  have  been  included  to 
assist  the  student  to  understand  the  text  and  to  solve  the  exercises 
at  the  ends  of  the  chapters.  Many  of  these  exercises  have  been 
taken,  with  the  permission  of  the  authorities  to  whom  grateful 
acknowledgments  are  made,  from  examination  papers,  the  source 
being  given  in  each  case  Questions  marked  L  U.  are  from 
examination  papers  of  the  London  University  and  those  with  C.G. 
from  papers  of  the  City  and  Guilds  of  London  Institute. 

Answers  have  been  supplied  in  the  case  of  numerical  exercises, 
but  it  is  too  much  to  hope  that  these  arc  entirely  free  from  errors. 
The  authors  will  welcome  any  corrections  which  readers  may  send 
to  them.  ^  4 

The  authors  are  glad  of  this  opportunity  to  express  their  in- 
debtedness to  Prof.  Sir  Richard  Gregory  and  Mr.  A.  T.  Simmons 
for  constant  assistance  and  invaluable  hints  while  the  book  was  in 
preparation  and  passing  through  the  Press. 

J.  DUNCAN. 

S.  G.  STARLING. 

1918. 


In  response  to  requests  from  many  sources,  an  additional  Chapter 
has  been  inserted  on  Wireless  Telegraphy. 

S.  G.  S. 
1919. 
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PART  1 
DYNAMICS 


CHAPTER   I 
INTRODUCTORY 

Preliminary  definitions. — Dynamics  is  that  branch  of  physical 
science  which  investigates  the  behaviour  of  matter  under  the  action 
of  force. 

It  must  suffice  here  to  explain  what  is  meant  by  matter  by  reference 
to  some  of  its  properties,  of  which  the  most  obvious  are,  (i)  it  always 
occupies  space,  (u)  it  always  possesses  weight  when  in  the  neighbour- 
hood of  the  earth.  A  body  is  any  definite  portion  of  matter. 

Force  is  push  or  pull  exerted  on  a  body  ,  and  may  alter  the  state 
of  motion  by  causing  the  speed  of  the  body  to  increase  or  decrease 
continuously,  or  by  producing  a  continuous  change  in  the  direction 
of  motion.  Our  earliest  appreciation  of  force  comes  usually  by 
reason  of  the  muscular  effort  which  has  to  be  exerted  in  sustaining 
the  weight  of  a  body. 

statics  is  that  branch  of  the  subject  dealing  with  cases  in  which 
the  forces  do  not  produce  any  change  in  the  motion  of  the  body  to 
which  they  are  applied.  Kinetics  includes  all  problems  in  which 
change  of  motion  occurs  as  a  consequence  of  the  application  of  force 
to  the  body.  Another  subdivision  called  Kinematics  deals  with  the 
mere  geometry  of  motion  without  reference  to  the  applied  force. 

In  another  nomenclature  in  common  use,  the  name  mechanics  is 
<*iven  to  the  entire  subject,  and  dynamics  to  that  branch  in  which 
the  applied  forces  produce  changes  in  the  motion  of  the  body ;  in 
this  nomenclature  statics  and  kinematics  have  the  signification  defined 
above. 

Fundamental  units. — The  fundamental  units — to  which  are  referred 
all  measurements  in  any  scientific  system— are  those  of  length,  mass 
and  time. 

The  metric  unit  of  length  is  the  metre,  and  may  be  defined  as  the 
distance,  under  certain  conditions,  between  the  ends  of  a  standard 
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bar  preserved  m  Paris.  Other  practical  units  are  the  centimetre 
(0-01  metre,  written  one  cm.),  the  millimetre  (0-001  metre,  written 
one  mm  )  and  the  kilometre  (1000  metres). 

The  British  unit  of  length  is  the  foot,  which  is  one-third  of  the 
standard  yard  The  latter  may  be  defined  as  the  distance  between 
two  marks  on  a  standard  bar  preserved  in  London.  The  inch  (one- 
twelfth  of  a  foot)  and  the  mile  (5280  feet)  are  other  practical  units. 
One  inch  equals  2-539  cm.,  and  one  metre  equals  39-37  inches.  For 
convenience  in  showing  dimensions  in  drawings,  lengths  such  as  3  feet 
5  inches  are  written  3 '-5". 

Units  used  in  measuring  areas  are  produced  by  taking  squares 
having  sides  equal  to  any  of  the  units  of  length  mentioned  above, 
and  are  described  as  the  square  centimetre,  the  square  inch,  etc. 

In  measuring  volumes,  units  are  obtained  by  taking  cubes  having 
edges  equal  to  any  of  the  units  of  length,  and  are  described  as  the 
cubic  centimetre  (written  one  c  c  ),  the  cubic  inch,  etc.  Other  units 
of  volume  are  the  litre  (1000  c  c.,  equal  to  1-762  pint),  the  gallon 
(0-1605  cubic  foot,  or  8  pints,  or  4-511  litres)  and  the  pint. 

Mass  moans  quantity  of  matter.  The  metric  unit  of  mass  was 
intended  to  be  the  quantity  of  matter  contained  in  a  cubic  centimetre 
of  pure  water  at  a  temperature  of  4  degrees  Centigrade,  but  is  actually 
one-thousandVh  of  the  mass  of  a  piece  of  platinum  preserved  in 
Paris  ;  this  unit  is  called  <?ne  gram.  The  kilogram  (1000  grams)  is 
another  unit  in  common  use.  The  British  unit  of  mass  is  called  the 
pound  avoirdupois,  and  is  the  quantity  of  matter  contained  in  a 
standard  piece  of  platinum  preserved  in  London.  The  ton  (2240 
pounds)  is  also  used  often.  One  gallon  of  fresh  water  has  a  mass  of 
10  pounds.  One  pound  equals  453-6  grams 

The  unit  of  time  employed  m  all  scientific  systems  is  the  second, 
which  is  derived  from  the  mean  solar  day,  i  e  the  average  time 
elapsing  between  two  successive  passages  of  the  sun  across  the 
meridian  of  any  one  place  on  the  surface  of  the  earth. 

It  will  be  noted  that  the  units  of  length,  mass  and  time,  on  being 
once  stated  for  any  system  of  scientific  measurement,  remain 
invariable.  Owing  to  the  three  metric  units  in  common  use  being 
the  centimetre,  the  gram,  and  the  second,  the  name  CG.S.  system 
is  used  more  frequently  than  the  term  metric  system. 

Density. — The  density  of  a  given  material  means  the  mass  con- 
tained in  unit  volume  of  the  material.  In  the  (UJ.s  svstem  it  is 
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customary  to  measure  density  in  Drains  per  cubic  centimetre  ;  in 
the  British  system  densities  are  stated  usually  in  pounds  per  cubic 
foot  or  per  cubic  inch. 

Let  V  =  the  volume  of  a  body, 

d  =  the  density  of  the  material, 
w  =  the  mass  of  the  body. 
Then  w-Vc/, 

m 
(  "  V* 

AVKRA<;I<:  DENSITIES  OF  (COMMON  MATERIALS.* 


or 


T)KNS1  1  V  . 

UfcN^IIY. 

.    MA  I*  RIAL 

Gl.U.lS 

pci  c  c 

Pounds 
per 

cubic  ft 

j               MALKIUAL 
GTcUiiH 

|  pei  c-  c 

Pounds 

JK.) 

cubie  ft 

Aluminium 

2-65 

161 

Cork  -         -         -       0-21 

15 

Brass 

8-6 

535 

Deal  -         -                0-6 

37-5 

Copper 
Gold 

8-1)3 
19-32 

555 
1200 

Ebony        -         -1-2 

Oak  "          -                0-8 

75 
50 

G  unmet  al 
Iron,  Cast 
,,     Wrought  - 
Lead         -  "      - 

8-2 
7-2 
7-8 
11-37 

510 
450 
480 
710 

Pitch  pine  -         -       0-65 

Granite       -         -       2-7 
Marble        -         -       2-6 

41 

168 
162 

Platinum  - 

21  -5 

1340 

j  Sandstone  -         -  *    2-25 

140 

Silver 

10-5 

655 

i  ^__  1_  — 

_.   _   _ 

Steel 

7-8. 

180 

Glass,  Flint         -      3-7 

,230 

Tin  - 

7-29 

455 

i       ,.      Crown       -  j    2-5 

156 

Fresh  water 

1-0 

62-3 

!  Ind  jar  ubber        -      0*95 

59 

Sea  water 

1-03 

61 

Uath'er      -        -      0-9 

56 

Dimensions  of  a  quantity.  The  dimensions  of  any  physical  quan- 
tity may  be  stated  in  terms  of  the  fundamental  units.  Using  the 
symbols  /,  m  and  t  to  denote  length,  mass  and  time  respectively, 
the  dimensions  of  area,  volume  and  density  will  be  /2,  ?3  and  m/fi 
respectively. 

EXAMPLE  —Suppose  that  in  obtaining  a  certain  result,  the  final  calcu- 
lation takes  the  form 

12  (grams)  x  3  (cm.)  x  3  (cm  ) 
6  cm.  x  2  (sec.)  x  2  (sec.) 

*For  fuller  Tables  ol'  densities,  see  Physical  and  Chemical  ConxtMits,  by 
Kaye  and  Laby.  Longmans. 
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The  numerical  le^ult  is  45  To  obtain  the  dimensions,  cancel  corre- 
sponding bicicketed  quantitieb  m  the  numerator  and  denominator,  giving  : 

grams  x  cm 

sec.  x  -sec 

ml 

T- 

It  will  be  seen  later  that  this  result  indicates  a  force 

Gravitation.  —  There  is  a  universal  tendency  of  every  body  to  move 
towards  every  other  body;  every  particle  of  matter  attracts  every 
other  particle  towards  itself  with  a  force  in  the  direction  of  the  line 
joining  the  particles.  The  forces  of  attraction  between  bodies  of 
small  or  moderate  size  are  very  small,  but,  when  one  or  both  bodies 
is  large,  the  forces  become  evident  without  the  necessity  for  employ- 
ing delicate  means  lor  then  detection  What  we  call  the  weight  of  a 
bodv  is  really  the  attractive  force  which  the  earth  exerts  on  the 
body,  tending  to  cause  the  body  to  approach  the  earth's  centre. 
The  term  gravitation  is  applied  to  this  universal  attraction. 

Gravitational  effect  takes  place  o\er  immense  distances  ,  thus  the 
force  of  attraction  which  the  sun  exerts  on  the  earth  causes  the  earth 
to  describe  an  oibit  round  the  sun  The  force  of  attraction  between 
two  small  bodies  is  proportional  to  the  product  of  their  masses,  and 
is  inversely  proportional  to  the  square  of  the  distance  between  them. 
Expressed  algebraically  :  )n  m 

**  ->-'     . 

• 

where  F  is  the  force,  m}  and  ///2  are  ^ie  niasses  of  the  bodies  and  d 
is  the  distance  between  theui.     We  may  also  write 


in  which  k  is  a  numerical  constant  called  the  constant  of  gravitation. 
The  value  of  k  is  about  6-65  xl()~8,  expressed  in  C.o.s.  units,* 
hence,  expressed  in  dynes  (pp.  8,  67), 

F  -  6-65  xlO-8™1™2  dynes. 

Weight.  —  The  weight  of  any  given  body  varies  somewhat,  depend- 
ing on  the  latitude  of  the  place  where  the  observation  is  made,  and 

*C.  V.  Boys,  Proc.  R.  Hoc.,  London,  1894.  The  mean  density  of  the  earth 
has  been  determined  and  is  given  by  Boys  to  be  5  527,  or  approximately 
5^  times  that  of  water.  • 
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Fio    1  — A  common  balance. 


on  the  distance  of  the  body  above  or  below  the  surface  of  the  earth. 

Weight  is  always  directed  vertically  downwards. 

Equal  masses   situated    at  the   same  place   possess   equal   weights.     It 

follows  from  this  fact  that  a  common  balance  (Fig.  1)  may  be  used 

for  obtaining  a  body  having  a  mass 

equal    to    any    standard    mass.      A 

standard  mass  may  be  placed  in  the 

scale  pan  A,    and    material   may    be 

added   to,  or  taken   away  from,  the 

scale  pan  B  until  the  weights  acting 

on   A    and   B    are    equal,  as    will    be 

evidenced  by  the  balance  beam  CD 

becoming  horizontal,  or  vibrating  so 

that  it  describes  small  equal  angles  above  and  below  the  horizontal. 

The  mass  in  A  will  then  be  equal  to  that  in  B.     The  use  of  such  a 

balance  is  facilitated  by  a  vertical  pointer  fixed  to  the  beam  and 

vibrating  over  a  graduated  scale.     Assuming   that   the  balance   is 

properly  adjusted,  the  weights  are  equal  when  the  pointer  swings 

through  equal  angles  on  each  side  of  the  middle  division. 

Standard  masses  ranging  from  1  kilogram  to  (H)l  gram,  and  from 
^-  1  pound  to  0-001  pound  are  provided  m  most  labora- 

Lp/          tories.     These  are  generally  called  sets  of  weights  ;  the 
operation  involved  in  using  them  is  described  as  weighing. 
Units  of  force.— For  Vnany   practical   purposes  the 
weight  of  the  unit  of  mass  is  employed  as  a  unit  of 

force.     As  has  been  explained,  this  weight  is  variable, 

'  .       . 

hence  the  unit  is   not  strictly  scientific.     The  name 

gravitational  unit  of  force  is  given  to  any  force  unit  based 
on  weight.  The  c.o.s.  and  British  gravitational  force 
units  are  respectively  the  weight  of  one  gram  mass, 
written  one  gram  weight,  and  the  weight  of  the  pound 
mass,  written  one  Ib.  weight.  The  kilogram  weight  and 
the  ton  weight  are  other  convenient  gravitational  units 
of  force. 

A  common  balance  cannot  be  used  for  showing  the 
PICK  2 -—Spring   variation  in  weight  of  a  bod}.     Spring  balances  (Fig.  2), 
if  of  sufficiently   delicate  construction,  might  be  em- 
ployed for  this  purpose.     It  is  known  that  a  helical  spring  extends 
by  amounts  proportional  to  the  pull  applied,  and  in  spring  balances 
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advantage  is  taken  of  this  pioperty.  The  body  to  be  weighed  is 
hung  from  the  spring,  and  the  extension  is  indicated  by  a  pointer 
moving  over  a  scale.  For  convenience,  the  scale  is  graduated  in 
gram-weight  or  Ib  -weight  units,  so  as  to  enable  the  weight  to  be 
read  direct.  Such  a  balance  will  give  correct  readings  of  weight 
at  the  place  where  the  scale  was  graduated,  but,  if  used  in  a 
different  latitude,  will  give  a  different  reading  when  the  same  body 
is  suspended  fiom  the  balance.  It  may  be  noted  that  the  variation 
in  weight  all  over  the  earth  is  very  small 

Absolute  units  of  force  are  based  on  the  fundamental  units  of 
lenuth,  mass  and  tune,  and  aie  therefore  invariable.  The  absolute 
unit  of  force  in  any  system  is  the  force  which,  if  applied  during 
one  second  to  a  body  of  unit  mass,  initially  at  icst,  will  give  to 
the  body  a  velocity  of  one  unit  of  length  per  second.  The  (Mi.s. 
absolute  force  unit  is  called  the  dyne  ,  one  dyne  applied  to  one  gram 
maps  during  one  second  will  produce  a  velocity  oi  one  centimetie 
per  second.  The  British  absolute  force  unit  is  the  poundal,  and,  if 
applied  to  a  one  pound  mass  during  one  second,  will  produce  a 
velocity  of  one  foot  per  second.  These  units  will  be  referred  to 
later  and  explained  more  fully. 

Mathematical  formulae.  The  following  mathematical  notes  are 
given  for  reference  It  is  assumed  that  the  student  has  studied  the 
principles  involved,  or  that  he  is  doing  so  conjointly  with  his  course 
in  physics. 

MEI/SURATION. 

Determination  of  areas. 

Square,  side  s  ;  area  =  s2.      ^ 

Rectangle,  adjacent  sides  a  and«?> ;  area  =  a&. 

Triangle,  base  fr,  perpendicular  height  h  ;  area  =  \bh 

Triangle,  sides  a,  b  and  c.     s  =  (a  +  b  •+  r)/2. 

Area  =  Vs(s  -  a)(s  -  b)(s  -  c). 

Parallelogram  ,  area  =  one  side  x  perpendicular  distance  from  that 
side  to  the  opposite  one 

Any  irregular  figure  bounded  l>y  straight  lines ;    split  it  up  into 
triangles,  find  the  area  of  each  separ- 
ately and  take  the  sum. 

Trapezoid  ;   area  =  half  the  sum  of 
the  end  ordmates  x  the  base.  

A   trapezoulal  figure    having    equal          Flo.  3.-— Tiapezouiai  iigure. 
interval*  (Fig.  3) ; 
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tinnpsorfs  ruhfor  the  area  founded  by  a  curve  (Pjg.  4)  ;   take  an 
odd  number  (say  7)  of  equidistant  ordmates  ;  then 

+  2A3  +  4  A4  +  2A5  +  1A6  +  7/7). 


FIG  5. — Area  under  a 
paiahola. 


FIG  4  — lllustiulion  of  Simpson's  inle 

Circle,  radius  r,  diameter  d  ;  area=  ?rr2  =     -• 

(Circumference  =  2?rr  =  Trrf.) 

Parabola,  vertex  at  O  (Fig.  5)  ;  area  OBC=  -«&. 

Cylinder,  diameter  dv  length  Z ;  area  of  curved 
surface  — TreZZ. 

Kphere,  diameter  d,  radius  r;  area  of  ciurved 
surf  ac(i  =  ?T(Z2  -  4  ?rr2. 

Cone  ;  area  of  curved  surf  ace -circumference  of 
base  x  i  slant  height. 

Determination  of  volumes. 

Cube,  edge  s  ;  volume  =  s3. 

Cylinder  or  pnsm^  having  its  encfe  perpendicular 
to  its  axis  ;  volume -area  of  one  end  x  length  of  cylinder  or  prism 

Sphere,  radius  r  ;  volume  =  1  jrr3. 

GVwe  or  pyramid  ;  volume -area  «>f  base  x  -1.  perpendicular  height 

Frustum  of  a  cone;  volume  =  0-2618H  (D2  +  rf2  +  D^  wherc  D  ^  are 
the  diameters  of  the  ends  and  H  is  the  perpendicular  height. 

TRIGONOMETRY. 

A  degree  is  the  angle  subtended  at  the  centre  of  a  circle  by  an  arc 
of  xJ-flth  of  the  circumference.  A  minute  is  one-sixtieth  of  a  degree, 
and  a  second  is  one-sixtieth  of  a  minute.  An  angle  of  42  degrees' 
35  minutes,  12  seconds  is  written  12°  35'  12".  '  ' ' 

A  radian  is  the  angle  subtended  at  the  centre  of  a  circle  by  an  arc 
equal  to  the  radius  of  the  circle. 

There  are  2r  radians  in  a  complete  circle,  hence 
2?r  radians  =  360  degrees. 
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Let  I  be  the  length  of  arc  subtended  by  an  angle,  and  let  r  be  the 
radius  of  the  circle,  both  in  the  same  units  ;  then  angle  =  //r  radians. 

Trigonometrical  ratios.  In  Fig.  6  let  OB  revolve  anti-clockwise 

about  O,  and  let  it  stop  successively 
in  positions  OPj,  OP2,  OP3,  OP4 ;  the 
angles  described  by  OB  are  said  to 
be  as  follows  : 

PjOB,  in  the  first  quadrant  COB. 
P2OB,  in  the  second  quadrant  COA 
P3OB  (greater  than  180°),  in  the 

third  quadrant  AOD. 
P4OB  (greater  than  270°),  m  the 
fourth  quadrant  BOD. 

Drop  perpendiculars  such  as  P1M1 
from  each  position  of  P  on  to  AB. 
OP  is  always  regarded  as  positive  ; 
OM  is  positive  if  on  the  right  and 
negative  if  on  the  left  of  O  ;  PM 


Fio  (>    -Tusoiiometricnl  ratios 


is  positive  if  above  and  negative  if  below  AB. 


Namo  of  latio. 

Ratio  as  wiitten 

Value  of 
iatio 

A 

1st  quad 

gebiaic  s 
2nd  quad 

KM  of  i,it 
Jidquad 

0 

Ithquad 

sine  POM 

si  n  POM 

PM 
OP 

+ 

- 

. 

cosine  POM 

cos  POM     - 

OM 

OP 

+ 

* 

- 

+ 

tangent  POM    - 

tan  POM     - 

PM 
*OM 

+ 

- 

+ 

- 

cosecant  POM  - 

cosec  POM  - 

OF* 
PM 

-f 

-f- 

- 

- 

secant  POM 

sec  POM      - 

OP 

OM 

+ 

- 

- 

+ 

cotangent  POM 

cot  POM     - 

OM 
PM 

-f 

- 

+ 

- 

The  values  of  the  ratios  are  not  affected  by  the  length  of  the 
radius  OP. 
The  following  formulae  are  given  for  reference  : 


cosec  A  = A  ; 

sin  A 


sec  A  = .  ; 

cos  A 


cot  A  =  r — r- 
tan  A 
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*          S1U  A  j.    A  9.  OA          ! 

tan  A  =  -----  -  ;     cot  A  =  -      A  ;     cos^A  -f  si  irA  =  1  . 

cos  A  sin  A 

sin  A  =  cos  (90°  -A)  ;    sin  A  =  sin  (180°  -A). 
sin  (A  -f  B)   -  sin  A  cos  B  4-  cos  A  sin  B. 
cos  (A  -f  B)  —  cos  A  cos  B  —  sin  A  sin  B. 
sin  (A  -  B)  —  sin  A  cos  B  -  cos  A  sin  B. 
cos  (A  -  B)  —  cos  A  cos  B  -f  sin  A  sin  B. 

/*     r*\       tanA  +  tanB 
tan  (A  4-  B  )•=--  -  --  -  -   -  -        • 

v         '     I  -  tan  A  tan  B 

,A      r,x       tanA-tanB 
tan  (A  -  B)  == 

v         '     1  -f  tan  A  tan  B 

If  the  angles  of  a  triangle  are  A,  B  and  C,  and  the  sides  opposite 
these  angles  are  a,  b  and  c  respectively,  the  following  relations  hold  : 

a  —  b  cos  C  +  c  cos  B. 

a          b  c 

sin  A     sinB     sin  C 


EXERCISES  ON  CHAPTER  I. 

1.  (Jiveu  that  1   metre-  39  37   inches,  obtain  a  factor  for  converting 
miles  to  kilometres  ;    use  the  factor  to  convert  3  miles  15  chains  to  kilo- 
metres.    (80  chams--  1  mile.)  ^ 

2.  Convert  2  -94  metres  to  feet  and  inches.  * 

3.  Draw  a  triangle   having  sides  4.\,   3J,  and  5  '4   inches  respectively. 
Measure  its  perpendicular  height,  ancl»  calculate  the  area  from  this  and  the 
length  of  the  base.     Check  the  result  by  use  of  the  formula 

V  *(*-«)(*  -b)(s-c). 

4.  A  thin  circular  shoot  of  iron  has  a  diameter  of  14  cm.     Find  its 
area,  taking  7r--~-ys      If   the    material  weighs  0-1  kilogram  per  square 
metre,  find  the  weight  of  the  sheet. 

5.  Calculate  the  volume  of  a  ball  9  inches  in  diameter.     Find  the  mass 
in  pounds  if  the  material  has  a  density  of  4f>0  pounds  per  cubic  foot. 

6.  A  masonry  wall  is  trapezoidal  in  section,  one  face  of  the  wall  bein£ 
vertical.     Height  of  wall,  20  feet  ;    thickness  at  top,  4  feet  ;    thickness  aj 
base,  9  feet.     The  masonry  weighs  150  Ib.  per  cubic  foot.     Find  the  weight 
of  a  portion  of  the  wall  1  foot  in  length. 

7.  A  trapezoidal  figure,  having  equal   intervals  of  10  cm.  each,  has 
ordmates  in  cm.  as  follows:   0,  100,  140,  120,  80,  0.     Find  the  total  area 
in  sq.  cm. 
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8.  Draw  a  parabolic  curve  on  a  base  a  —  60  feet ;   the  height  y  feet  of 

sv£ 

the  curve  at  any  distance  x  from  one  end  of  the  base  isv  given  by  y    2x  -  ^ . 

oU 

Find  the  area  by  application  of  Simpson's  rule ;    chock  the  result  by  use 
of  the  rule  :  area—  -\ab,  whero  b  is  the  maximum  height  of  the  curve. 

9.  Find  the  weight  of  a  solid  pyramid  of  lead,  having  a  square  base  of 
4  inches  edge  and  a  vertical  height  of  8  inches.     Lead  weighs  0  41  Ib.  per 
cubic  inch. 

10.  A  hollow  conical  vessel  has  an  internal  diameter  of  6  inches  at  the 
top  and  is  0  inches  deep  inside.     Calculate  the  weight  of  water  which  it 
can  contain.     Water  weighs  0  036  Ib.  per  cubic  inch. 

11.  Calculate  (he  diameter  of  a  solid  ball  of  cast  iron  so  that  the  weight 
may  be  *,K)  Ib.     The  matcnal  weighs  0  26  Ib.  per  cubic  inch. 

12.  Thicc  small  bodies,  A,  B  and  C,  of  masses  2,  3  and  4  grams  respec- 
tively, are  at  tanged   at  tin*  coiners  of  a  triangle  having  sides  AB-  8  cm., 
BC  —  12  cm  ,  CA  —  10  cm.     Compare  the  gravitational  efforts  which  A  exerts 
on  B,  A  exerts  on  C,  C  exerts  on  B. 

13.  If  the  distance  from  the  earth  to  the  moon  is  240,000  miles,  and 
from  the  sun  to  the  moon  is  ninety  million  miles,  determine  the  ratio  of 
the  gravitational  forces  of  the  sun  and  earth  upon  ihe  moon,  having  given 
that  the  mass  of  the  sun  is  330,000  times  that  of  the  earth. 

Adelaide  University 

14.  Distinguish   between   mass   and   weight.     How  are   the   mass   and 
weight  of  a  body  affected  by  (a)  variations  of  latitude,  (b)  variations  of 
altitude  ? 

It  a  very  delicate  balance  is  required  for  a  laboratory  near  the  top  of  a 
high  mountain,  would  you  advise  having  the  weights  specially  adjusted 
for  that  altitude  ?  Give  careful  reasons  tor  your  answer. 

Adelaide  University. 

15.  What  is  meant  by  weight  ?     Explain  why  a  very  delicate  spring 
balance  would  show  slight  differences  in  the  weight  of  a  body  at  different 
places  on  the  earth,  though  a  common  €balance  would  give  no  indication 
of  any  differences.  L.U. 
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SIMPLE  MEASUREMENTS  AND  MEASURING  APPLIANCES 

Introductory  experiments. — The  experiments  described  in  this 
chapter  are  intended  to  render  the  student  familiar  with  the  use  of 
simple  measuring  appliances. 

EXPT.  1. — Scales.  Laboratory  scales  have  generally  one  edge  graduated 
in  centimetres  subdivided  to  millimetres,  and  the  other  edge  graduated 
in  inches  subdivided  to  tenths.  Reproduce  a  portion  of  one  of  tnese 
scales  in  the  following  manner :  Take  a  strip  of  cardboard  of  suitable 
width  and  rule  hues  lengthwise  on  it,  agreeing  with  those  on  the  scale. 
Arrange  the  scale  and  the  cardboard  end  to  end  on  the  bench,  and  fasten 
them  to  prevent  slipping.  Set  a  beam  compass  to  a  radius  of  about  40  cm. 
The  compass  should  have  a  hard  pencil  with  a  sharp  chisel  point,  or  a 
drawing  pen  charged  with  Indian  ink.  Stand  the  needle  leg  of  the  compass 
successively  on  the  marks  of  the  scale,  and  mark  the  cardboard  with  corre- 
sponding lines,  prolonging  shghtl^  every  fifth  line.  Insert  the  numbers- on 
the  cardboard  scale. 

EXPT.  2. — Use  of  scales  and  calipers. — Several  bodies  of  different  shapes 
and  materials  are  supplied.  J&Iake  clear  sketches  of  each.  By  means  of 
a  scale  applied  to  the  body,  or  by  first  fitting  outside  calipers  A  (Fig.  7), 


FIG.  7. —Use  of  calipers. 


r«—  70-5  mm. 
FIG  8  -A  hollow  cylinder. 


or  inside  calipers  B,  and  then  applying  the  calipers  to  the  scale,  measure 
all  the  dimensions  of  the  body  and  insert  them  in  the  sketches.  Fig.  8 
shows  suitable  dimensioned  sketches  of  a  hollow  cylinder. 
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Calculate  the  volume  of  each  body  by  application  of  the  rules  of  mensura- 
tion, making  use  of  the  dimensions  measured. 

The  student  should  practise  the  estimation  by  eye  to  one- tenth  of  a 
scale  division. 

Verniers. — Scales  do  not  usually  have  divisions  smaller  than  half 
a  millimetre  Finer  subdivision  may  be  obtained  by  means  of  a 
vernier,  an  appliance  which  enables  greater  accuracy  to  be  obtained 
than  is  possible  by  mere  eye  estimation. 

In  Fig.  0,  A  is  a  scale  and  B  is  a  vernier  ,  B  may  slide  along  the 
edge  of  A.  The  divisions  on  the  vernier  from  0  to  10  have  a  total 


)  .5 

I  I  I  I  I  I  I  I  I 


3     {T 


I  I  I  I  |   i  I   I 

6 A     10 \  |6       A      i'o 


FIG  0  Fio  in 

Foiward  reading  verniers 

length  of  9  scale  divisions  ;  hence  each  vernier  division  is  0-9  of  a 
scale  division.  If  B  is  moved  so  that  the  mark  1  on  the  vernier  is 
m  the  same  straight  line  as  the  0  1  mark  on  A,  then  the  distance 
separating  0  on  the  vernier  from  0  on  the  scale  will  be  one-tenth  of 
a  scale  division  If  the  mark  2  on  the  vernier  is  in  line  with  the 
0-2  mark  on  A,  the  distance  separating  the  zero  marks  will  be  two- 
tenths  of  a  scale  division,  and  so  on.  The  veimer  thus  enables 
readings  to  be  taken  to  one-tenth  of  a  scale  division  by  simply 
noting  which  division  on  the  vernier  is  in  line  with  any  particular 
mark  on  A  Fig.  10  shows  a  vernier  and  scale  reading  0-36  scale 
divisions  ;  0-3  is  read  from  the  scale,  and  the  6  from  the  vernier. 

The  appliance  described  above  is  an  example  of  a  forward-reading 
vernier  ;  m  Fig.  11  is  shown  a  corresponding  backward-reading  vernier. 

In  this   case   the    10  vernier   divisions 


g 

'  ' 


1  have  a  total  length  equal  to  11   scale 

°  divisions,  and  the  graduation  figures  on 


-  .  .        .  .  . 
I  I  I  I  I  1  I  I  i  I  I  ]  I  J  if     the  vernier  run  in  the  contrary  direction 

A     10  _  I    to  those  on  the  scale.     The  reading  of 

FIG.  11  -A  backward  readniR         the  SCale  ™   taken  at   the   arrow  On   the 

vernier.  vernier,  and  the  second  decimal  is  taken 

from  the  vernier  as  before. 

The  following  rule  is  useful  m  the  construction  and  reading  of 
verniers  :  Let  the  total  length  of  a  forward-reading  vernier  be 
(N  -1)  scale  divisions,  or  (N  4-1)  in  a  backward-reading  vernier,  and 
let  there  be  N  divisions  on  the  vernier,  then  the  vernier  reads  to 
1/N  scale  division. 
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It  may  be  verified  by  the  student  that,  if  the  vernier  has  a  lengt) 
of  (2N  +  1)  scale  divisions  (  -  for  forward  and  4-  for  backward 
reading),  and  if  there  are  N  divisions  on  the  vernier,  then  the  readin 
may  be  taken  to  1/N  scale  division. 

Measurement  of  angles.-  -Tn  F'g.  12  is  shown  a  protractor  by  >\ci^ 
of  which  angles  may  be  rr-  asured  to  one  minute.     A  sermon 
piece  of  brass  A  is  fitted  with 
an  arm  BCD  capable  of  rotat- 
ing about  a  centre  at  D.     A 
semicircular    scale    divided 
into  half -degrees  is  engraved 
on  A   and   the   arm    has    a 
vernier.     The  centre  of  the 
semicircular    scale    lies    at 
the  intersection  of  two  cross 
lines    ruled    on    a    piece   of 
glass   at  D.     The  edge  BC, 
on    being    produced,    passes 
through  the  zero  arrow  on 
the  vernier  and  also  throu^. 
the  point  of  intersection   - 
the  cross  lines  at  D. 

The  vernier  is  central  reading,  and  is  shown  enlaced  on  a 
scale  in  Fig.  1)3.     The  total  length  of  the  vernier  is  29  scale  divisioo 


FIG   1 1  —  Vem  ier  proti  act  or. 
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J<'itt    13  —  Protrnottf?  se.ile  and  vernier. 

and  it  has  30  divisions  ;    hence  it  reads  to  one-thirtieth  of  a  sci:, 
division,  'i.e.  to  one  minute.     The  object  of  taking  zero  at  the  ceni 
mark  of  the  vernier  is  to  remove  any  doubt  which  might  arise  as 
which  end  of  the  vernier  is  to  be  read.     Needle>s  project  at  E  and' 

A   on  the  under  side  of  the  instrunu; 

I      and  prevent  slipping. 


B 


/O 

FIG.  14. 


EXPT.  3. — To  measure  an  angle,  (a)  Dr 
two  lines  AO  and  BOC  intersecting  al 
(Fig.  14).     Set  the  protractor  so  that  1 
intersection    of  the   cross  lines  coinci< 
with  O  and  the  marks  0°  and  180°  fall  on  BOC.     Set  the  arm  so  that  * 
edge  BC  (Fig.  12)  coincides  with  OA.     Note  the  reading  as  the  magnity 
of  the  angle  AOB.     A  small  lens  will  be  found  useful  in  reading  the  •^^w^^- 
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From  any  point  A  on  OA  dr^  AB  perpendicular  to  OB.     Measure  OB, 
BA  and  OA  and  evaluate  the  trigonometrical  ratios : 


,sin  AOB-- 


AB. 
OA; 


cosAOB  = 


OB 
OA' 


tan  AOB: 


AB 


(Consult  trigonometrical  tables,  and  write  down  the  values  of  the  angle 
AOB  corresponding  with  the  calculated  values  of  the  sine,  cosine  and 
tangent.  Take  the  mean  of  these  values  and  compare  it  with  the  value 
found  by  means  of  the  protractor. 

(6)  Draw  any  triangle.  Measure  its  three  angles  by  means  of  the 
protractor.  Verify  the  proposition  that  the  sum  of  the  three  angles  of  any 
triangle  is  equal  to  180°. 

Vernier  calipers. — The  vernier  calipers  (Fig.  15)  consist  of  a  steel 
bar  having  a  scale  engraved  on  it.  Another  piece  may  slide  along 
the  bar  and  carries  a  vernier  ;  there  is  a  clamp  and  slow-motion 


FIG  15  — Vernier  caliperR 

screw  by  means  of  which  the  sMmg  piece  may  be  moved  slowly 
along  the  bur.  The  article  to  be  measured  is  placed  between  the 
jaws  of  the  calipers,  and  the  sliding  piece  is  brought  into  contact 
with  it  so  as  to  nip  it  gently.  '  f 

Tn  metric  calipers  the  scale  shows  centimetres,  with  half -mi  Hi - 
ifietre  subdivisions.  The  vernier  has  a  length  of  24  scale  divisions 
(i.e.  12  mm.)  and  has  25  divisions  ;  hence  the  instrument  reads  to 
,^x  1=0-02  mm.  In  British  instruments  the  scale  of  inches  is 
subdivided  into  fortieths  of  an  inch.  The  vernier  has  a  length  of 
24  scale  divisions  and  has  25  divisions.  Readings  may  be  taken 
to  y\-xxV  =  0-001  inch.  In  reading  either  scale,  a  small  lens  is 
desirable. 

^  Micrometer  or  screw-gauge. — This  instrument  (Fig.  16)  somewhat 
resembles  calipers  having  a  screw  fitted  to  one  leg.  The  object  to 
be  measured  is  inserted  between  the  point  of  the  screw  and  the  fixed 
abutment  on  the  other  leg,  and  the  screw  is  rotated  until  the  object 
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is  nipped  gently.  A  scale  is  engraved  along  the  barrel  containing 
the  screw,  and  another  scale  is  engraved  round  the  thimble  of  the 
screw.  In  Fig.  17  is  shown  an  enlarged 
view  of  these  scales.  The  screw  bus 
two  threads  per  millimetre  ;  hence  one 
revolution  will  produce  an  axial  move- 
ment of  0-5  mm.  The  barrel  scale  A 
shows  in  i  Hi  metres  ;  a  supplementary 
scale  immediately  below  A  shows  half- 
mi  Hi  metres.  The  thimble  scale  B  has 
50  divisions  ;  as  one  complete  turn  of 
the  thimble  is  equivalent  to  0-5  mm., 
one  scale  division  movement  of  B  past 
the  axial  line  of  the  scale  A  is  equivalent 
to  5\y  x  0*5  =  0-01  mm.  Hence  readings 
may  be  taken  to  one  hundredth  of  a 
millimetre.  In  Fig.  17  the  scales  are 
shown  set  at  7-47  mm. 

In  micrometers  graduated  in  the 
British  system  the  screw  has  usually 
40  threads  per  inch  ;  the  barrel  scale  A 
shows  inches  divided  into  fortieths  ; 
the  thimble  scale  has  25  divisions. 
Hence  the  instrument  reads  to  * 
Js  x-^0-=  0-001  inch. 

If  the  point  of  the  screw  is  in  co/i- 
tact   with    the    abutment,    the   Scales 
should  read  zero  ;  if  this  is  not  so,  the  reading  should  be  noted,  and 
applied  as  a  correction  to  subsequent  measurements. 

EXPT.  4. — Use  of  vernier  calipers  and  micrometers.  Take  again  the 
bodies  used  in  Expt.  2.  Korneasure  them,  using  the  vernier  calipers  and 
the  micrometer.  Calculate  the  volumes  from 
these  dimensions,  and  compare  the  results  with 
those  ohtained  by  the  methods  employed  in 
Expt,  2.  '  V 

_     „  ,      The   student  is   here   reminded   that   the 

FlG   17 ATicrometer  sr'ilos  i  • 

' '  '  *  '  /  "  results  of  calculations  should  not  contain  a 
number  of  significant  figures  greater  than  is  warranted  by  the 
accuracy  of  the  measurements.  Thus  it  would  be  absurd  to  state 


FIG.  Kv- -Micrometer. 
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a  result  of  321-46931  cubic  millimetres  when  the  instrument  employed 
reads  to  0-01  mm.  only.  Four  significant  figures  are  sufficient  for 
most  results  ;  the  usual  plan  is  to  state  one  significant  figure  m  excess 
of  those  of  which  the  accuracy  is  undoubted ;  for  example,  331-10 
may  be  taken  to  mean  that  3214  is  of  guaranteed  accuiacy,  but 
that  there  is  doubt  regarding  the  last  significant  figiue  6. 

Spherometer.  -  An  ordinary  type  of  spherometer  is  shown  in  Fig. 
18.  A  small  stool  A  has  three  pointed  legs  B,  C  and  D  arranged  at 

the  corners  of  an  equilateral  ti'rngle.  A 
micrometer  screw  E  is  fitted  at  the 
ceutie  of  the  circumscribed  circle  of 
the  triangle,  and  is  pointed  at  its  lower 
end  F  is  a  graduated  circular  plate 
fixed  to  the  screw  ;  there  js  a  milled 
head  at  G  for  convenience  in  rotating 
the  screw.  A  scale  H  is  fixed  to  A,  and 
lias  division?  cut  on  it  at  intervals  equal 
to  the  pitch  of  the  screw  The  instru- 
ment rests  on  a  glass  plate  K,  the  upper 
surface  ot  which  is  as  nearly  plane  as 
possible  L  is  an  object  the  thickness 
of  which  is  to  be  determined 

In  the  instrument  illustrated  the 
sci'Qw  has  two  threads  per  millimetre, 
and  the  circular  scale  on  F  has  50  divi- 
sions, each  subdivided  into  10;  the 
instrument  therefore  reads  to 
FIG  is-  sphpiomctet  .io  x  \  =0001  mm. 

EXPT.  5. — Thickness  of  an  object  by  use  of  the  spherometer.  Place 
the  spherometer  on  the  plane  glass  plate.  Rotate  the  screw  until  all  four 
points  bear  equally  on  the  glass  ;  this  condition  may  be  tested  by  pushing 
one  of  the  legs  in  a  direction  nearly  horizontal.  If  the  instrument  rotates, 
the  screw  point  w  bearing  too  strongly  and  must  be  raised.  Should  simple 
sliding  occur,  then  the  screw  point  is  not  bearing  sufficiently.  Note  the 
readings  of  the  scales.  Unscrew  E  sufficiently  to  enable  the  object  to 
be  placed  under  the  screw  point,  and  make  the  adjustments  as  before. 
Read  the  scales  again  ;  the  difference  of  the  two  readings  will  give  the 
thickness  required. 

Measure  the  thickness  of  the  small  objects  supplied  at  «fcree  or  four 
spots  and  state  the  average  thickness  of  each  object, 
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EXPT.  6. — Use  of  the  sphere-meter  in  determining  the  radius  of  curvature 
of  a  spherical  surface.  Measure  the  radius  of  curvature  of  the  spherical 
surface  supplied  by  use  of  the  spherometer  in 
the  following  manner:  Place  the  instrument  on 
the  plane  glass  plate  and  obtain  the  readings  of  the 
scales  ;  these  may  be  denoted  tho  zero  readings. 
Place  the  sphorometer  on  the  spherical  surface 
(Fig.  19)  ;  adjust  it  and  again  note  the  scale 
readings.  The  difference  between  these  readings 
will  be  equal  to  AB  in  Fig.  11). 

Let     ^8  —  h  mil  lunettes, 

R  — the  radius  of  curvature  in  millimetres. 

Thon,  fiom  the  geometry  of  Fig.  19,  we  have 

CBxBA-BD2, 
or,  (2R     />)//  =  BDa; 


To  obtain  BD,  place  the  sphorometer  on  a  pi^ce 


of   tinfoil    and    press   gently   so  as  to  .nark   the    F'Vs?>tnc'F™fa£  °" 
positions    of   the    three    legs   D,    E,    F    (Fig.    19). 

Measure  DE,  EF  and  FD,  and  take  the  mean  ;  let  this  dimension  be  a  mm. 
Thfl  angle  EDG  is  30°  and  BD  is  two-thirds  of  DG,  hence 


Substitution  in  (1)  gives  . 


=  3"    2' 


V2     h 


,.(2) 


In  tho  case  of  a  very  flat  spherical  surface,  h  will  be  very  small ;  the 
first  term  in  (3)  will  then  be  very  large  when  compared  with  the  second 
term,  and  we  may  write : 

R=?!- 0) 


The  method  of  measurement  and  reduction  is  the  same  for  both  convex 
and  concave  surfaces. 

Measure  each  of  the  given  surfaces  at  two  or  three  places  ;  calculate 
the  radius  of  curvature  for  each  reading,  and  state  the  mean  radius. 
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EXPT.  7. — Micrometer  microscope.  In  this  instrument,  the  object  to 
be  measured  is  placed  opposite  B  and  is  observed  thiough  a  microscope  A 
(Fig  20)  The  microbcope  has  a  scale  finely  engiaved  on  glass  in  the 
eyepiece  at  C,  and  is  focussed  so  as  to  obUm  sharp  images  of  both 

scale  and  object  \vhen  viewed  through 
the  eyepiece.  The  microscope  may  be 
traversed  hnri/on tally  by  means  of  a 
thumb-screw  D,  and  may  be  raised  or 
loweied  in  the  suppoitiug  pillar  by  use 
of  another  thumb-screw  E  The  micro- 
scope carries  a  scale  F  dmded  in  milli- 
metres and  a  verniei  G  leading  to  0  1  mm. 
is  attached  to  the  pillar.* 

First  obtain  the  value  of  an  eyepiece 
scale,  division  as  follows  :  Focus  sharply 
the  object  and  scale  ,  move  the  eye 
slightly  up  and  down  and  observe  whether 
the  object  and  scale  as  seen  through  the 
eyepiece  sufter  any  displacement  relatively 
to  one  another.  If  so,  adjust  the  focussing 
arrangements  until  this  movement  disappears.  Use  E  to  bring  xeio  on 
the  eyepiece  scale  into  coincidence  with  one  edge  or  other  fine  mark  on 
the  object  ;  read  and  note  the  pillar  scale  and  vernier.  Use  E  to  bring 
another  mark  on  the  eyepiece  scale,  say  the  liltieth,  into  coincidence 
with  the  same  ma*k  011  the  object  ;  again  read  and  note  the  pillar  scale 
and  vernier.  The  diffeieiue  of  these  leadings  gives  the  value  in  millimetres 
of  50  oyepjeee  scale  divisions  ;  hefice  calculate  th%  value  of  one  eyepiece 
scale  division.  Repeat  the  operation,  using  tho  eyepiece  scale  marks 
20  and  70,  35  and  85,  and  50  and  100.  Compare  the  values  and  state  the 
average  value  of  an  eyepiece  scale  division. 

Measure  the  thickness  of  the  objects  supplied  by  noting  the  eyepiece 
scale  marks  at  the  top  and  bottom,  estimating  by  eye  to  one-tenth  ot  a 
scale  division.     Take  the  difference  and  convert  into  millimetres. 
Measure  also  the  bores  of  the  glass  tubes  supplied. 

Weighing.-  The  choice  of  a  balance  to  be  used  in  weighing  a 
given  body  depends  upon  the  weight  of  the  body  and  also  upon  the 
accuracy  required  In  using  balances  capable  of  dealing  with  heavy 
bodies—up  to  10  kilograms  >say — no  special  precautions  need  be 
observed  other  than  that,  of  placing  gently  both  body  and  weights 
in  the  scale  pans. 

Delicate  balances  are  fitted  inside  glass  cases,  and  have  arrange- 

*  For  the  optical  tltcon  ot  this  instrument,  the  student  is  releired  to  the 
Part  of  the  \olume  devoted  to  Light. 
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ments  by  means  of  which  the  motions  of  the  various  parts  may  he 
arrested  arid  all  knife  eds»es  relieved  of  pressure  when  the  balance  is 
nob  in  use.  These  arrangements  are  operated  by  a  handle  or  lever 
outside  the  case  ;  the  handle  should  be  moved  very  gently,  and  no 
weights  should  be  placed  on,  or  removed  from  either  scale  pan 
without  first  using  the  handle  to  arrest  the  motion.  The  sets  of 
weights  used  with  delicate  balances  are  kept  in  partitioned  boxes, 
and  should  not  be  fingered  ;  forceps  are  provided  for  lifting  the 
weights. 

EXPT.  8.  —  Use  of  a  balance.  Weigh  each  of  the  bodies  used  in  Expt.  4, 
thus  determining  its  mass.  Find  the  density  of  each  material,  making 
use  ot  the  equation,  given  on  p.  .Hi,  and  of  the  volumes  calculated  in  per- 
forming Expt.  4. 

Balances  are  subject  to  errors,  most  of  which  are  eliminated  in  the 
following  method  of  weighing.  Place  in  one  ot  the  .scale  pans  any  con- 
venient body  ot  weight  somewhat  m  excess  of  that  of  the  body  to  be 
weighed  ;  add  weights  to  the  other  scale  pan  until  balance  is  secured  ;  let 
the  total  weight  be  Wj.  Remove  the  weights,  and  place  in  the  empty 
bcale  pan  the  body  to  be  weighed.  Add  weights  (W2  say)  until  balance 
is  again  restored.  It  is  obvious  that  the  weight  ol  the  body  is  equal  to 
the  difference  (\Nl  -W2). 

EXPT,  9.  —  Measurement  of  areas.  Draw  any  triangle  on  a  piece  of 
rectangular  cardboard.  Calculate  the  area  of  the  triangle  by  use  of  the 

lu      :  (i)  Area^  base  x  half  the  perpendicular  fieight. 

(ii  )  Are*=  V*  (s  -  a)(#  -  6  J(.s  -  c),     (p.  8).  t 

Copy  the  triangle  on  a  piece  of  squared  paper  and  find  its  area  by 
counting  the  number  of  included  squares.  The  copying  of  the  figure  may 
be  obviated  by  use  of  a  piece  of  squared  tracing  paper,  covering  the  original 
iigure. 

Calculate  the  area  of  the  whole  card  by  taking  the  product  of  its  length 
and  breadth.  Weigh  the  card,  and  calculate  the  weight  per  square  centi- 
metre by  dividing  the  weight  by  the  area.  Carefully  cut.  out  the  triangle 
and  weigh  it  separately.  Find  the  area  of  the  triangle  from  : 

Weight  of  triangle-  area  m  sq.  cm.  x  weight  per  sq.  cm. 

Compare  the  results  of  these  methods. 

Draw  another  figure  by  erecting  equidistant  ordinates  of  varying  heights 
as  shown  in  Fig.  3  (p.  8).  Evaluate  it^  area  by  use  of  the  trapezoidal  rule  : 


Verify  the  result  by  use  of  squared  paper  and  also  by  weighing. 
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The  planimeter. — Areas  may  he  measured  by  means  of  a  plain  meter 
(Fig.  21).  This  instrument  consists  ot  a  bar  A  to  which  another 

bai  B  is  jointed  at  C,  so  that  the 
bars  may  have  relative  movement 
in  a  plane.  B  may  rotate  about 
a  needle  point  pushed  into  the 
paper  at  D,  and  is  loaded  wit  ft  a 
weight  at  E.  A  lests  on  a  wheel  F, 
which  may  roll  on  the  papei.  and 
has  a  tracing  needle  at  G  which 
may  be  carried  round  the  boun- 
dary of  the  area  to  be  measured 
It  may  be  shown  that  the  area  is 
proportional  to  the  product  of  the 
distance  between  C  and  G  and  the 
distance  through  which  the  circumference  of  the  wheel  F  rolls  when 
G  is  carried  oompletclv  round  the  boundary  of  the  area. 

The  instrument  is  shown  in  greater  detail  in  Fig  22.  Tt  will  be 
noted  that  the  wheel  has  a  scale  engraved  round  its  circumference  ; 
there  are  100  division?  on  this  scale,  and  a  vernier  enables  the  scale 
to  be  read  to  one-tenth  of  a  scale  division.  A  small  indicator  wheel 
H,  driven  from  F,  registers  the  number  of  complete  revolutions  ot  F. 

1M 


FiO   21  — -Planimctei  m  us< 


FIG   22— Plammotei 


r- 

F,  H  and  the  joint  C  are  carried  on  a*bracket  K,  which  may  be  clamped 
in  any  position  on  the  bar  A  ;  a  slow- motion  screw  L  enables  the 
distance  CG  to  be  adjusted  finely.  Pointers  M  and  N  are  fixed  to  the 
bar  A  and  the  bracket  K,  and  are  so  placed  as  to  indicate  the  distance 
CG.  Marks  are  placed  on  A  to  facilitate  the  adjusting  of  the  positions 
of  K  suitable  for  measuring  the  area  in  square  centimetres  or  square 
inches. 

The  instrument  should  be  used  on  a  sheet  of  drawing  paper 
sufficiently  large  to  enable  the  whole  movements  of  the  wheel  F  to  be 
completed  without  coming  off  the  paper  The  surface  of  the  paper 
should  not  be  highly  polished,  which  might  lead  to  slipping  and 
consequent  lost  motion  of  the  wheel,  nor  should  the  surface  be  too 
rough.  It  is  best  to  arrange  the  initial  position  so  that  the  arms 
A  and  B  are  at  right  angles  approximately.  The  tracing  point  G 
should  be  carried  clockwise  round  the  boundary. 
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EXPT.  10.  —  Use  of  the  plammeter.  Draw  a  circle  10  cm.  in  diameter 
on  the  paper.  Sot  the  plammeter  to  the  scale  of  square  centimetres; 
place  it  on  the  paper  with  G  at  a  mark  on  the  circumference  of  the  circle. 
Set  the  wheel  F  at  /ero.  Carefully  carry  the  pointer  G  round  the  boundary 
and  stop  at  the  mark.  Read  and  note  the  scale  and  vernier.  Carry  the 
pointer  round  a  second  and  third  time,  reading  the  scale  and  vernier  each 
time  the  mark  is  reached.  Take  the  differences,  giving  three  results  for 
the  area  ;  these  results  should  be  in  fair  agreement. 

Calculate  the  area  of  the  circle  from  : 

Area=7rr2  square  cm., 

where  r  is  the  radius  of  the  circle  in  cm.     Compare-  the  calculated  area 
with  the  mean  area  obtained  by  the  plain  meter. 

Draw  a  tigure  on  the  drawing  paper  resembling  Fig.  4  (p  9).  Divide 
it  vertically  by  an  odd  number  of  equidistant  ord  mates.  Estimate  its 
area  by  use  of  Simpson's  rule,  vr/.  : 


-l//(,4-//7),      (p.  9). 

o 

Check  the  result  by  use  of  the  plammeter. 

EXPT.  11.  —  Measurement  of  volumes  by  the  displacement  of  water.  In 
Fig.  23,  A  is  a  jar  containing  water  and  fitted  with  a  hook  gauge  B.  The 
hook  gauge  is  simply  a  sharp  pointed  piece  of  wire  bent  to  the  proper 
shape  and  clamjjed  to  the  side  of  tho  vessel  ;  it  is 
used  for  adjusting  accurately  the  surface  level  of  the  < 
water.  C  is  the  body  the  volun\e  of  which  has  to 
be  determined.  D  i$  a  graduated  measuring  jar 
having  a  scale  of  cubic  centimetres  engraved  on  its 
side.  First  adjust  the  water  level  so  that  tho  point 
of  the  hook  gauge  is  just  breaking  tjw-rlfurface  of  the 
water.  By  means  of  a  lino  thread,  lower  carefully 

the  body  into  the  jar.      Use  a  pipette  to  remove 

,  .  ,    ..       ,        ,    .  .         ,  ,  i       ji  FIG.   -3      Volume   1>> 

water   until  the  level  is  restored  as  shown  by  the  displacement. 

hook  gauge.    Discharge  all  the  water  removed  by  the 
pipette  into  the  measuring  jar.     Read  and  note  the  volume  of  this  water 
a^  shown  by  the  scale  ;  it  is  evident  that  this  reading  will  give  the  volume 
of  the  body. 

Use  this  method  to  check  the  volumes  of  some  of  the  larger  bodies 
calculated  in  Expt.  4.  The  method  cannot  be  applied  with  sufficient 
accuiacy  to  bodies  of  very  small  dimensions,  as  the  change  in  level  of  the 
water  in  the  iar  would  then  be  inappreciable. 
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EXERCISES  ON  CHAPTER  II. 

1.  A  scale  is  divided  into  twentieths  oi  an  inch  and  has  to  be  read  to 
one  twenty-fifth  of  a  scale  division    by  means  of  a  \ernier      Show   by 
sketches  how  to  construct  a  suitable  for  ward-  read  ing  vernier;    also  a 
backward-  reading  vernier. 

2.  The  circle  of  an  instrument  used  for  measuring  angles  is  divided 
to  show  degrees,  and  each  degree  is  divided  into  six  equal  parts     Show 
how  to  construct  a  forward-reading  vernier  winch  -will  enable  angles  to 
be  read  to  the  nearest  third  of  a  minute.     (Jive  sketches. 

3  A  micrometer,  or  screw  gauge,  lias  a  screw  having  fifty  threads  to 
an  inch,    the  barrel  scale  lias  graduations  shotting  fiftieths  of  an  inch. 
The  instrument  can  read  to  the  nearest  thousandth  of  an  inch.      How  many 
divisions  has  the  thimble  scale  ?     Show,  by  sketches,  the  scales  when  the 
instrument  is  leading  0  4157  inch. 

4  A  spheromcter  has  a  sciew  \\it\\  40  threads  to  an  inch       How  many 
divisions   should   the   giaduated    cncle   have   if   the   instrument  leads   to 
0  0001  inch  ? 

5.  The  fixed  legs  of  a  spherometer  are  at  the  corners  of  an  equilateral 
triangle  of  4  cm.  side  When  placed  on  a  certain  sphcucal  surface  the 
installment  leads  5  637  mm.  Find  the  radius  of  curvature  of  the  surface. 
The  instrument  has  no  zero  error. 

0  The  same  spherometer  is  used  on  another  spherical  .surface  and  leads 
0  329  mm.  Find  the  radius  of  emvature  of  the  .surface. 

7.  In  calibrating  the  eyepiece  scale  of  a  micrometer  micioscope  the 
following  readings  were  taken  : 


F  ye  piece  scale 


Pillar  seal 


30 

50 

80 

100 

',, 

jm; 

32  3 

30  3 

290 

What  is  the  value  in  mm.  of  an  eyepiece  scale  division  v 

8.  The  following  dimensions  of  a  metal  fiustum  of  a  cone  were  measured 
\\ith  vernier  calipers  :    Perpendiciilai    height,   2616  inches;    diameter  of 
small  end,  I  876  inches  ;    diameter  of  large  end,  2  inches.     The  frustum 
was  weighed  and  found  to  be  2-22  Ib.     Kind  the  weight  of  the  metal  in 
Ib.  per  cubic  inch. 

9.  Describe  how  you  would  proceed  to  determine  by  experiment  the 
relation   between  the   length   of   the   circumference   of  any  circle   and  its 
diameter.     Describe  any  form  of  screw-gauge  you  have  used. 

Madras  Univ. 

10.  Give  .sketches  showing  the  construction  of  any  planimeter  you 
have  used.  Describe  how  the  instrument  is  used  in  determining  the 
area  of  a  figure  having  an  11  regular  curved  boundary.  State  any  pre- 
cautions which  must  be  observed. 
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11.  The  micrometer  screw  of  a  spherometer,   instead  of  having  two 
threads  per  millimetre,  actually  has  20  01  threads  per  centimetre.     The 
circular  scale  has  500  divisions.     When  placed  on  the  plane  glass  plate 
and  adjusted,  the  scales  read  0*005  mm.     An  object  is  then  measured, 
and  the  reading  of  the  scales  gives  2-642  mm.     What  is  the  actual  thick- 
ness of  the  object  ? 

12.  A  micrometer  reads  to  0-01  mm.     When  screwed  home,  the  reading 
is  0-05  mm.     The  instrument  was  then  applied  to  a  steel  ball,  and  the 
iollowing  diameters  were  obtained  in  three  directions  mutually  perpen- 
diculai;:  24-52  mm.,  24-50  mm.,  24-53  mm.     State  the  mean  diameter  of 
the  ball  and  calculate  its  volume. 
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DISPLACEMENT.     VELOCITY.    ACCELERATION 

Motion  of  a  point. — The  motion  of  any  body  and  ibs  position  at 

any  instant  may  be  specified  by  reference  to  chosen  lines  assumed 

to  be  fixed  in  space.     In  general,  the  motion  of  a  body  is  complex  ; 

all  points  in  it  do  not  possess  motions  precisely  alike  in  all  respects. 

Hence  it  is  convenient  to  commence  the  study  of  motion  by  the 
consideration  of  the  motion  of  a  point,  or  of  a 
particle,  i.e  a  body  so  small  tlmt  any  differences 
in  the  motions  of  its  parts  may  be  disregarded 

In  rectilinear  motion,  or  motion  in  a  strait*  ht  line, 
it  is  sufficient  to  consider  as  fixed  in  space  the 
line  m  which  the  point  is  moving.  The  position 
&t  any  instant  of  a  point  P  moving  along  the 
straight  line  OA  (Fig.  24)  may  be  specified  by 

stating  tl\e  distance  OP  from  a  fixed  point  0  1 1  the  line  :  0  may  be 

called  the  origin. 

In   umplanar  motion   the  po^rt   has  freedom  to  move  in  a  given 

plane  which  may  be  taken  as  fixed  in  space.     The  position  and 

motion  of  the  point  at  any  instant  may  be 

referred  conveniently  to  any  two  fixed  lines, 

Mutually   perpendicular,    and   Iving   in   the 

plane  of  the   motion  ;   such  lines  are  called 

coordinate  axes.     Thus  in  Fig.  25  a  point  P  IS 

describing  a  curve  in  the  plane  of  the  paper, 

supposed  to  be  fixed  in  space.     Its  precise 

position  at  any  instant  may  be  defined  by 
,    , '         ,  i  '  111.  T  FIG.  25.- — Motion  in  a  plane 

stating  the  perpendicular  distance?  ?/  and  x 

from  the  two  coordinate  axes  OX  and  OY.  It  will  be  noted  that  OX 
and  OY  divide  the  space  surrounding  the  origin  0  into*  four  com- 
partments. Useful  conventions  are  to  describe  x  as  positive  or 
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negative  according  as  P  is  situated  on  the  right  or  left  of  OY.    Simi- 
larly, tj  is  positive  or  negative  according  as  P  is  above  or  below  OX. 

More  complex  states  of  motion  arise  when  the  moving  point  is 
not  confined  to  one  plane  ;  for  example,  a  person  ascending  a  spiral 
staircase.  Most  of  these  cases  are  beyond  the  scope  of  this  book. 

Illustration  of  rectilinear  and  uniplanar  motion. — The  mechanism 
shown  in  Fig.  26  consists  of  a 
crank  CB  capable  of  revolving 
about  an  axis  at  C  perpendi- 
cular to  the  plane  of  the  paper. 
A  connecting  rod  AB  is  jointed 
to  the  rrank  at  B  by  means  of 
a  pin  and  also  to  a  block  D 
capable  of  sliding  in  a  slot  in 
the  frame  E.  Tf  the  cranft  is 
revolving,  the  block  D  has  rectilinear  motion  to  and  fro  in  the  slot, 
and  B  has  circular  motion  in  the  plane  of  the  paper. 

Locus  of  a  moving  point. — The  determination  of  the  position  at 
any  instant  of  a  point  in  the  above-mentioned  and  similar  mechanisms 
may  be  made  the  subject  of  mathematical  calculation.  A  more 
useful  method  employed  in  practice  is  to  draw  the  locus,  or  path  of 
the  moving  point ;  such  a  path  will  show  the  positions  of  the  point 
throughout  the  whole  range  of  possible  movement  of  the  mechanism. 

An  illustration  of  the  method  is  given*in  Fig.  27,  which  shows  the  locus 
of  a  point  D  on  the  connecting  rod  of  a  mechanism  similar  to  that  given  in 
Fig.  26.  Outline  drawings  of  the  crank  CB  and  connecting  rod  BA  are 


FIG   26 — Slulci  cnink  mechanism 


FIG.  27  —  Locus  of  a  point  in  a  connecting  lod. 

constructed  for  successive  positions  of  the  cra-nk,  differing  by  30°  throughout 
the  entire  revolution.  (For  the  sake  of  clearness,  the  positions  above  CA 
alone  are  shown  in  Fig.  27.)  The  position  of  D  along  AB  is  marked  carefully 
on  each  drawing ;  a  fair  curve  drawn  through  these  points  will  give  the 
required  locus. 
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Displacement. — Suppose  that  a  point  occupies  a  position  A  at  a 
certain  instant  (Fig.  28),  and  that  at  some  other  instant  its  position 
is  B.  Draw  the  straight  line  AB  ,  AB  is  called  the  displacement  of 
the  point.  In  making  this  definition  the  precise  path  bv  which  the 
point  travelled  from  A  to  B  is  immaterial.  For  example,  the  point 
might  have  iirst  a  displacement  from  A  to  C,  and  then  from  C  to  B, 
with  exactly  the  same  change  in  position  as  would  occur  by  tiavellmg 
directly  along  the  straight  line  AB.  Hence  we  may  say  that  the 
displacement  AB  is  equivalent  to  the  displacements  AC  and  CB. 
AB  is  called  the  resultant  displacement,  and  AC  and  CB  are  component 
displacements. 


A  C 

EIG.  28.  — Tnaiitfle  of  displace meut« 


Fid    J9  — 1'ohgon  ot  displacements 


It  is  evident  that  the  numbei  of  component  displacements  ma~y  be 
unlimited  Tlius^.  in  Fig.  !#),  the  components  AC,  CD,  DE,  EF  FG 
and  GB,  successively  applied  to  the  point,  arc  equivalent  to  the 
resultant  displacement  AB 

Specification  of  a  displacement. — In  stating  a  displacement  it  is 
necessary  to  specify  (a)  the  initial  position,  (b)  the  direction  of  the 
line  in  which  the  point  moves,  (<*/  the  sense  of  the  motion,  i  e  from 
A  towards  B  or  vice-versa  (Fig.  28),  (d)  the  magnitude  of  the  dis- 
placement. 

The  sense  may  be  indicated  by  the  order  of  the  letters  defining 
the  initial  and  final  positions  in  a  displacement,  AB  or  BA,  or  by 
placing  an  arrow  point  on  the  line. 

Vector  and  scalar  quantities.-  -Any  physical  quantity  which  re- 
quires a  direction  to  be  stated  in  order  to  give  a  complete  specification 
is  called  a  vector  quantity ;  other  quantities  are  called  scalar  quan- 
tities. Displacement  and  force  are  examples  of  vector  quantities  ; 
mass,  density  and  volume  are  scalar  quantities.  Any  vector  quan- 
tity may  be  represented  by  drawing  a  straight  line  in  the  proper 
direction  and  sense. 
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The  operations  performed  in  Figs.  28  and  29  are  examples  of 
the  addition  of  vectors.  The  operation  consists  in  constructing  a 
figure  in  which  a  straight  line  is  drawn  from  the  initial  position  to 
represent  tbe  first  vector,  making  the  line  of  a  length  to  represent 
to  scale  the  magnitude  of  the  quantity,  and  drawing  it  in  the  proper 
direction  and  sense.  From  the  end  of  this  line  remote  from  the 
initial  position,  another  line  is  drawn  in  a  similar  manner  to  represent 
the  second  vector,  and  so  on  until  all  the  components  have  been 
dealt  with.  The  resultant  vector  will  be  represented  bv  the  line 
which  must  be  drawn  from  the  initial  position  in  order  that  the 
completed  figure  may  be  a  closed  polvgon. 

F]£.  28,  in  which  there  are  two  component  vectors  only,  may  be 
called  the  triangle  of  displacements  ;  the  name  polygon  of  displacements 
may  be  given  to  Fig.  29. 

Velocity.  The  velocity  of  a  moving  point  may  be  defined  as  the 
rate  of  change  of  position  in  a  given  direction  ;  the  time  taken,  the 
distance  travelled,  and  the  direction  of  motion  are  all  taken  into 
account  in  stating  a  velocity.  Velocity  is  a  vector  quantity.  In 
cases  where  the  direction  of  motion  does  not  require  to  be  con- 
sidered, the  term  speed  is  employed  to  express  the  iate  of  travelling. 
^Velocity  may  be  uniform,  in  which  case  the  point  describes  equal 
distances  in  equal  intervals  of  time  ;  the  velocity  is  said  to  be  variable 
if  this  condition  be  not  complied  with. 

The  velocity  at  any  instant  of  a  point  having  uniform  velocity 
may  be  measured  by  stating  the  rftstanec  travelled  in  unit  time. 
Thus,  if  a  total  distance  s  be  described  in  t  seconds,  then  the  magni- 
tude of  the  velocity  v  at  any  instant^  given  by 

v=" (1) 

t 

This  will  be  in  cm.  per  sec.,  or  feet  per  second,  according  as  s  is 
in  cm.  or  feet.  The  specification  of  the  velocity  given  by  (1)  is 
completed  by  stating  also  the  direction  of  the  line  in  which  motion 
takes  place  and  the  sense  of  the  motion  along  this  line. 

In  the  case  of  a  variable  velocity,  the  result  given  by  use  of  equation 
(1)  is  the  average  value  of  the  velocity  during  the  interval  of  time  /. 
Thus  the  average  velocity  of  a  train  which  travels  a  total  distance 
of  400  miles  in  8  hours  (including  stops)  is  4(H3-^8,  or  50  miles  per 
hour. 

The  dimensions  of  velocity  are  l/t 
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If  a  point  moves  with  variable  velocity,  the  velocity  at  any  instant 
may  be  stated  as  the  distance  which  the  point  would  travel  during 
the  succeeding  second  if  the  velocity  possessed  at  the  instant  under 
consideration  remained  constant. 

Acceleration. — Acceleration  means  rate  of  change  of  velocity,  and 
involves  both  change  of  velocity  and  the  tune  interval  in  which  the 
change  has  been  effected.  Acceleration  is  measured  by  stating  the 
change  of  velocity  which  takes  place  in  unit  time.  Unit  acceleration 
is  possessed  by  a  particle  when  unit  change  in  velocity  occurs  in  unit 
time. 

KXAMPLK.  At  a  certain  instant,  a  particle  having  rectilinear  motion 
has  a.  velocity  of  25  cm.  per  sec.  Tho  velocity  is  found  to  increase  uni- 
formly during  tho  succeeding  5  seconds  to  60  era.  per  sec.  Find  the 
acceleration. 

Increase  in  vol.  in  5  sees.  --00  -  25=35  cm.  per  sec. 

„         „  1  sec.  —  -y>  =  7  cm.  per  see- 

Hence  the  acceleration  is  7  cm.  per  second  in  every  second,  or,  as  is 
usually  stated,  7  em.  per  sec  per  sec  ,  or  7  cm. /sec-. 

It  will  be  noted  that  time  enters  twice  into  the  statement  of  a 
given  acceleration,  once  in  expressing  the  change  in  velocity,  and 
again  in  expressing  the  time  interval  in  which  the  change  was  effected. 

Acceleration  may  be  uniform,  in  which  case  equal  changes  in 
velocity  occur  in  equal  intervals  of  time  Otherwise  the  acceleration 
is  variable.  In  the  case  of  uniform  acceleration,  the  acceleration  at 
any  instant  is  calculated  by  dividing  the  total  change  in  velocity  by 
the  time  in  which  the  change  takes  place  A  similar  calculation 
made  for  the  case  of  variable  ai  v/svleration  gives  the  average  accelera- 
tion during  the  time  interval  considered. 

Since  acceleration  involves  velocity,  it  is  a  vector  quantity.  To 
specify  completely  a  given  acceleration,  the  magnitude,  the  line  of 
direction  and  the  sense  of  the  acceleration  along  the  line  of  direction 
must  be  stated. 

The  dimensions  of  acceleration  are  obtained  by  dividing  the  dimen- 
sions of  velocity  by  time,  giving  lit-rt  —  llt* 

Displacement,  velocity  and  acceleration  graphs.— A  convenient 
method  of  studying  questions  involving  displacement,  velocity  and 
acceleration  is  to  construct  graphs  m  which  the  magnitudes  of  these 
quantities  are  plotted  as  ordmates  and  the  time  intervals  ae 
abscissae. 
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EXYMPLE  1. — A  point  ||f|PPf  >J?^/a  straight  line  OA,  passes  through 

tne  origin  O  at  a  ftcrt^iraBrfy;  r  vias  a  uniform  velocity  of  40  cm.  per 

sec.  Plot  displacemen|^4;  >#  iocity-time  graphs. 

Since  the  velocitjg$J$v  I,  the  disj)lacement  in  any  interval  of 
time  /  seconds  is  giy 
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The  velocity  is  uniform,  therefore  the  velocity-time  graj)h  CD  is 
parallel  to  the  time  axis  (Fjg.  31).  In  this  graph,  sijice  OC  Represents 
the  constant  velocity  v,  and  O4  represents  time  /,  the  rectangular  acea 
CH  represents  the  product  vl,  and  henc*  represents  the  displacement  in 
the  time  /. 

EXAMPLE  2. — A  point  P,  travelling  kjpa  straight  line  OA,  is  at  rest  in 
the  initial  position  O  and  has  a  constant  acceleration  of  20  cm.  per  sec. 
per  sec.  Plot  velocity-time,  acceleration -time  and  displacement-time 
graphs. 

It  is  evident  that  the  point  will  have  a  velocity  of  20  cm.  per  sec.  at 
the  end  of  the  first  second,  and  that  its  velocity  increases  by  20  cm.  per  sec. 
during  each  second  of  the  motion  ;  hence  the  velocity  v  at  the  end  of  any 
time  interval  t  seconds  may  be  found  from  y=20£  cm.  per  sec. 


Time  t  sees  ,  i  eckoned  from  O, 

0 
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4 

Vel.  v  cm.  per  sec.,  reckoned  fiom  0, 

» 

20 

40 

GO 

80 

Plotting  these  numbers  as  shown  in  Fig.  32,  we  obtain  a  straight-lino 
velocity- time  graph  OE, 


32 


DYNAMICS 


CHAP 


The  acceleration-time  graph  is  shown  in  Fig.  33.     Since  the  aoneleratior 
is  uniform,  it  follows  that  the  graph  FG  is  parallel  to  the  time  axis. 


Fro   3_> 
Grnphs  foi  constant  accf leiat ion,  staiting  from  irst 

The  displacement  during  any  interval  of  time  is  given  by  the  product 
of  the  average  velocity  during  the  interval  and  the  interval  of  time.  Thus, 
if  va  be  the  average  velocity  in  cm.  pc>r  sec.  dining  a  time  t  seconds,  then 
the  displacement  .s-  m  cm.  is  equal  to  the  product  vttt. 

For  example,  when  the  point  is  at  the  origin  the  velocity  is  zero,  and  at 
the  end  of  the  first  three  seconds  the  velocity  is  60  cm.  per  second  (Fig.  32)  ; 
hence  the  average  velocity  during  the  first  three  seconds  is  given  by 

0+60 


And 


-  30  cm.  per  sec. 
>>— 30x3— 90  cm    in  the  first  three  seconds 
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Plotting  displacements  and  time  as  shown  m  Fig.   34,  we  obtain  the 
curved  graph  OH,  which  shows  the  relation  of  displacement  and  time. 
The  student   will   note    that   the  average   velocity   during   any   time 
interval    in    Fig.    32    is   represented    by    the 
average   height  of  the  portion  of  the  graph 
inclosed   by  the    ordmates    at    the    beginning 
and  end  of  the  interval.     The  distance  between 
the    feet    of    the    ordmates    represents    time, 
hence  the   area  of  the    graph    represents    the 
product    of    average    velocity    and    time,   and 
3      4  sees        therefore  represents    the  displacement  during 
Fia.  34  —  Displacement  giaph      th*  interval. 
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Equations  for  rectilinear  motion.  The  following  equations  are 
for  simple  cases  which  occur  frequently,  and  are  deduced  from  the 
velocity-time  graphs. 

Case  1.  Uniform  velocity.  —This  case  has  been  dealt  with  on 
p  29,  and  the  following  equation  was  deduced  . 

n=vt     (1) 

Case  2.  Uniform  acceleration,  starting  from  rest. — Let  the  accelera- 
tion be  a.  The  velocity  at  the  end  of  the  first  second  will  be  equal 
to  a,  and  a  velocity  equal  to  (t  \\i\\  be  added  during  each  subsequent 
second  (Fig  35)  Hence,  at  the  end  of  t  seconds,  we  have 

v-at (2) 

The  average  velocity  during  the  first  t  seconds  is 

v.  =  Ji--lat.    .  .        .  ..(3) 

Therefore  the  displacement  during  the  first  t  seconds  is 

B  =  «',,/=>t (4) 

From  (2),  t--"          '"     ^ 


Substitution  in  (5)  gives     x—li. 


or 


.(6) 


Time 


FlG.  35  — Uniform  acceleration, 
st.ntiiiK  tiom  u»st. 


FTG   30-  Uiufoiin  a 

initul  velocity  u 


Case  3.  Uniform  acceleration,  and  starting  from  the  initial  position 
with  a  velocity  u.-  -The  velocity-time  graph  is  given  in  Fig.  36. 
Since  the  initial  velocity  is  //,  and  a  velocity  equal  to  a  is  added 
during  each  second,  the  velocity  at  the  end  of  t  seconds  is 

v  —  u  +  at, 
or  v-u-at (7) 
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In  Fig.  36,  BD  represents  v  and  CO  represents   11  ;    the  average 
velocity  durum  the  hist  /  seconds  is 

<t  +  v     u  +  u  f  at 


..   va  =  u4-Jat    ........................................  (8) 

The  displacement  during  the  first  t  seconds  is  given  by 

s  =  /'(,f  =  (//  +  \at}t  , 

*     s-ut-fiat2.     ...  .  (9) 

It  will  be  noted  that  the  first  teiin  in  (9)  gives  the  displacement 
which  \\ould  have  occurred  had  the  velocity  H  been  pieserved 
uniform  throughout  ,  the  second  term  gives  the  displacement  which 
would  have  taken  place  had  the  point-  started  from  rest  with  a 
uniform  acceleration  (t 


From  (7),  t- 

Substitute  in  (9),  givin 


"'H 


or  «  = 


a 


2 


a 

2  no  -  2/<2 


or  v2-u2-2a^  K  .............................    (10) 

In  applying  any  of  the  above  equations,  either  r<;s  or  British 
units  may  be  employed  • 

v  in  cm.  per  sec  ,  or  feet  per  sec 

a  in  cm   per  sec.  per  sec  ,  or  feet  per  sec.  per  sec. 

,s  in  cm  ,  or  feet. 

t  in  seconds. 

Bodies  falling  freely.  Experiment  shows  that  any  body  falling 
freely  under  the  action  of  gravitation  has  uniform  acceleration 
The  term  freely  is  used  to  indicate  that  the  resistance  of  the  atmo- 
sphere has  been  removed,  or  has  been  neglected.  The  symbol  g  is 
used  to  denote  the  acceleration  of  a  body  falling  freely  All  the 
equations  obtained  in  Cases  2  and  3  above  may  be  employed  by 
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substitution  of  g  for  a,  and  tho  height  Jt  for  ,s      Thus  equations  (6) 
and  (10)  will  read  respectively  . 

i>2=-2<///         ...  .  (a) 

o2-  uz:--'2gh         ............      (b) 

(a]  applies  to  a  body  falling  freely  from  rest,  and  may  be  used  in 
calculating  the  velocity  at  the  end  of  a  fall  from  a  height  h  (b) 
applies  to  a  similar  case  in  which  the  body  is  projected  downwards 
with  an  initial  velocity  u  ;  the  terminal  velocity  v  may  bo  calculated 
from  (b). 

Variations  in  the  value  of  g  —  The  value  of  <j  van  ON  somewhat  at 
different  parts  of  the  earth  ;  in  Britain,  1)81  cm  per  sec  per  sec,., 
or  32-2  feet  per  sec  per  sec.  may  be  used  in  most  calculations.  The 
value  of  (j  at  any  given  place  depends  upon  the  distance  between 
that  place  and  the  centre  oi  the  earth  The  value  oi  (/  at  >>ea-level 
in  latitude  45°  is  sometimes  chosen  as  a  standard  of  reference  ;  the 
value  at  other  places  depends  upon  the  height  above  sea-lovel  and 
also  upon  the  latitude  Latitude  is  a  factor  on  account  of  (1)  the 
shape  of  the  earth,  which,  being  flattened  somewhat  towards  the  poles, 
causes  sea-level  at  the  poles  to  be  nearer  to  the  centre  of  the  earth 
than  sea-level  at  the  equator,  (2)  the  variation  ol  centrifugal  action 
with  distance  from  the  equator. 

Let          0r0  =  fhe  value  of  y  at  sea-level  in  latitude  45°,  cm.  per 
sec.  per  sec. 

<7  =  the  value  of  </  at  an  elevation  H  metres  in  latitude  A, 
cm.  per  sec    per  sec- 

Then         ?=//„  (1  -0-M26  cos  2X  -  0-0000002H). 


Conventions  regarding  signs.  In  considering  a  point  P  moving  in 
a  straight  line  AB,  it  is  convenient  to  choose  one  sense,  say  from 
A  towards  B,  and  to  call  velocities  and  accelerations  having  this 
sense  positive  ;  velocities  and  accelerations  having  the  contrary 
sense  will  then  be  called  negative.  This  convention  enables  graphs 
to  be  drawn  in  representation  of  such  cases  as  that  of  a  body  pro- 
jected upwards,  coming  gradually  to  rest,  arid  then  descending. 

In  Fig.  37  is  given  a  velocity-time  diagram  illustrating  this  case. 
The  bodv  was  projected  upwards  with  a  (positive)  velocity  ?/,  repre- 
sented by  OA  drawn  above  the  time  axis.  Velocity  is  abstracted  at 
a  uniform  rate  r/,  and  the  body  conies  to  rest,  as  indicated  at  B,  at 
the  end  of  a  time  interval  represented  by  OB  Thereafter  its  velocity 
is  downwards  (negative)  and  increases  numerically  until  it  reaches 
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the  level  of  the  initial  position,  when  it  possesses  a  negative  velocity 
i>2,  represented  by  DC  As  the  graph  ABC  is  a  straight  line  owing  to 
the  acceleration  being  uniform,  the  time  taken  in  ascending  is  equal 

to  the  time  of  descent,  and  the 
terminal  velocity  v2  is  equal  to  the 
initial  velocity  u  It  is,  of  course, 
assumed  that  the  resistance  of  the 
atmosphere  is  neglected  throughout. 
Calling  downward  accelerations 
positive,  it  will  be  noted  that  the 
acceleration  in  the  above  illustration 
is  positive  thi ou^hout  the  motion. 
During  the  ascent  the  velocity  and 
acceleration  have  contrary  signs,  and 
the  velocity  is  diminishing  ,  during  the  descent  the  signs  aie  similar 
and  the  velocity  is  increasing 

More  general  case  of  a  velocity- time  graph.  In  Fig.  38  is  shown 
a  velocity-time  graph  OAB  Consider  two  points  Pl  and  P2  Ivmg 
fairly  close  together  on  the  graph  PjMj  and  P2M2  represent  velocities 
i\  and  r2  respectively,  and  these  velocities  are  possessed  by  the 
moving  point  at  the  end  of  tune  intervals  tt  and  /,,,  represented 


Fi<«    37. — Velocities  ha\ing  opposite 
senses 


by   OMj    and  OM2  respectively 
axis     Then 


and  is  the  ch.in^e  in  velocity 
during  a  time  interval 

Hence  the  aveiage  accelera- 
tion during  this  interval  it 
given  by 

("ft    =.  .          ~~^..  ,-x  .  - 


Draw    PAK    parallel    to    the    time 


O  M,Ma  B          / 

FIG.  38. — General  case  of  a  velocity-time  giaph 


The  quantities  required  for  making  the  calculation  of  the  average 
acceleration  may  be  scaled  from  the  graph  There  is  no  great  error 
in  assuming  that  the  average  acceleration  so  calculated  is  the  actual 
acceleration  at  the  middle  of  the  interval  IV^M,,  Hence  an  accelera- 
tion-time graph  may  be  constructed  by  calculating  the  average 
accelerations  as  above  explained  for  intervals  throughout  OB,  and 
erecting  ordmates  at  the  middle  of  each  interval  to  represent  these 
accelerations. 

It  will  be  noted  that  if  P2M2  is  less  than  PiMT,  the  velocity  is 
diminishing,  and  the  acceleration  has  then  the  sign  contrary  to  that 
which  has  been  assumed  for  increasing  velocitv 
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Again,  the  average  velocity  during  the  interval  MjMa  is 

i(P1M14P2M2)-|(r1  +  ^). 

Since  the  time  interval  is  IV! ^^^t^-t^  it  follows  that  the  dis- 
placement during  the  interval  MjM2  is 

•Kyi  +  ^('2 ~ M  =  2(piMi  +  P2M2)M1M2  =  the  area  PjM^Po 
very  nearly  The  closeness  of  the  approximation  becomes  more 
perfect  if  the  interval  M^  be  made  smaller  and  smaller,  and  is 
absolutely  perfect  if  the  interval  be  made*  indefinitely  small.  It  is 
evident  that  the  area  of  any  similar  strip  cif  the  graph  will  represent 
the  displacement  in  the  time  interval  represented  bv  the  base  of 
the  strip.  Hence,  for  the  total  time  OB,  the  total  displacement  is 
represented  by  the  total  area  of  the  graph,  and  mav  be  found  by 
applying  the  rules  of  mensuration.  Thus,  find  the  area  of  the 
graph,  using  a  plammeter.  sav  Divide  this  area  bv  the  length  OB 
so  as  to  find  the  average  height  of  the  graph.  Multiplv  the  average 
height  by  the  scale  of  velocity,  thus  obtaining  the  average  velocity 
for  the  whole  i^raph  Multiply  the  average  velocity  by  OB,  expressed 
in  seconds.  The  result  gives  the  total  displacement. 

EXERCISES  ON  CHAPTER  III. 

1.  A  flat  board  has  two  grooves  cut  m  it,  running  right  across  the  board 
and  intersecting  at  right  angles  at  the  centre  of  the  board.     A  rod  AB 
2  5  inches  long  moves  in  the  plane  of  the  board ,f 

A  being  constrained  to  move  in  one  groove  and 
B  in  the  other.  Draw  the  locus  (n)  of  a  point 
at  the  centre  of  AB,  ('*;  of  a  point  in  t'he  rod 
0  75  inch  from  B. 

2.  In  Fig.  .39,  AB  is  a  rod  2  inches  long  and 
can  revolve  about  a  fixed  centre  at  A^   OBD  is 
another  rod,  joint  cxl  to  AB  at  B,  and  having  the 
end  C  constrained  to  remain  in  a  groove,  the 

direction  of  which  passes  through  A  ;  CB  js  2  inches  long.      Draw  the  loons 
of  D  (ft)  if  BD  is  2  inches  long,  (I)  if  BD  is  3  inches  long. 

3.  A  point    m   given    two   component  displacements,  one  of  24  cm. 
towards  the  north-east,  and  another  oi  30  cm.  towards  the  north.     Find 
the  resultant  displacement. 

4.  Draw  a  horizontal  line  OX  as  a  reference  axis.     Starting  from  O, 
a  point  has  the  following  component  displacements,  impressed  successively  : 
2  inches  at  30°  to  OX  ;    3  inches  at  45°  to  OX  ,   5  inches  at  240°  to  OX ; 
4  inches  at  90°  to  OX.    Find  the  resultant  displacement. 

5.  What  is  the  average  speed  in  feet  per  second  of  a  horse  which  travels 
a  distance  of  J 1  miles  in  1-25  hours  ? 

0.  An  observer  notes  that  the  peal  of  thunder  IH  heard  3  5  seconds  after 
seeing  the  flash  of  lightning.  If  sound  travels  at  a  speed  of  1100  feet  per 
second,  find  the  distance  m  miles  between  the  flash  and  the  observer. 
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7.  Two  runners,  A  ami  B,  start  from  the  same  place.     A  staits  30  seconds 
before  B  and  runs  at  a  constant  speed  ot  8  miles  per  hour.     B  travels  along 
the  same  road  with  a  constant  speed  of  10  miles  per  houi.     At  what  distance 
from  the  starting  point  will  B  overtake  A  ? 

8.  Two  tiains,  A  and  B,  travelling  in  opposite  directions,  pass  through 
two  stations  1  5  miles  apart  at  the  same  instant.     If  A  has  a  constant 
speed  of  40  miles  pei  hour,  rind  the  constant  speed  oi  B  so  that  the  trams 
shall  pass  each  other  at  a  distance  of  0  t)  mile  from  the  station  which  A 
passed  through. 

9    A  tram  travelling  at  uniioim  speed  passes  two  points  480  feet  apart 
in  10  seconds.     Find  the  speed  in  miles  pei  hour. 

10.  A  tram  starts  tiom  rest  and  gams  a  speed  of  10  miles  per  houi  m 
15  seconds.  Find  the  acceleration  in  foot  and  second  units.  Sketch  a 
velocity-time  giaph. 

11  A  ship  travelling  at  22  kilometres  per  hour  has  its  speed  changed  to 
18  kilometies  per  hour  in  40  seconds.  Find  the  accelciation  in  mctic  and 
second  units.  Sketch  a  \elocity-time  graph. 

12.  A  body  travelling  at  800  feet  per  minute  is  bi  ought  to  icst  in  i  second 
Assume  the  acceleration  to  be  uniform,  and  find  it.     Sketch  a  velocity-time 
graph. 

13.  Express  an  acceleration  oi  60  miles  per  hour  per  minute,  m  metres 
per  second  per  second. 

14.  A  tram  starts  from  rest  \vith  an  accelemtion  of  1  1  feet  pei  sec.  per 
sec.      Find  its  speed  in  miles  per  houi  at  the  end  oi  25  seconds      What 
distance  does  it  tia\el  in  this  time  ?     Sketch  a  velocitv-time  giaph. 

15.  A  tiam  changes  spei^d  horn  60  to  50  miles  per  hour  in  15  seconds. 
Find  the  distance  ti  a  \elled  m  this  interval.     Sketch  a  velocity-time  graph. 

16.  A  tram  staits  fiom  rest  w'th  an  acceleration  of  09  foot  per  sec. 
per  sec.  and  maintains  tins  for  30  seconds      Constant  speed  is  then  main- 
tained until  a  certain  instant  when  steam  is  shut  oil  and  the  biakes  are 
applied,  producing  a  negative  acceleration  oi   1  5  feet  per  sec.   per  sec. 
until  the  tram  comes  to  iest      If  tin  total  distance  travelled  is  2  miles,  lind 
the  time  during  which  the  speed  \\as  uniform  and  the  tofal  time  for  the 
whole  journey.     Sketch  a  velocity-time  graph. 

17.  What  acceleration  must  be  given  to  a  tram  travelling  at  30  miles 
per  hour  m  Older  to  bimg  it  to  rest  in  a  distance  of  200  yards  ?     Sketch  a 
velocity-time  graph. 

18.  A  body  falls  freely  from  a  height  of  50  metres.     Find  the  velocity 
just  before  touching  the  ground  and  the  time  taken.     Sketch  velocity-time 
and  distance-time  graphs.     Take  (j  --98 1  cm.  per  see.  per  sec. 

19.  A  stone  is  projected  vertically  upwaids.    Find  the  initial  velocity 
m  order  that  it  may  reach  a  height  of  150  feet.     Tf  the  stone  falls  to  the 
original  level,  find  the  total  time  of  flight.     Sketch  a  velocity-time  graph. 
Take  g~-  32  2  feet  per  sec.  per  sec. 

20.  A  stono  is  dropped  down  a  well  and  is  observed  to  strike  the  water 
in  2-5  seconds.      Find  the  depth  of  the  well  to  the  surface  of  the  wafer. 
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21.  Suppose  in  Question  20  that  the  sound  of  the  splash  is  heard  2  6 
seconds  after  dropping  the  stone;   find  the  depth   to  the  stntaee  of  the 
water.     Assume  that  sound  travels  at  1 100  feet  per  second,  and  that 
{7^32  2  feet  per  see.  per  see. 

22.  A  stone  is  thrown  veitieally  downwards  with  a  velocity  of  20  feet 
per  sec.      Find  the  velocity  at  the  end  of  the  third  second.      What  distance 
does  it  travel  up  to  this  instant  ? 

23.  A  stone  is  projected  vertically  upwards  with  a  velocity  of  100  feet 
per  second.     Two  seconds  later  a  second  stone  is  projected  voitically  from 
the  same  point.     Find  to  what  height  the  hrst  will  rise,  and  the  velocity 
with  which  the  second  must  bo  projected  for  it  to  stnko  the  hrst  as  the 
first  is  just  about  to  descend.  L  1T. 

24.  A  stone  is  dropped  from  a  height  of  64  feet,  while  at  the  same  instant 
a  second  stone  is  projected  from  the-  eaith  immediately  below  with  sufficient 
velocity  to  enable  it  to  ascend  64  loot.      Kind  when  and  \\here  the  stones 
will  meet.  L.  II. 

25.  Eight  bodies  are  drop  pod  in  succession  from  a  height  at  intervals 
of  half  a  second.     Taking  f/-32  ft.  per  sec.  per  sec.,  calculate  and  show 
on  a  diagram  the  positions  of  the  bodies  at  the  instant  at  \\luch  the  last 
is  dropped.     What  is  the  relative  velocity  of  any  one  of  the  bodies  to  the 
next  succeeding  one  ?  L  CT. 

20.  A  body  moves  along  a  straight  line  with  varying  velocity,  and  a 
curve  is  constructed  in  which  the,  ordmato  represents  the  Aelocity  at  a 
time  represented  by  the  abscissa.  Piove  that  the  distance  travelled  by 
the  body  in  any  interval  is  measured  by  the  area  between  the  two  corre- 
sponding ordmates.  The  body  is  observed  to  oovoi  distances  of  12,  30 
and  63  yards  in  three  successive  intervals  of  4,  5  and  J  seconds.  Can  it 
bo  mo\mg  with  uniform  acceleration  ?  L. II. 

27.  From  the  top  o^i  tower,  7/>  feet  high,  a  stone  is  projected  vertically 
upwards  with  a  velocity  of  64  feet  per  second.  Calculate  its  greatest 
elevation,  its  velocity  at  the  moment  it  stnkes  the  ground,  and  the  time 
it  takes  to  reach  the  ground  (y  32.) 


28.  Establish  the  formula  ,s  -  ul  ]  I /K 

From  an  elevated  point  A  a  stone  is  projected  vertically  upwaids.  When 
the  stone  readies  a  distance  //  belou  A  its  velocity  is  double  what  it  was 
at  a  height  h  above  A.  Show  that  the  greatest  height  attained  by  the 
stone  above  A  is  '\h.  Adelaide  University. 

29.  Two  trains,  A  and  B,   leave  the  same  station  on   parallel  lines  of 
way.    The  train  A  starts  with  uniform  acceleration  of  ,,  loot  per  second 
per  second,  and  attains  a  maximum  speed  of  15  miles  per  hour,  when 
steam  is  reduced  so  as  to  keep  the  spe^d  constant.     B  leaves  40  seconds 
after  A  with  uniform  acceleration  of  1    foot    per  second  per  second,  and 
attains  a  maximum  speed  of  30  m  Ics  per  hour.     At  what  distance  from 
the  station  will  B  overtake  A  ? 

30.  Plot  a  velocity-time  graph  from  the  following  particulars  :    Draw 
a  horizontal  lino  OX,  5  inches   in  length,  and  divide  jt  into  10  equal  parts  ; 
each  part  represents  0  2  second.     Draw  OY  perpendicular  to  OX,  and  on 
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it  construct  a  scale  of  velocities  in  which  0-5  inch  represents  10  feet  per 
second*  The  velocities  in  feet  per  second  at  the  beginning  of  the  time 
intervals  shown  on  OX  are  as  follows :  0, 16,  30, 42, 49, 49, 47, 40,  28, 14, 0, 

(a)  Find  the  change  in  velocity  and  the  average  acceleration  during 
each  interval  of  time ;  draw  an  acceleration-time  graph  by  plotting  the 
average  accelerations  at  the  centres  of  the  time  intervals.  Scale  for 
accelerations,  one  inch  represents  20  feet  per  second  per  second. 

(&)  Find  the  average  velocity  during  each  time  interval,  and  calculate 
the  displacement  during  each  interval ;  hence  calculate  the  total  dis- 
placement during  the  2  seconds  represented  by  OX. 


CHAPTER   IV 

COMPOSITION  AND   RESOLUTION  OF  VELOCITIES 
AND    ACCELERATIONS 

Composition  and  resolution  of  velocities. — Velocity  being  a  vector 
quantity  may  be  represented  by  a  straight  line  in  the  same  manner 
as  displacement.  A  given  velocity  may  be  regarded  as  made  up  of 
two  or  more  component  velocities,  which  may  be  compounded  to 
obtain  the  resultant  velocity  by  the  methods  of  vector  addition 
employed  in  Figs.  28  and  29  (p.  28).  Thus, 
if  a  point  has  a  velocity  represented  in 
magnitude,  direction  and  sense  by  AB 
(Fig.  40),  and  if  its  initial  position  be  A, 
then  it  will  travel  from  A  to  B  in  one 
second.  Suppose  on  arrival  at  B  that  the 
initial  velocitv  of  the  point  is  suppressed,  ,  4A  ^  .  _ 

.,    _  "_  *.        .     .      ri       ,  FIG.  40.— Triangle  ot  velocities. 

and  that  another  velocity  is  imparted  to  > 

it,  represented  by  BC.  The  point  will  now  travel  from  B  to  C  in 
one  second.  •  Had  both  velocities  b^p?  imparted  simultaneously  to 
the  point  when  at  A,  the  point  would  travel  along  the  line  AC  and 
would  arrive  at  C  in  one  second.  Hence  AC  represents  the  resultant 
velocity  of  which  AB  and  BC  represent  the  components.  Similar 
reasoning  may  be  applied  to  a  number  of  component  velocities. 
The  triangle  ABC  in  Fig.  40  may  be  called  the  triangle  of  velocities. 

Composition  of  velocities  is  the  process  of  rinding  the  resultant 
velocity  from  given  components  ;  resolution  of  velocities  is  the 
inverse  process. 

Parallelogram  of  velocities.— Instead  of  a  triangle  of  velocities 
ABC  (Fig.  40),  a  construction  called  the  parallelogram  of  velocities  may- 
be employed.  In  Fig.  41 ,  a  point  A  has  component  velocities  %  and  v% 
represented  by  AB  and  AC  respectively.  Complete  the  parallelogram 
ABDC,  when  the  diagonal  AD.  will  represent  completely  the  resultant 
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velocity  v.  It  is  evident  that  the  triangle  ABD,  which  is  one-half  of 
the  parallelogram,  is  a  triangle  of  velocities  corresponding  with  the 
triangle  ABC  in  Fig.  40.  The  component  velocities  must  be  arranged, 
prior  to  constructing  the  parallelogram  of  velocities,  so  that  the 


A  ^,          B 

FlG.  41. — Parallelogram  of  velocities 


FIG.  42. 


senses  are  either  both  away  from  A  or  both  towards  A.  This  process 
is  illustrated  in  Fig  42,  in  which  AB  and  CA  represent  the  given 
velocities  vl  and  v2.  AC'  is  drawn  to  represent  vz,  and  v±  and  v2  have 
now  senses  both  away  from  A.  The  parallelogram  is  constructed  as 
before,  giving  the  resultant  velocity  v  represented  by  AD. 

Rectangular  components  of  a  velocity.  -  It  is  often  convenient  m 
the  solution  of  problems  to  use  components  of  a  given  velocity  taken 
along  two  rectangular  axes  which  intersect 
at  a  point  on  the  line  of  the  given  velocity 
and  lie  in  the  same  plane.  In  Fig.  43,  OA 
represents  the  given  velocity  v ;  OX  and  OY 
are  rectangular  axes  complying  with  the 
above  conditions.  The  component  velocities 
vx  and  c  4  are  found  by  drawing  AB  and  AC  per- 
pendicular to  OX  and  OY  respectively,  when 
OB  and  OC  represent  vx  and  vy  respectively. 


O 

FIG.  43 


vx     B      X 

•Rectangular  com- 
ponents of  »;. 


Let  the  angle  XOA  be  a,  then  : 
OB 


=  cos  a,    or 


Also, 


OC 
OA 


OA 


=  si n  OAC  =  sin  a,     or 


—  =cosa; 


(1) 


--  =  sma; 


Further, 


.".  vt/  —  v  sin  a 

OA2  =-OB2  +  BA2  =OB2  +OC2, 


.(2) 


or 


•(3) 


RELATIVE  VELOCITY 


Relative  velocity. — A  person  standing  on  the  earth  and  watching 
a  moving  body  does  not  perceive  the  absolute  motion  of  the  body  ; 
what  he  does  observe  may  be  described  as  the  motion  of  the  body 
relative  to  the  earth.  In  such  cases  it  is  convenient  to  regard  the 
earth,  and  hence  the  observer,  as  fixed  in  space.  The  velocity  of 
one  body  relative  to  another  may  be  defined  as  that  velocity  which 
an  observer,  situated  on  and  moving  with  the  second  body,  would  perceive 
in  the  first. 

EXAMPLE. — Suppose  two  trains  to  be  moving  on  parallel  lines  of  railway 
and  to  have  equal  velocities  of  like  sense.  A  passenger  in  either  train 
would  perceive  no  velocity  whatever  in  the  other  train,  which  would  appear 
to  him  to  be  at  rest.  The  velocity  of  either  train  relative  to  the  other  tram 
is  zero  in  this  case.  If  one  train  A  has  a  velocity  of  40  miles  per  hour 
towards  the  north  and  the  other  B,  a  velocity  of  .SO  miles  per  hour  also 
towards  the  north,  an  observer  in  B  will  see  A  passing  him  at  10  miles  per 
hour,  and  would  describe  the  velocity  of  A  relative  to  B  as  10  miles  per 
hour  towards  the  north.  An  observer  in  A  would  see  B  falling  behind  at 
10  miles  per  hour  and  would  describe  the  velocity  of  B  relative  to  A  as  10 
miles  per  hour  towards  the  south. 

These  statements  may  be  generalised  by  saying  that  the  velocity  of 
one  body  A,  relative  to  another  body  B,  is  equal  and  opposite  to  the  velocity 
of  B  relative  to  A. 

Determination  of  relative  velocity. — In  Fig.  44  &  point  A  has  a 
velocity  VA  relative  to  the  paper  and  ^represented  by  AC.  Another 


.  44. — Velocity  of  B  relative  to  A. 


Fio.  45. — Velocity  of  A  relative  to  B. 


point  B  has  a  velocity  VQ  also  relative  to  the  paper  and  represented 
by  BD.  To  obtain  the  velocity  of  B  relative  to  A,  stop  A  by  imparting 
to  it  a  velocity  ~VA,  represented  by  AE,  and  equal  and  opposite  to 
VA  ;  to  preserve  unaltered  the  relative  conditions,  give  B  also  a 
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velocity  ~VA,  represented  by  BF.  A  being  now  at  rest  relative  to 
the  paper,  and  B  having  component  velocities  VB  and  -#A,  the 
velocity  of  B  relative  to  A  will  be  the  resultant  v,  obtained  by  drawing 
the  parallelogram  of  velocities  BDGF. 

The  velocity  of  A  relative  to  B  may  be  obtained  by  a  similar  process 
(Fig.  45).  B  is  stopped  by  imparting  to  it  a  velocity  -t>B3  and  an 
equal  and  like  velocity  is  given  to  A,  represented  by  AF.  A  has  now 
components  VA  and  ~VB,  which  when  compounded  give  a  resultant 
velocity  v  as  the  velocity  of  A  relative  to  B.  It  will  be  noted  that  v 
in  Fig.  44  is  equal  and  opposite  to  v  in  Fig.  45. 

Composition  and  resolution  of  accelerations. — Acceleration  being  a 
vector  quantity,  we  may  say  at  once  that  its  representation  by  a 
straight  line,  the  composition  of  two  or 
more  accelerations  in  order  to  find  the 
resultant  acceleration,  and  the  resolution 
of  a  given  acceleration  into  components 
along  any  pair  of  axes  may  be  carried  out 
in  the  same  manner  as  for  velocity.  For 
example,  if  a  point  has  an  acceleration  a 
represented  in  magnitude,  direction  and 
sense  by  OA  (Fig.  46),  the  components 
along  two  rectangular  axes  OX  and  OY  will  be  given  by 

p_a  ("\\ 

' /ysin/f  ^  ^9\ 

Also,  a  =  Va>f  +  af (3) 

Velocity ,  changed  in  directife*— In  Fig.  47  (a)  a  point  has  an 
initial  velocity  vv  represented  by  AB,  and  a  final  velocity  v2,  repre- 

0 


FIG.  46.— Rectangular  compo- 
nents of  an  acceleration 


/  -*'-Ts'  *  /^***Jc 

K/  J>C 

e         '?  v,- 

Ay     («)  oT   (b) 

FIG.  47. — Velocity  changed  from  QI  to  t>3. 

sented  by  BC.  To  determine  what  has  been  the  change  in  velocity 
during  the  interval  of  time  we  may  proceed  as  follows :  Stop  the 
point  when  it  arrives  at  B  by  impressing  on  it  a  velocity  -^ 
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represented  by  DB.  As  the  point  is  at  rest  now,  we  may  send  it  off 
in  any  direction  with  any  speed.  Give  it  the  desired  final  velocity 
v2  represented  by  EB.  The  resultant  change  in  velocity  vc  has 
components  -vl  and  v2,  and  may  be  found  by  constructing  the 
parallelogram  BDFE,  when  FB  will  represent  vc. 

As  will  be  understood  later,  it  is  impossible  to  have  the  change 
in  velocity  take  place  instantaneously  at  B  ;  the  direction  of  motion 
of  any  particle  or  body  travelling  in  the  line  AB  can  be  changed  to 
another  direction  BC  oi\\y  by  the  body  travelling  along  some  curve 
such  as  that  shown  dotted  at  GHK.  In  this  case  the  total  change  in 
velocity  during  the  interval  of  time  in  which  the  particle  travels 
from  G  to  K,  may  be  found  by  the  same  method  and  is  represented 
by  FB. 

A  simple  alternative  construction  is  shown  in  Fig.  47  (b).  A 
point  O  is  chosen  and  OA  and  OC  are  drawn  from  it  to  represent 
completely  ?;,  and  v2  respectively.  The  total  change  in  velocity  vc 
is  represented  by  AC,  and  has  a  sense  indicated  by  AC,  i.e.  from  the 
end  of  the  initial  velocity  towards  the  end  of  the  final  velocity.  It 
will  be  noted  that  the  triangle  OAC  in  Fig.  47  (b)t  is  similar  and 
equal  to  the  triangle  EFB  in  Fig.  47  (a)  ;  hence  the  truth  of  the 
alternative  construction  is  established. 

Since  the  motion  along  the  path  GHK  has  involved  a  resultant 
change  in  velocity  vc,  it  may  be  asserted  that  tKere  has  been  a 
resultant  acceleration  paving  the  same  direction  and  sense  as  vc. 
This  acceleration  may  be  calculated  provided  the  interval  6f  time  t 
is  known  in  which  the  particle  travelled  from  G  to  K.  Thus  : 

Resultant  acceleration  =  ~- 
t 

Motion  in  a  Circular  path. — The  case  of  a  point  travelling  with 
uniform  velocity  in  the  circumference  of  a  circle  provides  an  im- 
portant application  of  the  above  methods.  In  Fig.  48  (a)  a  point  P 
is  travelling  in  the  circumference  of  a  circle  .of  radius  r  cm.,  and  has 
a  velocity  of  uniform  magnitude  v  cm.  per  sec.  When,  the  point  is 
at  P1?  the  direction  of  its  velocity  will  be  along  the  tangent  at 
P1?  and  is  shown  by  vv  Similarly,  when  the  point  is  at  P2,  the 
velocity  has  a  direction  as  shown  by  vz ;  both  vl  and  v%  are  equal 
numerically  to  v. 

Vj.and  v2  will  meet,  if  produced,  at  D  ;  the  total  change  in  velocity 
occurring  while  the  point  travels  from  P!  to  P2  may  be  found  by 
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applying  the  method  explained  on  p.  45.  Draw  OA  to  represent 
i\  (Fig.  48,  6),  also  draw  OB  to  represent  v2 ;  the  total  change  in 
velocity  will  be  represented  by  AB,  equal  to  vc.  Apply  vc  at  D,  when 
it  will  be  evident,  from  the  geometry  of  the  figure,  that  vc  passes 
through  the  centre  C  of  the  circle ;  this  fact  is  independent  of  the 
length  of  the  arc  P1P2,  and  leads  us  to  assert  that  the  resultant  accelera- 
,ion  of  the  point  is  directed  constantly  towards  the  centre  of  the  circle 

In  applying  this  construction  there  is  no  limit  (other  than  draughts- 
manship) to  the  smallness  of  the  arc  P^P2.  Suppose  that  this  arc 
s  taken  very  small,  then  the  construction  for  obtaining  the  change 


FIG  48  —Motion  in  a  circle 

in  velocity  becomes  OAB  (Fig,  48,  c),  in  which  OA  and  OB  are  each 
made  equal  to  v  and  AB  represents  the  change  in  velocity.  Repe- 
tition of  the  construction  for  successive  small  arcs  taken  completely 
round  the  circle  in  Fig.  48  (a)  will  give  a  polygon  having  a  very 
large  number  of  sides,  and  thivpolygon  becomes  a  circle  having  a 
radius  v  when  the  arcs  are  taken  of  indefinite  smallness.  Thus 
the  total  change  of  velocity  while  P  describes  one  complete  revolu- 
tion in  Fig.  48  (a)  is  given  by  the  circumference  of  the  circle  in 
Fig.  48  (c),  viz.  2vv  cm.  per  sec.  The  interval  of  time  in  which  this 
change  in  velocity  takes  place  is  equal  to  the  time  taken  by  P  to 
execute  one  complete  revolution,  i.e.  the  time  in  which  P  travels  a 
distance  of  2irr  along  the  circumference  of  the  circle  m  Fig.  48  (a). 
Let  t  be  this  time  in  seconds,  then 

s  =  vt,     (p.  33) 


or 


2rrr 

t-  —  sees 
v 


(1) 

v  ' 
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-- 
time  interval 

o         2™ 
.  .  a  =  27rv-r  — 

V 
V2 

=  —  cm.  per  sec.  per  sec  ..................  (2) 

The  conclusions  are  that  a  point  travelling  with  uniform  \elocity 
in  the  circumference  of  a  circle  has  a  constant  acceleration  directed 
towards  the  centre  of  the  circle  and  given  numerically  by  the  above 
result. 

It  should  be  noted  that  the  appropriate  British  units  are  v  in  feet 
per  sec.,  r  in  feet  and  a  in  feet  per  sec.  per  sec.  The  student  may 
verify  this  by  inserting  the  dimensions  in  equation  (2). 

Motion  in  a  jet  discharged  horizontally.  -A  jet  of  water  discharged 
horizontally  from  a  smalj  orifice  at  O  (Fig.  49)  provides  an  inter- 
esting example  of  change  in  direction 
of   velocity.      But    for    the   downward 
acceleration  g,  which  every  particle  of 
the    water    possesses,    the    jet    would 
continue  to  travel*  in  the  horizontal  line 
OX.      Actually  it  travels  in  a  curved 
path  OPA,  and  the  velocity  v  of  any 
particle  passing  through  a  fixed  point 

P  may  be  taken  as  compounded  of  two  •  A 

velocities,  viz.  vX9  which  may  be  assumed          FIG  49--M^<>"  1U  »  1<* 
to  be  equal  to  the  initial  velocity  u,  and  vv,  which  fojlows  the 
ordinary   laws   of   falling   bodies      These  assumptions  involve  the 
neglect  of  effects  due  to  the  resistance  of  the  atmospheric  air. 

Let  t  be  the  time  taken  by  a  particle  in  travelling  from  0  to  P, 
and  let  x  and  y  be  the  coordinates  of  P,  then 


Hence,  since  g  and  u  are  constants,  y  is  proportional  to  x2,  and'  the 
curve  of  the  jet  is  a  parabola.*     Again, 

and 


*See  A  School,  Geometry,  chap,  xxiv.,  by  H.  S.  Hall    Macmillan. 
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Also, 


_ 
"gi~gx 


.(3) 


For  any  given  value  of  the  initial  velocity  w,  the  curve  of  the  jefT 
may  be  plotted  from  (1) ;  the  direction  of  the  tangent  to  tfye  jet  at 
any  time  t,  or  at  any  horizontal  distance  x  from  the  orifice ^%ay  be 
determined  from  (3),  and  the  velocity  at  any  point  in  the  jot  may 
be  found  from  (2). 

Motim  of  a  particle  projected  at  an  angle  to  the  horizontal. 

Referril^  to  Fig.  50,  a  particle  is  discharged  at  O  with  a  velocity 


'U-- 


Flo  50  —Motion  of  a  projectile 

u  in  a  line  OA  inclined  at  an  angle  a  to  the  horizontal.  The  hori- 
zontal and  vertical  components  of  u  are  MCOS  a  and  us\n  a  respec- 
tively. It  may  be  assumed,  neglecting  air  resistance  and  any 
variations  in  the  value  of  g,  that  u  cos  a  is  the  horizontal  component 
rf  the  velocity  of  the  particle  at  any  point  in  its  flight,  and  that 
usm  a  is  affected  by  the  ordinary  laws  of  falling  bodies. 

Let  P  be  any  point  on  the  curved  path,  or  trajectory,  of  the  particle  ;  let 
TC  and  y  be  the  coordinates  of  P,  and  let  t  be  the  time  taken  to  travel  from 
O  to  P.  But  for  the  downward  acceleration  g,  the  particle,  after  travelling 
for  t  seconds,  would  be  found  at  a  point  N  on  OA,  vertically  over  P. 

Hence,  ON  =?d, 

aj^ON  coa  n  =  ut  cos  a (1) 

Also,  NPrrJr/f2, 

From  (1), 


u  cos  a 


Substitute  in  (2), 


x2 


ux  sm  a     , 

ft  zz . 10  

u  cos  a          ?*2cos2a 


=z  tan  a  -? 


•(3) 
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The  form  of  this  relation  of  y  and  x  indicates  that  the  trajectory  is  a 
parabola. 

The  horizontal  range  is  OB  (Fig.  50).  At  B,  y  is  zero  ;  hence  we  may 
obtain  the  value  of  OB  —  x^  by  equating  y  in  (3)  to  zero  : 

#,.  tan  a  -  0--  g-    -     z 

1 


tan  a  -  s-2--  -5-  xl  ^=0, 

2tt2COH2tt 

2  tan  a  cos2  a  _2w2  sin  a  cos  a 


_ 

g 


,.. 


The  range  will  be  a  maximum  when  sin  2a  is  a  maximum,  i.e.  when 
sin2a^l  ;  2a  will  then  be  90°  and  a  wjll  be  .45°.  Hence  maximum  hori- 
zontal range  will  be  secured  by  projection  at  45°  to  the  horizontal. 

In  Fig.  50,  C  is  tho  highest  point  in  the  trajectory,  and  evidently  bisects 
the  curve  between  O  and  B.  The  maximum  height  attained  is  CD.  Let 
/!  be  the  total  time  of  flight,  then  the  time  taken  to  reach  C  from  O  will  be 
UP  Now  }  x 


(5) 


2uz  sin  a  cos  a 
or,  ----  -  wfi  cos  a  ; 


,    .        .       ,  .  ,   ^  •  11     u  sin  a  /B./v 

And  time  m  which  C  is  reached  =  -----  ..................................................  (5  ) 

At  C,  the  vertical  component  of  the  initial  velocity,  viz.  u  sin  a,  has 
disappeared  ;  hence,  from  equation  (a),  p.  35, 


(6) 


At  P,  the  velocity  v  of  the  particle  is  inclined  at  an  angle  f}  to  the  hori- 
zontal (Fig.  50).  Writing  vx  and  vv  for  the  horizontal  and  vertical  com- 
ponents of  v9  we  have 

vx  =  v  cos  p—u  cos  a, 


~v  sin      ~u  sin  a  - 


v  -  V'y8  +  vv*  ^  V^2  cos2  a  -f  (u  sin  a  - 


a  -f  sin2a)  - 

.............................................  (7) 


AI  .  r*       V<u       118111(1—  (ft  /0v 

Also,         tan  B~~*  =  ----  —  £•  .........................................................  (8) 

^     vtf       wcosa  v  * 

D.8.P.  D 
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EXERCISES  ON  CHAPTER  IV. 

1.  A  point  has  two  component  velocities,  each  equal  to  10  cm.  per  sec. 
Find,  by  careful  drawing,  the  resultant  velocities  when  the  lines  of  direction 
meet  at  angles  of  00°,  120°,  180°,  270°. 

2.  A  boat  is  rowed  up  a  straight  reach  on  a  river  in  a  direction  making 
22°  with  the  bank.     If  the  velocity  is  6  feet  per  second,  calculate  the 
component  velocities  parallel  and  perpendicular  to  the  bank.     In  what 
time  will  the  boat  travel  a  distance  of  100  yards,  measured  parallel  to  the 
bank? 

3.  A  projectile  has  component  velocities  of  1600  feet  per  second  hori- 
zontally and  200  feet  per  second  vertically  at  a  certain  instant.     Calculate 
the  resultant  velocity. 

4.  A  ship  is  sailing  towards  the  north-east  at  12  miles  per 'hour.     A 
person  walks  across  the  deck  from  port  to  starboard  at  4  feet  per  second. 
What  is  his  resultant  velocity  ? 

5.  A  piece  of  coal  falls  vertically  from  rest  from  a  height  of  9  feet  above 
the  floor  of  a  truck  travelling  at  2  miles  per  hour.     Find  the  velocity  of  the 
coal  relative  to  the  truck  just  be'foro  the  coal  reaches  the  floor. 

6.  A  tram  has  a  speed  of  30  miles  per  hour.     A  drop  of  rain  falls  in  a 
vertical  plane  parallel  to  the  direction  of  motion  of  the  train.     Show  in 
diagrams  the  direction  of  motion  of  the  raindrop  as  seen  by  an  observer 
in  the  tram,  (a)  if  the  raindrop  falls  vertically  with  a  velocity  of  20  feet  per 
second ;    (6)  if  the  raindrop  has,  in  addition  to  the  velocity  given  in  (a), 
a  component  velocity  of  5  feet  per  second  in  the  direction  of  motion  of  the 
train ;    (c)  if  tho  drop  has  a  component  of  the  same  magnitude  as  given 
in  (6)  but  in  a  direction  opposite  to  that  of  the  train. 

7.  A*  person  runs  after  a  tramcar  travelling  at  6  miles  per  hour.     If 
his  velocity  is  8  miles  per  hour  in  a  direction  making  30°  with  the  rails, 
find  his  velocity  relative  to  the  car. 

8.  A  railway  coach  having  ordinary  cross-seats  is  travelling  at  8  feet 
per  second.     A  person  about  to  enter  a  compartment  runs  at  10  feet  per 
second.     Show  in  a  diagram  the  direction  in  which  he  must  run  on  the 
platform  if  his  velocity  on  entering  the  compartment  is  to  be  parallel  to 
the  seats  ;  find  the  magnitude  of  the  latter  velocity. 

9.  A  person  in  a  motor  car  travelling  at  15  miles  per  hour  towards  the 
north  observes  a  piece  of  paper  borne  by  the  wind  and  travelling  towards 
the  car  apparently  from  the  east  with  a  velocity  of  4  feet  per  second.    Find 
the  velocity  of  the  wind. 

10.  State  the  parallelogram  of  velocities.     A  ship,  A,  is  travelling  from 
south  to  north  with  a  speed  of  20  miles  per  hour ;  another  ship,  B,  appears 
to  an  observer  on  A  to  be  travelling  from  west  to  east  with  a  velocity  of 
15  miles  per  hour.     Find  the  magnitude  and  direction  of  B's  velocity  relative 
to  tho  earth.  L.U. 

11,  A  steamer  is  travelling  northward  at  the  rate  of  8  miles  an  hour  in 
a  current  flowing  westward  at  the  rate  of  3  miles  an  hour.    Indicate  in 
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a  diagram  the  direction  in  which  the  steamer  is  heading,  and  find  the  rate 
at  which  it  is  steaming.  Tf  the  wind  is  blowing  at  the  rate  of  3  miles  an 
hour  from  the  east,  indicate  in  your  diagram  the  direction  in  which  a  small 
flag  at  the  masthead  is  pointing.  L.U. 

12.  An  aeroplane  is  travelling  towards  the  north-west  relative  to  the 
earth  at  90  miles  per  hour,  and  the  wmd  is  blowing  at  20  miles  per  hour 
towards  the  north.     Suppose  the  wind   were   to  cease  suddenly,   find 
the  velocity  of  the  aeroplane  in  magnitude  and  direction  relative  to  the 
earth. 

13.  Two  railway  tracks  Ox  and  Oy  enclose  an  angle  of  60°.     A  train 
moves  along  Ox  with  uniform  velocity  of  60  miles  an  hour,  while  a  second 
train  moves  along  O,y  with  equal  speed,  passing  through  O  two  minutes 
after  the  first.     Find  the  velocity  of  the  second  train  relatively  to  the  first, 
and  indicate  in  a  diagram  the  shortest  distance  between  the  trains.    L.U. 

14.  A  cyclist  rides  at  10  miles  an  hour  due  north,  and  the  wind  (which 
is  blowing  at  6  miles  an  hour  from  a  point  between  N.  and  E.)  appears 
to  the  cyclist  to  corne  from  a  point  15°  to  the  east  of  north  ;  find  graphically 
or  by  calculation  the  true  direction  of  the  wind,  and  the  direction  in  which 
the  wind  will  appear  to  meet  him  on  his  return,  if  he  rides  at  the  same 
speed.  Sen.  Cam.  Loc. 

15.  Two  ships  are  steaming  along  straight  courses  with  such  constant 
velocities  that  they  will  collide  unless  their  velocities  are  altered.     Show 
that  to  an  observer  on  either  ship  the  other  appears  to  be  always  moving 
directly  towards  him.  L.U. 

16.  Explain  what  is  meant  by  the  velocity  of  one  moving  particle  relative 
to  another  moving  particle,  and  show  how  to  determine  it.     To  a  ship 
sailing  E.  at  15  knots  another  ship  whose  speed  is  12  knols  appears  to  be 
sailing  N.W.     Show  that  there  are  two  directions  in  which  the  latter  may 
be  moving.    Find  these  directions,  graphically  or  otherwise,  andjfind  the 
relative  velocity  in  each  case.  L.U. 

17.  A  railway  coach  at  a  certain  instant  l^as  a  velocity  of  10  metres  per 
second  towards  the  north.     Twenty  seconds  afterwards  the  velocity  is  found 
to  be  15  metres  per  second  towards  the  north-west.    Find  the  change 
in  velocity  and  the  average  value  of  the  acceleration. 

18.  A  piece  of  tube  is  bent  near  the  middle  so  that  the  straight  portions 
include  an  angle  of  30°.     If  water  flows  through  the  tube  with  uniform 
velocity  of  4  feet  per  second,  find  the  total  change  in  velocity  in  passing 
round  the  bend. 

19.  A  billiard  ball  travelling  at  3  feet  per  second  strikes  the  cushion  and 
moves  thereafter  in  a  lino  making  60°  with  the  original  direction  of  motion 
and  with  a  velocity  of  2 £  feet  per,  second.     Find  the  change  in  velocity. 

20.  A  point  travels  in  the  circumference  of  a  circle  40  cm.  in  diameter 
with  a  uniform  velocity  of  120  cm.  per  second.     Find  the  acceleration 
towards  the  centre  of  the  circle. 

21.  A  railway  coach  has  a  speed  of  60  miles  per  hour  and  travels  routtd 
a  curve  having  a  radius  of  1200  feet.     Find  the  acceleration  towards  the 
centre  of  the  curve. 
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22.  A  jet  of  water  issues  from  a  small  hule  in  the  vortical  side  of  a  tank 
with  a  horizontal  velocity  of  8  feet  per  second.     Find  the  resultant  velocity 
of  a  particle  in  the  jet  2  seconds  after  it  has  issued  from  the  orifice. 

23.  In  Question  22,  find  the  position  of  a  particle  in  the  jet  at  intervals 
Df  0*1,  02,  03,  04  and  0  5  second  after  issue.     From  the  information  so 
obtained  plot  a  graph  showing  the  shape  of  the  jet.     Take  0-32  ft.  per 
sec.  per  sec. 

24.  A  bullet  is  projected  with  a  velocity  of  1200  feet  per  sec.  horizontally 
from  a  gun  which  is  25  feet  above  the  ground.     Find  the  horizontal  distance 
from  the  gun  at  which  the  bullet  strikes  the  ground,  and  also  the  angle 
its  direction  of  motion  then  makes  with  the  horizontal.        Sen.  Cam.  Loc. 

25.  A  projectile  is  fired  with  a  velocity  ot  2200  let  t  pei  second.     Find  the 
horizontal  range,  time  of  flight  and  greatest  height  attained  when  the  angles 
of  elevation  are  respectively  30°,  40°,  45°,  50°  and  GO0.     Neglect  atmo- 
spheric effects.     Take  g  --32  ft.  per  sec.  per  sec.  |j  , 

26.  A  gun  capable  of  firing  a  projectile  with  a  velocity  of  2000  feet  per 
second  is  placed  at  a  horizontal   distance  of  400  feet  from  the  foot  of  a 
vertical  cliff  200  feet  high.     Find  the  angle  of  elevation  of  the  gun  in  order 
that  the  projectile  may  just  clear  the  edge  of  th'»  cliff.     Neglect  atmospheric 
effects. 

27.  A  ball  is  projected  from  a  point  7  feet  high  with  a  velocity  of  50  feet 
per  second.     At  what  angle  to  the  horizontal  must  it  be  projected  in  order 
just  to  clear  the  top  of  a  net  3  5  feet  high  at  a  horizontal  distance  of  30  feet 
from  the  point  of  projection  ?    Neglect  atmospheric  effects. 

28.  A  heavy  particle  is  projected  with  a  velocity  v  in  a  direction  making 
an  angle  0  with,  the  horizon.     Form  the  equations  determining  its  position 
and  velocity  nt  any  subsequent  instant  of  t-nie.    Drops  of  water  are 
thrown  tangent lally  off  the  horizontal  rim  of  a  rotating  umbrella.     The 
rim  is  3ifeet  in  diameter,  and  is  held  4  feet  above  the  ground,  and  makes 
14  revolutions  in  33  seconds.     Show  that  the  drops  of  water  will  meet  the 
ground  on  a  circle  5  feet  in  diameter.  Madras  Umv. 


CHAPTER  V 

ANGULAR  VELOCITY   AND  ACCELERATION 

Angular  velocity.  —Let  one  point  in  a  straight  line  be  fixed,  and 
let  the  line  revolve  about  this  point  in  a  fixed  plane,  say  that  of  the 
paper.  The  rate  of  describing  angles  is  termed  the  angular  velocity 
of  the  line.  Angular  velocity  may  be  measured  in  revolutions  per 
minute  or  per  second  :  for  many  purposes  it  is  more  convenient  to 
measure  angular  velocity  in  radians  per  second.  The  symbol  u>  is 
used  to  denote  the  latter. 

Since  there  are  2?r  radians  in  a  complete  revolution,  the  connection 
between  o>  and  the  revolutions  per  minute,  N,  is 

N  0       TTN      ,.  , 

(0=2^=^-;-  radians  per  second. 

OU  oU 

In  uniform  angular  velocity,  equal  angles  are  described  in  equal 
intervals  of  time  ;  should  this  condition  not  be  complied  with  the 
singular  velocity  varies,  and  the  revolving  line  is  said  to  have 
angular  acceleration.  • 

Angular  velocity  may  be  described  as  being  clockwise  or  anticlockwise, 
according  as  the  line  appears  to  vhe  observer  to  rotate  in  the  same, 
or  in  the  opposite  direction  to  that  of 
[•he  hands  of  a  clock.  The  student 
will  note  that,  if  there  are  two 
observers,  one  on  each  side  of  the  plane 
of  rotation,  the  angular  velocity  will 
appear  to  be  clockwise  to  one  observer 
and  anticlockwise  to  the  other. 

A  given  angular  velocity  may  be  Fl°-  51*~Beprv;Sity!°n  °f  ""^ 
represented  by  drawing  a  line  per- 
pendicular to  the  plane  in  which  the  body  is  revolving.  The  length 
of  the  line  represents  the  angular  velocity  to  a  chosen  scale,  and 
the  line  is  drawn  on  one  or  the  other  tside  of  the  plane  of  revolution 
depending  on  the  sense  of  rotation.  Thus,  in  Fig.  51  (a),  a  person 
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situated  on  the  right-hand  side  of  the  revolving  disc  observes  that 
the  angular  velocity  is  clockwise  and  draws  OX  perpendicular  to 
the  plane  of  the  disc  and  on  his  side  of  the  disc  In  Fig.  51  (b), 
the  angular  velocity  appears  to  the  person  to  be  anticlockwise,  and 
OX  is  drawn  on  the  opposite  side  of  the  dihc.  The  student  should 
verify  by  trial  that  two  persons  on  opposite  sides  of  a  revolving  disc 
will  agree  in  placing  OX  on  the  same  side  of  the  disc. 

Relation  of  linear  and  angular  velocity  .—Let  OA  (Fig.  52)  revolve 
about  O  with  uniform  angular  velocity.  At  any  instant  the  point 
A  has  a  linear  velocity  v  in  the  direction  at  right  angles  io  OA.  Let 
r  be  the  radius  of  the  circle  which  A  describes.  The  length  of  the 


FIG.  52  —Relation  of  angular  and         FIG.  53  -^M\  radial  lines  have  the 
lineal  velocities  sameWRngul.u  velocity 

arc  described  by  A  in  one  second  is  v,  and  the  angle  subtended  at  the 
centre  of  the  circle  by  this  arc  will  be  v/r  radians,  the  same  unit  of 
length  b&irig  used  in  stating  both  v  and  r  Hence  OA  turns  through 
v/r  radians  in  one  second,  and  the  angular  velocity  is 

w  =  -  radians  per  second       (1) 

In  Fig.  53  a  wheel  rotates  in  the  plane  of  the  paper  about  an 
axis  at  O  perpendicular  to  this  plane,  It  is  evident  that  the  radii 
drawn  to  any  fixed  points,  OA,  OB,  OC,  etc.,  all  possess  the  same 
angular  velocity.  Hence  the  angular  velocity  of  a  rotating  body 
may  be  calculated  by  dividing  the  linear  velocity  of  any  point  in 
the  body  by  the  radius  drawn  from  that  point  to  the  axis  of 
rotation. 

Angular  acceleration. — Angular  acceleration  is  defined  as  the  rate 
of  change  of  angular  velocity,  and  may  be  calculated  by  dividing 
the  change  in  angular  velocity  by  the  time  taken.  Thus,  if  a 
revolving  line  changes  its  angular  velocity  from  a>A  to  w2  radians  per 
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second  in   t  seconds,   and   if   the   change   has   been    effected   at   a 
uniform  rate,  then 

Angular  acceleration  =  </>  =  -—---  radians  per  sec.  per  sec (2) 

In  Fig.  54  a  line  rotates  about  O  in  the  plane  of  the  paper  with 
varying  angular  velocity.  When  passing  through  OA  its  angular 
velocity  is  o>1,  and  the  angular  velocity  increases  at  a  uniform  rate 
and  is  w2  when  passing  through  OB.  Let  the  time  taken  to  travel 
from  OA  to  OB  be  t  seconds,  then 

A  1  1  t         W2  ~~  Wl 

Angular  acceleration  =  9  =  -     -    • 

V 

Let  the  linear  velocities  of  A  and  B  be  v±  and  v2 
respectively,  and  let  r  be  the  radius  of  the  circle, 

then  v  v 

(o1  =  — \     and     (02=-*, 
1     r  *     r 

,      V^  —  Vj  FIG   54 — Angular 

.  .    <p  —  "  ~~M. —  acceleration. 

Now  (Vv-v^/t  is  the  tangential  acceleration  a  of  the  point  A  in 
travelling  from  A  to  B,  hence 

<£  =  !?   (3) 

r 

It  will  be  noted  that  this  rule  corresponds  with  tl/at  for  deriving 
angular  velocity  from  linear  velocity. 

All  radii  of  a  revolving  body  possess  the  same  angular  acceleration, 
hence  the  angular  acceleration  may  be  calculated  by  dividing  the 
tangential  acceleration  of  any  point  in  tile  body  by  the  radius  drawn 
to  the  point  from  the  axis  of  rotation. 

Equations  of  angular  motion. — Equations  for  angular  motion  may 
be  deiived  in  the  manner  adopted  in  Chapter  III.  in  finding  equations 
for  rectilinear  motion. 

Let  a  line  revolve  with  uniform  angular  velocity  o>  radians  per 
second,  and  let  a  be  the  angle  described  in  t  seconds.  Then 

a  =  wt  radians (1) 

Let  a  line  start  to  revolve  from  rest  with  an  angular  acceleration 
<f>  radians  per  second  per  second,  the  angular  velocity  <o  at  the  end 
.of  t  seconds  is  given  by 

«  =  <j>t  radians  per  second (2) 
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The  average  angular  velocity  is 

w«  =  -2~- K 

and  a  =  oy=^wt  radians (3) 

Substituting  for  <o  from  (2)  gives 

a  =  \^t  x  £=:£<|>t2  radians (4) 

Again,  from  (2),  t~-7  ,     .'.  ^2=  J9- 

O)  <1> 

Substituting  this  value  in  (4),  we  have 

_    .  <o2       u>2 


(5) 

The  analogy  of  these  equations  with  those  for  rectilinear  motion 
is  apparent.  Equations  for  a  line  having  an  initial  angular  velocity 
coj  and  an  angular  acceleration  </>  may  be  obtained  in  a  similar  manner. 
The  equations  are  as  follows  : 

«2  -  wj  =  <(>t  radians  per  sec  .......................  (6) 


a  =  Wjt  -f  ^<(>t2  radians  ......................  (8) 

<o2a-W]2  =  24>a  ...................................  (9) 

EXAMPLE  1.  —  A  wheel  starts  from  rest  and  acquires  a  speed  of  300 
revolutions  per  minute  in  40  seconds.  Fmd  the  angular  acceleration. 
How  many  revolutions  did  the  wheel  describe  during  the  40  seconds  ? 

300 
w  ~-^   .  2:r  =  10?r  ^31  -41  radians  per  sec. 

<£  -~-  =r          ~^'Z25  radiar*  per  sec.  per  sec. 

300 
Average  angular  velocity  =  —g-  -  150  revs  per  min. 

150    ft  6 
=  ^  =2  '5  revs,  per  sec. 

/.  Revolutions  described  =2-5  x  40=100. 

EXAMPLE  2.  —  ^The  driving  wheel  of  a  locomotive  is  6  feet  in  diameter. 
Assuming  that  there  is  no  slipping  between  the  wheel  and  the  rail,  what 
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is  the  angular  velocity  of  the  wheel  when  the  engine  is  running  at  60  miles 
per  hour  ? 

\7    1         '*  *  1  4'  528°  X  60         00   t4. 

Velocity  of  locomotive  =  fi~     «0    =  Per  sec* 

As  the  distance  travelled  in  one  second  is  88  feet,  we  may  find  the  revolu- 
tions of  the  wheel  per  second  by  imagining  88  feet  of  rail  to  be  wrapped 
round  the  circumference  of  the  wheel. 

Number  of  turns  of  rail  —     ,  —  „  — 
ird     OTT 

88  x  7 
.*.   Revolutions  per  second—  22        =-4-67; 


—  29  3tt  radians  per  sec. 

Transmission  of  motion  of  rotation.  In  workshops  many  machines 
are  driven  by  means  of  belts.  A  pulley  is  fixed  to  each  shaft,  and  a 
belt  is  stretched  round  the  pulleys  as  shown  in  Fig.  55.  If  it  is 
intended  that  both  shafts  should  rotate  in  the  same  direction,  the 


Q.  55.  —  open  belt. 


FIG.  56.—  Cidssed  belt. 


belt  is  open  as  in  Fig.  55.  Crossing  the  belt  as  shown  ip  Fig.  56 
enables  one  shaft  to  drive  the  other  in  the  contrary  direction. 
Neglecting  any  slipping  between  the  t  belt  and  the  pulleys,  it  is 
evident  that  the  linear  velocities  of  points  on  the  circumferences  of 
both  pulleys  are  equal  to  the  linear  velocity  of  the  belt.  Let  V  be 
this  velocity,  and  let  RA  and  RB  be  the  radii  of  the  pulleys,  then 

V 

Angular  velocity  of  A  —  WA  ~  —  • 

RA 

y 
Angular  velocity  of  B  —  WB  =  —  • 


Thus  the  angular  velocities  of  the  pulleys  are  inversely  proper- 
tional  to  the  radii,  or  the  diameters  of  the  pulleys. 

The  arrangement  shown  in  Fig.  57  enables  a  larger  angular 
velocity  ratio  to  be  obtained.  A  drives  B,  and  another  pulley  C,  fixed 
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to  the  same  shaft  as  B,  drives  D  ;  similarly,  E  drives  F.     Taking  tho 
pulleys  in  pairs,  we  have 


Also 
Hence 


-5* 


WD         "0 

and 


RB  x  Rp  X  Rp 

A  ^      C  ^      E 


or 


FlQ.  57.— A  belt  pulley  arrangement. 

Hence  the  rule :  the  angular  velocity  ratio  of  the  first  ana  I»SL 
pulleys  is'  given  by  the  product  of  the  radu,  or  diameters,  of  the 
driven  pulleys  divided  by  the*  product  of  the  radii,  or  diameters,  of 
the  driving  pulleys. 

toothed  wheels  (JFig.  58)  are  used  m  cases  where  there  must  be 

no  slipping.  The  teeth  may 
be  imagined  to  be  formed  on 
two  cylinders  shown  dotted. 
It  is  clear  that  the  linear 
velocities  of  points  on  the 
circumferences  of  the  cylinders 
are  equal,  and  therefore  we 
have  the  same  rule  as  for  a 
pair  of  belt  pulleys,  viz. 


FIG.  58. — Toothed  wheels  in  gear. 
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Further,  the  numbers  of  teeth,  nA  and  >?B,  are  proportional  to  the 
circumferences  and  therefore  to  the  radii  of  the  cylinders.    Hence 


The  wheels  shown  in  Fig.  58  revolve  in  opposite  directions.  If 
angular  velocities  of  the  same  sense  be  required,  an  idle  wheel  C  is 
interposed  (Fig.  59)*  The  linear 
velocities  of  the  circumferences 
of  all  three  cylinders  are  still 
equal  ;  hence,  as  before, 


A    train    of    wheels,    such    as 

I     •          1-1         *     i        ,-»  FIG.  59.  —  Use  of  an  idle  wheel. 

is    used    in    clocks    and    other 

devices,   is   shown  in  Fig.  60.  Taking  the  wheels  in  pairs,   we 

have  w       n         w  nn  .     to*     ne 


-A-: 

^o 


Also, 
Hence 


and 


It  will  be  noticed  that  this  result  is  similar  to  that  obtained  for 

the  tram  of  belts  shown  in  Fig.  57. 

Chain  drives  are  sometimes  used 
instead  of  belts  in  order  to  avoid 
slipping.  An  ordinary  bicycle  pro- 
vides an  example.  The  circumferences 
of  the  toothed  chain  wheels,  taken  at 
the  centres  of  the  links  of  the  chain, 
have  the  same  linear  velocity  as  the 
chain,  hence  we  have  the  same  rule  as 
in  the  case  of  two  belt  pulleys,  viz. 


ELEVATIOI 
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FIG.  60. — Train  of  wheels. 


Further,  the*  numbers  of  teeth  on 
the  wheels  are  proportional  to  the 
circumferences,  and  therefore  to  the  radii  of  the  wheels  ;  hence 


In  early  bicycles  the  driving  was  accomplished  by  means  of  cranks 
fixed  to  the  axle  of  the  front  wheel ;   thus  one  revolution  of  the 
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crank  gave  one  revolution  to  the  wheel,  and  moved  the  bicycle 
through  a  distance  equal  to  the  circumference  of  the  wheel  When 
the  statement  is  made  that  the  gear  of  a  modern  bjcycle  is  so  much, 
say  70,  it  is  meant  that  for  one  revolution  of  the  cranks  the  bicycle 
will  travel  a  distance  equal  to  that  which  would  be  covered  by  an 
old-fashioned  machine  having  a  driving  wheel  70  inches  in  diameter. 
Let  d  be  the  diameter  of  the  back  wheel  of  the  safety  bicycle,  and 
let  nA  and  nB  be  the  numbers  of  teeth  on  the  crank  chain  wheel  and 
the  small  chain  wheel  respectively,  then 

Gear=D  =  -^  d. 

WB 

EXAMPLE. — Varying  angular  velocity. —In  Fig.  61  a  point  travels  with 
uniform  velocity  v  in  the  straight  line  XPX.  The  angular  velocity  of  the 
radius  vector  OPX  drawn  from  any  fixed  point  O 
to  the  moving  point  at  any  instant  may  be  deter- 
mined thus  :  Consider  two  successive  positions 
of  the  point,  Pr  and  Pa,  and  let  these  be  close 
together.  Join  OPt,  OP2,  and  draw  PXK  perpen- 
dicular to  OP2.  Let  tho  angle  PtOX  be  (/,  and 
let  the  angle  P^Pa  be  called  <Su.  If  &  is  the 
time  in  which  the  point  travels  from  Pl  to  P2,  the 
radius  vector  describes  the  angle  ck  m  the  same 
time,  and  the  angular  velocity  is  given  by 
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—Varying  angular 
velocity.     * 


Now 


In  the  similar  triangles  PjOX,  PjKP2,  tho  angle  KPjP,,^ 

«       Pt  K  _  PiPa .  cos  a     PiP2  •  cos  a  .  sin  a 

" OP",  ~        OPi         =     ~"  "P,X 
Also  Pf»^v.$t', 

.     «      v .  fa .  cos  a  .  sin  a 

••?*•*-— pTx.     "• 

<Sa      v  .  sin  a  .  cos  a 


-V (1) 

This  expression  gives  the  angular  velocity  of  tho  rachus  vector  in  terms 
of  the  distance  of  the  point  from  X.  If  PXX  be  zero,  the  point  is  passing* 
through  X,  and  a  is  zero.  The  expression  for  o>  then  takes  the  form  0/0.  To 
determine  the. value,  let  the  point  be  taken  very  close  to  X,  when 

sin  a  =.i-  and  COS  a  =  1 .     Inserting  these  values  gives 

Ul-'j 


ox 


..(2) 


a  result  which  complies  with  equation  (1),  p.  54. 
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FIG.  62 — Relative  angular  velocitj 


Relative  angular  velocity.— In  Fig.  62  a  point  A  at  a  certain 
instant  has  a  velocity  VA  and  another  point  B  has  a  velocity  v0  at 
the  same  instant.  Stop  A  by 
impressing  on  it  a  velocity  -VA 
and  impress  the  same  velocity 
~7>A  on  B.  Find  the  resultant 
velocity  of  B  by  means  of  the 
parallelogram  Bach  ;  this  will  be 
v.  Instead  of  the  given  conditions 
of  motion  we  now  have  the 
following  equivalent  conditions  : 
A  point  A  is  at  rest,  and  another 
point  B  is  travelling  along  a 
straight  line  Be  with  uniform 
velocity  v  and  has  reached  B  at 
a  certain  instant.  Draw  AX  perpendicular  to  Br,  producing  the 
latter  if  necessary.  Let  the  angle  BAX  be  called  a,  then,  from 
equation  (1)  (p.  60),  we  have 

^  .  .  v .  H!  n  a .  cos  a 

Relative  angular  velocity  oi  B  with  respect  to  A=  BX 

With  the  velocities  as  given  in  Fig.  62,  this  relative  angular 
velocity  is  counterclockwise.  The  angular  velocity  of  A  relative  to 
B  may  be  found  in  a  similar  manner,  stopping  B  by  applying  -VB  to 
B.  The  student  should  draw  the  diagram  for  this  case  for  himself, 
and  should  verify  that  the  angular  velocity  of  A  relative  to  B  is  equal 
to  that  of  B  relative  to  A,  and  has  the  same  sense  of  rotation. 

Velocity  of  any  point  in  »  rotating 
body. — In  Fig.   63  is  shown   a  body 
rotating  Vith  uniform  angular  velocity 
o>  about  an  axis  at  C  which  is  perpen- 
dicular   to    the    plane   of  the    paper. 
\     At  any  instant  the  direction  of  the 
J     velocity  of  any  point,  such  as  A  or  B,  is 
/     perpendicular  to  the  radius.     Suppose 
that  the  velocity  of  A  is  given,  equal 
to  Vj  say,  the  velocity  V2  of  B  may  be 
calculated  as  follows  : 


63. — Velocities  of  points  In  a 
rotating  body. 


,=Vi  =  v2. 

AC     BC' 


a  result  which  shows  that  the  velocity  of  any  point  is  proportional 
to  its  distance  from  the  axis  of  rotatiop. 
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Instantaneous  centre  of  rotation.—Let  a  rod  AB  (Fig.  6!)  be 

moving  in  such  a  manner  that  at  a  given  instant  A  has  a  velocity 
VA  and  B  has  a  velocity  VB  in  the  directions  shown.  The 
direction  of  VA  will  not  be  altered  if  we 
imagine  that  A  is  rotating  for  an  instant 
about  any  centre  in  a  line  A  I  drawn  per- 
pendicular to  VA.  Similarly,  VB  will  not 
be  altered  in  direction  if  we  imagine  B  to 
be  rotating  for  an  instant  about  any  centre 
in  Bl  which  is  perpendicular  to  VB.  These 
perpendiculars  intersect  at  I,  and  we  may 
co'nsider  that  both  A  and  B  are  rotating  for 

an  instant  about  I  without  thereby  changing  the  directions  of  their 
velocities.  I  is  called  the  instantaneous  centre  of  rotation.  It  is  evident 
that,  if  two  points  in  the  rod  rotate  for  an  instant  about  I,  every 
point  in  fhe  rod  is  rotating  about  I  at  the  same  instant 

If  VA  is  known,  we  may  calculate  VB  from  the  relation  given  on 
p.  61,  viz.  VA__IA 


FIG.  64  —Instantaneous  centre 


EXAMPLE. — In  Figr65  is  shown  a  slider-crank  mechanism  (p.  27)  in 
which  the  crank  BC  rotates  with  uniform  angular  velocity  in  the  plane 
of  the  paper  about  an  axis  at  C. 
The  rod  AB  is  jointed  to  BC  at 
B,  and  its  end  A  is  constrained 
to  move  in  the  line  AC.  Know- 
ing the  velocity  VB  of  B  at  any 
instant,  the  velocity  of  A  may  be 
found  by  application  of  the 
instantaneous  centre  method. 
Draw  A I  perpendicular  to  AC ; 
then  A  may  be  imagined  for  an 
instant  to  be  rotating  about  any 
centre  in  AL  Draw  BI  perpendi- 
cular toVB,  i.e.  produce  CB  ;  B  may  be  imagined  to  rotate  for  an  instant 
about  any  centre  in  BI.  Hence  I  is  the  instantaneous  centre  for  the  rod 
AB,  and  we  have  V*  IA 

V^FB' 

In  some  positions  of  the  mechanism,  I  will  fall  at  a  large  distance  from 
AC  ;  when  BC  is  at  90°  to  AC,  I  lies  at  infinity.  A  simple  modification  brings 
the  whole  construction  required  within  the  boundary  of  a  piece  of  drawing 
paper  of  moderate  size. 


_  ,Ae% 

FIG  65  —  Instantaneous  centre  of  AB 
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Draw  NCS  through  C  at  90°  to  AC  ;    produce  AB  (if  necessary)  to  cut 
ICS  in  Z.    It  is  evident  that  the  triangles  IAB  and  CZB  are  similar  ;  hence 

IA  ^CZ  . 
IB~CB' 


are  both  constants, 


,= 

"   VB     CB     R         ' 

tfhere  R  is  the  length  of  the  rod  BC.     Since  R  and  VB 
t  follows  that  VA  is  proportional  to  CZ. 

A  rolling  wheel.—  In  Fig.  66  (a)  is  shown  a  wheel  rolling  along  a 
"oad  without  slipping.  It  is  evident  that  the  velocity  of  the  centre 
)f  the  wheel,  0,  is  equal  to  the  velocity  v  of  the  vehicle  to  which 


FIG.  «6(a)  — Angular  velocity  of  a  FIG  66(6). — Velocitie»»of  points  in 

rolling  wheel  a  lollms  wheel. 

the  wheel  is  attached.  Further,  if  there  is  no  slipping,  then  the 
point  A  in  the  wheel  rim,  being  in  contact  with  the  giound  for  an 
instant,  is  at  rest,  and  is  therefore  the  instantaneous  centre  of  the 
wheel.  Hence  the  angular  velocity  of  the  wheel  is  ?;/OA,  a  result 
agreeing  with  that  found  on  pp.  56  and,57  by  another  method. 

Every  point  in  the  wheel  is  rotating  for  an  instant  about  A  ;  hence 
the  velocity  of  any  point  may  be  found.  Thus  the  velocity  of  C 
(Fig.  66  (b) )  is  at  90°  to  AC  and  is  given  by 


AO 


The  velocities  of  B  and  D  (situated  on  the  horizontal  line  passing 
through  0)  are  perpendicular  respectively  to  AB  and  AD,  and  are 
by  AB 

J3  --^^^/Q  • 

v     AO     V     ' 


Similarly, 
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EXERCISES  ON  CHAPTER  V. 

1.  A  wheel  revolves  90  times  per  minute.     Find  its  angular  velocity 
in  radians  per  second. 

2.  What  is  the  angular  velocity  in  radians  per  second  of  the  second  hand 
of  a  watch  ? 

3.  Find  the  revolutions  per  minute  described  by  a  wheel  which  has  an 
angular  velocity  of  30  radians  per  second. 

4.  A  revolving  wheel  changes  speed  from  50  to  49  radians  per  second, 
State  the  change  in  revolutions  per  minute. 

5.  A  point  on  the  run  of  a  wheel  8  feet  in  diameter  has  a  linear  velocity 
of  48  feet  per  second.    Find  the  angular  velocity  ot  the  wheel. 

6.  A  wheel  starts  from  rest  and  acquires  a  speed  of  200  revolutions  per 
minute  in  24  seconds.     Find  the  angular  acceleration. 

7.  Find  the  angular  acceleration  of  a  wheel  winch  undergoes  a  change 
in  angular  velocity  from  JVO  *  o  48  radians  }>er  second  in  0  5  second. 

8.  A  point  on  i  no  rim  of  a  levc.lvmg  wheel  8  feet  in  diameter  has  a 
velocity  in  the  direction  ot  the  tangent-  of  80  foot  per  second.     Five  seconds 
afterwards  the  same  point  has  a  tangential  velocity  of  60  feet  per  second. 
Find  the  angular  acceleration  of  the  wheel. 

9.  A  wheel  starts  from  rest  with  an  angular  acceleration  of  0  2  radian 
per  second  per  second.     In  what  time  will  it  acquire  a  speed  of  150  revolu- 
tions per  minute  ?    How  many  revolutions  will  it  make  during  this  interval 
of  time  ?. 

10.  Find  the  angle  turned  through  by  a  wheel  which  starts  from  rest  and 
acquires  an  angular  velocity  of  30  radians  per  second  with  a  uniform 
acceleration  of  0  0  radian  per  second  per  second. 

11.  A  wheel  changes  speed  from  140  to  160  re  volutions  per  minute  and 
described  40  revolutions  while  doing  so.     Find  the  angular  acceleration. 

12.  Find  the  angular  velocity  of  a  bicycle  wheel  28  inches  diameter 
when  the  bicycle  is  travelling  at  12  miles  per  hour.     How  many  revolutions 
will  the  wheel  describe  in  travelling  a  distance  of  one  mile  ? 

1 3.  A  shaft  A  drives  another  shaft  B  by  means  of  pulleys  and  a  belt.     If 
the  pulley  on  A  is  24  inches  in  diameter  and  runs  at  200  revolutions  per 
minute,  tind  the  diameter  of  the  pulley  on  B  in  order  that  it  may  have  a 
speed  of  150  revolutions  per  minute. 

14.  A  small  motor  has  a  pulley  2  inches  in  diameter  and  runs  at  1200 
revolutions  per  minute.     A  shaft  having  a  pulley  12  inches  in  diameter  is 
driven  by  a  belt  passing  round  the  motor  pulley.     On  the  same  shaft  is 
another  pulley  3  inches  in  diameter  connected  by  a  belt  to  a  pulley  10  inches 
in  diameter  and  fixed  to  the  shaft  of  an  experimental  model. "  Find  the 
speed  in  revolutions  per  minute  of  the  model  shaft. 

15.  The  driving  wheel  of  a  bicycle  is  28  inches  in  diameter,  and  has  ai 
sprocket  wheel  having  18  teeth.     The  chain  wheel  on  the  crank  axle  hay 
46  teeth.    What  is  the  "  gear  "  of  the  bicycle  ?    How  many  revolutions 
must  each  crank  make  in  travelling  a  distance  of  one  mile  ? 
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16.  A  \yhecl  A  having  20  teeth  drives  another  wheel  B  having  54  teeth. 
If  A  runs  at  110  revolutions  per  minute,  find  the  speed  of  revolution  of  B. 
Show  how  A  and  B  could  be  run  at  the  same  sj>eeds  as  before,  but  both  in 
the  same  direction  of  rotation. 

17.  In  winding  a  watch  3  5  complete  turns  are  given  to  the  spring  case  ; 
this  serves  to  keep  the  watch  going  for  28  hours.    What  is  the  ratio  of  the 
angular  velocities  of  the  spring  case  and  the  minute  hand  during  the 
ordinary  working  of  the  watch  ? 

18.  The  minute  hand  of  a  watch  IB  connected  to  the  hour  hand  by  a 
train  of  wheels.     A  wheel  A  on  the  minute  hand  spindle  has  12  teeth  and 
drives  a  wheel  having  48  teeth  ;   on  the  same  spindle  as  the  latter  wheel  is 
another  having  8  teeth,  and  this  wheel  drives  a  wheel  having  N  teeth  on 
the  hour-hand  spindle.     Find  N. 

19.  Explain  how  angular  velocity  is  measured.     A  point  P  moves  with 
uniform  velocity  v  along  a  straight  line.     ON  is  drawn  perpendicular  to 
this  line,  O  being  a  fixed  point.     Express  the  angular  velocity  of  P  about  O 
in  terms  of  the  distance  OP.  L.U. 

20.  If  two  particles  describe  the  circle  of  radius  a,  in  the  same  sense 
and  with  the  same  speed  u,  show  that  the  relative  angular  velocity  of  each 
with  respect  to  the  other  is  ma.  L.U. 

21.  A  rod  OA  is  pivoted  to  a  fixed  point  at  O,  and  is  freely  jointed  at  A 
to  a  second  rod  AB  ;   the  end  B  is  constrained  to  move  in  a,  straight  groove 
passing  through  O.     If  the  rod  OA  rotates  about  O  with  uniform  angular 
velocity  o>,  show  that  the  velocity  of  B  at  any  instant  is 

OA(sin  0  +cos  0  tan  </>)w, 

where  6  and  </>  are  the  acute  angles  made  by  OB  with  OA  and  AB  at  the 
instant.  L.U. 

22.  Find  the  velocity  at  any  point  on  the  rim  of  a  wlieel  rolling  with 
uniform  velocity  v  along  a  horizontal  plane  without  sliding.     Show  that 
each  point  of  the  wheel  moves  as  though  it  were  revolving  about  «the  point 
of  contact  of  the  wheel  and  the  ground  at  the  instant. 

Adelaide  University. 
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CHAPTER   VI 
INERTIA 

Newton's  first  law  of  motion. — The  whole  science  of  dynamics  is 
based  on  three  fundamental  laws  formulated  by  Newton.  The  first 
law  is  as  follows  . 

Every  body  continues  in  its  state  of  rest  or  of  uniform  motion  in  a 
straight  line  except  in  so  far  as  it  is  compelled  by  forces  to  change  that 
state. 

The  term  inertia  is  given  to  the  tendency  of  a  body  to  preserve 
its  state  of  rest,  or  of  constant  rectilinear  velocity.  The  first  law 
expresses  the  results  of  experience.  A  tram  at  rest  on  a  level  track 
will  not  move  until  the  locomotive  applies  a  tractive  force.  If  the 
train  is  travelling  with  constant  speed,  the  engine  exerts  a  pull 
sufficient  merely  to  overcome  the  frictional  resistances,  and  must 
exert  a  considerably  greater  pull  while  the  speed  is  being  increased. 
If  steam^be  shut  off,  the  frictional  resistances  gradual  I  v  reduce  the 
speed,  and  if  the  brakes  be  applied,  the  increased  frirtional  forces 
bring  the  train  to  rest  quickly.  Thus  a  force  having  the  same  sense 
and  direction  as  the  velocity  must  be  applied  in  order  to  obtain  an 
increase  in  velocity,  and  a  force  having  the  opposite  sense  if  the 
velocity  has  to  be  diminished. 

A  person  standing  on  the  top  of  a  tramcar  may  experience  the 
effects  of  inertia  in  his  body  ;  should  the  driver  apply  the  brakes 
suddenly,  the  passenger  will  be  shot  forward.  If  the  driver  starts 
rapidly,  the  passenger  will  be  left  behind  as  it  were.  Should  the 
car  reach  a  curve  on  the  track  it  will  follow  the  track,  and  the 
passenger's  body  will  endeavour  to  proceed  recti linearly,  and  will 
incline  towards  the  outside  of  the  curve. 

To  cause  any  body  to  travel  in  a  curved  path  requires  the  applica- 
tion of  a  force  in  a  direction  transverse  to  that  of  the  path. 

We  now  proceed  to  discuss  some  principles  leading  to  Newton's 
second  law  of  motion. 
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Relation  offeree,  mass  and  acceleration.  —Ail  bodies  at  the  same  place 
fall  freely  with  equal  accelerations.  This  statement  may  be  confirmed 
by  experiment.  Two  stones  released  simultaneously  from  the  same 
height  will  reach  the  ground  at  the  same  instant.  If  a  piece  of 
paper  be  substituted  for  one  of  the  stones,  the  paper  will  take  a 
longer  time  to  fall  ;  this  effect  is  owing  to  the  resistance  of  the  air, 
and  may  be  got  rid  of  partially  by  crumpling  the  paper  into  a  ball, 
when  it  will  be  found  that  both  stone  and  paper  fall  together. 

Since  the  weights  of  two  bodies  are  proportional  to  the  masses, 
and  since  both  bodies  fall  freely  with  equal  accelerations,  it  follows 
that  the  forces  required  are  proportional  to  the  masses  if  equal  accelera- 
tions are  to  be  imparted  to  a  number  of  bodies. 

A  laboratory  experiment  (p.  71)  may  be  devised  to  illustrate 
another  law,  viz.  the  force  which  must  be  applied  to  a  body  of  given 
mass  is  proportional  to  the  acceleration  required. 

Combining  these  statements  leads  to  the  general  law  :  The  force 
required  is  proportional  Jointly  to  the  mass  and  the  acceleration,  and  is 
therefore  measured  by  the  product  of  mass  and  acceleration.  The 
acceleration  takes  place  in  the  same  direction  and  sense  as  the 
applied  force. 

Let          F  =  the  force  applied  to  the  body  by  the  external  agent. 
m  =  ihe  mass  of  the  body. 
a  —  the  acceleration. 

Then  F  =  ma. 

Absolute  units  of  force.-  -Convenient  absolute  units  of  force  (p.  8) 
may  be  derived  from  the  above  result.  *  Take  m  to  be  the  unit  of 
mass  and  a  to  be  the  unit  of  acceleration  in  any  given  system  ;  then 
F  becomes  unity  and  may  be  accepted  as  the  absolute  unit  of  force 
for  the  system.  The  o.ci.s.  and  British  absolute  units  of  force 
have  been  defined  on  p.  8,  and  are  restated  here  in  a  slightly 
different  form  : 

A  force  of  one  dyne  applied  to  a  gram  mass  produces  an  accelera- 
tion of  one  centimetre  per  second  per  second. 

A  force  of  one  poundal  applied  to  a  pound  mass  produces  an 
acceleration  of  one  foot  per  second  per  second. 

The  dimensions  of  force  may  be  deduced  from  the  above, equation 
by  substitution. 

Thus:  F  =  ma~m-A' 
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Relation  of  absolute  and  gravitational  units  of  force. —Since  a  body 
of  mass  m  falls  freely  under  the  influence  of  its  weight  W  and  has 
an  acceleration  g,  it  follows  that  the  weight  of  a  body,  expressed  in 
absolute  units  of  force,  is  given  by  : 

W  =  mg. 

A  force  of  one  Ib.  weight,  acting  on  a  mass  of  one  pound  falling 
freely,  produces  an  acceleration  of  g  feet  per  second  per  second.  A 
force  of  g  poundals  would  produce  the  same  acceleration  ;  hence 
one  Ib.  weight  is  equivalent  to  g  poundals.  Similarly,  one  gram 
weight  is  equivalent  to  g  dynes.  In  interpreting  these  statements 
it  will  be  understood  that  g  must  be  in  feet,  or  centimetres,  per  second 
per  second  according  to  the  system,  employed. 

To  convert  from  gravitational^  absolute  force  units,  multiply  by  g 

Newton's  second  law  of  motions-Suppose  a  body  of  mass  m  to 
be  at  rest  in  the  initial  position  A 
(Fig  67).  If  a  force  F  be  applied,  a 


A""  B  '  constant  acceleration  a  will  occur,  let 

FIG.  67.— Relation  of  force  and    this  continue  during  a  time  interval  I 
momentum  iroiierated.  ,      . 

seconds,  and  let  the  body  travel  from 

A  to  B  during  this  interval,  the  velocity  being  v  on  reaching  B.     We 
have:  F^ma. 

Also,  .     u==aJ(p.  33),  or  a  =  y 

:.  F^™17 0) 

The  momentum  of  a  body  may  be  explained  as  the  quantity  of 
motion,  and  is  measured  by  the  product  of  the  mass  and  velocity. 
Thus  the  momentum  of  the  body  m  Fig.  67  is  zero  at  A  (where  the 
velocity  is  zero)  and  is  mv  at  B.  The  momentum  acquired  in  the 
interval  t  seconds  is  mv  ;  hence  the  momentum  generated  per 
second  is  mv/t.  We  may  state  therefore  that  the  applied  force  is 
equal  numerically,  to  the  rate  of  change  of  momentum,  or  to  the  momentum 
generated  per  second. 

The  momentum  generated,  the  acceleration,  and  the  force  applied 
have  all  the  same  direction  and  sense.  These  results  are  generalised 
in  Newton's  second  law  of  motion  : 

Rate  of  change  of  momentum  is  proportional  to  the  applied  force,  and 
takes  place  in  the  direction  in  which  the  force  acts. 

The  dimensions  of  momentum  are  ml/t. 
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Newton's  third  law  of  motion.— To  every  action  there  is  always  an 
equal  and  contrary  reaction ;  or,  the  mutual  actions  of  any  two  bodies  are 
always  equally  and  oppositely  directed. 

This  law  is  the  result  of  experience,  of  which  a  few  instances  may 
be  noted.  The  hand  of  a  person  sustaining  a  load  is  subjected  to  a 
downward  force— the  weight  of  the  body  —and  the  hand  applies  an 
equal  upwaid  force  to  the  load.  Similarly,  a  person  applying  a 
pull  to  a  rope  experiences  an  equal  and  opposite  pull  which  the 
rope  exerts  on  his  hands.  Equal  and  opposite  forces  applied  in 
the  same  straight  line  to  a  body  balance  one  another  ;  under  such 
conditions  the  body,  if  at  rest,  remains  at  rest,  or,  if  in  motion,  will 
experience  no  change  of  motion. 

A  force  applied  to  a  body  by  means  of  some  external  agency,  such 
as  a  pull  along  a  string  attached  to  the  body,  or  a  push  from  a  rod 
m  contact  with  the  body,  produces  acceleration 
in  accordance  with  the  law  F  =  ma.  In  this  case 
the  body,  by  virtue  of  its  inertia,  supplies  a  — £" 
reaction  equal  and  opposite  to  the  force  applied 
to  it  by  the  external  agency.  In  Fig.  68,  F  is  FIG  68  —Resistance  duo 
the  external  force  applied  to  the  body ;  each  to  inertia" 

particle  of  the  body  contributes  to  the  equal  opposite  reaction  by 
virtue  of  its  inertia,  and  the  total  or  resultant  reaction  is  represented 
by  the  product  ma.  In  fact,  the  equation  F  =  ma  should  be  under- 
stood to  represent  the  equality  of  two  opposing  forces,  one,  F, 
being  the  resultant  external  force  applied  to  the  bt>dy,  and 
the  other,  ma.  being  an  internal  force  produced  by  virtue 
of  the  inertia  of  the  body.  • 

Should  two  external  opposing  forces  T  and  W  (Fig.  69) 
be  applied  to  a  body,  unequal  but  in  the  same  straight  line, 
it  is  clear  that  a  single  external  force  (W  -  T)  would  produce 
the  same  effect  in  changing  the  motion.  (W-T)  maybe 
called  the  resultant  external  force,  and  should  be  used  as  the  value 
of  F  in  the  equation  F  — ma. 

EXAMPLE  1. — What  pull  must  be  applied  by  a  locomotive  to  give  a  train 
of  150  tons  mass  an  acceleration  of  1  -5  feet  per  second  per  second  if  frictional 
resistances  be  neglected  ? 

F  =ma 
=  150  x  2240  x  1  -5  =  504  pOO  poundals. 

b.  Weight 
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EXAMPLE  2.  —  Answer  the  same  question  jf  there  are  frietional  resistances 
opposing  the  motion  and  amounting  to  10  Ib.  weight  per  ton  of  tram. 
Total  frietional  resistance  ^Q  ~  150  x  10     1500  Ib.  weight. 

Let  the  pull  of  the  locomotive  be  P  Ib.  weight,  then  the  resultant  force 
producing  the  acceleration  will  be  (P  -Q)  Ib.  weight.     Hence 

F-P-Q--*  -150x2240x1  5-r  32  2 
<J 

=  151850, 

/.  P  =15050-1  1500 

^17N150  Ib.  weight. 

EXAMPLE  3.  —  Two  bodies  A  and  B  (Fig.  70)  are  attached  to  the  ends 
of  a  light  cord  passed  over  a  pulley  C.     The  cord  may  be  assumed  to  be 
so  fine  that  its  mass  may  be  neglected,  and  so  flexible 
that  the  forces  required  in  order  to  bend  it  round  the 
pulley  may  be  disregarded.      It  is  assumed  also  that 
the  pulley  is  so  light  that  its  mass  may  be  neglected, 
and  that  its  bearings  aie  tree  from  f  notional  resistance. 
Under  fchese  assumptions,  the  pulls  in  all  parts  of  the 
,  cord  will  be  equal,  the  pulley  serving  merely  to  change 

t  I  I  IA       ,  T        the  direction  of  the  cord.     Take  the  masses  of  A  and  B 
*  to  be  //?!  and  wa  respectively,  and  discuss  the  motion. 

Consider  A  ;   two  external   forces  are  applied  to  it, 
viz.  the  weight  m^g  and  the  upward  pull  T  exerted  by 
the  cord.      If   these  forces  are  equal,    no  motion  will 
occur,  or  it  there  be  motion,  the  velocity  will  be  uniform. 
Suppose  T  to  be  larger  than  wtgr,  then  an  upward  acceler- 
ation a  will  occur,  and  we  may  write  : 

T  -m^g^m^a  ..............  .  ..........................  (1) 

"Now  consider  B  ;   this  bod^T  is  subjected  to  a  downward  force  m2g  and 
an  upward  force  T,  and  has  a  downward  acceleration  also  equal  to  a  from 
the  arrangement  of  the  apparatus.     Hence  m2g  is  greater  than  T,  and  wo 
may  write  :  w2<7  -T  -  m2a  ...........................................  (2) 

Solving  (1)  and  (2)  in  order  to  determine  a  and  T,  we  have,  by  addition  : 
mzg  -wrg^  (mx  +  m  2)a, 


FIG.  70.i -Motion 
undei  the  action  ot 
gravity 


or, 


Dividing  (1)  by  (2)  gives : 
T -»«,«; 


(3) 


,.(4) 
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It  will  be  evident  that,  if  m^  and  w8  are  equal,  both  bodies  will  have  either 
no  motion,  or  constant  velocity ;  and  the  pull  in  the  cord  will  be  equal  to 
the  weight  of  one  of  the  bodies. 

This  problem  may  be  examined  from  another  point  of  view.  There  are 
two  bodies  A  and  B,  having  a  total  mass  (ml  4  m2)  (Fig.  70) ;  a  resultant 


force  acts,  equal  to  the  difference  in  their  weights,  viz.  (m2y  - 1 


hence: 


/  /VM  mt     \ 

I  II fro    ~  fl(f\  \ 

or,  a  —  \  — -—  -    )g, 

\m^  4~  w<2/ 

which  is  the  same  result  as  that  given  in  (3)  above. 

Attwood's  machine. — In  this  machine  an  attempt  is  mnde  to  realise 
the  conditions  mentioned  in  Example  3  above  by  using  a  very  light 
silk  cord  and  a  light  aluminium  pulley  mounted  on  ball  bearings, 
or  bearings  designed  to  eliminate  friction  so  far 
as  is  possible.  The  machine  is  used  in  the 
following  manner  : 

EXPT.  12.  -  Use  of  Attwood's  machine.  Kqual 
loads  A  and  B  are  hung  from  the  ends  of  the 
cord  (Fig.  71).  A  small  additional  load  B'  is  added 
and  is  adjusted  so  as  to  be  just  sufficient  to  over- 
come friction  and  to  cause  B  to  have  uniform 
downward  velocity  when  given  a  si  ight  start ;  A, 
of  course,  will  have  uniform  upward  velocity.  Any 
additional  weight  D  placed  on  B  will  produce 
acceleration  in  the  whole  of  the  moving  parts. 
Denoting  the  masses  of  the  loads  by  suffixes,  wo 
have,  neglecting  the  masses  of  the  pulleys  ai^d  cord : 
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FIG.  71.—  -Attwood's 
machine. 

Force  producing  acceleration  =  mD  g  : 
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v  ' 


To  check  this  result  we  may  employ  the  following  method  :  A  fixed 
ring  is  arranged  at  E,  and  has  an  internal  diameter  sufficiently  large  to 
permit  of  B  and  B'  passing  through  the  ring,  but  will  not  so  permit  D. 
On  arrival  at  E,  D  is  arrested  and  the  remaining  moving  parts  will  thereafter 
proceed  with  uniform  velocity  until  they  are  brought  to  rest  by  B  arriving 
at  the  fixed  stop  F.  Measure  hv  and  h2  ;  allow  the  motron  to  start  unaided 
by  any  push,  or  otherwise,  and  start  a  stop  watch  simultaneously  (a  split- 
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second  Stop  watch  IS  useful).  Note  the  time  at  which  D  is  arrested  and 
also  that  at  which  B  readies  F.  Repeat  several  times,  and  take  the  mean 
time'  intervals.  Let  the  mean  time  interval  from  the  start  to  the  instant 
at  which  D  was  arrested  be  tt  and  let  the  mean  time  interval  in  which  B 
travels  from  E  to  F  be  t2  ;  also  let  the  uniform  velocity  of  B  between  E 
and  F  be  v,  and  let  the  acceleration  from  the  start  until  D  is  arrested  be  a. 

Then  h2~vt2,     or     v—  - 

'2 
Also,  v-at^     (p.  33)  , 

.-.«=?-£  ................................................  <2> 

h     Ma 
Or  we  may  say  :  /^  —  \at-f  ; 

.'.  «  =  f2'  ...........................................  (8) 

h 

Either  of  these  expressions  (2)  or  (3)  may  be  used  for  the  calculation  of 
the  acceleration,  and  the  results  should  show  fair  agreement  with  that 
calculated  from  (1).  It  will  be  noted  that  this  apparatus  provides  an 
experimental  illustration  of  the  truth  of  the  law  F—  tna. 

Impulsive  forces.  —  Considering  again  the  equation 


it  will  be  noted  that  the  principle  involved  is  not  affected  by  the 
magnitude  of  the  interval  of  time  If  thus  interval  be  very  small, 
the  conception  of  an  impulse  is  obtained,  i.c  a  force  acting  during 
a  very  short  time  Generally  it  is  impossible  to  state  the  magnitude 
of  such' a  force  at  any  particular  instant  during  the  action,  and  the 
Calculation  of  F  from  equation  (1)  gives  the  mean  value  of  the  force, 
and  may  be  called  the  average  force  of  the  blow. 
The  equation  may  be  written 

Ft  =  wv (2) 

This  form  suggests  plotting  corresponding  values  of  the  force  and 
time,  should  these  be  known,  giving  a  diagram  resembling  that- 
shown  at  OABC  in  Fig.  72.     The  average  height 
of  this  diagram  gives  the  average  value  of  F. 
Owing  to  this  method  of  deducing  F  from  a 
diagram  having  a  time  base,  the  force  F  is 
-Time     sometimes  called  the  time  average  of  the  force. 


O  C  This    term   is    synonymous  with    the    term 

FIG.  72  —Time  average  of    average  force  of  the  blow. 

Since  the  average  force  F  is  represented  by 
the  mean  height  of  the  diagram  in  Fig.  72,  and  the  base  00  represents 

L  it  follnw<*  that,  thp  arpn  nf  t.Vip  Hifi<rram  r*vrvrpQpnf<a   Pt       Ff  rna\r  V»f» 
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called  the  impulse  of  tbe  force,  and  is  equal  to  the  total  change  in 
momentum  of  the  body. 

EXAMPLE. — A  bullet  has  a  mass  of  50  grams  and  a  velocity  of  400 
metres  per  second.  If  it  is  brought  to  rest  in  0-01  second,  find  the  impulse 
and  the  average  force  of  the  blow. 

Impulse  --=  mv  =  50  x  400  x  100 

-2  x  ]0f)  gram  cm. /sec.  units. 

A  r          r  ^.i     1 1         mv    2xlO(5    n     1/Vj  i 

Average  force  of  the  blow  =--=--  -  -—  =2  x  10s  dynes 

=204  x  W  gram  weight. 

EXERCISES  ON  CHAPTER  VI. 

1.  Find  the  force  required  to  give  a  mass  of  15  pounds  an  acceleration 
of  45  feet  per  second  per  second. 

2.  A  force  of  9540  dynes  acts  on  a  mass  of  2-5  kilograms.     Find  the 
acceleration 

3.  Find  factors  for  converting  (a)  dynes  to  poundals,  (6)  poundals  to 
dynes. 

4.  A  cycle  and  rider  together  have  a  mass  of  190  pounds.     When 
travelling  at  10  miles  per  hour  on  a  level  road  the  cyclist  ceases  to  pedal 
and  observes  that  he  comes  to  rest  in  a  distance  of  200  yards.     Find  the 
average  resistance  to  motion. 

5.  A  train  has  a  mass  of  200  tons. '  Starting  from  rest,  a  distance  of 
400  yards  is  covered  in  the  first  minute.     Assuming  that  the  acceleration 
was  uniform,  find  the  pull  required  to  overcome  the  inertia  of  the*train. 

6.  The  cage  of  a  lift  has  a  mass  of  1000  pounds.     Find  the  pull  in  the 
rope  to  which  the  cage  is  attached  (a]  when  ttoe  lift  is  descending  at  uniform 
speed,  (6)  when  the  lift  is  descending  with  an  acceleration  of  2  feet  per 
second  per  second,  (c)  when  the  lift  is  ascending  with  the  same  acceleration. 

7.  A  train  has  a  mass  of  250  tons.    If  the  engine  exerts  a  pull  of  10  tons 
weight  in  producing  an  acceleration  of  1  foot  per  second  per  second,  find 
the  resistance  due  to  causes  other  than  inertia. 

8.  A  man  who  weighs  160  Ib.  slides  down  a  rope,  that  hangs  freely, 
with  a  uniform  speed  of  4  feet  per  second.    What  pull  does  he  exert  upon 
the  rope,  and  what  would  happen  if  at  a  given  instant  he  should  reduce 
his  pull  by  one  half  ?  L.U. 

9.  A  mass  of  10  pounds  is  placed  upon  a  table  and  is  connected  by  a 
thread  which  passes  over  a  smooth  peg  at  the  edge  with  a  mass  of  one  pound 
that  hangs  freely.     Assuming  the  table  to  bo  smooth,  determine  the 
velocity  acquired  by  the  two  masses  in  one  second,  and  find  the  tension 
in  the  thread.     What  would  you  infer  if,  in  actual  experiment,  the  masses 
were  observed  to  move  with  uniform  velocity ;   and  what  would  be  the 
tension  in  the  thread  in  that  case  ?  L.U. 
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10.  A  fine  cord  passes  over  a  pulley  and  has  a  mass  of  0-5  kilogram 
hanging  from  one  end  and  another  mass  of  0-9  kilogram  hanging  from  the 
other  end.     Neglect  friction  and  find  the  acceleration  and  the  tension 
in  the  cord. 

11.  In  an  Attwood  machine,  a  mass  of  2  pounds  is  attached  to  each  end 
of  the  cord.     It  is  then  found  that  an  additional  mass  of  0  2  pound  on 
one  side  is  sufficient  to  maintain  steady  motion.    Another  mass  of  0  4  pound 
is  then  placed  on  the  same  Hide  and  is  found  to  produce  a  velocity  of  4  72  feet 
per  second  at  the  end  ot  a  descent  from  rest  ot  4  feet.     Is  this  result  In 
accordance  with  the  theory  ?     Compare  the  actual  acceleration  with  that 
given  by  the  theory,     y  --  32  2  feet  per  second  per  second. 

12.  A  tram  moving  with  uniform  acceleration  passes  throe  points  A,  B 
and  C  at  20,  30  and  45  miles  an  hour  respectively.    The  distance  AB  is 
2  miles.     Find  the  distance  BC.     If  steam  is  shut  oft  at  C  and  the  brakes 
applied,  find  the  total  resistance  in  Ib.  weight  per  ton  mass  of  the  train 
in  order  that  it  may  be  brought  to  rest  at  a  distance  of  one  mile  from  C. 

L.U. 

13.  Find  the  momentum  of  a  railway  coach,  mass  12  tons,  travelling 
at  15  miles  per  hour.     If  the  speed  is  changed  to  12  miles  per  hour  in 
4  seconds,  iind  the  average  resistance  to  the  motion. 

14.  Find  the  impulse  of  a  shot  having  a  mass  of  1200  pounds  and  travel- 
ling at  1500  feet  per  second.     If  the-  shot  is  brought  to  rest  in  0  01  second, 
find  the  average  force  of  the  blow. 

15.  Define  the  terms  "  acceleration,"  "  force,"  "  momentum,"  and  state 
their  precise  relation  to  each  other. 

What  is  incorrect  in  the  following  expression  : 
(i)  Tho'force  with  which  a  body  moves  ; 
(ii)  An  acceleration  of  10  feet  per  second  ?  Adelaide  University. 

16.  A  mass  of  2  pounds  on  a  smooth  table  is  connected  by  a  string,  passing 
over  a  light  frictionlens  pulley  at  the  edge  of  the  table,  with  a  suspended 
mass  of  1  ounce.    Find  (a)  the  velocities  of  the  masses  after  they  have 
moved  for  1  second  from  rest,  and  (b)  the  total  momentum  of  the  system 
at  the  same  time.  L.U. 

17.  Define  the  impulse  of  a  force  and  an  impulsive  force.     Find  the 
direction  and  magnitude  of  a  blow  that  will  turn  the  direction  of  motion 
of  a  cricket  ball  weighing  5J  oz.,  moving  at  30  ft.  per  sec.,  through  a  right 
angle,  and  double  its  velocity.     State  in  what  units  your  answer  is  given. 

L.U. 

18.  A  particle  A  of  mass  10  oz.  lies  on  a  smooth  table  and  is  connected 
by  a  slack  string  which  passes  through  a  hole  in  the  table  with  a  particle 
B  of  mass  6  oz.  lying  on  the  ground  directly  beneath  the  hole  in  the  table. 
A  is  projected  along  the  table  with  a  velocity  of  8  feet  per  second.    Find 
the  impulsive  tension  when  the  string  becomes  taut  and  the  common 
velocity  of  the  particles  immediately  afterwards.     Find  also  the  height  to 
which  B  will  rise.  L.U. 

19.  Explain  what  is  meant,  by  relative  velocity.     A  ball  of  mass  8  ounces 
after  falling  vertically  for  40  feet,  is  caught  by  a  man  in  a  motor-car  travel- 
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ling  horizontally  at  30  miles  an  hour.  Find  the  inclination  to  the  vertical 
at  which  it  will  appear  to  him  to  be  moving,  and  the  magnitude  of  the 
impulse  on  the  ball  when  it  is  caught.  L.U. 

20.  Two  masses  of  \  oz.  and  7|  oz.,  connected  by  an  inextensible  string 
5  ft.  long,  lie  on  a  smooth  table  2£  ft.  high.     The  string  being  straight  and 
perpendicular  to  the  edge  of  the  table,  the  lighter  mass  is  drawn  gently 
just  over  the  edge  and  released.     Find  (a)  the  time  that  elapses  before 
the  first  mass  strikes  the  floor,  and  (b)  the  time  that  elapses  before  the 
second  mass  reaches  the  edge  of  the  table.  L.U. 

21.  State  Newton's  laws  of  motion,  and  show  how  from  the  first  we 
obtain  a  definition  of  force,  arid  from  the  second  a  measure  of  force. 

A  motor  car,  running  at  the  rate  of  15  miles  per  hour,  can  be  stopped  by 
its  brakes  in  10  yards.  Prove  that  the  total  resistance  to  the  car's  motion 
when  the  brakes  are  on  is  approximately  one- quarter  of  the  weight  of 
the  car.  L.U. 

22.  A  particle  is  projected  up  the  steepest  line  of  a  smooth  inclined  plane, 
and  is  observed  to  pass  downwards  through  a  point  18  feet  distant  from  the 
place,  of  projection  4  seconds  after  passing  upwards  through  the  point. 
Further,  there  is  an  interval  of  3  seconds  between  its  transits  through  a 
point  distant  32  feet  from  the  place  of  projection.     Find  the  velocity  of 
projection  and  the  slope  of  the  plane.  L.U. 


CHAPTER   VII 
STATIC  FORCES  ACTING  AT  A  POINT 

Specification  of  a  force.— In  specifying  a  force  the  following  par- 
ticulars must  be  stated  :  (a)  the  point  at  which  the  force  is  applied  ; 
(6)  the  line  of  direction  in  which  the  force  acts  ;  (c)  the  sense  along 
the  line  of  direction  ;  (d)  the  magnitude  of  the  force. 

Force  is  a  vector  quantity  ;  this  statement  is  confirmed  by  the 
fact  that  mass  and  acceleration  are  involved  in  the  measurement 
of  a  force  ;  mass  is  a  scalar  quantity,  and  acceleration  is  a  vector 
quantity,  hence  force  is  also  a  vector  quantity.  It  follows  that  two 
or  more  forces  acting  at  a  point  and  in  the  same  plane  may  be 
compounded  so  as  to  give  the  resultant  force,  i.e.  a  force  which  has 
the  same  effect  as  the  given  forces,  and  the  methods  of  vector 
addition  explained  in  Chapter  III.  may  be  employed. 

It  is  convenient  to  speak  of  a  "  force  acting  at  a  point,"  but  this 
statement  should  not  be  taken  literally.     No  material  is  so  hard 
that  it  would  not  be  penetrated  if  even  a 
sftiall  force  be  applied  to  it  at  a  mathemati- 
cal point.     What  is  meant  is  that  the  force 
•A-^X-B          /       may  ke  imagined  to  be  concentrated  at  the 
j~s      ^ — <^        point  in  question  without  thereby  affecting 

,,        the   condition    of   the   body    as    a    whole. 
Ha.  73.~-Act.on  and  reaction.     Furthe],;  •„  speaking  of  a  fo£ce  applied  at  „ 

point,  it  must  not  be  forgotten  that  the  mere  existence  of  a  force 
implies  matter  to  which  it  is  applied.  In  Fig.  73,  a  body  A  applies 
an  action  PA  to  another  body  B,  and  is  itself  subjected  to  a 
simultaneous  and  equal  reaction  PB  applied  by  B. 

Transmission  of  force  along  the  line  of  action. — In  Fig.  74  a  push 
P  is  applied  to  a  body  at  a  point  A  in  a  line  BA.  The  general  effect 
of  P  in  producing  changes  of  motion,  or  in  maintaining  the  §tate 
of  rest/  will  be  unaltered  if  P  be  applied  at  any  point  O  in  the 
body  and  on  the  line  of  BA  produced.  There  will,  However,  be 
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alterations  in  the  mutual  actions  between  the  particles  of  the  body ; 
it  is  clear  that  these  will  not  be  identical  whether  P  is  applied  at 
A  or  O. 

The  mutual  actions  of  the  particles  may  be  ignored  in  considering 
the  state  of  rest  or  motion  of  the  body  as  a  whole.  For  example 
a  body  A  is  subjected  to  pushes  PB,  Pc  and  PD  applied  by  other  thre< 
bodies  B,  C  and  D  at  points  6,  c  and  d  (Fig.  75).  The  three  force; 
intersect  at  O  and  are  in  the  plane  of  the  paper.  Disregarding  th< 
effects  of  the  forces  in  producing  actions  between  the  particles  o 
the  body  A,  we  may  say  that  the  effect  on  the  body  as  a  whole  woulc 
be  unaltered  if  the  three  forces  were  applied  at  0  instead  of  at  the 


FIG.  74.—  Transmission  of  a  force 


FIG.  75  — Tin  oo  forcos  applied  to  a  bodv. 


given  points  6,  c  and  d.  In  making  this  statement* it  is  assumed 
that  the  body  is  rigid,  i.e.  its  particles  are  assumed  to  adhere  together 
so  strongly  as  to  prevent  entirely  any  change  in  their  relative 
positions.  Otherwise  relative  motion  of  the  parts  of  the  body  would 
occur  independently  of  the  motion  of  th embody  as  a  whole,  and  it  is 
assumed  that  no  such  relative  motion  takes  place. 

Stress  — The  term  stress  is  given  to  the  mutual  actions  which  take 
place  between  one  body  and  another,  or  between  two  parts  of  a 
body  subjected  to  a  system  of  forces.  The  term  involves  -both  of 
the  dual  aspects  involved  in  force,  and  has  therefore  no  sense.  It 
thus  becomes  necessary  to  describe  the  action  as  tensile  stress  if  the 
bodies,  or  the  parts  of  the  body,  tend  to  separate ;  compression 
stress  if  they  are  forced  together  ;  and  shearing  stress  if  they  tend  to 
slide  on  one  another.  Stresses  are  discussed  in  more  detail  in 
Chapter  XII. 

Parallelogram  and  triangle  of  forces.— The  parallelogram  of  forces 
is  a  construction  similar  to  the  parallelogram  of  velocities  described 
on  p.  41.  Consider  two  forces,  P  and  Q,  acting  at  O  and  both  in  the 
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FIG.  76 — Parallelogram  ot 
forces 


plane  of  the  paper  (Fig.  76) ;  to  find  the  resultant,  choose  a  suitable 
scale,  and  measure  OA  and  OB  to  represent  the  magnitudes  of  P  and  Q 
respectively.  Complete  the  parallelogram  OACB,  when  the  diagonal 
r  OC  will  represent  the  resultant  R.  In 
applying  this  construction,  care  must  be 
taken  that  P  and  Q  are  arranged  so  that 
they  act  either  both  towards  or  both 
away  from  O.  It  will  be  remembered 
(p.  42)  that  the  same  arrangement 
must  be  made  m  the  parallelogram  of 
velocities. 

The  triangle  of  forces  may  be  employed,  arid  is  similar  to  the 
triangle  of  velocities  (p.  11),  Given  P  and  Q  acting  at  O  (Fig  77)  ; 
to  find  the  resultant,  draw  AB  to  represent  P,  and  BC  to  represent  Q  ; 
then  the  resultant  is  repre- 
sented by  AC.  Note  that  R 
does  not  act  along  AC  (which 
may  be  anywhere  on  the 
paper),  but  at  0,  and  is  so 
shown  in  Fig.  77  by  a  line 
parallel  to  AC. 

Forces  acting  in  the  same 
straight  line. — A  body  is  said  to  be  in  equilibrium  if  the  forces 
applied  to  it  balance  one  another,  i  e.  produce  no  change  in  the 
state  of  rest  or  motion.  Thus,  if  two  equal  and  opposite  forces  P, 
P  (Fig.  78$,  be  applied  at  a  point  O  in  a  body,  both 
in  the  same  straight  line,  they  will  balance  one 
another,  and  the  body  is  in  equilibrium. 

If  several  forces  m  the  same  straight  line  act  at 
a  point  in  a  body,  the  body  will  be  m  equilibrium 
if  the  sum  of  the  forces  of  one  sense  is  equal  to  the 
FIG  78  —TWO  equal   sum  of  those  of  opposite  sense.     Calling  forces  of 

opposite  forces.  <• 

one  sense  positive,  and  those  of  opposite  sense 
negative,  the  condition  may  be  expressed  by  stating  that  the 
algebraic  sum  of  the  given  forces  must  be  zero.  Thus  the  forces 
pi»  P2»  P3>  etc-  (Fig.  79),  will  balance,  provided 


'P  A 

FIG.  77  —Triangle  of  forces 


or 


.(1) 
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The  symbol  2(sigma)  means  "  the  algebraic  sum  of  "  ;  P  placed 
after  the  symbol  is  taken  to  mean  one  only  of  a  number  of  forces, 
of  which  P  is  given  as  a  type.  Equation  (1)  stated  in  words  would 
read  :  The  algebraic  sum  of  all  the  forces  of  which  P  is  a  type  is 
equal  to  zero 


FIG.  79  —Forces  iu  the  same  straight  line.  FIG.  80 

Should  equation  (1)  give  a  numerical  result  which  is  not  zero,  it 
may  be  inferred  that  the  given  forces  do  not  balance,  but  have  a 
resultant  with  a  magnitude  equal  to  the  calculated  result.  Equi- 
librium could  be  obtained  by  applying  a  force  equal  and  opposite 
to  the  resultant  ;  this  force  is  called  the  equilibrant  of  the  system. 
Let  R  and  E  denote  the  resultant  and  equ ill  brant  respectively,  then 

R-E. 

The  sense  of  R  is  positive  or  negative,  depending  upon  whether 
the  sum  of  the  given  positive  forces  is  greater  or  less  than  that  of 
the  given  negative  forces.  Thus,  in  Fig.  80,  forces  of  sense  from 
A  towards  B  being  called  positive,  we  have  » 

2  +  3  +  5-8-1=+]. 

Hence  the  given  forces  may  be  replaced  by  a  single  force  o£  1  Ib. 
weight  having  the  sense  from  A  towards  B.  This  result  may  be 
expressed  by  the  equation  ^P=-_,R.  ...».  (2) 

Three  intersecting  forces. — Two  forces  whose  lines  of  action  inter- 
sect at  a  point  may  be  balanced  by 
first  finding  the  resultant  by  means 
of  the  parallelogram,  or  triangle  of 
forces  ;  the  resultant  so  found  may 
be  applied  at  the  point  instead  of  the 
given  forces  without  altering  the  effect. 
The  resultant  so  applied  may  then  be 
balanced  by  applying  an  equili brant 
equal  and  opposite  to  the  resultant. 
Fig.  81  illustrates  the  method.  Forces 
P  and  Q  are  given  acting  at  O.  In  F'°' 
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the  triangle  of  forces  ab  represents  P  and  be  represents  Q, ;  ac  repre- 
sents R,  therefore  ca  represents  the  equili brant  E,  which  is  now 
applied  at  O  in  a  line  parallel  to  ca  and  of  sense  given  by  the 
order  of  the  letters  ca. 

The  conditions  of  balance  of  three  intersecting  forces  may  be 
formulated  now  :  (a)  They  must  all  act  in  one  plane ;  (b)  they  must  all 
act  at  one  point ;  (c)  they  must  be  capable  of  representation  by  the  sides  of 
a  closed  triangle  taken  in  order. 

The  meaning  of  condition  (c)  may  be  understood  by  reference  to 
the  triangle  of  forces  abc  in  Fig    81.      Here  P,  Q  and  E  are  repre- 
sented respectively  by  ab,  be  and  ca ;  the  order  of 
these  letters  indicates  the  sense  of  each  force  ,   the 
figure  is  a  closed  triangle,  and  the  perimeter  has  been 
traversed  from  a  and   back  to  a  without  it  being 
necessary  to  reverse  the  direction  in  order  to  indicate 
the  sense  of  any  of  the  forces.     Should  the  triangle 
of  forces  for  three  given  forces  fail  to  close,  i  e.  il  a 
gap  occurs  between  a  and  a'  in  Fig.  82,  in  which  ab, 
be  and  ca'  represent  the  given  forces,  then  we  infer  that  the  given 
forces  do  not  equilibrate. 

EXAMPLE. — Three  given  forces  are  known  to  be  m  equilibrium  (Fig.  83) ; 
draw  the  triangle  of  forces. 

This  example  is  given  to  illustrate  a  convenient  method  of  lettering  the 
forces  called  bow's  Notation.  The  method  consists  m  giving  letters  to  the 
spaces  instead  of  to  the  forces.  In  Fig.  83  («), 
call  th-,  space  between  the  4  Ib.  and  the  2 11). 
A,  that  between  tho  2  Ib.  and  the  3  Ib.  B,  and 
the  remaining  space  C.  Sorting  in  space 
A  and  passing  into  apace  B,  a  line  AB 
(Fig.  83  (6)  )  is  drawn  parallel  and  propor- 
tional to  the  force  crossed,  and  the  letters 
are  so  placed  that  their  order  A  to  B 
represents  the  sense  of  that  force.  Now 
pass  from  space  B  into  space  C,  and  draw 
BC  to  represent  completely  the  force  crossed. 
Finish  tho  construction  by  crossing  from 
space  C  into  space  A,  when  CA  in  Fig.  83  (b) 
will  represent  the  third  force  completely. 

Examining  these  diagrams,  it  will  be  observed  that  a  compfete  rotation 
round  the  point  of  application  has  been  performed  in  Fig.  83  (a),  and  that 
there  has  been  no  reversal  of  the  direction  of  rotation.  Also  that,  in 
Fig.  83  (&),  if  the  same  order  of  rotation  be  followed,  the  sides  represent 
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correctly  the  senses  of  the  various  forces.  Either  sense  of  rotation  may 
be  used  in  proceeding  round  the  point  of  application,  clockwise  or  anti- 
clockwise, but  once  started  there  must  be  no  reversal. 

Relation  of  forces  and  angles.— In  Fig.  8t  (a)  the  three  forces 
P,  Q,  S  are  in  equilibrium,  and  ABC  (Fig.  81  (/>))  is  the  triangle  of 
forces.  We  have  P  :  Q  :  S  =  AB  :  BC  j  CA. 

Now                      AB  :  BC  :  CA  =- sin  y  :  sin  a  :  sin  p, 
or  P  :  Q  :  S  =  sin  y  :  sin  a  :  sin  /? (1) 

The  dotted  lines  in  Fjg.  81  (a)  show  that  a,  /?,  y  are  respectively 
the  angles  between  the  produced  directions  of  S  and  P,  P  and  Q, 


^     v^....c' 

Fro.  84. — Relation  of  forces  and  angles 

Q,  and  S  ;   also  the  angles  or  spaces  denoted  by  A,  B,  C  in  the  same 

figure  are  the  supplements  of  these  angles.     Hince  the  sine  of  an 

angle  is  equal  to  the  sine  of  its  supplement,  we  ha\^,  in  Fig.  84  (a), 

P  :  Q  :  S  =  sin  C  :  sin  A  :  sin  B (2) 

Hence,  if  three  intersecting  forces  are  in  equilibrium,  *each  force 
is  proportional  to  the  sine  of  the  angle  between  the  other  two  forces. 

Rectangular  components  of  a  force.— In  the  solution  of  problemis 
it  is  often  convenient  to  employ  selected  components  of  a  force 
instead  of  the  force  itself.  Generally 
these  components  are  taken  along 
two  lines  meeting  at  right  angles 
on  the  line  of  the  force ;  all  three 
lines  must  be  in  the  same  plane. 
In  Fig.  85,  OC  represents  a  given 
force  P,  and  components  are 
required  along  OA  and  OB  which 
intersect  at  90°  at  O.  Complete 

the  parallelogram  of  forces  OBCA, 

i  .  t    •  .        i      •      ,!.•  FIG.  85. — Rectangular  components  ol 

which  is  a  rectangle  m  this  case,  force. 
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and  let  the  angle  COA  be  denoted  by  a,  then  the  components  S 
and  T  are  obtained  as  follows  : 


AC  =  OB  = 

/.   S  =  Psma  .........................................  (1) 

OA^OCcos  a  , 
.'/T-Pcosa  ...................  (2) 

OC2  -  AC2  +  OA2  =•  OB2  +  OA2  , 

(3) 


O  PAX, 

FIG.  86.— Inclined  components  of  a  force. 

/  Relation  of  the  resultant  and  inclined  components. — In  Fig.  86 
components  P  and  Q  are  given,  and  the  resultant  R  has  been  found 
by  means  of  the  parallelogram  of  forces  OACB.  From  trigonometry, 
we  haye  OC2  ^  OA2  +  AC2  -  2  .  OA  .  AC  .  cos  OAC. 

Also,  *AC = OB,    and    cos  OAC  =  -  cos  CAX  =  -  cos  AOB  ; 

t      /.  OC2 = OA2  +  OB2  +  2  .  OA  .  OB  .  cos  AOB, 
or  R2-P2-f Qa  +  2PQ,  cosAOB (1) 

To  find  the  angle  a  which  R  makes  with  OA,  we  have 

Q  ^  sin  a    _  sin  a    __  sin  a 
"R  ~ sirTOAC  ~  sin  CAX  ~ sliTAOB  ' 

Q 
/.   sin  a=^  sin  AOB (2) 

EXAMPLE  l.~Aj^article  of  weight  W  is  kept  at  rest  on  a  smooth  plane 
inclined  atan  angle  a  to  the  horizontal,  (a)  by  a  force  parallel  to  the  plane, 
(b)  by  a  horizontal  force.  Find  each  of  these  forces. 

The  term  smooth  is  used  to  indicate  a  surface  incapable  of  exerting  any  t 
frietional  forces.     Such  a  surface,  if  it  could  be  realised,  would  be  unable 
to  exert  any  action  on  a  body  m  contact  with  it  m  any  line  other  than  the 
to  the  surface  at  the  point  of  contact. 
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(a)  In  Fig.  87  (a),  W  is  represented  by  ab  ;  the  required  force  P,  and  the 
normal  reaction  of  the  plane  R,  are  represented  respectively  in  the  triangle 


Fro.  87  --- Particles  on  smooth  inoliws 

of  forces  abc  by  be  and  ca.    Since  these  lines  are  respectively  parallel  and 
at  right  angles  to  the  plane,  ben  is  a  right  angle  ;  also  tho  angle  6ac=u. 

P^_bc  __  . 
'"'  W~a6~~sma; 

/.  P  =W  sin  a. 
R  may  be  found  thus  :  R     ca 

rn—   T.  —cos  a  ; 
W    ab 

/.    R=Wcosa. 

(b)  In  this  case  the  triangle  of  forces  is  the  right-angled  triangle  abc 
(Fig.  87(6)).  p      ic 

—  =-,-=  tan  a; 
W     ab 

.\   P^Wtana. 
R      ca 


Also 


.'.    R=Wseca. 


EXAMPLE  2.  —  A  particle  of  weight  W  is  kept  at  rest  on  a  smooth  plane 
inclined  at  an  angle  a  to  the  horizontal  by  Means  of  a  force  P  inclined  at 
an  angle  ft  to  the  plane  (Fjg.  88).  Find  P  and 
the  reaction  of  the  plane. 

In  Fig.  88,  the  angle  between  P  and  R  is 
(9G°-/?);  also  the  angle  between  W  and  R 
is  (180°  -a).  Hence  (p.  81) 

P     sin  (180  -a)  _sina 
W  "  sin~(90^7?)~  "  cos"/?  ; 
/.   P=rW  sin  u/cos  ft. 
Tho  angle  between  P  and  W  is  (90°  -f-a 


no.  88. 


*w 


.     R  _  sm  (90  +  a  4-  /?)  _  cos  (a_t 

"  W"~sin"(90-/y)"  ~~~cos7J 

_  cos  a  cos  j3  —  sin  a  sin  ft  m 

7  eos/i" 
/.   R  =W  (cos  a  -  sin  a  tan  $). 
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Systems  of  uniplanar  concurrent  forces. — In  Fig  89,  Ply  P2,  P3,  P4 

are  four  typical  forces,  all  in  the  same  plane  and  intersecting  at  the 
same  point  O.  OX  and  OY  are  two  axes  m  the  same  plane  as  the 
forces  and  intersect  at  O  at  90°  The  angles  of  direction  of  the 
forces  are  stated  with  reference  to  OX,  and  are  denoted  by  al5  a2, 
a3,  a4.  In  order  to  take  advantage  of  the  usual  conventions  regarding 
the  algebraic  signs  of  sines  and  cosines,  the  given  forces  should  be 
arranged  so  as  to  be  either  all  pulls  or  all  pushes.  Taking  com- 
ponents along  OX  and  OY  (Fig  90),  we  have  . 

Components  along  OX  ;    P^  cos  a,,  P2  cos  a2,  P^  cos  a3.  P4  cos  a4 
Components  along  OY  ,    Pl  sin  av  P2  sin  a2,  P:J  sin  a3,  P4  sin  ar 


Pj  Sin  A, 
P  COS  A,, 


->— 

R,  cosdi4 


Fifl.  89. —  .System  of  uniplanai  forces 
acting  at  a  point 


P,  sin  cCj 
P4  Siridiv 


FIG  90.—  First  step  in  the  reduction 
of  the  sjbtem. 


Taking  account  of  the  algebraic  signs,  the  components  along  OX 
towards  the  right  are  positive  and  the  others  are  negative.  Similarly, 
the  components  acting  upwards  along  OY  are  positive  and  the  others 
are  negative.  The  resultants  Rx  and  RY  of  the  components  in  OX 
and  OY  respectively  are  given  by  : 

Pj  cos  at  4-  P2  cos  a2  +  P3  cos  a3  -f  P4  cos  a4  =  Rx , 
Pj  sin  aA  4-  P2  sin  «2  +  P3  sin  a3  4-  P4  sin  a4  ==  RY . 
Or,  using  the  abbreviated  method  of  writing- these, 
SPcos  a=R, 


<£Psina  =  RY *. 

The  given  system  has  thus  been  reduced  to  two  forces  Rx,  RY 
shown  in  Fig.  91.    To  find  the  resultant  R,  we  have 


CA    OB     RY 


,.(i) 

-(2) 
,  as 


..(3) 

..(4) 
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The  given  system  of  forces  will  be  in  equilibrium  if  both  Rx  and 
RY  are  zero.     The  algebraic  conditions  of  equilibrium  are  obtained 
Y|  from  (1)  and  (2)  : 

2Psina  =  0 (6) 

This  pair  of  simultaneous  equations 
may  be  used   for  the  solution  of  any 
problem  regarding   the   equilibrium  of 
FIG.  91.— ttwiitaut  ot  the  system   any    system    of    uni planar   concurrent 

shown  m  l^jg.  89. 


Graphical  solution  by  the  polygon  of  forces.— By  application  of  the 
principle  of  vector  addition,  the  equilibrium  of  a  number  of  nniplrnaT 
forces  acting  at  a  point  may  be  tested.  Four  such  forces  are  given 


PIG.  92.— Polygon  of  forces. 

in  Fig.  92  (#),  and  are  described  by  Bow's  notation  (p.  80).  .Start- 
ing in  space  A  and  going  round  O  clockwise,  lines  are  drawn  in  F'g. 
92  (6)  representing  completely  each  force* crossed.  The  production 
of  a  closed  polygon  ABCD  is  sufficient  evidence  that  the  forces  are 
in  equilibrium  ;  a  gup  would  indicate  that  the  forces  have  n  resultant, 
which  would  be  represented  by  the  line  required  to  close  the  gap, 
and  the  equilibrant  of  the  system  would  be  equal  and  opposite  to 
the  resultant.  Fig.  92  (b)  is  called  the  polygon  of  forces. 

We  may  therefore  state  that  a  system  of  liniplanar  forces  acting 
at  a  point  will  be  in  equilibrium,  provided  a  closed  polygon  can  be 
drawn  in  which  the  sides  taken  in  order  represent  completely  the  given 
forces. 

Concurrent  forces  not  in  the  same  plane. — Most  of  the  cases  of 
forces  not  in  the  same  plane  are  beyond  the  scope  of  this  book. 
The  following  exercise  indicates  the  manner  in  which  simple  cases 
of  such  forces  may  be  solved. 
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In  Fig.  93  is  shown  the  plan  and  elevation  of  a  wedge.     The 
top  surface  is  smooth  and  makes  an  angle  of  30°  with  the  horizontal. 

A  particle  A  of  weight  W  is  kept  at  rest  on 
the  wedge  by  means  of  two  light  cords  AB 
arid  AC,  fastened  at  B  and  C,  and  making 
angles  of  45°  and  30°  respectively  with  the 
line  of  greatest  slope  DE.  Find  the  pulls 
T!  and  T2  in  AB  and  AC  respectively. 

(iV.#. — The  actual  sizes  of  the  angles  of 
45°  and  30°  cannot  be  seen  in  the  plan  in 
Pig.  9'}.) 

Resolve  Tt  and  T2  into  components  along 
DAE  and  along  a  horizontal  axis  AZ  at  90° 
to  DAE.  The  components  along  DAE  are 
T!  cos  45°  and  T2  cos  30°,  both  of  the  same 
sense  .  those  along  AZ  are  Tt  sm  45°  and 
T,,  sin  30°,  and  are  of  opposite  sense  (Fig.  03, 
plan). 

For  equilibrium  in  the  direction  of  AZ  we 
have  :  Tj  sin  450  _  -^  sm  ^ 


D 


Plan 


T,  sin  45" 

T2  sin  30  s 

FIG  93. 


T2  cos  30 


or, 


(1) 


Let  T  =T!  cos  45°  +  T2  cos  30°  - 


- 

"y  £ 


(Fig.  93,  elevation). 


Then  T,  W  and  the  reaction  of  the  plane  R  are  in  equilibrium,  and  abc 

is  the  triangle  of  forces  (Fig.  93,  elevation).  Hence 

T      to      .n3 

»  W     ab  -' 


..(2) 


Substituting  from  (1),  we  have 


And  from  (1), 


W 


••(3) 


WA/2 
"2(1  +V3) 


..(4) 


EXPT.  13. — Parallelogram  of  forces.  In  Fig.  94  is  shown  a  board 
attached  to  a  wall  and  having  three  pulleys  A,  B  and  C  capable  of  being 
clamped  to  any  part  of  the  edge  of  the  board.  These  pulleys  should  run 
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easily.     Pin  a  sheet  of  drawing  paper  to  the  board.     Clamp  the  pulleys 

A  and  B  in  any  given  positions.    Tis  two  silk  cords  to  a  small  ring,  pass 

a  bradawl  through  the  ring  into  the  board  at  O,  arid  lead  the  cords  over 

the  pulleys  at  A  and  B.     The  ends  of  the  cords  should  have  scale  pans 

attached,  in  which  weights  may  be  placed.    Thus,  known  forces  P  and  Q 

are  applied  to  the  ring  at  O.     Take  care  in  noting  these  forces  that  the 

weight  of  the  scale  pan  is  added  to  the  weight  you  have  placed  in  it.     Mark 

carefully  the  directions  of  P  and  Q,  on  the  paper,  and  find  their  resultant  R 

by  means  of  the  parallelogram  Oabc.     Produce  the  line  of  R,  arid  by  means 

of  a  third  cord  tied  to  the  ring, 

apply  a  force  E  equal  to   R, 

bringing  the  cord  exactly  into 

the   line   of   R    by   using  the 

pulley  C  clamped  to  the  proper 

position  on  the  board.     Note 

that    the    proper   weight    to 

place  in  the  scale  pan  is  E  less 

the  weight  of  the  scale  pan, 

so  that  weight  and  scale  pan 

together    equal    E.       If    the 

method     of     construction     is 

correct,  the  bradawl  may  be 

withdrawn  without  the  ring 

altering  its  position. 

In  general  it  will  be  found 
that,  after  the  bradawl  is  removed,  the  ring  may  be  made  to  take  up 
positions  some  little  distance  from  O.  This  is  due  to  the  friction  of 
tho  pulleys  and  to  the  stiffness  of  the  cords  bending  round  the  pulleys, 
giving  forces  which  cannot  easily  be  taken»into  account  in  the  abQve 
construction. 

EXPT.  14. — Pendulum.  Fig.  95  (a)  shows  a  pendulum  consisting  of 
a  heavy  bob  at  A  suspended  by  a  cord  attached  at  B  and  having  a  spring 
balance  at  F.  Another  cord  is  attached  to  A  and  is  led  horizontally  to  E, 
where  it  is  fastened ;  a  spring  balance  at  D  enables  the  pull  to  be  read. 
Find  the  pulls  T  and  P  of  the  spring  balances  F  and  D  respectively  when 
A  is  at  gradually  increased  distances  x  from  the  vertical  BC.  Check  these 
by  calculation  as  shown  below,  and  plot  P  and  x. 

Since  P,  W  and  T  are  respectively  horizontal,  vertical  and  along  AB, 
it  follows  that  ABC  is  the  triangle  of  forces  for  them.  Hence 

=  <=*  (Fig. 95(5)), 


FIG  94. — Apparatus  for  demonstratmx  the  paiallelo- 
gram  of  forces. 


P=:;W=Wtanrt.. 


..(1) 
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Also, 


T 

w: 


AB 


I 

^h 

-I  W=Wsectt. . 


,.(2) 


FIG  95  —Experiment  on  a  pendulum. 


Measure  I,  also  x  and  h,  for  each  position  of  the  bob,  and  calculate  P  and 
T  by  inserting  the  required  quantities  in  (1)  and  (2).    'febulate  thus : 
Weight  of  bob  in  kilograms  ~W  = 
Length  of  AB  in  cm.  ~l  = 


Calculated  values,  m 

Observed  values  ftotn 

ktlogiams 

spring*  balance**,  kilogiams 

x  cm 

/<  tin 





—  .   

/ 

PS*.    W 

T-4W. 

P 

T 

h 

h 

The  curve  will  resemble  that  shown  m  Fig.  96.     Note  how  nearly  straight 
it  is  for  comparatively  small  values  of  x. 

.  EXPT.  15. — Polygon  of  forces.  In  Fig.  97  is  shown  the  finished  results 
of  an  experiment  on  the  polygon  of  forces.  The  apparatus  and  method 
are  similar  to  that  employed  in  Expt.  13  (p.  86).  Four  forces  have  beei\ 
assumed,  and  the  equilibrant  has  been  found  from  the  clo§»ng  side  of 


vn 


DERRICK  CRAKE 


the  polygon  ABCDEA.     On  application  of  the  equilibrant,  the  bradawl  may 
be  withdrawn  without  the  rin£f  moving. 


p 

7-O 


50 
4-0 


O  1-0         2O         3O        4  O        5O 

X 

FIG.  96.— Uraph  of  P  and  x  for 
a  pendulum. 


FIG.  97. —  An  experiment  on  the  polygon  of 
t'oi  cv» 


EXPT.  16. — Derrick  crane  A  derrick  crane  model  is  shown  in  Pig.  98, 
,  consisting  of  a  post  AB  firmly  fixed  to  a  base  board  which  is  screwed  to  a 
tab. "  ,  a  jib  AC  has  a  pointed  end  at  A  be  inng  in  a  imp  recess,  a  pulley  at  C 
and  a  compression  spring  balance  at 
D.  A  tie  BC  supports  the  jib  and 
is  of  adjustable  length  ;  a  spring 
balance  for  measuring  the  pull  is 
inserted  at  F.  The  weight  is  sup- 
ported by  a  cord  led  over  the 
pulley  at  C  and  attached  to  one  of 
the  screw- eyes  on  the  post.  The 
inclination  of  the  jib  may  be  altered 
by  adjusting  the  length  of  BC, 
and  the  inclinations  of  EC  and  BC 
may  be  changed  by  making  use  of 
different  screw- eyes. 

Observe  the  spring  balances  and 
so  find  the  push  in  the  jib  and  the 
p'^  in  the  tie  for  different  values 
of  W  and  different  dimensions  of  the  apparatus     Check  the  results  by 
means  of  the  polygon  of  forces,  constructed  as  follows  : 

First  measure  the  dimensions  AB,  BC,  AC  and  AE,  and  construct  an  outline 
diagram  of  the  crane  (Fig.  99  (a) ).    It  may  be  assumed  that  the  pulley  at 


W 


FIG.  08 — Model  deriiek  crane 
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C  merely  changes  the  direction  of  the  cord  without  altering  the  force  m 
it ;  hence  P  =  W  (Fig.  99  (a)  ).  The  polygon  of  forces  (Fig.  99  (6) )  is  drawn 
by  making  ab  represent  W,  and  be  represent  P  ;  linos  are  then  drawn 
from  a  parallel  to  T,  and  from  c  parallel  to  Q, ;  these  intersect  at  d.  Q,  and 
T  may  be  scaled  from  cd  and  da  respectively. 


FIG   00  — Forces  in  a,  derrick  craric 

The  values  of  Q,  and  T  so  found  will  not  agree  very  well  with  those  shown 
by  the  spring  balances.  This  is  owing  to  the  weights  of  the  parts  of  the 
apparatus  not  having  been  taken  into  account.  Approximate  corrections 
may  be  applied  to  the  spring  balance  readings  by  removing  W  from  the 
scale  pan  and  noting  the  readings  of  the  spring  balances  ;  these  will  give 
the  forces  m  the  jib  and  tie  produced  by  the  weights  of  the  parts,  and 
should  be  deducted  from  the  former  readings,  when  fair  agreement  will  be 
found  with  the  results  obtained  from  the  polygon  of  forces. 


EXERCISES  ON  CHAPTER  VII. 

1.  A  nail  is  driven  into  a  board  and  two  strings  are  attached  to  it.     If 
the  angle  between  the  strings  is  60°,  both  strings  being  parallel  to  the 
board,  and  if  one  string  is  pulled  with  a  force  equal  to  4  Ib.  weight  and  the 
other  with  a  force  of  8  Ib.  weight,  find  by  construction  the  resultant  force 
on  the  nail. 

2.  Answer  Question  L  supposing  a  rod  is  substituted  for  the  first  string 
and  is  pushed  with  a  force  equal  to  4  Ib.  weight. 

3.  One  component  of  a  force  of  3  kilograms  weight  is  equal  to  2  kilograms 
weight,  and  the  angle  between  this  component  and  the  force  is  40°.     Find 
the  othel-  component  by  construction. 

4.  IJhe  components  of  a  force  of  10  Ib,  weight  are  5  Ib.  weight  and  7  Ib. 
weight  respectively.     Find  by  construction  the  lines  of  action  of  the 
components. 

5.  A  pull  of  6  Ib.  weight  and  another  force  Q  of  unknown  magnitude 
act  at  a  point,  their  lines  of  action  being  at  90°  ;  they  are  balanced  by  a 
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force  of  8  Ib.  weight.  Calculate  the  magnitude  of  Q  and  the  angle  between 
Q  and  the  force  of  8  Ib.  weight. 

6.  Answer  Question  5  if  Q  and  the  force  of  6  Ib.  weight  intersect  at  60°. 

7.  Two  pulls  of  10  Ib.  weight  each  act  at  a  point.     Find  the  equihbrant 
by  calculation  in  the  cases  when  the  angle  between  the  pulls  is  165°,  170°, 
174°,  178°,  180°.     Plot  a  curve  showing  the  relation  of  the  magnitude  of 
the  equilibrant  and  the  angle  between  the  pulls. 

8.  A  particle  weighing  2  Ib.  is  kept  at  rest  on  a  smooth  plane  inclined 
at  4(V  to  the  horizontal  by  a  force  P.     Calculate  the  magnitude  of  P  when  it 
is  (a)  parallel  to  the  plane,  (b)  horizontal,  (c)  pulling  at  20°  to  the  plane, 
(d)  pushing  at  30°  to  the  plane.     In  each  case  find  the  reaction  R  of  the 
plane. 

9.  A  particle  of  mass  m  pounds  slides  down  a  smooth  plane  inclined  at 
25°  to  the  horizontal.     Find  the  resultant  force  producing  acceleration  ; 
hence  find  the  acceleration  and  the  time  taken  to  travel  a  distance  of  8  feet 
from  rest. 

10.  Two  strings  of  lengths  3}  feet  and  3  2  feet  are  tied  to  a  point  of  a 
body  whose  weight  is  8  Ib.,  and  their  free  ends  are  then  tied  to  two  points 
in  the  same  horizontal  line  3J  feet  apart.     Find  the  tension  in  each  string. 

L.  U. 

11.  A  kite  having  a  mass  of  2  pounds  is  flying  at-  a  vertical  height  of 
100  feet  at  the  end  of  a  string  220  feet  long.     If  the  tension  of  the  string 
is  equal  to  a  weight  of  1|  Ib.,  find  graphically  the  magnitude  and  direction 
of  the  force  of  the  wind  on  the  kite.  Tasmania  Univ. 

12.  Three  forces  P,  Q,  E  are  in   equilibrium.     P -Q,  and  E  =  l-25  P. 
Find  the  angle  between  the  directions  of  P  and  Q.      Answer  the  same 
question  if  P  =Q  —E. 

13.  A  rope  is  fastened  to  two  points  A,  B,  and  carries  a  weight  Qf  50  Ib. 
which  can  slide  smoothly  along  the  rope.     The  coordinates  of  B  with  respect 
to  horizontal  and  vertical  axes  at  A  are  8  feet 

and  1-2  feet,  and  the  length  of  the  rope* is 
10  feet.  Find  graphically  the  position  of  equi- 
librium and  the  tension  in  the  rope.  L.U.  ^ 

14.  In  Fig.  100  is  shown  a  bent  lever  ABC, 
pivoted  at  C.    The  arms  CA  and  CB  are  at  90° 
and  are  15  inches  and  6  inches  respectively.     A 
force  P  of  35  Ib.  weight  is  applied  at  A  at  15° 
to  the  horizontal,  and  another  Q  is  applied  at 
B  at  20°  to  the  vertical.     Find  the  magnitude 
of  Q  and  the  magnitude  and  direction  of  the 
reaction   at   C    required  to   balance  P  and  Q. 
Neglect  the  weight  of  the  lever. 

15.  Two  scaffold  poles  AB  and  AC  stand  on 
level   ground  in  a  vertical   plane,  their  tops 

being  lashed  together  at  A.  '  AB  is  20  feet,  AC  is  15  feet  and  BC  is 
15  feet.  Find  the  push  in  each  pole  when  a  load  of  1  ton  weight  is 
hung  from  A. 


B 


FW.  100. 
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16.  The  jib  of  a  derrick  crane  measures  19  feet,  the  tie  is  17£  feet  and  the 
post  is  9  feet  long.    A  load  of  2-5  tons  weight  is  attached  to  a  chain  which 
passes  over  a  single  pulley  at  the  top  of  the  jib  arid  then  along  the  tie. 
Find  the  push  in  the  jib  and  the  pull  m  the  tie.     Neglect  friction  and 
the  weights  of  the  parts  of  the  crane. 

17.  Answer  Question  16  supposing  the  chain,  after  leaving  the  pulley 
at  the  top  of  the  jib,  passes  along  the  jib. 

18.  Four  loaded  bars  meet  at  a  joint  as  shown  in  Fig.  101.    P  and  Q,  are 
in  the  same  homontal  line  ;  T  and  W  are  in  the  same  vertical ;   8  makes 
45°  with  P.     If  P  =  15  tons  weight,  W  -12  tons  weight,  8=6  tons  weight, 
tind  Q,  and  T. 

19.  Lines  are  drawn  fioiu  the  centre  O  of  a  hexagon  to  each  of  the 
corners  A,  B,  C,  D,  E,  F.     Forces  are  applied  m  these  linos  as  follows  :  From 
O  to  A,  6  Ib.  weight ;  from  B  to  O,  2  Ib.  weight ;  from  C  to  O,  8  Ib.  weight ; 
from  O  to  D,  12  Ib.  weight ;  from  E  to  O,  7  Ib.  weight ;  from  F  to  O,  3  Ib. 
weight.     Find  the  resultant 


fruntEl&aJtwn,       Sid*  ElevaUon,. 
Fia  102. 

20.  In  Fig.  102  forces  m  equilibrium  act  at  O  as  follows  :    In  the  front 
elevation,  P,  Q,  and  8  are  in  the  plane  ot  the  paper  and  T  is  at  45°  to  the 
plane  of  the  paper  ;  Q,  makes  135°  with  S.     In  the  side  elevation,  T  and  V 
are  m  the  plane  of  the  paper  ;    V  is  perpendicular  to  the  plane  containing 
P,  Q,  and  S,  and  T  makes  45°  with  V.     (Jiven  Q,  —  40  tons  weight,  T  ~  25  tons 
weight,  find  P,  S  and  V. 

21.  State  and  establish  the  proposition  known  as  the  polygon  of  forces. 
OA,  OB,  OCX  OD,  OE  are  five  bars  in  one  plane  meeting  at  O,  the  angles 

AOB,  BOG,  COD,  DOE  being  each  30°.  Forces  of  1,  2,  3,  4  and  5  tons 
respectively  act  outwards  from  O  along  the  bars.  The  joint  0  is  held  in 
equilibrium  by  two  other  barsfpulling  m  the  opposite  directions  to  OA  and 
OD.  Find  the  pull  along  each  of  these  bars.  Adelaide  University. 

22.  A  particle  of  weight  W  is  kept  in  equilibrium  on  a  smooth  inclined 
plane  (angle  of  inclination  =  0)  by  a  single  force  parallel  to  the  plane.     Find 
the  magnitude  of  the  force.     If  the  particle  is  kept  in  equilibn  im  by  three 
forces  P,  Q,  R,  each  parallel  to  the  plane  and  inclined  at  angles  a,  /3,  y  to 
the  line  of  greatest  slope,  find  all  the  relations  existing  between  P,  Q,  R,  W, 
a,  ft,  y,  0.  Tasmania  Univ. 

23.  Enunciate  the  polygon  of  forces  and  show  how  it  may  be  used  to 
find  the  resultant  of  a  number  of  concurrent  forces.     Explain  also  the 
method  of  getting  the  resultant  by  considering  the  resolved  parts  of  the 
forces  in  two  directions  at  right  angles.  Bombay  Univ. 
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24.  A  string  12  foot  long  has  11  knots  at  intervals  of  1  foot.     The  ends 
of  the  string  are  tied  to  two  supports  A,  B,  0  feet  apart  and  in  the  same 
horizontal  line.      A  load  of  4  Ib.  weight  is  suspended  from  each  knot  in 
turn  ;    find  the  tensions  in  the  part  of  the  string  attached  to  A.     Plot 
these  tensions  as  ordinates,  and  horizontal  distances  of  the  load  from  A 
as  abscissae. 

25.  A  building  measures  40  feet  long  and  20  feet  wide.     Tn  the  plan, 
the  ridge  of  the  roof  is  parallel  to  the  long  sides  and  bisects  the  short 
sides.     The  ridge  is  5  feet  higher  than  the  eaves.     Wind  exerts  a  normal 
pressure  of  40  Ib.  weight  per  square  foot  on  one  side  of  the  roof.     Find 
the  horizontal  and  vertical  components  of  the  total  force  exerted  by  the 
wmd  on  this  side. 


CHAPTER  VIII 

• 

MOMENTS.  PARALLEL  FORCES 

Moment  Of  a  force.  —  The  moment  of  a  force  is  the  tendency  of  the 
force  to  rotate  the  body  to  which  it  is  applied,  and  is  measured  by 
the  product  of  the  magnitude  of  the  force  and  the  length  of  a  line 
drawn  from  the  axis  of  rotation  perpendicular  to  the  line  of  the 
force      Thus,   in   Fig     103,  is   shown  a  body 
capable   of  rotating  about   an   axis    passing 
through  O  and  perpendicular  to  the  plane  of 
the  paper.     A  force  P  is  applied  in  the  plane 
of  the  paper  and  its  moment  is  measured  by 
Moment  of  P  =  P  xOM, 

OM  bem£  draWI1  £°m  °  at  ri#ht  an£les  tO  P' 


FIG.  103.-~Mome^t  of  a 

Moments  involve  both  the  units  of  force  and 
of  length  employed  in  the  calculation.  In  the  c.G.s  system 
moments  may  be  measured  in  dyne-centimetres  or  gram-  weight- 
centimetres  ;  in  the  British  system,  poundal-feet  or  Ib.  -weight-feet 
are  customary.  The  dimensions  of  the  moment  of  a  force  are 
obtained  by  taking  the  product  of  the  dimensions  of  force  and 
length,  thus  : 

Dimensions  of  the  moment  of  a  force  =  -g-  x  /  =  -2-  • 

t  t 

The  sense  of  the  moment  of  a  force  is  described  as  clockwise  or 
anticlockwise,  according  to  the  direction  of  rotation  which  would 
result  from  the  action  of  the  force.  In  calculations  it  is  convenient 
to  describe  moments  of  one  sense  as  positive  ;  those  of  contrary 
sense  will  then  be  negative. 

It  is  evident  that  no  rotation  can  result  from  the  action  of  a  force 
which  passes  through  the  axis  of  rotation  ;  such  a  force  has  no 
moment. 

Representation  of  a  moment.—  In  Fig.  104  is  shown  a  body  free 
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to  rotate  about  O  and  acted  on  by  a  force  P,  represented  by  the  line 
AB.  Draw  OM  perpendicular  to  AB,  producing  AB  if  necessary.  Join 
OA  and  OB.  Then 

Moment  of  P  =  P  x  OM  =  AB  x  OM 


FlO   104  — Representation 
of  a  moment 


We  may  therefore  take  twice  the  area  of 
the  triangle,  formed  by  joining  the  extremities 
of  the  line  representing  the  force  to  the  point 
of  rotation,  as  a  measure  of  the  moment  of  the 
force. 


The  components  of  a  force  have  equal  opposite 
moments  about  any  point  on  the  line  of  the  resul- 
tant.— In  Fig.  105,  R  acts  at  O,  and  has  com- 
ponents P  and  ft  given  by  the  parallelogram  of  forces  OBDC.    A  is 
any  point  on  the  line  of  R,>nd  AM  and  AN  are  perpendicular  to 

P  and  Q  respectively,     a  and  ft  are  the 

C  D   angles  between  R  and  P,  and  R  and  Q. 

Moment  of  P  _  P  x  AM  _  P  x  OA  sin  a 
MolnenTof  Q  "  Qx  AN  ~  Q  x  OA  sin  /3 
P  sin  a 

Also,  P=OB    OB 


R 

B 


-Moments  of  P  and  Q 

.     moment  of  P 


-—  - 
DU 


sin  (3 . 
sin  a  ' 


sin  /2sin  a     i 
sinasin/^" 


moment  of  Q 
.".  moment  of  P  =  moment  of  ft. 

The  moment  of  a  force  about  any  point  is  equal  to  the  'algebraic  sum  of 
tne  moments  of  its  components. — There  are  two  cases,  one  in  which 


FiO   106.— Moments  of  P,  Q  and  R  about  O. 

the  poin|  is  so  chosen  that   the   components  have  momenta  of 
the  sam4sign  (Fig,  106  (a)) ;   in  the  other  case  (Fig.  106  (6j)  the 
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components  have  moment 8  of  opposite  sign.  In  each  figure  let  R 
be  the  given  force  and  let  0  be  the  point  of  rotation.  Let  the  com- 
ponents be  P  and  Q,  and  drawOBD  parallel  to  Q,  and  cutting  P  and 
R  in  B  and  D  respectively  Complete  the  parallelogram  ABDC,tlien 

P.Q:  R=AB.AC.AD. 
Join  OA  and  OC      Then,  in  Fig.  106  (a), 

AOAB-f  AABD-AOAD. 
Also,  AABD  -  AACD  =  £OAC. 

.'.    AOAB  +  -:,OAC  =  AOAD, 

or,          moment  of  P -I- moment  of  Q  =  moment  of  R  (p.  95). 
In  Fig.  106  (b)  ^Q  have       ^    *" 

f*l     AOAB  I-  AOAD  =  A  ABD . 
Also,  "  *       AABD  =  AACD  =  L  OAC  ; 

.'.   AOAB  +  AOAD  =  A  OAC, 

or,  A OAD  -  AOAC  -  *  OAB, 

or,  moment  of  R  =  moment  of  Q  -moment  of  P. 

Hence, in  taking  moments,  we  may  substitute  either  the  components 
for  the  resultant,  or  the  resultant  for  the  components,  without 
altering  the  effect  on  the  body. 

Principle  of  moments. — Let  a  number  of  forces,  all  m  the  same 
plane,  act  on  a  body  free  to  rotate  about  a  fixed  axis.  If  no  rotation 
occurs,  then  the  sum  of  the  clockwise  moments  is  equal  to  the  sum  of 
the  anticlockwise  moments. 

This  pnnctple  of  moments  may  be  understood  by  taking  any  two 
of  the  forces,  both  having  clockwise  moments  The  moment  of  the 
resultant  of  these  force*  is  equal  to  the  sum  of  the  moments  of  the 
forces.  Take  this  resultant  together  with  another  of  the  given 
forces  having  a  clockwise  moment  ;  the  moment  of  these  will  again 
be  equal  to  the  sum  of  the  moments.  Repeating  this  process  gives 
finally  a  single  force  having  a  clockwise  moment  equal  to  the  sum 
of  all  the  given  clockwise  moments. 

Treating  the  forces  having  anticlockwise  moments  in  the  same 
manner  gives  a  single  force  having  an  anticlockwise  moment  equal 
to  the  sum  of  all  the  given  anticlockwise  moments.  Hence  the 
resultant  of  the  two  final  forces  has  a  moment  equal  to  the  algebraic 
sum  of  the  given  clockwise  and  anticlockwise  moments,  and  if  these 
be  equal  the  resultant  moment  is  zero  and  no  rotation  will  occur. 

EXPT.  17. — Balance  of  two  equal  opposing  moments.  In  Fig.  107,  a  rod 
AS  has  a  hole  at  A  through  which  a  bradawl  has  been  pushed  into  a  vertical 
board.  The  rod  AB  hangs  vertically  and  can  turn  freely  about  A.  Fix 
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it  in  this  position  by  pushing  another  bradawl  through  a  hole  near  B. 
Attach  a  tine  cord  at  C,  lead  it  over  a  pulley  D'  and  attach  a  weight  Wt, 
thus  applying  a  pull  P  -Wx  at  C.     Measure  the  perpendicular  AM  drawn 
from  A  to  P,  and  calculate  the  moment  of  P—PxAM.     Attach  another 
fine  cord  at  C'  and  lead  it  over  a  pulley  E'.     Measure  the  perpendicular 
AN,  drawn  from  A  to  the  cord,  and  calculate  Q  from 
Moment  of  Q,  =  Moment  of  P, 
QxAN  -PxAM, 
PxAM 
Q        AN 

Apply  a  weight  W3  equal  to  the  calculated  value  of  Q,  and  withdraw  the. 
bradawl  at  B.  If  the  rod  remains  vertical,  the  result  may  be  taken  as 
evidence  of  the  principle  that  two  equal  opposing  moments  balance. 


FIG    107  —Two  inclined  forces,  having 
equal  opposing  moments. 


FIG.  108  — Disc  in  equilibrium  under 
the  action  of  several  forces. 


EXPT.  18. — Principle  of  moments.  In  Fig.  108  is  shown  a  wooden  disc 
which  can  turn  frooly  about  a  bradawl  pushed  through  a  central  hole  into  a 
vertical  board.  Apply  forces  at  a,  fe,  c,  d,  etc.,, by  means  of  cords,  pulleys 
and  weights,  and  let  the  disc  find  its  position  of  equilibrium.  Calculate 
the  moment  of  each  force  separately,  and  attach  the  proper  sign,  plus  or 
minus.  Take  the  sum  of  each  kind,  and  ascertain  if  the  sums  are  equal,  as 
they  should  be,  according  to  the  principle  of  moments. 

Resultant  of  two  parallel  forces. — There  are  two  cases  to. be  con- 
sidered, viz.  forces  of  like  sense  (Fig.  109  (a))  and  forces  of  unlike 
sense  (Fig.  109  (&)).  The  following  method  is  applicable  equally  to 
both  cases,  and  may  be  read  in  reference  to  both  diagrams,  which 
are  lettered  correspondingly. 

For  convenience,  let  the  given  forces  P  and  Q  act  at  90°  to  a  rod 
AB  at  the  points  A  and  B  respectively.  The  equilibrium  of  the  rod 
will  not  be  disturbed  by  the  application  of  equal  opposite  forces 
S,  S,  applied  in  the  line  of  the  rod  at  A  and  B.  By  means  o£  ttfc 


DYNAMICS 


CHAP 


parallelogram  of  forces  hbca,  find  the  resultant  R2  of  P  and  S  acting 
at  A  ;  in  the  same  manner  find  the  resultant  Rj  of  Q  and  S  acting 
at  B.  Produce  the  lines  of  Rx  and  R2  until  they  intersect  at  O,  and 


let  Rt  and 


R2  act  at  O. 


Resolve  Rj  and  R2  into  components  acting 


at  O,  and  respectively  parallel  and  at  right  angles  to  AB  ;  the  com- 
ponents parallel  to  AB  will  be  each  equal  to  S,  therefore  they  balance 
and  need  not  be  considered  further.  The  components  at  right  angles 
to  AB  will  be  equal  respectively  to  P  and  Q,  and  are  the  only  forces 
remaining.  Hence  R  is  equal  to  their  algebraic  sum  ,  thus 

In  Fig.  109  (a)  R  =  P+Q  .......................................    (1) 

In  Fig.  109  (6)  R  =  P  -Q  ..........................................  (la) 


Fio    100  —  Resultant  of  t,\\o  parallel  forces 

Let  the  line  of  R,  which  passes  through  O  and  is  parallel  to  P  and 
Q,  be  produced  to  cut  AB,  or  AB  produced,  in  C.  Then  the  triangles 
OAC  and  Aca  are  similar  ;  hence 


Also  the  triangles  OBO  and  Bfd  are  similar,  therefore 


,(2o) 
...(3) 


___ 
CB~df~Be~~$  ............................... 

Divide  (2)  by  (2a),  giving 

CB_P 

CA~Q  ...................................... 

This  result  indicates  that  the  line  of  the  resultant  divides  the  rod 
into  segments  inversely  proportional  to  the  given  forces,  internally 
if  the  forces  are  like,  and  externally  if  the  forces  are  unlike.  It 
will  be  noted  also  that  the  resultant  is  always  nearer  to  the  larger 
force  ;  in  the  case  of  forces  of  unlike  sense,  the  resultant  has  the 
same  sense  as  the  larger  force.  The  equili  brant  of  P  and  Q,  may  be 
obtained  by  applying  to  the  rod  a  force  equal  and  opposite  to  R. 
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In  the  case  of  equal  parallel  forces  of  unlike  sense  equations  (la) 
and  (3)  give  R^P-P^O; 

^  =  -=1;      .'.   CB-CA; 

the  interpretation  being  that  the  resultant  is  a  force  of  zero  magnitude 
applied  at  infinity — an  impossibility.  The  name  couple  is  given  to 
two  equal  parallel  forces  of  unlike  sense  ;  a  couple  has  no  resultant 
force,  and  hence  cannot  be  balanced  by  a  force.  Some  properties 
of  couples  will  be  discussed  later. 

Moments  of  parallel  forces.— The  light  rods  shown  in  Fig.  110  (a) 
and  (b)  are  in  equilibrium  under  the  actions  of  forces  P  and  Q,  of 

like  sense  in  Fig.  110  (a)  arid  of  unlike 
B  sense  in  Fig.  110(&),  together  with  the 

-j  equili  brants  E,  supplied  by  the  reactions 

of  the  pivots  at  6.     From  equation  (3) 


(a)  (p.  98),  we  have 

P     BC 


or,  PxAC  =  QxBC (1) 

This  result  indicates  that  the  moments 
(b)  of  P  and  Q  are  equal  and  opposite,  and 

1  we  may  infer  that  this  condition  must 

FIG.  no.— Moments  of  parallel     be  fulfilled  in  order  that  the  rod  may 
torces.  .  J 

not  rotate. 

Tn  Fig.  Ill,  R  is  the  resultant  of  P  and  Q.     Take  any  other  point 
O  in  the  rod,  and  take  moments  about  O. 

Moment  of  R  =  RxOC  =  R(OA-f  AC) (2) 

Moment  of  P  =  P  x  OA. 

Moment  of  Q  =  Q  x  OB  -  Q(OA  +  AC  +  CB). 
.*.  Moment  of  P  -f  moment  of  Q 

OA)  f-(QxAC)  +  (QxCB) 
x  AC)  +  (p  x  AC)'  from  U)» 


=  R(OA+AC) 
IR  =  moment  of  R. 

FIG.  in.  -Moments  of  P,  Q  and      We   may   therefore    assert    that   the 
R  about  o.  algebraic  sum  of  the  moments  of  the 

parallel    components    of    a    force    about   any  point   is    equal    to 
the  moment  of  the  resultant. 
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Reaction  of  a  pivot. 
ACS.  B. 


Tn  Fig.  112  (a)  a  horizontal  rod  is  in  equi- 
librium under  the  action  of  a  load  W 
applied  at  A,  another  load  Pj  applied 
at  BI}  and  a  reaction  Et  exerted  by  the 
pivot  at  C.  It  js  clear  that  Ex  is  equal 
and  opposite  to  the  resultant  of  Pj 
and  W  ;  hence 


(6) 


FIG  112.— Reactions  ot  pivots 


In  Fig.  112  (b)  is  shown  the  same 
rod  carrying  the  same  load  W  at  the 
same  place,  lut  now  equilibrated  by  a 

force  P2  applied  at  B2,  and  the  equilibrant  E2  applied  by  the  pivot. 

As  before  •  c  _ , 


In  Fig   112  (a)  we  have 


In  Fig.  112  (6),  in  the  same  way  : 


•'   r2"B2C¥¥- 

Since  W  and  AC  are  the  same  in  both  cases,  and  since  B2C  is  greater 
than  BjC,  v,P2  is  less  than  Pl ,  therefore  E2  is  less  than  Er  It  will 
thus  be  noted  that  although  the  general  effect 
is  the  same  in  both  cases,  viz.  the  rod  is  in 
equilibrium,  the  effects  on  the  pivots  are  not 
identical,  nor  will  be  the  effects  of  the  loads  in 
producing  stresses  in  the  material  of  the  rod. 

EXPT.  19.— Equilibrant  of  two  parallel  forces. 
Hang  a  rod  AB  from  a  fixed  support  by  means  of 
a  cord  attached  to  A  (Fig.  113) ;  let  the  rod  hang  in 
front  of  a  vertical  board  and  fix  it  in  its  position  of 
equilibrium  by  means  of  bradawls  at  A  and  B. 
Apply  parallel  forces  P  and  Q  at  C  and  D  respec- 
tively, using  cords,  pulleys  and  weights  W!  and 
W2.  Find  the  resultant  R  and  its  point  of  applica- 
tion by  calculation,  and  then  apply  E,  equal  and 
opposite  to  R  by  means  of  another  cord,  pulley  and 
weight  W;,.  Remove  the  bradawls ;  if  the  rod  remains  unaltered  in 
position,  the  result  shows  that  the  method  of  calculation  has  been 
correct. 


DW; 


DW3 


Fia  113.— Equllibrant 
of  two  parallel  forces  of 
the  same  sense. 
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Repeat  the  experiment  using  forces  P  and  Q  of  unlike  sense.     Also  verify 
the  fact  that  if  P  and  Q  are  equal  and  of  opposite  sense  and  act  in  parallel 
lines,  no  single  force  applied  to 
the  rod  will  preserve  equilibrium.  . 

Resultant  of  any  number  of                  |  P      |  Q           rS      IT 
parallel  uniplanar  forces. — In    Q; ' ' ' L— • 


C 

R, 

R 


D 


,£*«*&  WAIV*       «U«*±rM*AA»«*.        JL\S*V>VU>  *XA  **.   t — —  I- 

Fig.  114  forces  P,  Q,  S,  T  are  j^  jL  j, 

applied  to  a  rod  at  A,  B,  C,  D  £?! . ..  J.  -*2 J 

respectively.      The    resultant  U .f 

of  these  forces  mav  be  found  '  ..<,,,, 

,  1.  P  FIG    114 — -Resultant,  of  parallel  forces 

by  successive  applications  of 

the  methods  described  on  p.  97  for  finding  the  resultant  of  two 
parallel  forces.  O  beinp;  any  convenient  point  of  reference,  first  find 
the  resultant  Rt  of  P  and  Q* 

R1x1-(PxOA)-(QxOB); 

_(PxOA)-(QxOB)  (2) 

Now  find  the  resultant  R2  of  R1  and  S. 

R2ir2-  R1x1  +  (SxOC)-  (PxOA)  -(QxOB)-f  (SxOC)  ; 

_(PxOA)  -(QxOB)  +  (SjxOC)  /n 

•'   ^2~"  P-Q  +  S  ' (   ' 

In  the  same  manner,  find  the  resultant  R  of  R2  arid  T  ;   R  will  then 
be  the  resultant  of  the  given  forces. 

* (5) 


-  (P  x  OA)  -  (Q  x  OB)  +  (  S  x  OC)  +  (T  x  OD)  ; 


In  this  result  the  numerator  is  the  algebraic  sum  of  the  moments 
about  O  of  the  given  forces,  and  may  be  written  2Px.  The  denomi- 
nator is  the  algebraic  sum  of  the  given  forces,  and  may  be  written 
-P.  Hence  from  (5)  and  (6),  we  have 

R  =  £P  ............................................  (7) 


It  ia  evident  that  the  resultant  iw  parallel  to  the  forces  of  the  given 
fcystem  ;  its  sense  is  determined  by  the  sign  of  the  result  calculated 
from  (7). 
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Reversal  of  R  will  give  the  equihbrant  of  the  given  system.  Should 
the  given  forces  be  in  equilibrium,  R  will  be  zero,  and  the  algebraic 
sum  of  the  moments  of  the  given  forces  will  also  be  zero.  Hence 
the  conditions  of  equilibrium  are 

SP  =  0 (9) 

?Px=Q (10) 

These  must  be  satisfied  simultaneously. 

Should  ^P  be  zero,  and  -P#  be  not  zero,  then  the  interpretation  is 
that  the  system  can  be  reduced  to  two  equal  parallel  forces  of  opposite 
sense,  i.e.  a  couple  (p.  99).  Should  ~P  have  a  numerical  value  and 
^Px  be  zero,  then  the  point  O  about  which  moments  have  been  taken 
lies  on  the  line  of  the  resultant. 

Reactions  Of  a  loaded  beam. —The  above  principles  may  be  applied 
in  the  determination  of  the  reactions  of  the  supports  of  a  loaded 
beam.  An  example  will  render  the  method  clear. 

EXAMPLE. — A  beam  AB  rests  on  supports  at  A  and  B  16  feet  apart  and 
carries  loads  of  2,  1,  0  75  and  0  5  tons  as  shown  (Fig.  115).     Find  the  re- 
actions P  and  Q  of  the  supports. 
From  equation  (9)  above, 

\*ton         2P=0;     .'.  P+Q-2  +  l-f075+0-5 

=  4-25  tons 

P  may  be  calculated  by  taking 
moments  about  B ;  Q  has  no  moment 
Of      about  this  point,  and  will  therefore 

not  appear  in  the  calculation. 
FIG.  115.— Reactions  of  abeam  mi  r  ^      i     i     •  L 

*  The  sum  of  the  clockwise  moments 

will  be  equal  to  the  sum  of  the  an  ti- clock  wise  moments  ;  hence 
Px  16 -(2 x  14)  +(1  x  11)  +(0  75  x  5)  +(0-5x3)  ; 

•'•   P  =2-765  tons. 

In  the  same  way,  Q  may  be  found  by  taking  moments  about  A  ;  thus : 
Qx  16  =(2  X  2)  +(1  x  5)  +  (0-75  x  11)  +(0  5  x  13)  , 

•*•  Q  =  1'484  tons. 
The  sum  of  these  calculated  values  gives 

P  +  Q  ^=2-765  -f  1484  =4-249  tons, 

a  result  which  agrees  with  the  sum  already  calculated,  viz.  4-25,  within  the 
limits  of  accuracy  adopted  in  the  calculations. 

EXPT.  20. — Reactions  of  a  beam.  Suspend  a  wooden  bar  from  two 
supports,  using  spring  balances  so  that  the  reactions  of  the  supports  may 


t  2  fowl  Y^ft 

1 1  ton 


---  6'-  - 
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bo  observed  (Fig.  1  Hi).     Prior  to  placing  any  loads  on  the  beam,  read  the 
spring  balances  ;    let  the  readings  be  P!  and  Qx  Ib.  weight  respectively. 


%FlG    LU>.— -App.uatus  for  determining  the  reactions  of  the  supports  of  a  beam. 

Place  some  loads  on  the  beam  and  calculate  the  reactions,  neglecting  the 
weight  of  the  beam.  Again  read  the  spring  balances,  P  and  Q,  Ib.  weight 
say.  The  differences  (P  -Pi)  and  (Q,  -Qi)  Ib.  weight  should  agree  with  the 
values  found  by  calculation. 


EXERCISES  ON  CHAPTER  VIII. 

1.  A  bicycle  has  cranks  7  inches  long  from  the  axis  to  the  centre  of  the 
pedal.     If  the  rider  exerts  a  constant  push  of  20  Ib.  weight  vertically 
throughout  the  downward  stroke,  find  the  turning  moment  when  the 
crank  is  at  the  top,  also  when  it  has  turned  through  angles  of  30°,  60°,  90°, 
120°,  150°  and  180°  from  the  top  position. 

2.  A  wooden  disc  is  capable  of  turning  freely  in  a  vertical  plane  about 
a  horizontal  axis  passing  through  its  centre  O.     Light  pegs  A  and  B  'ire 
driven  into  one  side  of  the  disc  ;   OA=OB=6  inches  and  OA  and  OB  are 
perpendicular  to  one  another.     Fine  cords  are  attached  to  A  and  B  and 
hang  vertically  ;  these  cords  carry  weights  of  4  Ib.  and  2  Ib.  respectively. 
Find,  and  show  in  a  diagram,  the  positions  in  which  the  disc  will  be  in 
equilibrium. 

3.  Two  parallel  forces  of  like  sense,  one  of  8  Ib.  weight  and  the  other 
of  6  Ib.  weight,  act  on  a  body  in  lines  12  inches  apart.     Find  the  resultant. 

4.  Answer  Question  3  supposing  the  forces  to  be  of  opposite  senses./ 

5.  A  uniform  horizontal  rod  2  feet  long  has  a  weight  of  12  Ib.  hanging 
from  ono  end,  and  the  rod  is  pivotod  at  its  centre.     Balance  has  to  be 
restored  by  means  of  a  weight  of  18  Ib.     Find  where  it  must  be  placed. 

C.  A  rod  AB  carries  bodies  weighing  3  Ib.,  7  Ib.  and  10  Ib.  at  distances 
of  2  inches,  9  inches  and   15  inches  respectively  from  A.     Neglect  the 
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weight  of  the  rod  and  find  the  point  at  which  the  rod  must  be  supported 
for  equilibrium  to  be  pobsiblo. 

7.  A  beam  12  feet  long  is  supported  at  its  ends  and  carries  a  weight  of 
2-5  tons  at  a  point  4  feet  from  one  end.     Neglect  the  weight  of  the  beam 
and  find  the  reactions  of  the  supports. 

8.  A  lever  34  feet  long  is  used  by  a  man  weighing  150  Ib.  who  can  raise 
unaided  a  body  weighing  300  Ib.     Find  the  load  he  can  raise  (a)  applied 
at  the  end  of  the  lever,  the  pivot  being  4  inches  from  this  end  ;    (b)  with 
the  pivot  at  one  end  of  the  lever  and  the  load  at  4  niches  from  this  end. 

9.  A  light  rod  AB  is  1  metre  long  and  has  parallel  forces  applied  at  right 
angles  to  the  rod  as  follows  :  At  A,  2  kilograms  weight  ;  at  15  cm.  from  A, 
4  kilograms  weight ;   at  55  cm.  from  A,  6  kilograms  weight ;   at  B,  8  kilo- 
grams weight.     Find  the  resultant  ot  these  forces. 

10.  A  light  horizontal  rod  AB  is  2  feet  long  and  is  supported  nt  its  ends  ; 
the  reaction  at  A  acts  at  30°  to  the  vertical.     Find  both  reactions  if  a  load 
of  3  Ib.  weight  is  placed  on  the  rod  at  8  inches  from  A. 

11.  A  light  horizontal  rod  AB,  3  feet  long,  is  supported  at  its  ends  ;  the 
reaction  at  A  is  vertical.     A  force  of  4  Ib.  weight  is  applied  at  a  point  C  in 
the  rod  ;   AC  is  1  foot  and  the  angle  between  AC  and  the  line  of  the  force 
is  70°.     Find  the  reaction?  of  both  supports. 

12.  A  horizontal  lever  AB  is  6  feet  long  and  is  pivoted  at  C  ;  AC  is  4  inches. 
If  a  load  of  400  Ib.  weight  is  suspended  at  A,  find  the  position  and  magnitude 
of  the  weight  which  must  bo  applied  to  the  lever  in  order  that  the  reaction 
of  the  support  shall  be  a  minimum,     fttate  the  minimum  value  of  the 
reaction.     Neglect  the  weight  of  the  lever. 

13.  A  plank  AB,  10  feet  long,  is  hinged  at  a  point  6  feet  from  a  vertical 
wall  and  its  upper  end  B  rests  against  the  wall.     Assume  that  both  hinge 
and  wall  are  smooth.    Find  the  reactions  of  the  wall  and  hinge  if  loads  of 
40,  GO  and  100  Ib.  weight  are  hung  from  points  in  the  plank  at  distances 
of  2,  6  and  8  feet  respectively  from  A.     Neglect  the  weight  ol  the  plank. 

14.  A  bent  lever  ACB  is  pivoted  at  C  ;  the  arms  AC  and  BC  meet  at  120°  ; 
AC  ~  18  inches,  BC  =  10  inches,  and  is  horizontal.     If  a  load  of  150  Ib.  weight 
be  hung  from  B,  find,  by  taking  moments  about  C,  what  horizontal  force 
must  be  applied  at  A.     Find  also  the  reaction  of  the  pivot  at  C 

15.  A  beam  AB,  40  feet  long,  is  supported  at  A  and  at  a  point  10  feet 
from  B.     Loads  of  4,  8,  6  and  10  tons  weight  are  applied  respectively  at 
points  8,  20,  30  and  40  feet  from  A.     Neglect  the  weight  of  the  beam  and 
find  the  reactions  of  the  supports. 

16.  A  plank  12  feet  long  spans  an  opening  between  two  walls.     A  man 
weighing  150  Ib.  crosses  the  plank.     Find  the  reactions  of  the  supports 
of  the  plank  when  the  man  is  at  distances  of  2,  4,  6.  8,  10  feet  from  one 
end.     Neglect   the   weight   of  the   plank.     Plot   a   graph  showing   these 
distances  as   abscissae,  and  the  reactions  of  the  left-hand  support  as 
ordinates. 

17.  In  Question  16,  two  men  A,  B,  cross  the  plank  from  right  to  left, 
B  keeping  at  a  distance  of  4  feet  behind  A.     Each  man  weighs  150  Ib. 
Find  the  reactions  of  the  left-hand  support  when  A  is  at  the  following 
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distances  in  feet  from  it :  12,  10,  8,  6,  4,  2,  0.  Neglect  the  weight  of  the 
plank.  Plot  a  graph  showing  the  reactions  of  the  left-hand  support  as 
ordinates,  and  the  distances  of  A  from  this  support  as  abscissae. 

18.  The  seats  in  a  rowing  boat  are  3  feet  apart.     The  steersman  weighs 
110  Ib.     Starting  with  bow,  the  weights  in  Ib.  of  the  four  oarsmen  are  as 
follows :    162,  155,  149,  166.    Find  the  resultant  weight  in  magnitude 
and  position. 

19.  Give  the  conditions  of  equilibrium  of  a  body  under  parallel  forces. 
A  thin  rod  of  negligible  weight  rests  horizontally  on  the  hooks  of  two  spring 
balances  suspended  10  inches  apart.    Two  bodies  of  weight  2  Ib.  and  3  Ib. 
respectively  are  hung  from  the  rod,  always  at  a  distance  of  20  inches  apart 
from  each  other.     How  will  you  suspend  these  weights  so  that  each  spring 
balance  shows  the  same  reading  ?  (Calcutta.) 


CHAPTER   IX 


CENTRE  OF  PARALLEL  FORCES.     CENTRE  OF  GRAVITY 

Centre  of  parallel  forces — In  Fig.  117,  AB  is  a  rod  having  forces 
P  and  Q  applied  at  the  ends  in  lines  making  90°  with  the  rod.  The 
resultant  R  of  P  and  Q,  divides  the  rods  into  segments  given  by 

P-.Q-BC    AC  (p.  98) (1) 

Without  altering  the  magnitudes  of  P  and  Q,  let  their  lines  be 
kept  parallel  and  rotated  into  new  positions  P'  arid  Q'  Through  C 

draw  DCE  perpendicular  to  P'  and  Q'. 
The  resultant  R'  of  P'  and  Q'  divides 
DE  into  segments  inversely  propor- 
tional to  P'  and  Q'  It  is  evident 
that  the  triangles  ACD  and  BCE  are 
similar ;  hence 

EC:DC--BC:AC  =  P:Q 
from    (1).      It     therefore     follows 
that    R'   passes   through   the  same 
This  point  is  called  the  centre  of  the  parallel  forces  P 
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Fiu.  117  —Centre  of  parallel  forces. 


point  C. 
andQ. 

If  several  parallel  forces  act  on  the  rod,  it  may  be  shown  easily 
that  their  resultant  always  passes  through  the  same  point  so  long 
as  the  forces  remain  unaltered  in  magnitude. 

Centre  of  gravity.— Every  particle  in  a  body  possesses  weight; 
hence  the  gravitational  effort  exerted  on  any  body  consists  of  a 
large  number  of  forces  directed  towards  the  centre  of  the  earth. 
These  forces  are  sensibly  parallel  in  the  case  of  any  body  of  moderate 
size.  It  is  not  possible  to  alter  the  directions  of  the  forces  of  gravi- 
tation to  any  appreciable  extent,  but  a  similar  effect  maybe  obtained 
by  inclining  the  body.  The  weights  of  all  the  particles  still  act  in 
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(a) 

FIG.  118.  —Centre  of  «i. 


vertical  lines,  but  their  directions  will  be  altered  in  relation  to  any 

fixed  line  AB  in  the  body  (Fig.  118  (a)  and  (6)). 
Let  W  be  the  resultant  weight  of  the  body,  and  let  its  line  of 

action  be  marked  at  CD  on  the  body  in  Fig.  118  (a),  and  to  be  marked 

again  as  EF  in  Fig.  118  (6).    CD  and 

EF  intersect  at  G,  and  it  is  clear 
from  what  has  been  said  that  W 
will  pass  through  G  whatever  may 
be  the  position  of  the  body.  G  is 
the  centre  of  the  weights  of  the 
particles  composing  the  body,  and 
is  called  the  centre  of  gravity. 

In  taking  momenta  of  the  forces 
acting  on  a  body,  the  simplest  way 
of  dealing  with  the  total  weight  of  the  body  is  to  imagine  it  to 
be  applied  as  a  vertical  force  concentrated  at  the  centre  of  gravity 
of  the  body.  The  centre  of  gravity  of  a  body  may  be  defined  as 
tbat  point  at  which  the  total  weight  of  the  body  may  be  imagined  to  be 
concentrated  without  thereby  altering  the  gravitational  effect  on  the  body. 

EXAMPLE. — A  uniform  beam  AB  weighs  1  -5  tons,  and  has  its  centre  of 
gravity  at  the  middle  of  its  length.     The  beam  is  16  feet  long,  and  is 

supported  at  the  end  A  and  at  a 
point  C  4  feet 'from  the  end  B 
(Fig.  1 19).  Loads  of  2  and  3  tons 
weight  are  applied  at  ')  feet  from 
A  arid  at  B  respectively.  Find  the 
reactions  of  the  supports. 

The  centre  of  gravity  G  is  at  a 
distance  of  8  feet  from  A  ;  apply  the  weight  of  the  beam,  1-5  tons  weight, 
at  G,  and  take  moments  about  C  in  order  to  find  P. 
(Px  12) +(3x4)  =(2x9) +(1-5x4). 
18+6-12    12 
12 


2  tons 


3  tona 


P, 


\1-5  tons 

12' 

FIG.  110. 


B 


Q 


p ^ 


12 

=  1  ton  weight. 
To  find  Q  take  moments  about  A." 

Qxl2  =  (3xl8)  +(1-5x8) +(2x3). 

48  +  12-t6_66 
QJ_       12  12 

=5  f5  tons  weight. 

Check :—  P+Q^=It5'5-0-o  tons  weight    - 

= total  load  on  the  beam. 
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Some  simple  cases  of  centre  of  gravity.  —  The  position  of  the  centre 
of  gravity  in  certain  simple  cases  may  be  located  by  inspection, 
Thus,  for  a  slender  straight  rod  or  wire  of  uniform  cross  section, 
the  centre  of  gravity  G  lies  at  the  middle  of  the  length.  In  a  thin 
uniform  square  or  rectangular  plate,  G  lies  at  the  intersection  of  the 
diagonals  ;  a  thin  uniform  circular  plate  has  G  at  its  geometrical 
centre. 

A  parallelogram  made  of  a  thin  uniform  sheet  may  be  imagined 
to  be  built  up  of  thin  uniform  rods  arranged  parallel  to  AB  (Fig.  J20)  ; 

the  centre  of  gravity  of  each  rod  lies  at 
the  middle  of  lengtli  of  the  rod,  hence 
all  their  centres  of  gravity  lie  in  HK, 
which  bisects  AB  and  CD.  The  centre 
of  gravity  of  the  parallelogram  there- 
fore lies  in  HK.  Similarly,  the  plate 
may  be  imagined  to  be  constructed  of 

FIG.  120  ^^^v^Ky  of  a    thin  rods  lying  parallel  to  AD,  and  the 

centres  of  gravity  of  all  these  rods,  and 
therefore  the  centre  of  gravity  of  the  parallelogram,  will  lie  in  EF, 
which  bisects  AD  and  BC.  Hence  G  lies  at  the  point  of  intersection 
of  HK  and  EF;  it  is  evident  that  the  , 

diagonals  AC  and  BD  intersect  at  G. 

A  thin  triangular  plate  may  be  treated 
in  a  similar  manner  (Fig.  121).  First 
take  strips  parallel  to  AB,  when  it  is  clear 
that  the  centre  cf  gravity  of  the  plate  lies 
in  CE,  which  bisects  AB  and  also  bisects 
all  the  strips  parallel  to  AB.  Then  take 
strips  parallel  to  BC  ,  AD  bisects  BCand 
also  all  the  strips  parallel  to  BO,  and  there- 
fore contains  the  centre  of  gravity.  Hence  FIG.  121.—  centre  of  gravity  of  a 
G  lies  at  the  intersection  of  CE  and  AD.  triangle. 

Let  DE  be  joined  in  Fig.  121,  then  the  triangles  BED  and  BAC  are 
similar,  since  DE  is  parallel  to  AC.  Therefore  DE  =  |AC.  Also  the 
triangles  DEG  and  ACG  are  similar  ;  hence 


_ 

AG  ""  AC  ~  "AC 


We  have  therefore  the  rule  that  the  centre  of  gravity  of  a  thin 
triangular  sheet  lies  on  the  line  drawn  from  the  centre  of  a  side  to 
the  opposite  corner,  and  one-third  of  its  length  from  the  side. 

Any  uniform  prismatic  bar  has  its  centre  of  gravity  in  its  axis 
at  the  middle  of  its  length.  The  centre  of  gravity  of  a  uniform 
sphere  lies  at  its  geometrical  centre.  A  solid  cone  or  pyramid  has 
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the  centre  of  gravity  on  the  line  joining  the  centre  of  the  base  to  the 
apex,  and  one-quarter  of  its  length  from  the  base.  A  cone  or  pyramid 
open  at  the  base,  and  made  of  a  thin  sheet  bent  to  shape,  has  its  centre 
of  gravity  on  the  line  joining  the  centre  of  the  base  to  the  apex,  and 
one-third  of  its  length  from  the  base. 

Method  of  calculating  the  position  of  the  centre  of  gravity.  The 
problem  of  finding  a  line  which  contains  the  centre  of  gravity  of  a 
body  is  identical  with  that  of  finding 
the  line  of  action  of  the  resultant 
weight  of  the  body,  having  been  given 
the  weights  of  the  separate  particles  of 
which  the  body  is  composed. 

Fig.  122  shows  a  thin  uniform  sheet 
in  the  plane  of  the  paper ;  OX  and  OY 
are    horizontal    and    vertical    axes    of      u 
reference.     Let  xl9  yl  be  the  coordinates    Fl° 
of  a  particle  at  P  ;  let  the  weight  of 
the  particle  be  wt ,  and  describe  similarly  all  the  other  particles  of 
the  body.     Then 

Resultant  weight  of  the  body  =  W  =  wv  +  w2  +  w%  +  etc. 


— Centre   of  gravity  of  a 

sheet. 


a) 

Take  moments   about  O,   and  let  x  be   the  horizontal  distance 
betweeri  the  line  of  W  and  OY  ;  then 


wixi +  Wzx2  +  w3x3  +  etc. 
2wx 
W  


•(2) 


Now  turn  the  figure  until  OX  becomes  vertical,  and  again  take 
moments  about  O  ;  let  the  distance  between  the  line  of  W  and 
OX  be  y,  then  w~  =  ^  +  w^  +  w^  +  etc< 


•(3) 


W 


Draw  a  line  parallel  to  OX  and  at  a  distance  y  from  it ;  dra^w 
another  line  parallel  to  OY  and  at  a  distance  x  from  it ;  the  centre 
of  gravity  G  lies  at  the  intersection  of  these  lines, 
*  Generally  the  sheet  under  consideration  may  be  cut  into  portions 
for  each  of  which  the  weights  wl9  w&  iv&  etc., -may  be  calculated, 
and  the  coordinates  of  the  centres  of  gravity  (x^),  (#2^2)*  e*c»> 
be  written  down  by  inspection. 
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EXAMPLE  1. — Find  the  centre  of  gravity  of  the  thin  uniform  plate 
shown  in  Fjg.  123. 

Take  axes  OX  and  OY  as  shown  and  let  the  weight  of  the  plate  per  square 
inch  of  surface  be  w.  For  convenience  of  calculation  the  plate  is  divided 
into  three  rectangles  as  shown,  tho  respective  centres  of  gravity  being 
Gp  G->  and  G3.  Taking  moments  about  OY,  we  have 

w {(6  x  1)  +  (8  x  1)  +(3  x  1)}  c  =  w(6  x  1  x  3)  4  w(S  x  I  x  J)  +  w(3  x  1  x  I J), 

x  =  - .  _f>  =  1-56  inches. 

Again,  taking  moments  about  OX,  we  have 

lly  -  (6  x  1  x  9i)  +  (8  x  1  x  5)  +  (3  x  1  x  J), 

'-     08  5     r  Q       , 
y=--}     —  5  8  inches. 


.4. 


•G, 


1  68' 


CO 

»o 


•6 


FIG.  123. 


FIO.  124. 


EXAMPLE  2. — A  circular  plate  (Fig.  124)  12  inches  diameter  has  a  hole 
3  inches  diameter.  The  distance  between  the  centre  A  of  the  plate  and 
the  centre  B  of  the  hole  is  2  inches.  Find  the  centre  of  gravity. 

Take  AB  produced  as  OX,  and  take  OY  tangential  to  the  circumference 
of  the  plate.  It  is  evident  that  G  lies  in  OX.  Taking  moments  about 
OY,  wo  may  say  that  the  moment  of  the  plate  as  made  is  equal  to  that  of 
tho  complete  disc  diminished  by  the  moment  of  the  material  removed  in 
cutting  out  the  hole.  Let  w  be  the  weight  per  square  inch  of  surface,  D  the 
diameter  of  the  plate,  and  d  that  of  the  hole.  Then 

Weight  of  tho  complete  disc  =  w  ?-*  - 
Weight  of  the  piece  cut  out  =w—.- • 
Weight  of  tho  plate  as  made  =10  (~  -  ^  =^  (D*  -  d*). 
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Take  moments  about  OY,  and  let  OG  =.r, 

~(D«-d«)i 
4 


864 


756 


EXAMPLE  3.  —  A  notice  board  3  feet  broad  by  2  feet  high,  made  of 
timber  1  inch  thick,  is  nailed  to  a  post  7  feet  high,  made  of  the  same  kind 
of  timber,  3  inches  by  3  inches  (Fig.  125). 
Find  the  centre  of  gravity. 

The  volumes  of  the  post  and  board  arc 
proportional  to  the  weights,  and  may  be 
used  instead  of  the  weights. 

The  weight  of  the  board  is  proportional 
to  (36x24x1)  -864. 

The  weight  of  the  post  is  proportional 
to  (84x3x3)^756. 

The  total  weight  is  proportional  to 

(864  f  756)  -1620. 

The  vertical  plane  of  which  AB  is  the 
trace  (Fig.    125)  contains  the   centres   of 
gravity  of  both   board  and  post,  and  'therefore  contains  the  centre  of 
gravity  of  the  whole. 

Take-  moments  about  O. 

1620^  -  (864  x  3  5)  +  (756  x  1  -5) 


Also, 


FIG  125. 


1620;/  =(864  x  72)  +  (756  x  42). 

-_  62  208  4  31  752 
y~~    '    1620  ' 


-58  inches. 


Hence  the  centre  of  gravity  lies  in  the  vertical  plane  AB,  at  a  height  of 
58  inches  and  at  2-566  inches  from  the  back  of 
the  post. 

EXAMPLE  4. — Bodies  having  weights  of  wl9  w2> 
w9,  w4  are  placed  in  order  at  the  corners  A,  B,  C, 
D  of  a  square  (Fig.  126).    Find  the  centre  of  gravity. 
First  find  the  centre  of  gravity  G!  of  wt  and  w* ; 
G!  falls  in  AB  and  divides  AB  ill  the  proportion 
~^U  AGi_w<t 

FIG.  126.  BG!™^' 
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In  the  same  way,  the  centre  of  gravity  of  w$  and  w4  falls  in  CD,  and 
divides  CD  in  the  proportion 

CG2^w>4 
DG2    w3 

The  centre  of  gravity  of  the  whole  system  lies  in  G^. 

The  centre  of  gravity  G3  of  wz  and  w3  divides  BC  in  the  proportion 

BG3_^a 
CG3  ~w2 

Also  the  centre  of  gravity  of  w±  and  u>4  divides  AD  in  the  proportion 

AG4  _w4 
~' 


The  centre  of  gravity  G  of  the  whole  system  lies  m  G3G4.  Therefore  G 
lies  at  the  intersection  of  G^  and  G3G4.  The  completion  of  the  problem 
may  be  carried  out  on  a  drawing  made  carefully  to  scale. 

EXAMPLE  5.  —  Equal  weights  wl9  wz  and  w3  are  placed  at  the  corners 

of  any  triangle  ABC  (Fig.  127).     Find  the 
centre  of  gravity. 

The  centre  of  gravity  G!  of  u\  and  w2 
bisects  AB,  and  the  centre  of  gravity  of  the 
system  lies  in  CGi.  Also  the  centre  of 
gravity  G2  of  w2  and  wz  bisects  BC,  and  the 
centre  of  gravity  G  of  the  system  lies  in 
AG2.  Hence  G  is  at  the  intersection  of  two 
lines  drawn  from  the  centres  of  two  sides 
to  the  opposite  corners  of  the  triangle, 
and  therefore  coincides  with  the  centre  of 

gravity  of  a  thin  sheet  having  the  same  shape  as  the  tuangle. 

EXAMPLE  6.  —  In  Fig.  128(  (a),  ABCD  is  a  thin  sheet  ;   AB  is  parallel  to 

CD.     Find  the  centre  of  gravity.     (This  is  a  case  which  occurs  often  in 

practice.) 
Imagine  the  sheet  to  be          A      E      B  A/ 

divided    into    narrow   strips  '        "        l 

parallel  to  AB.    The  centre  of 

gravity  of  each  strip  will  lie 

in  EF,  a  straight  line  which 

bisects  both  AB  and  CD,  and 

therefore  bisects  each   strip. 

Join  DE  and  CE,  thus  dividing 

the  sheet  into  three  triangles 

ADE,  BCE  and  DEC.     Since  these  triangles  are  all  of  the  same  height,  their 

areas  and  hence  their  weights  are  proportional  to  their  bases  ;  thus 

Weight  of  A  ADE  :  weight  of  A  BCE  :  weight  of  A  DEC  =-  JAB  •  JAB  :  DC. 


(a)  ~  (A)          " 

FIG  128  — A  frequent  case  of  centre  of  gravity 
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Making  use  of  the  proposition  discussed  in  Example  5  above,  the  weight 
of  each  triangle  may  be  divided  into  three  equal  parts  and  one  part  placed 
at  each  corner  of  the  triangle  without  altering  the  position  of  the  centre  of 
gravity  of  the  triangle.  The  equivalent  system  of  weights  will  be  as 
follows  (Fig.  128  (b)  ) 

AtA,JAB;  atB,  JAB;  at  E,  (JAB  +  ADC)  ;  atC,  (JAB-f  JDC)  ; 


The  centre  of  gravity  of  the  weights  at  A,  E  and  B  lies  at  E,  and  the 
resultant  of  these  weights  is  (JAB  +  JAB  +  \  DC)  -  j{AB+JDC.  The  centre 
of  gravity  of  the  weights  at  C  and  D  is  at  F,  and  the  resultant  of  these 
weights  is  (j-AB  +  ljDC).  The  centre  of  gravity  G  of  the  whole  system 
divides  EF  in  the  proportion 


2AB+DC 


,.(1) 


The  following  graphical 
method  (Fig.  129)  is  useful 
in  this  case :  Draw  EF  as 
before ;  produce  AB  and  CD 
to  H  and  K  respectively, 
making  BH  -CD,  and  DK^AB. 
Join  HK  cutting  EF  in  O. 
The  triangles  EOH  and  FOK 
are  similar,  hence  FO 


FK 
'EH  = 


DK  +  FD 
EB+BH 

PC 


2AB  4  DC 
AB42DC' 


,.(2) 


As  this  result  is  identical  with  that  found  in  (1)  for  the  position  of  G,  it 
follows  that  O  and  G  coincide.  Hence  Fig.  129  provides  a  purely  graphical 
method  of  finding  the  centre-  of  gravity  of  the  sheet. 

States  of  equilibrium  of  a  body.— When  a  body  is  at  rest  under 
tbe  action  of  a  system  of  forces,  the  equilibrium  is  stable  or  unstable 
according  as  the  body  returns,  or  fails  to  return  to  its  original  position 
after  being  disturbed  slightly.  The  equilibrium  is  neutral  if  the 
-body  remains  at  rest  in  any  position.  When  a  body  is  at  rest  under 
the  action  of  gravity  and  given  supporting  forces,  the  state  of  equi- 
librium depends,  among  other  conditions,  upon  the  situation  of  the 
centre  of  gravity. 
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A  cone  may  assume  any  of  the  three  states  of  equilibrium.  In 
Pig.  130  (a)  the  cone  is  resting  with  its  base  on  a  horizontal  table  ; 
if  disturbed  slightly  (Fig.  130  (&)),  the  tendency  of  W,  acting  through 
the  centre  of  gravity  G,  and  the  reaction  R  of  the  table,  is  to  restore 


FIG  130  —Stable  and  unstable  equilibrium 

the  cone  to  its  original  position.  The  equilibrium  in  Fig.  130  (a) 
is  therefore  stable  In  Fig  130  (c)  the  cone  is  m  equilibrium  when 
resting  on  its  apex  ;  the  slightest  disturbance  (Fig.  130  (d))  will 
bring  W  and  R  into  parallel  lines,  arid  they  then  conspire  to  upset 
the  cone.  The  equilibrium- in  Fig.  130  (c)  is  therefore  unstable. 

In  Fig.  131  the  cone  is  lying  on  its  side 
on  the  horizontal  table  ;  in  this  case  it 
is  impossible  for  W  and  R  to  act  other- 
wise than  in  the  same  vertical  line,  no 
matter  how  the  cone  may  be  turned  while 
still  lying  on  its  side.  Hence  the  equili- 
brium is  neutral. 

A  sphere  resting  on  a  horizontal  table 
is  in  neutral  equilibrium,  provided  the 
centre  of  gravity  coincides  with  the 
geometrical  centre,  A  cylinder  resting 
w^h  its  curved  surface  on  a  horizontal 
table  is  in  neutral  equilibrium,  so  far  as 


FIG.  131— Neutral  equilibrium 


disturbance  by  rolling  is  concerned,  provided  the  centre  of  gravity 
lies  in  the  axis  of  the  cylinder. 

In  Fig.  132  (a)  a  rectangular  block  rests  on  a  horizontal  plank, 
one  end  of  which  can  be  raised.  The  vertical  through  G  falls  within 
the  surfaces  in  contact  a&,  and  the  equilibrium  is  stable  under  the 
action  of  W  and  the  reaction  R.  It  is  impossible  that  R  can  act 
outside  of  ab  ;  hence  stable  equilibrium  just  ceases  to  be  possible 
when  the  plank  is  inclined  to  such  an  angle  that  the  vertical  through 
G  passes  through  a  (Fig.  132  (b).  It  is  understood  that  means  are 
provided  at  a  to  prevent  slipping  of  the  block.  If  the  plank  be 
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inclined  at  a  steeper  angle  (Fig.  132  (c)),  R  and  W  conspire  to  upset 
the  block. 

It  will  be  noticed  that  when  a  body  is  in  a  position  of  stable  equi- 
librium,'a  disturbance  by  tilting  has  the  effect  of  raising  the  centre 


a 

r 

4w 

b 

(a) 

FIG.  132.— Stability  of  a  block  on  an  inclined  plane. 

of  gravity.  Further,  if  a  body  is  capable  of  moving  under  the  action 
of  gravitational  effort,  it  will  always  move  in  such  a  way  as  to  bring 
the  centre  of  gravity  into  a  lower  position.  A  position  of  stable 
equilibrium  will  be  attained  when  (as  in  a  pendulum)  the  centre  of 
gravity  has  reached  the  lowest  possible  position. 

In  Fig.  133  (a)  is  shown  a  sphej  j  having  its  geometrical  centre  at 
C  and  its  centre  of  gravity  at  G.  This  displacement  of  the  centre 
of  gravity  may  be  produced  either 
by  introducing  a  heavy  plug  into 
the  lower  hemisphere,  or  by  cutting 
a  slice  off  the  top  of  the  sphere. 
The  sphere  rests  on  a  horizontal 
table,  and  will  be  in  equilibrium 
when  C  and  G  are  both  in  the  same 
vertical.  The  reaction  R  and  the 
weight  W  are  then  in  the  same 
straight  line.  If  slightly  disturbed 
(Fig.  133  (b)),  R  and  W  conspire  to  restore  the  sphere  to  the  original 
position,  which  is  therefore  a  position  of  stable  equilibrium. 

Graphical  methods  for  finding  the  centre  of  gravity  of  a  thin  sheet*.— 
The  sheet  abed  (Fig.  134)  is  quadrilateral,  and  is  drawn  carefully  to 
scale.  Divide  the  sheet  into  two  triangles  by  joining  bd.  Bisect 
bd  in  e ;  join  ae  and  ce ;  make  ec^  =  \ae,  and  ecz  —  \ec ;  then  0,  and  c% 
are  the  centres  of  gravity  of  the  triangles  abd  and  cbd  respectively. 
Join  CjCa;  the  centre  of  gravity  of  the  sheet  lies  in  CjC2.  Again 


FIG  133  — Stability  of  a  loaded  sphere. 
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divide  the  sheet  by  joining  ac,  and  in  the  same  way  find  the  centres 
of  gravity  c3  and  c4  of  the  triangles  abc  and  ode.    The  centre  of 
gravity  G  then  lies  at  the  intersection  of  cfa 
and  c3c4. 

In  Fig.  135  (a)  the  sheet  has  a  curved 
outline.  Take  as  reference  axes  OX  touch- 
ing the  outline  at  its  lowest  point,  and  OY 
at  90°  to  OX.  Draw  AB  parallel  to  OX  and 
touching  the  outline  at  its  highest  point. 
Let  h  be  the  perpendicular  distance  between 
OX  and  AB.  CD  is  a  very  narrow  strip 
parallel  to  OX  and  at  a  distance  y  from  it, 
and  has  a  breadth  dy.  The  area  of  the 
strip  is  proportional  to  jts  weight  and  js  equal  to  CD  x  d//.  The 
moment  of  this  about  OX  is  CDxdyxy.  Draw  CE  and  DF  per- 
pendicular to  AB;  join  EO  and  FO  cutting  CD  m  H  and  K.  In  the 
similar  triangles  OHK  and  OEF,  we  have 
HK  :  EF  =  y:  h  ; 


FlQ    134  — Centre   of  Rravity 
by  construction. 


Multiply  each  side  by  dy,  giving 

HK  x  dy  x  h  =CD  x  dy  x  y. 


A    E 


(*) 


FlO   135  —Graphical  method  for  finding  the  centre  of  gravity  of  a  sheet 

This  equation  indicates  that  the  product  of  the  area  of  the  strip 
HK  and  h  is  equal  to  the  moment  of  the  strip  CD.  A  similar  result 
may  be  found  for  any  other  strip  ;  hence,  if  a  number  of  points, 
such  as  H  and  K,  be  found  and  a  curve  drawn  through  them,  the 
area  enclosed  by  this  curve  (shown  shaded  in  Fie.  135  (a)),  when 
multiplied  by  the  constant  A,  will  give  the  total  moment  of  all  the 
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strips  resembling  CD  into  which  the  sheet  may  be  divided.  Let  Ax 
and  A2  be  the  areas  of  the  given  sheet  and  the  shaded  curve  respec- 
tively (these  areas  can  be  found  by  means  of  a  planimeter),  and 
let  y  be  the  distance  of  the  centre  of  gravity  from  OX,  then 


or 


-     A2 
== 


Take  another  pair  of  axes,  OX  and  OY  (Fig.  135  (6)),  and  carry 
out  the  same  process,  thus  determining  the  distance  x  of  the  centre 
of  gravjty  from  OY.  The  coordinates  x  and  y  of  the  centre  of  gravity 
have  now  been  found. 

EXAMPLE. — Apply  the  above  method  to  find  the  centre  of  gravity  of  a 
thin  semicircular  sheet  (Fig.  136).  The  diameter  AB  is  5  inches. 

The  centre  of  gravity  of  the  sheet  lies  in  OC,  which  is  a  radius  drawn 
perpendicular  to  AB,  henco  y  alone  need  be  determined  by  the  graphical 
method,  which  is  shown  in  Fig. 
136.  c 

The  following  measurements 
were  obtained  by  means  of  a  plani- 
meter  : 

The  semicircular  area 
A!  =9-82  sq.  ins. 

Also,   A2=4-12  sq.  ins. 

•    ,-=-A-8A=-*12     o-r 
""   •'     A,     ~  9  82         °  FIG.  136 — Centre  of  gravity  of  a  semicircular 

sheet. 


It  is  known  that  the  centre  of  gravity  of  a  semicircular  sheet  lies  at  a 
distance  4r/3?r  from  AB  (Fig.  136).  Using  this  expression  in  order  to 
check  the  above  result,  we  obtain 

y  =  «— -—  =1*06  inches. 

Positions  of  equilibrium. — If  a  body  is  suspended  freely  from  a 
fixed  point,  the  position  in  which  it  will  hang  in  equilibrium  is  such 
that  the  centre  of  gravity  falls  in  the  vertical  passing  through  the 
fixed  point. 

EXAMPLE  l.—A  loaded  rod  AB  (Fig.  137)  is  suspended  by  means  of  two 
cords  from  a  fixed  point  C.  Find  its  position  of  equilibrium. 

The  centre  of  gravity,  G,  of  the  loaded  rod  is  first  found  by  application 
of  the  foregoing  methods.  Join  CG  and  produce  it.  The  weight  W  of 
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the  system  acts  m  CG  ;  hence  CG  is  vertical.  Draw  DE  perpendicular  to 
CG  and  turn  the  paper  round  until  DE  is  horizontal.  The  system  will  then 
be  in  its  position  of  equilibrium. 


FIG.  137.— A  loaded  rod. 


Fm  138  —Position  of  equilibrium  of  a 
loaded  body 


EXAMPLE  2.—  A  body  ABC  (Fig.  138  (rs)),  of  weight  W,  is  suspended 
freely  from  C,  and  AB  is  then  horizontal.  The  centre  of  gravity  G 
bisects  AB,  and  CG  is  at  90°  to  AB.  Find  the  angle  which  AB  makes 
with  the  horizontal  when  a  body  having  a  weight  w  is  attached  at  B 
(Fig.  138(6))! 

The  centre  of  gravity  G'  now  lies  in  GB,  and  divides  it  in  the  ratio 

GG'  __w 
BG'~W' 

GG'      _     w 
'  '  GG'  ~ 


GG'= 


wr 


GB 


Join  CG'  and  produce  it ;  draw  DE  at  90°  to  CG',  then  when  the  paper 
is  turned  so  that  DE  is  horizontal,  the  system  is  in  its  position  of  equi- 
librium. The  angle  which  AB  then  makes  with  the  horizontal  will  be 
equal  to  the  angle  GCG' ;  let  this  angle  be  6,  then 

?(from(l)) (2) 


From  this  result  we  see  that  if  CG  is  diminished  the  angle  0  becomes 
larger  ;  if  C  and  G  coincide,  CG  is  zero,  tan  9  is  then  infinity  and  the  system 
would  hang  in  equilibrium  with  CB  vertical. 
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EXPT.  21. — Centre  of  gravity  of  sheets.  The  centre  of  gravity  of  a  thin 
sheet  may  be  found  by  hanging  it  from  a  fixed  support 
by  means  of  a  cord  AB  (Fjg.  139)  ;  the  cord  extends 
downwards  and  has  a  small  weight  W,  thus  serving  as 
a  plumb-line.  Mark  the  direction  AC  on  the  sheet, 
and  then  repeat  the  operation  by  hanging  the  sheet 
from  D,  marking  the  new  vertical  DE.  G  will  be  the 
point  of  intersection  of  AC  and  DE.  Carry  out  this 
experiment  for  the  sheets  of  metal  or  millboard 
supplied. 

EXPT.  22. — Centre  of  gravity  of  a  solid  body.  Arrange 
the  body  so  that  it  is  supported  on  knife  edges  placed 
on  the  pans  of  balances  (Fig.  140).  Find  the  weights 
Wi  and  W_,  required  to  restore  the  balances  to  equi- 
librium ;  these  give  the  reactions  of  the  supports.  FIG.  139.—  Centre 
Measure  AB,  the  distance  between  the  knife-edges.  by^r^ntsheefc 
Let  G  bo  the  centre  of  gravity,  then 

AG     Wo 


where  W 


AG      _      W, 
"  AG+BG^NA^+W, 
W, 

•'•  AG=rw"      ' 

/i  +W2  is  the  weight  of  the  body. 
A 

W,  ~" 


5EE5 

1  1 

__B_ 

1 

FIG.  140 — Experimental  determination  of  the  centre  of  gravity  of  a  body. 

The  common  balance. — In  the  outline  drawing  given  in  Fig.  141, 
the  beam  AB  is  capable  of  turning  freely  about  a  knife-edge  at  C, 
and  its  centre  of  gravity  is  at  G.  Scale-pans  are  hung  from  knife- 
edges  at  A  and  B.  If  the  scale- 
pans  be  removed,  the  beam  will 
remain  at  rest  with  G  in  the 
vertical  passing  through  C.  AB 
intersects  CG  at  90°  at  D,  and  is 
therefore  horizontal.  For  th6 
Fio.  141.— Principle  of  the  common  balance,  balance  to  be  true,  AB  must 
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remain  horizontal  when  the  scale-pans  are  hung  from  the  beam,  and 
also  when  bodies  of  equal  weight  are  placed  m  the  pans.  These 
conditions  will  be  complied  with  if  AD  and  BD  are  equal,  and  if 
the  scale-pans  are  of  equal  weights. 

EXAMPLE. — The  beam  of  a  balance  is  shown  in  Fig.   142.    Unequal 

weights,  W*!  and  W2,  W2  bomg 
the  greater,  have  been  placed  in 
the  pans.  Determine  the  angle  a 
winch  AB  now  makes  with  the 
horizontal. 

Let  S  be  the  weight  of  each 
scale-pan,  W  the  weight  of  the 
beam  and  any  attachments  fixed 
rigidly  to  it.  Let  CD  -- a,  CG  ^ 6, 
and  AD  -DB-c.  It  is  evident 
that  CG  is  mHmed  at  a  to  the 

vertical.     Draw  AE,  BK,  GF  hori/ontally  to  meet  the  vertical  CK  ;  let  this 

vertical  cut  AB  in  L.     Take  moments  about  C,  giving 

(WA  f  S)AE  +  W  .  GF--(Wa  -i  S)BK, 

(W,  4  S)AL  .  cos  a  +W  .  CG  .  sin  a  -(W2  +S)BL  .  cos  a, 
(Wj  +S)(AD  +  DL)  cos  a  -f  W  .  6  .  sin  a  -  (W2  +  S)(BD  -  DL)  cos  a, 
(Wr  +  S)(c  f  a  tan  a)  cos  a  +  W  .  b  .  sin  a  -(W2  -f  S)(c  -  a  tan  a)  cos  a, 
(W!  -f  S)(c  -t  a  tan  a)  f  W?>  tan  a  =(W2  +  S)(c  -  a  tan  a), 
tan  «  =W2c  +  Sc  -Wxc     Sc, 


FIG  H.J  — Unequally  loaded  balance 


.  \  •  •  2  —  ¥yi/^ 

..   tan«=      .  w      2S^ 

The  magnitude  of  the  angle  a  for  a  given  difference  in  weights 
(W2  -  Wj)  may  be  taken  as  a  measure  of  the  sensitiveness  of  a  balance. 
The  factors  influencing  the  magnitude  of  a  are  given  in  the  formula 
found  above  for  tan  a  Increase  in  the  lengths  of  the  arms 
AD=DB=r-c  (Fig  142)  will  increase  a,  and  hence  will  increase  the 
sensitiveness  The  sensitiveness  is  diminished  by  increasing  the 
product  W6 ;  hence  the  weight  W  of  the  beam  should  be  reduced 
to  the  minimum  consistent  with  sufficient  rigidity  ;  greater  sen- 
sitiveness can  be  obtained  by  diminishing  CG  =  fe  (Fig.  1 12).  Dimin- 
ishing CD  — a  will  increase  the  sensitiveness,  and  in  many  laboratory 
balances  C  and  D  coincide.  If  G  also  coincides  with  D,  the  result 
will  be  a  loss  of  stability,  since  the  beam  would  then  be  capable  of 
resting  in  equilibrium  at  any  angle  to  the  horizontal.  In  a  sensitive 
balance,  G  falls  a  little  below  D,  and  C  may  coincide  with  D.  The 
sensitiveness  is  diminished  by  an  increase  in  (W^ -f  W2 -4- 2S)  ;  hence 
balances  intended  for  delicate  work  are  unsuitable  for  weighing 
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heavy  bodies,  and  the  scale-pans  of  delicate  balances  should  be 
light.  In  order  to  understand  how  these  principles  are  applied,  the 
student  should  examine  the  parts  of  a  delicate  balance. 

Truth  of  a  balance. — A  true  balance  having  equal  masses  in  the 
pans  will  vibrate  through  equal  angles  above  and  below  the  hori- 
zontal. The  truth  may  be  tested  by  placing  masses  in  the  pans 
until  this  condition  is  fulfilled  ;  the  masses  are  then  interchanged, 
when  equal  angles  will  again  be  observed  if  the  balance  is  true. 

Referring  to  Fig.  141,  let  the  arms  AD  and  BD  be  unequal,  and 
let  the  balance  be  so  constructed  that  AB  remains  horizontal,  or 
vibrates  through  equal  angles  above  and  below  the  horizontal  when 
the  scale-pans  are  empty.  Let  a  body  having  a  true  weight  W  be 
placed  in  the  left-hand  pan,  and  let  it  be  balanced  by  a  weight  P 
in  the  other  pan.  Now  place  W  in  the  right-hand  pan,  and  let  Q 
be  the  weight  required  in  order  to  equilibrate.  Take  moments  in 
each  case  about  C  (Fig.  141). 

W  x  AD-PxBD (1) 

WxBD=QxAD (2) 

Taking  products,  we  have 

W2  x  AD  x  BD  =  P  x  Q  x  BD  x  AD  ; 

/.  W=VPQ. (3) 

Thus  the  true  weight  is  the  geometrical  mean  of  the  false  weights 
P  and  Q.  Had  the  arithmetical  mean  J(P  +  Q)  been  £aken  as  the 
true  weight,  the  result  would  be  greater  than  W. 

EXERCISES  ON  CHAPTER  IX. 

1.  A  uniform  beam,  12  feet  long,  weighs  500  lb.,  and  carries  a  load  of 
6000  lb.  distributed  uniformly  along  its  left-hand  half.     If  the  beam  is 
supported  at  its  ends,  find  the  reactions  of  the  supports. 

2.  The  jib  of  a  derrick  crane  (p.  89)  is  30  feet  long  and  weighs  800  lb. ; 
the  centre  of  gravity  is  12  feet  from  the  lower  end.    The  post  and  tie  of 
the  crane  measure  16  feet  and  20  feet  respectively.    Find  the  pull  m  the 
tie  necessary  to  support  the  jib. 

3.  A  ladder  AB,  20  feet  long,  weighs  90  lb.,  and  its  centre  of  gravity 
is  8  feet  from  A.     The  ladder  is  carried  in  a  horizontal  position  by  two 
men,  one  being  at  A.     A  bag  of  tools  weighing  60  lb.  is  slung  at  a  point 
12  feet  from  A.     Find  where  the  second  man  must  be  situated  if  the  men 
share  the  total  load  equally  between  them. 

4.  A  plate  of  iron  of  uniform  thickness  is  cut  to  the  shape  of  a  triangle 
having  sides  AB=2  feet,  BC-3  feet,  CA=4  feet.     If  the  plate  weighs 
50  lb.  and  lies  on  a  horizontal  floor,  find  what  vertical  force,  applied  at 
one  corner,  will  just  lift  that  corner. 
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5.  A  thin  plate  is  cut  to  the  shape  shown  m  Fig.  143.     Find  its  centre 
of  gravity. 

6.  Draw  full  size  a  quadrilateral  ABCD  ; 
AB  =4  inches,       BC  =  2|  inches, 
CD  =  3J  inches,     DA  —  3 J  inches ; 
diagonal  AC=4J  inches.    The  figure  represents  a 
thin  plate  ;  find  its  centre  of  gravity.     If  the  plate 
weighs  2  lb.  and  lies  on  a  table,  what  vertical  force 
would  just  lift  the  corner  D  ? 

|  7.  A  thin  plate  is  cut  to  the  shape  of  an  equilateral 

~"~X  triangle  of  18  inches  side.  From  one  corner  is  cut 
oil  an  equilateral  triangle  ot  6  inches  side.  Find 
the  centre  of  gravity  of  the  remainder  of  the  plate. 

8.  A  thin  circular  plate  20  inches  diameter  has 
two  radii  drawn  on  it  meeting  at  90°.  A  circular  hole  6  inches  diameter 
has  its  centre  on  one  radius  at  a  distance  ot  3  inches  from  the  edge  of  the 
plate ;  another  circular  hole  4  inches  diameter  has  its  centre  oil  the  other 
radius  at  a  distance  of  2  inches  from  tho  edge  of  the  plate.  Find  the 
centre  of  gravity  of  the  plate  after  the  holes  have  been  cut. 

9.  A  rectangular  iron  plate  (Fig.  144)  measures  14  inches  by  8  inches  by 
l\  inches  thick.    A  hole  2  inches  diameter  is  bored  through  the  plate, 
its  centre  being  5  inches  from  one  edge  and 

2  inches  from  tho  adjacent  edge  of  the  plate. 
An  iron  rod  2  inches  diameter  and  20  inches 
long  is  pushed  into  the  hole,  its  end  being 
flush  with  tho  face  of  the  plate.  Find  the 
centre  of  gravity  of  the  arrangement. 

10.  A  planlc  of  uniform  cross  section  weighs 
400  lb.  and  is  12  feet  long.     It  is  supported 

at  ono.end  and  at  a  point  3  feet  from  the  other  end.  Find  the  reactions 
of  tho  supports.  Find  also  tho  greatest  load  which  can  be  placed  at  the 
end  which  overhangs  without  tilting  the  plank  ;  when  this  load  is  applied, 
what  are  the  reactions  of  the  supports  ? 

11.  A  rectangular  block  of  stone  stands  on  one  end  on  a  horizontal 
surface.     The  block  measures  4  feet  high,  2  feet  broad  arid  2  feet  thick. 
If  stone  weighs  150  lb.  per  cubic  foot,  find  what  horizontal  force,  applied 

at  tho  top  of  the  block  at  the  centre  of  one  edge,  will 
just  produce  tilting.     Slipping  is  prevented. 

12.  The  block  given  in  Question  11  rests  on  one  end 
on  a  stiff  plank,  one  end  of  which  can  bo  raised ;  two 
edges  of  this  end  are  parallel  to  the  long  edges  of  the 
plank,   and  provision   is   made  to  prevent  slipping. 
What  angle  will  the  plank  make  with  the  horizontal 
when  the  block  is  on  the  point  of  overturning  ? 

13.  ABCD   is   the  cross  section  of  a  wall  40  feet 
long    (Fig.    145).     AB-4   feet    and    is    horizontal; 

BC=15  feet  and  is  vertical;  CD  ^9  feet  and  is  horizontal.  Find  the 
centre  of  gravity  of  the  wall.  If  tho  masonry  weighs  150  lb.  per  cubic 
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foot,  find  what  horizontal  force  P,  applied  at  a  height  CE  -  5  feet  above 
C,  will  just  overturn  the  wall. 

14.  A  solid  uniform  hemisphere  rests  with  its  curved  surface  in  contact 
with  a  horizontal  table.     Show  that  the  equilibrium  i*  stable. 

15.  In  Fig.  146,  A  is  a  semicylindrieal  body  resting  on  a  horizontal  table. 
The  top  face  of  A  is  rectangular,  10  inches  long  in  the  direction  perpen- 
dicular  to   the  paper,  and  4  inches   in   the  direction 

parallel  to  the  plane  of  the  paper.  B  is  a  cylindrical 
rod  made  of  the  same  kind  of  material  as  A,  2  inches 
diameter,  and  fixed  perpendicularly  to  the  centre  of 
the  top  face  of  A.  Find  the  height  of  B  so  that  the 
equilibrium  of  the  whole  shall  be  neutral.  (The  centre 
of  gravity  of  A  is  at  a  distance  4r/37r  below  the  top 
face. ) 

>"'   's'/// 'f'/'//s  '/' 

16.  Draw   an    isosceles    triangle,    sides    AB    and   AC  VlQ  146 
4  inches  long,  base  BC  3  inches  long.     "Bodies  weighing 

4,  6  arid  8  Ib.  are  fastened  at  A,  B  and  C  respectively.  The  triangle  is 
ihade  of  a  thin  sheet  weighing  1  Ib.  If  the  arrangement  is  suspended 
by  a  cord  attached  to  the  centre  of  AB,  find  and  show  in  the  drawing  the 
position  it  will  assume. 

17.  Find  graphically  the   centre  of  gravity  of  the  sheet  shown   in 

Fig.  147.  AB  is  a  chord  drawn  at  a  distance  of  1  inch 
from  the  centre  of  the  circular  portion,  and  the  radius 
of  the  circular  portion  is  3  mches. 

18.  A  body  is  placed  first  in  one  pan  and  then  in  the 
other  pan  of  a  false  balance.     When  in  the  first  pan, 
it   is   balanced    by   weights  amounting   to  0-562   Ib. 
FIG.  147.  placed  in  the   other  pan  ;    in   the    sec»nd    operation, 

the  weights  amount  to  0  557  Ib.  What  is  the  true 
weight  of  the  body  ?  Assume  that  the  balance  beam  swings  correctly 
when  both  pans  are  empty.  What  is  the  error  made  by  taking  the  arith- 
metical mean  of  the  readings  as  the  true  weight  ? 

19.  A  uniform  lever  weighing  85  grams  rests  on  a  knife-edge  at  a  point 
7-3  cm.  from  its  centre,  and  carries  upon  its  longer  end  a  weight  of  105 
grams,  distant  23  3  cm.  from   the    support,  and  a  weight  of  113  grams 
18-4  cm.  from  the  support.     What  weight  must  be  carried  on  the  shorter 
end  at  a  point  21  7  cm,  from  the  support  in  order  that  the  lever  shall  bo 
in  equilibrium  ?  -  Adelaide  University. 

20.  Prove  that  if  a  passenger  of  weight  W  advances  a  distance  a  along 
the  top  of  a  motor-bus,  a  weight  Wa/b  is  transferred  from  the  back  springs 
to  the  front  springs,  where  b  is  the  distance  between  the  axles.         L.U. 

21.  A  uniform  bar  AB,  18  inches  long,  has  a  string  AC,  7  5  inches  long, 
attached  at  A,  and  another  string  BC,  19-5  inches  long,  attached  at  B.    Both 
strings  are  attached  to  a  peg  C,  and  the  rod  hangs  freely.     Find  graphically 
the  angle  which  the  rod  makes  with  the  horizontal. 

22.  The  centre  of  gravity  of  a  uniform  semicircular  sheet  is  at  a  distance 
of  4r/3;r  from  the  diametrical  edge,  r  being  the  radius  of  the  semicircle. 
Deduce  from  this  information  the  position  of  the  centre  of  gravity  of  a 
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uniform  sheet  in  the  shape  of  a  quadrant  of  a  circle.     Explain  clearly  the 
method  of  deduction.  L.  U. 

23.  ABC  is  a  horizontal  lever  pivoted  at  its  middle  point  B,  and  carrying 
a  scale-pan  of  weight  W0  at  C  ;  AD  is  a  light  bar  pivoted  at  A  to  the  lever 
and  at  D,  vertically  above  A,  to  a  horizontal  bar  FDE,  which  is  freely 
movable  about  its  end  F,  which  is  fixed.     The  weight  of  this  bar  is  Wt, 
and  its  centre  of  gravity  is  at  a  distance  d  from  F  and  FD  ~c.    Show  how 
to  graduate  this  bar  with  a  movable  weight  w  for  varying  weights  W 
placed  in  the  scale-pan  at  C.     If  inch-graduations  correspond  to  Ib.  wts. 
and  w>  =  }  Ib.,  find  the  value  of  c.     In  this  case  find  the  relation  between 
W0  and  WL  when  d  - 1  inch  and  the  zero  mark  is  1  inch  from  F.        L.U. 

24.  Explain  the  meaning  of  the  centre  of  a  system  of  parallel  forces, 
and  show  how  to  find  it. 

Weights  of  1,  3,  4,  10  Ib.  respectively  are  placed  at  the  corners  of  a  square. 
Find  the  distance  of  their  centre  of  gravity  from  each  side  of  the  square. 

Tasmania  University. 

25.  The  axial  distance  between  the  wheels  of  a  vehicle  is  5  feet.     The 
vehicle  is  loaded  symmetrically,  and  the  centre  of  gravity  is  at  a  height 
of  6  feet  above  the  ground.     Find  the  maximum  angle  with  the  vertical 
to  which  the  vehicle  may  bo  tilted  sideways  without  upsetting. 

26.  To  determine  the  height  of  the  centre  of  gravity  of  a  locomotive, 
it  is  placed  on  rails,  one  of  which  is  5  inches  above  the  other ;  and  it  is 
then  found  that   the    vertical   forces  on  the  upper    and  lower    rails  are 
respectively  23  and  37  tons.     Calculate  the  height  of  the  centre  of  gravity 
if  the  distance  between  the  rails  is  5  feet.  Sen.  Cam.  Loc. 

27.  Prove  that  the  sensibility  of  a  balance  is  proportional  to  the  length 
of  the  arm  of  the  beam,  and  inversely  proportional  to  the  weight  of  the 
beam,  and  also  inversely  proportional  to  the  distance  between  the  centre 
of  gravity  of  tfie  beam  and  the  central  knife-edge. 


CHAPTER  X 


COUPLES.    SYSTEMS  OF  UNIPLANAK  FORCES 

Moment  of  a  couple.—In  Fig.  148,  Pl  and  P2  are  equal  parallel 
forces  of  opposite  sense  and  therefore  form  a  couple  (p.  99).  By 
taking  moments  successively  about  points  A,  B,  C  and  D,  it  may  be 

shown  that  the  couple  has  the  same 
moment  about  any  point  in  its  plane. 
Thus: 

Taking  moments  about  A  : 
Moment  of  the  couple 
=  (PixO)-(P2x<2)=-P2rf,....(l) 

the  negative  sign  indicating  an  anti- 
clockwise moment. 

Taking  moments  about  B  : 
Moment  of  the  couple 


-P2(d  -a)  =  -P2d (3) 


Fia.  148  — A  couple  has  the  same 
moment  about  any  point  in  its 
plane. 

Taking  moments  about  C  : 

Moment  of  the  couple  =  -(Pl : 
Taking  moments  about  D  : 

Moment  of  the  couple  =  (P2  x 6)  -P1((?  +  6)=  -P^A (4) 

As  Pj  and  P2  are  equal,  these  four  results  are  identical,  thus  proving 
the  proposition.  The  perpendicular  distance  d  between  the  forces 
is  called  the  arm  of  the  couple. 

Equilibrant  of  a  couple. — A  couple  may  be  balanced  by  another  couple 
of  equal  and  opposite  moment  applied  (a)  in  the  same  plane,  or  (b)  in  a 
parallel  plane. 

(a)  Reference  is  made  to  Fig.  149,  in  which  are  shown  a  clockwise 
couple,  having  equal  forces  Pj  and  P2  and  an  arm  a,  and  an  anti- 
clockwise couple,  having  equal  forces  Qj  and  Q2  and  an  arm  b.  Both 
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couples  are  applied  in  the  plane  of  the  paper,  and  it  is  given  that 


the  moments  P{a  and 


are  equal,  or 


0) 


Produce  the  lines  of  the  four  forces  to  intersect  at  A,  B,  C  and  D. 
From  A  draw  AM  and  AN  at  right  angles  to  Pl  and  Qj  respectively. 

Then  AM  -  a  and  AN  =  6     The  triangles 
AMC  and  AND  are  similar,  hence 

AC:  AD -AM  :AN-a:Z> (2) 

Therefore,  from  (1)  and  (2), 

Now  AC  and  BD  are  equal,  and  AD 
and  BC  are  also  equal,  being  opposite 
sides  of  a  parallelogram  ,  hence  we 
may  represent  P,  by  CB,  P2  by  DA,  Qt 
by  DB,  and  Q2  by  CA.  Let  PJ  and  Qj 
act  at  B,  then  their  resultant  Rx  is 
represented  by  the  diagonal  AB.  Let 
P2  and  Q2  act  at  A,  and  their  resultant 
R2  is  represented  by  BA  As  R3  and  R2  are  equal,  opposite  and  m 
the  same  straight  line,  they  balance,  and  therefore  the  given  couples 
balance. 

(6)  In  Fig.  150  is  shown  a  rectangular  block  having  equal  forces 
Pj  and  P2  applied  to  AD  and  BC  respectively,  and  other  equal  forces 
Pl  and  P2  applied  to 
the  back  edges  FG  and 
EH.  These  forces  being 
all  equal,  the  block  is 
subjected  to  two  equal 
opposing  couples  in 
parallel  planes. 

The  resultant  Rx  of 
the  forces  PjPx  will  act 
perpendicularly  to  the 
bottom  face  and  will 
bisect  the  diagonal  DG ; 
similarly,  the  resultant 
R2  of  P2P2  will  bisect  the  diagonal  BE  and  will  be  perpendicular  to 
the  top  face.  It  is  evident  that  Rj  and  R2  are  equal  and  opposite, 
and  that  they  act  in  the  same  straight  hue  ;  hence  they  balance,  and 
therefore  the  given  couples  balance. 


FIG.  150  — 


Equal  opposing  coupl< 
ID  equililmu 


>les  in  parallel  planes  arc 
m. 
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The  effect  of  a  couple  is  unaltered  by  shifting  it  to  another  position  in 
the  same  plane  or  in  a  parallel  plane. — A  couple  may  be  balanced  by 
the  application  in  the  same  plane,  or  m  a  parallel  plane,  of  a 
second  couple  of  equal  opposing  moment  ;  it  follows  that  if  the 
second  couple  be  reversed  its  elTect  on  the  body  will  be  identical 
with  that  of  the  first  couple.  Thus  the  second  couple,  so  reversed, 
may  be  substituted  for  the  first  couple  ;  in  other  words,  the  first 
couple  may  be  shifted  to  any  new  position  in  the  same  plane,  or  in 
a  parallel  plane,  without  changing  its  effect  on  the  body  as  a  whole. 

Further,  the  second  couple  need  not  have  its  forces  equal  to  those 
of  the  first  couple,  a  fact  which  enables  us  to  state  that  the  forces 
of  a  given  couple  may  be  altered  m  magnitude,  provided  that  the 
arm  is  altered  to  correspond,  so  as  to  leave  the  couple  of  unaltered 
moment.  Thus,  in  Fig.  150,  if  the  couple  acting  on  the  end  EFGH 
has  its  forces  given  unequal  to  those  of  the  couple  acting  on  the 
end  ABCD,  equality  of  the  forces  may  be  obtained  by  making  the 
arms  of  the  couples  equal. 

The  law  that  to  every  action  there  is  always  an  equal  and  con- 
trary reaction  may  now  be  extended  by  asserting  that  to  every 
couple  there  must  be  an  equal  and  contrary  couple,  acting  in  the  same  or 
in  a  parallel  plane. 

Composition  of  couples  in  the  same  plane  or  in  parallel  planes. — 
Any  number  of  couples  applied  to  k  body  and  acting  in  the  same 
plane,  or  in  parallel  planes,  may  be 
compounded  by  the  substitution  of  a 
single  couple  having  a  moment  equal 
to  the  algebraic  sum  of  the  moments 
of  the  given  couples.  This  resultant 
couple  may  act  in  the  given  plane,  or 
in  any  plane  parallel  to  the  given  plane, 
without  thereby  altering  the  effect  on 
the  body  as  a  whole. 

„,.:,,.  «       «  ,  _.  FIG.  151. --Transference  of  a  force 

Substitution  Of  a  force  and  a  COUlfe      to  a  line  parallel  to  the  given  line  of 

for  a  given  force.— In  Fig.  151  is  shown  action> 
a  body  having  a  force  P1  applied  at  A.  Suppose  that  it  would 
be  more  convenient  if  Pa  were  applied  at  another  point  B.  To 
effect  this  change  of  position,  let  two  opposing  forces  P2,  P2»  each 
equal  to  P1?  be  applied  at  B  in  a  line  parallel  to  P1 ;  the  forces 
P8,  P,j  will  balance  one  another  and  therefore  do  not  affect  the  given 
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FIG  152  — Reduction  of  a  Riven  force  and 
couple  to  a  single  force. 


condition  of  the  body.  Let  d  be  the  perpendicular  distance  between 
the  lines  of  P1  and  P2.  The  downward  force  P2,  together  with  Pls 
forms  a  couple  having  a  moment  Ptd  ;  this  couple  may  be  applied 

at  any  position  in  the  same  plane, 
leaving  a  force  P2  acting  at  B,  equal 
to  and  havmg  the  same  sense  and 
direction  as  the  given  force  PL.  A 
given  force  is  therefore  equivalent 
to  an  equal  parallel  force  of  the 
same  sense  together  with  a  couple 
havmg  a  moment  equal  to  the 
product  of  the  given  force  and 
the  perpendicular  distance  between 
the  lines  of  the  parallel  forces. 
Substitution  of  a  force  for  a  given  force  and  a  given  couple.  —In 
Fig.  152,  a  force  P  is  given  acting  at  A,  also  a  couple  havmg  forces  Q,  Q 
and  an  arm  d.  The  system  may  be  reduced  to  a  single  force  by  first 
altering  the  forces  of  the  couple  so 
that  each  is  equal  to  P,  the  moment 
being  kept  unaltered  by  making 


where  a  is  the  new  arm  of  the  couple. 
Let  P',  P'  be  the  new  forces  of  the 
couple,  and  apply  the  couple  so  that 
one  of  its  forces  acts  in  the  same 
line  as  the  given  force  P,«and  in  the 
sense  opposite  to  that  of  P.  Then 
P  and  P'  acting  at  A  balance  each 
other,  leaving  a  force  P7  of  the  same 
sense  as  P,  and  acting  in  a  line 
parallel  to  P  and  at  a  perpendicular 
distance  a  from  the  line  of  P. 

EXPT.  23.—  -Equilibrium  of  two  «*iual 
opposing  couples.    In  Fig.  153  is  shown 


o 
D 


Q 


Q 


FIG  153  — An  experiment  on  couples 


a  rod  AB  hung  vertically  by  a  string  attached  at  A  and  also  to  a  fixed  support 
at  C.  By  means  of  cords,  pulleys  and  weights,  apply  two  equal,  opposite 
and  parallel  forces  P.  P,  and  also  another  pair  Q,  Q  ;  all  these  forces  are 
horizontal.  Adjust  the  values  so  that  the  following  equation  is  satisfied  : 

PxDE^QxFG. 
Note  that  the  rod  remains  at  rest  under  the  action  of  these  forces. 
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Repeat  the  experiment,  inclining  the  parallel  forces  P,  P,  at  any  angle 
to  the  horizontal,  and  inclining  the  parallel  forces  Q,  Q,  to  a  different 
angle,  but  arranging  that  the  moment  of  the  P,  P,  couple  is  equal  to  that 
of  the  Q,  Q,  couple.  Note  whether  the  rod  is  balanced  under  the  action 
of  those  couples. 

Apply  the  P,  P,  couple  only,  and  ascertain  by  actual  trial  whether  it  is 
possible  to  balance  the  rod  in  its  vertical  position  as  shown  in  Fig.  153 
by  application  of  a  single  push  exerted  by  a  finger. 

Reduction  of  any  system  of  uniplanar  forces.—ln  Fig.  154  are 
given  four  typical  forces  P1?  P2,  P3  and  P4,  acting  in  the  plane  of  the 
paper  at  A,  B,  C  and  D 
respectively.  Take  any  Y 
two  rectangular  axes  OX 
and  OY  in  the  plane  of 
the  paper,  and  let  the 
direction  angles  of  the 
forces,  cti,  a2,  etc.,  be 
stated  with  reference  to 
OX.  Resolve  each  force 
into  components  parallel 
to  OX  and  OY  ;  thus 
Px  will  have  components 
P,  cos  «!  and  P1  sin  av 
Transfer  into  OX  each  com- 
ponent which  is  parallel 
to  OX,  and  also  transfer 


Fia  154. — A  system  of  uniplanar  forces. 


into  OY  each  component  which  is  pamllel  to  OY.  This  will 
introduce  a  couple  for  each  component  so  shifted  ;  thus,  the 
couple  produced  by  shifting  Pt  cos  a,  will  be  (Pj  cos  at)vL  and 
that  produced  by  shifting  P1sina1  will  be  (Prsin  a,)^.  Some  of 
these  couples  will  be  clockwise  and  others  anticlockwise ;  to 
obtain  the  resultant  moment  take  the  algebraic  sum  of  the  set 
paralle^  to  OX  and  cilso  the  algebraic  sum  of  thqse  parallel  to  OY, 
giving  : 

Resultant  moment  of  couples  parallel  io  OX=-!XP  cos  «)#• 
Resultant  moment  of  couples  parallel  to  OY  =-S(P  sin  a)x. 
The  reduction  of  the  system  so  far  as  we  have  proceeded  is  given 
in  Pig.  155,  and  shows  that  we  now  have  a  number  of  f<-»rr>o«  m  rw 
another  set  in  OY,  and  two  couples. 
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Take  the  resultant  Rx  of  the  forces  in  OX,  also  the  resultant  RY 
of  the  forces  in  OY,  giving  : 

Rx  =  SPcos  a (1) 

ta (2) 


Y 

* 

'  f^  si,n  cC^ 

Couple  =  5.(Pcos«)u. 
/                            *^ 

f  P§  Bin  oCj 

, 

k  P2  S17L  °^2 

11 

•  P,    5171  OC, 

Couple.  «  ^(Pstn  a. 

F 

2  C050U                             R4.  COSOCA 

*  ^  ^  

FIG  155  — A  ^vstem  equivalent  to  that  in  Fig.  154 
The  resultant  R  of  these  forces  will  be  given  by 


.(3) 


The  angle  a  which  R  makes  with  OX  will  be  determined  from 

Rv 


.(4) 


The  system  is  now  reduced  to  a  force  R  and  two 
couples.     The    resultant    moment    L   of  the  two 
rR      X    couples  may  be  obtained  by  adding  the  couples 


FIG  156 


algebraically  ,  thus 

[.  =  £(P  cos  a)//  +  ^(P  sin  d)x (5) 

Let  each  force  of  this  resultant  couple  be  made  equal  to  R,  and 
let  the  arm  be  a  ;  then 

Y 

rR 


Ra=L,    or    «  =  -• 


..(6) 


Apply  the  couple  so  that  one  of  its  forces  R'  is 

x   in  the  same  straight  line  as  R  acting  at  0,  and 
TR         opposes  R  ;    the  other  force  will  be  at  a  perpen- 
dicular  distance   OM  =  a  from  O.     Tt  is  evident 
FiG."i57.~-Resuitant   that  the  two  forces  R,  R'  at  O  balance  ;  hence 
of  the  system.         ^  ^jyen  8ystem  j^  |-)een  re^uced  to  a  force  R. 

Special  cases. — Some  special  solutions  of  equations  (1),  (2)  and 
(5)  above  may  be  examined.     Suppose  the  result  given  by  (5)  to 


REDUCTION  OF  UNIPLANAR  FORCER 


be  zero  ;  then  the  system  reduces  to  a  force  acting  at  O.  Should 
(2)  also  give  zero,  the  system  reduces  to  a  force  acting  in  OX,  or  to 
a  force  acting  in  OY  if  (1)  be  zero. 

Should  (5)  have  a  numerical  result  and  both  (1)  and  (2)  give  zero, 
then  the  system  reduces  to  a  couple. 

For  equilibrium,  there  must  be  neither  a  resultant  force  nor  a 
resultant  couple  :  hence  all  three  equations  must  give  zero.  The 
conditions  of  equilibrium  may  be  written  : 

2Pcosa  =  0 (1) 

2Pwna  =  0 (2) 

!i(Pcosa)//  +  2(Psm  «)x-0 (3) 

These  equations  must  be  satisfied  simultaneously,  and  will  serve 
for  testing  the  equilibrium  of  any  system  of  um planar  forces. 

The  student  will  observe  that  equations  (1)  and  (2)  express  the 
condition  that  a  body  in  equilibrium  does  not  suffer  any  displacement 
m  consequence  of  the  application  of  the  force  system,  as  would  be 
the  case  if  either  or  both  the  forces  Rx,  RY  had  a  magnitude  other 
than  zero.  Equation  (3)  expresses  the  condition  that  no  rotation 
of  the  body  takes  place  as  a  consequence  of  the  application  of  the 
forces.  Tt  will  also  be  noted  that  equation  (3)  may  be  interpreted 
as  the  algebraic  sum  of  the  moments  of  the  components  of  the  given 
forces  taken  about  an  arbitrary  point  O  . 

The  following  typical  examples  should  be  studied  thoroughly.  In 
considering  the  equilibrium  of  a  body,  or  of  part  of  a  body,  care 
must  be  taken  to  show  in  the  sketch  those  forces  only  which  are 
applied  to  the  body  by  agencies  external  to  the  body,  and  not  those 
forces  which  the  body  itself  exerts  on  other  bodies. 

EXAMPLE  I.  AB  and  BC  are  smooth  planes  inclined  respectively  at  45° 
and  30°  to  the  horizontal  (Fig.  158  (a)).  DE  is  a  uniform  rod  3  feet  long 
and  weighing  4  lb.,  and  is  maintained  in  a  horizontal  position  by  means 
of  a  body  F,  which  has  a  weight  of  2  lb.  Where  must  F  be  placed  ?  / 

Since  the  planes  are  smooth,  the  reactions,  P  and  Q,  of  the  planes 
are  perpendicular  respectively  to  AB  and  BC.  Resolve  each  force  into 
horizontal  and  vertical  components.  Thus 

P.  =  P  «in  46'  =  J2  ;     P,  =P  cos  45°  =^- 
Q,  =Q  sin  30°  =     ;      Q,  =Q  cos  30°  =Q- 


132 


DYNAMICS 


CHAP. 


The  rod  is  now  acted  upon  by  forces  as  shown  m  Fig.  158  (b).    For 
equilibrium,  we  have          P    _Q    —  0*  *    P  — Q  (]} 

Pv+Qy-4-2^0;     .'.  Pv  4(^=6 (2) 

Taking  moments  about  E  : 


(Py  x  3)  -  (4  x  1  J)  -  2x  =0  :     .'.  3PV  =6  +  2x 


(3) 


% 


G; 


-  X-  -> 


Q 


4  Ib     2lb 


a* 


FIG  158.—  A  rod  resting  on  two  inclined  planes 


From  (1), 
From  (2), 
Hence, 


Inserting  this  value  in  (3fc  we  have 
18 


whence 


P     Q 

IA\ 

P 

V2     2       
r--s-"~6  

V*) 

(r)\ 

V2 

2                     

-  P  -  P  _    6 

(6^ 

a: =0-294  foot. 


EXAMPLE  2.—  In  Fig.  159  (a)  AB  and*  AC  are  two  uniform  bars  each 
weighing  10  Ib.  and  6  feet  long.  The  bars  are  smoothly  jointed  at  A, 
and  rest  at  B  and  C  on  a  smooth  hori/ontal  surface.  B  and  C  are  con- 
nectod  by  an  inextensible  cord  4  feet  long.  A  load  of  40  Ib.-weight  is 
attached  to  D.  Find,  in  terms  of  BD,  the  tension  in  the  cord  and  the 
reactions  communicated  across  the  joint  at  A. 

First  consider  ABC  to  be  a  rigid  body,  acted  upon  by  vertical  forces  of 
10,  40  and  10  Ib.-wei^ht.  together  with  the  reactions  P  and  Q.  Then 

P+Q- 10  -40-10=0;    ;.  P-fQ=60 (i) 
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Taking  moments  about  C  gives 

(Px4)-(10x3)-(4QxCE)-(10xl)=0; 


From  (1), 
Also, 


Q  =  60  -  P  =  60  -  10  -  10CE 
^50-10CE  .........  ' 

CE=BC-BE=4-BE. 


..(2) 
..(3) 


FIG   150  -Equilibrium  of  two  rods. 

Draw  AF  perpendicular  to  BC,  then,  in  the  Similar  triangles  BED,  BFA, 
we  have  BEBF2. 


.'.  CE-4-1BD. 
Hence,  from  (2)  and  (3),    P  =  10  +  10(4  -  JBD) 

=50  -  \PBD 
And  Q=50-10(4-4BD) 


(4) 


(5) 

Now  consider  the  bar  AC  separately  (Fig.  159  (b)  ).  The  forces  applied 
to  it  are  its  weight,  acting  vertically  through  G2,  the  vertical  reaction  Qat 
C,  the  horizontal  pull  T  of  the  cord  BC,  and  a  reaction  S  at  A.  8  is  exerted 
by  the  other  bar  AB,  and  its  direction  is  guessed  in  Fig.  159  (6)  $  the 
precise  direction  will  be  determined  in  the  following  calculation*  Kesoive 
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S  into  horizontal  and  vertical  components  Bx  and  Sy,  and  apply  the  con- 
ditions of  equilibrium. 

T  -  Sx-0  ;     .'.  T  =SX  .....................  ...  .  .  ......  (6) 

Q-10-S^-O;     /.  Q-10  +  S^  ...............  .  .....  ...,.(7) 

Take  moments  about  A,  fii\yt  calculating  the  length  of  AF  : 


AF  =  VAC^^CF4  =V36"-"4  -  V32. 
(Qx2)-(10xl)-(TxV32)=0; 

.'.   2Q-  10+PV/32  ................  .  .............  (8) 

From  (5)  and  (8),         2(10  +  \«BD)  -10  +TV32  ; 

.  10  \-*?BD 

V32      ' 
30  i  20BD  ,QV 


From  this  result  it  will  be  seen  that'T  increases  if  BD  is  made  greater. 
.  f         ,,,,       ,  /m          -      _     30+20BD  /im 

Again,  from  (b)  and  (9)  :       8^  =  7  =  —  t-~Tr^~  ...................................  '  °' 

«3  V   O^ 

And  from  (5)  and  (7)  : 


(11) 

(It  will  be  observed  from  the  positive  sign  of  this  result  that  the  assumed 
direction  of  S  lias  been  chosen  correctly.) 
From  (10)  and  (11): 

s-Vs^-f-s/ 

_  4/3600BDITl200BDT960 
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Also,  the  angle  a  which  S  makes  with  the  hon/ontal  is  given  by 


i/  _  10  ._BD\/_32 

a  "S,,  ""30^2080  ~  30+20BD 
3\/32 

EXAMPLE  3.—  In  Fig.  160,  AB  is  a  light  rod  having  the  end  A  guided  so 
as  to  be  capable  of  moving  freely  in  a  horizontal  line  AD  At  C  another 
light  bar  CD  is  smoothly  jointed  to  AB  ;  CD  can  turn  freely  about  D.  A 
load  W  is  hung  from  B.  If  AC  ^--CD  and  BC  -n  .  AC,  find  the  horizontal 
and  vertical  reactions  which  must  be  applied  at  A  m  order  to  maintain 
the  arrangement  with  AB  at  an  angle  0  to  the  horizontal. 

Consider  the  equilibrium  of  the  rod  AB.  Let  Q  be  the  reaction  which 
DC  applies  to  C.  Take  horizontal  and  vertical  components  of  Q  and  let 
these  be  Qj,  and  Qy  (Fig.  101).  8mce  Q^  and  AD  are  parallel,  the  angle 
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between  Q,  and  Q,x  is  equal  to  the  angle  ADC  ;  also  the  angles  ADC  and  CAD 
are  equal,  since  AC  -CD.  Hence  the  angle  between  Qx  and  Q  =  0.  There- 
fore Qx=Qcos0,  and  Qy=Qsin#. 

For  equilibrium,  P-Q^O;     .*.   P^Q^ (1) 

Qy-W-S-0;     .'.  Qy=W+S (2) 

Taking  moments  about  C  : 

P  x  CE)  +  (S  x  AE)  -  (W  x  CF)  =0  ; 
.'.  (P  x  CE)  +  (S  x  AE)  -W  x  CF (3) 


P  A  E 

FIG.  160.  Fiu.  161.-  Forces  acting  on  AB. 

From  (3) :  P  .  AC  sin  0  +  S  .  AC  cos  0  =  W  .  BC  cos  0. 

Dividing  this  throughout  by  AC  cos  0,  we  obtain 


From  (2), 
From  (1), 


P  tan  6>  +  3  -W  TI  =— "  1      =W». 

AO  AC/ 

Qsm^-W+S. 

p 
P=Qcos#,    or    Q  =  - 


cos 


=W  fS. 


Substituting  in  (4),  we  have 

W-tS+S^Wrc; 


,.(4) 


Hence,  from  (5)  and  (6), 


W 


P=. 


tan0 


.-(8) 


It  will  be  noted  from  (6)  that  if  w  =  l,  i.e.  AC>  CD  and  CB  are  all  equal 
(Fig.  160),  then  8=0.     Inspection  of  Fig.  161  shows  that  under  these 
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conditions  tho  lino  of  W  passes  through  D  ;  hence  P,  Q  and  W  intersect 
in  a  point  and  can  equilibrate  the  rod  AB  without  the  necessity  for  the 
application  of  a  force  S.  If  n  bo  less  than  1,  the  result  given  for  S  by 
(6)  is  negative,  and  indicates  that  S  must  act  upwards. 

The  graphical  solution  of  this  problem  depends  upon  the  fact  that  the 
rod  AB  (Fig.  161)  is  acted  upon  by  three  forces,  vi/,.  W,  Q,  and  the  resultant 
of  P  and  S.  The  point  at  which  these  forces  intersect  may  be  found  by 
producing  W  and  Q  ;  the  resultant  of  P  and  S  then  passes  through  this 
point,  and  also  through  A.  The  solution  is  then  obtained  by  application 
of  the  triangle  of  forces,  and  will  be  found  to  be  an  interesting  problem. 


EXERCISES  ON  CHAPTER  X. 

1.  A  rectangular  plate,  6  inches  by  2  inches,  has  a  force  of  400  Ib. 
weight  applied  along  a  long  edge.     Show  how  to  balance  the  plate  by  moans 
of  forces  acting  along  each  of  the  other  edges.     Neglect  the  weight  of  the 
plate. 

2.  A  door  weighs  120  Ib.  and  has  its  centre  of  gravity  m  a  vertical 
line  parallel  to  and  at  a  distance  of  18  inches  from  the  axis  of  the  hinges. 
The  hinges  are  4  feet  apart  and  share  the  vertical  reaction  required  to 
balance  the  door  equally  between  them.     Find  the  reaction  of  each  hinge. 

3.  A  vertical  column  has  a  bracket  fixed  to  its  side  near  the  top.     A 
load  of  5  tons  weight  hangs  from  the  end  of  the  bracket  at  a  point  8  inches 
from  tho  axis  of  the  column,     Remove  this  load  and  apply  an  equivalent 
system  of  forces  consisting  partly  of  a  force  of  5  tons  weight  acting  m  the 
axis  of  the  column.      Show  the  system  in  a  sketch. 

4.  Sketch  a  right-angled  triangle  in  which  AB-16  feet  and  is  vertical. 
and   BC  =  10  feet  and  is  hori/ontal.     The  triangle  represents  the  cross 
section  of  a  wall  10  feet  long  and  weighing  140  Ib.  per  cubic  foot.     Find 
the  reaction  of  the  foundation  of  the  wall,  expressed  as  a  force  acting  at 
the  centre  of  the  base  together  with  a  couple. 

5.  A  rod  AB,  4  feet  long,  has  a  pull  of  20  Ib.  weight  applied  at  A  in  a 
direction  making  30°  with  AB.     There  is  also  a  couple  having  a  moment 
of  40  Ib.-feet  acting  on  the  rod.    Find  the  resultant  force. 

6.  Draw  any  triangle  ABC.     Forces  act  in  order  round  the  sides  of  the 
triangle,  and  each  force  has  a  magnitude  proportional  to  the  length  of 
the  side  along  which  it  acts.     Reduce  the  system  of  forces  to  its  simplest 

form. 

7.  A  square  plate  ABCD  of  2  feet  edge  has  forces  acting  along  the  edges 
as  follows :   From  A  to  B,  2  Ib.  weight ;   from  B  to  C,  3  Ib.  weight  ;   from 
C  to  D,  4  Ib.  weight ;  from  D  to  A,  5  Ib.  weight.    Find  the  resultant. 

8.  A  uniform  rod  AB  is  4  feet  long  and  weighs  24  Ib.     The  end  A  is 
smoothly  jointed  to  a  fixed  support ;    the  rod  is  inclined  at  45°  and  its 
upper  end  B  rests  against  a  smooth  vertical  wall.     A  load  of  10  Ib.  weight 
is  hung  from  a  point  in  the  rod  1  foot  from  A.    Find  the  reactions  at  A 
and  B, 
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9.  In  an  isosceles  triangle  AC  —  CB  ;  AB  is  15  feet  and  is  horizontal ; 
C  is  5  feet  vertically  above  AB.  The  plane  of  the  triangle  is  vertical,  and 
the  triangle  is  supported  at  A  and  B.  A  load  of  400  Ib.  weight  is  applied 
at  the  centre  of  AC,  another  of  600  Ib.  weight  at  C,  and  a  force  of  800  Ib. 
weight  acts  at  the  centre  of  BC  at  90°  to  BC.  The  reaction  of  the  support 
at  B  is  vertical ;  that  at  A  is  inclined.  Find  the  reactions  of  both  supports. 

10.  In  the  arrangement  shown  in  Fig.  160  (p.  135),  AC=CD=4  inches, 
BC  =6  inches.     Find  P,  S  and  Q,  when  a  load  of  10  Ib.  weight  is  hung  from 
B  for  values  of  0  of  45°,  30°,  15°,  5°. 

11.  Answer  Question  10,  (a)  if  BC  ^4  inches  ;    (b)  if  BC  ~  3  inches. 

12.  BC  is  a  rod  12  inches  long  and  capable  of  turning  in  the  plane  of 
the  paper  about  a  smooth  pin  at  C.     Another  rod  AB,  4  feet  long,  is  jointed 
smoothly  to  BC  at  B  ;   the  end  A  can  travel  in  a  smooth  groove,  which, 
when  produced,  passes  through  C.     The  angle  ACB  is  30°,  and  a  load  of 
200  Ib.  weight  is  hung  from  the  centre  of  AB.     Calculate  the  resultant 
force  which  must  be  applied  at  A  HI  order  to  preserve  the  equilibrium. 
Check  the  result  by  solving  the  problem  graphically. 

13.  A  ladder,  20  feet  long,  is  inclined  at  60°  to  the  horizontal,  and 
rests  on  the  ground  at  A  and  against  a  wall  at  B.     The  ladder  weighs 
80  Ib.,  arid  its  centre  of  gravity  is  8  feet  from  A.     Assuming  both  ground 
and  wall  to  be  smooth,  the  reactions  at  A  and  B  will  bo  vertical  and  hori- 
zontal respectively.     The  ladder  is  prevented  from  slipping  by  means  of 
a  rope  attached  at  A  and  to  a  point  at  the  foot  of  the  wall.     A  man  weighing 
150  Ib.  ascends  the  ladder.     Calculate  the  pull  in  the  rope  when  he  is  4, 
8,  12,  16  and  19  feet  from  A.     Plot  a  graph  showing  the  relation  of  the 
pull  and  his  distance  from  A. 

14.  Show  how  to  find  the  resultant  of  two  unequal  parallel  forces  acting 
at  different  points  but  in  opposite  directions  upon  a  rigid  body.     Is  there 
a  single  resultant  if  the  two  forces  are  equal  ? 

A  steel  cylindrical  bar  weighing  1000  Ib.  is  held  in  a  vertical  position 
by  means  of  two  thin  fixed  horr/ontal  planks  5  ft.  apart  vertically,  in 
which  are  holes  through  which  the  bar  can  slide.  If  the  sides  of  these  holes 
are  smooth  and  the  bar  is  lifted  by  a  vertical xforce  applied  2  inches  from 
its  axis,  find  the  pressure  on  each  plank.  Adelaide  University. 

15.  If  a  number  of  uniplanar  forces  act  upon  a  rigid  body,  prove  that 
they  will  be  in  equilibrium,  provided  that  the  algebraic  sum  of  their 
resolved  parts  in  two  directions  at  right  angles  and  of  their  moments 
about  one  given  point  in  the  plane  be  zelto. 

ABCD  is  a  square  lamina.  A  force  of  2  Ib.  weight  acts  along  AB,  4  Ib. 
weight  along  BC,  6  Ib.  weight  along  CD,  8  Ib.  weight  along  DA,  2\/2  Ib. 
weight  along  CA,  and  4V  2  Ib.  weight  through  the  point  D  parallel  to  AC. 
Find  the  resultant  of  the  system  of  forces. 

16.  A  uniform  plank,  12  feet  long,  weighing  40  Ib.,  hangs  horizontally, 
and  is  supported  by  two  ropes  sloping  outwards  ;  the  ropes  make  angles  of 
60°  and  45°  respectively  with  the  horizontal.    If  the  plank  carries  a  weight 
of  100  Ib.,  find  where  this  weight  must  be  placed. 

17.  Four  equal  uniform  rods,  each  of  weight  W,  are  jointed  so  as  to 
form  a  square  ABCD.     The  arrangement  is  hung  from  a  cord  attached  at  A, 
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and  the  corners  B  and  D  are  connected  by  a  light  rod  so  that  the  square 
retains  its  shape.  Show  that  the  thrust  along  the  rod  BD  is  2W,  and  find 
the  reaction  at  the  bottom  hinge. 

18.  Define  the  expression  "  moment  of  a  force  about  a  point."     Show 
from  your  definition  that  the  sum  of  the  moments  of  two  equal  and  parallel 
forces  acting  in  opposite  directions  is  the  same  about  every  point  in  the 
plane  m  which  they  act.  L.U. 

19.  Each  half  of  a  step-ladder  is  5J  feet  long,  and  the  two  parts  are 
connected  by  a  cord  28  in.  long,  attached  to  points  in  them  distant  1C  in. 
from  their  free  extremities.     The  half  with  the  steps  weighs  16  lb.,  and 
the  other  half  weighs  4  lb.     Find  the  tension  in  the  cord  when  a  man 
weighing  11  stone  is  standing  on  the  ladder,  1J  ft.  from  the  top,  it  being 
assumed  that  the  cord  is  fully  stretched,  and  that  the  reactions  between 
the  ladder  and  the  ground  are  vertical.  L.U. 

20.  A  bar  AB  of  weight  W  and  length  2a  is  connected  by  a  smooth 
hinge  at  A  with  a  vertical  wall,  to  a  point  C  of  which,  vertically  above  A, 
and  such  that  AC  -AB,  B  is  connected  by  an  mextensible  string  of  length 
21.     Find  in  terms  of  these  quantities  the  tension  of  the  string  and  the 
action  at  the  hinge. 

If  the  bar  is  6  ft.  long  and  weighs  10  lb.,  and  the  string  be  2  ft.  long, 
show  that  its  tension  is  1^  lb.  wt.  And  if  the  joint  at  A  be  slightly  stiff, 
so  that  in  addition  to  the  supporting  force  it  exerts  a  couple  G  reducing 
the  tension  in  the  string  to  1  lb.  wt.,  then  G  will  be  approximately  3  94 
Ib.-ft.  units.  L.U. 

21.  ABC  and  ACD  are  two  triangles  in  which  AB-AC-^AD,  and  the 
angles  BAC  and  CAD  are  60°  and  30°  respectively.     With  AD  vertical,  the 
figure  represents  a  wall  bracket  of  five  light  rods.     The  biacket  is  fixed 
at  A,  and  kept  just  away  from  the  wall  by  a  small  peg  at  D,  and  a  mass 
of  5  pounds  is  suspended  from  B.     Find,  preferably  by  analytical  methods, 
the  pressure  on  the  peg  at  D  and  the  forces  in  the  rods  DC,  CA  and  AB, 
stating  whether  they  are  in  compression  or  tension.  L.U. 

22.  Two  ladders,  AB  and  AC,  each  of  length  2«,  are  hinged  at  A  and 
stand  on  a  smooth  horizontal  plane.     They  are  prevented  from  slipping 
by  means  of  a  rope  of  length  a  connecting  their  middle  points.     If  the 
weights  of  the  ladders  are  40  and  10  lb.,  find  the  tension  in  the  rope,  and 
the  horizontal  and  vertical  components  of  the  action  at  the  hinge. 

L.U. 

23.  A  rod  AB  can  turn  freely  about  A,  and  is  smoothly  jointed  at  B  to 
a  second  rod  BC,  whose  other  end  C  is  constrained  to  remain  in  a  smooth 
groove  passing  through  A.     A  force  F  is  applied  to  BC  along  CA.     Prove 
that  the  couple  produced  on  AB  is  F  x  AK,  where  K  is  the  point  in  which 
BC  produced  cuts  the  perpendicular  at  A  to  AC.  L.U. 

24.  Define  a  couple.    What  is  the  characteristic  property  of  couples  ? 
Prove  that  a  couple  and  a  force  acting  in  the  same  plane  are  equivalent 
to  a  single  force.     Three  forces  act  along  the  sides  of  a  triangular  lamina 
and  are  proportional  to  the  sides  along  which  they  act ;  find  the  magnitude 
of  their  resultant.  Bombay  Univ. 
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25  Six  equal  light  rods  are  jointed  together  at  their  ends  so  as  to 
form  a  regular  hexagon  ABCDEF.  C  and  F  are  connected  together  by 
another  light  rod.  The  arrangement  is  hung  by  two  vertical  cords 
attached  to  A  and  B  respectively,  so  that  AB,  CF  and  DE  are  horizontal. 
Equal  weights  of  20  Ib  each  are  hung  from  D  and  E.  Find  the  forces  in 
each  lod,  and  state  whether  they  are  pulls  or  pushes. 

2G.  Prove  that  the  moment  of  two  non-parallel  coplanar  forces  about 
any  point  in  the  plane  is  equal  to  the  moment  of  their  resultant.  Prove 
also  that,  if  forces  act  along  the  sides  of  a  plane  polygon  taken  in  order, 
each  force  being  represented  in  magnitude  and  direction  by  the  side 
along  which  it  acts,  they  are  equivalent  to  a  torque  (i.e.  turning  moment) 
represented  by  twice  the  area  of  the  polygon.  Madras  Univ. 


CHAPTER  XI 

GRAPHICAL  METHODS  OF  SOLUTION  OF  PROBLEMS 
IN    HNIPLANAR   FORCES 

Link  polygon. — The  following  graphical  method  of  determining  the 
equihbrant  of  a  system  of  umplanar  forces  is  of  great  practical 
importance.  In  Fig.  162  (a)  Pt,  P2  and  P3  are  any  three  forces  acting 
in  the  plane  of  the  paper  and  not  meeting  in  a  point ;  it  is  required 
to  find  their  equihbrant. 


(a) 


(b) 


FIG.  1CJ  —Graphical  solution  by  the  link  polygon. 

Plmay  be  balanced  by  application,  at  any  point  A  on  its  line  of 
action,  of  two  forces  pl  and  p2  in  the  plane  of  the  paper  and  not 
in  the  same  straight  line.  Pp  pl  and  p2  must  comply  with  the  usual 
conditions  of  the  triangle  of  forces  ;  thus  in  Fig.  162  (b)  ab  repre- 
sents P!,  feO  and  Oa  represent  p2  and  p^  respectively.  Some  means 
must  be  supplied  for  enabling  pl  and  p2  to  be  applied,  and  it  is 
convenient  to  use  rods,  or  links,  one  of  which,  AB,  is  used  for  applying 
p2at  At  and  is  extended  to  a  point  B  on  the  line  of  action  of  P2,  where 
it  applies  an  equal  and  opposite  force  pz.  The  link  AB  is  thus 
equilibrated. 
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Again,  P2  may  be  balanced  by  application  at  B  of  a  third  force 
Ps '  P2'  Pa  an(i  JJ2  are  represented  respectively  by  the  sides  be,  cQ 
and  Ob  of  the  triangle  of  forces  bcO  (Fig.  162  (b)).  Extend  the  line 
of  pz  to  cut  P3  in  C,  and  let  BC  be  a  link  which  is  equilibrated  by  the 
forces  PS,  p3  acting  at  B  and  C.  In  the  same  manner,  balance  P^ 
by  application  of  the  force  p4  at  C ;  the  triangle  of  forces  for  P3, 
Pi  and  px  acting  at  C  will  be  cdO  in  Fig.  162  (b).  Produce  the  lines 
of  P£  and  pl  to  intersect  at  D,  and  let -the  links  CD  and  AD  be  equili- 
brated by  permitting  them  to  apply  forces  p4  and  j^  to  D  ;  this  can 
only  be  effected  provided  a  third  force  E  is  applied  at  D,  the  three 
forces  acting  at  D  being  represented  by  the  triangle  of  forces  daO  in 
Fig.  162  (b). 

Each  of  the  forces  P15  P2,  P3  arid  E  is  now  balanced  by  the  forces 
in  the  links,  i.e.  the  forces  Pl9  P2,  P3  and  E  together  with  the  forces 
in  the  links  constitute  an  equilibrated  system.  Further,  each  link 
is  balanced  separately  ;  hence  the  link  system  may  be  disregarded, 
and  we  may  state  that  the  forces  Pt,  P2,  P3  and  E  are  in  equilibrium, 
or  that  E  is  the  equilibrant  of  P15  P2  and  P3. 

Inspection  of  Figs.  162  (a)  and  (b)  leads  to  the  following  statement 
of  tho  conditions  of  equilibrium  :  A  system  of  uniplanar  forces  will 
be  in  equilibrium  provided 

(i)  a  closed  polygon  of  forces  abed  (Fig.  162  (b))  may  be  drawn  having 
sides  which,  taken  in  order,  represent  the  given  forces  ; 

(ii)  a  closed  link  polygon,  ABCD  (Fig.  162  (a)),  may  be  drawn  having? 
its  sides  parallel  respectively  to  lines  drawn  from  a  common  point  O  to  the 
corners  of  the  force  polygon  (Fig.  162  (b)). 

It  will  be  noted  that  the  position  of  the  point,  or  pole,  O  in  Fig. 
162  (b)  depends  solely  on  the  directions  chosen  for  the  first  two  forces 
pl  and  pz.  As  there  was  liberty  of  choice  in  this  respect,  it  follows 
that  O  may  occupy  any  position.  Further,  it  will  be  noted  that  any 
link,  such  as  BC  (Fig.  162  (a)),  connecting  the  forces  P2  and  P3,  is 
drawn  parallel  to  Oc  (Fig.  162  (?>)),  and  that  Oc  falls  between  fa  and 
cd,  lines  which  represent  the  same  pair  of  forces  P2  and  P3. 

Should  all  the  given  forces  meet  at  a  point,  the  link  polygon  may 
be  reduced  to  a  point  situated  where  the  forces  meet,  and  the  polygon 
of  forces  alone  suffices  for  the  solution. 

Resultant  of  a  number  of  parallel  forces  ;   graphical  solution. — In 

Fig.  163  (a)  P,  Q,  S  and  T  are  given  parallel  forces  acting  on  a  body, 
and  their  resultant  is  to  be  determined. 

First  draw  the  polygon  of  forces  ABCDEA  (Fig.  163  (b)).  which  in 
this  case  is  a  straight  line,  as  the  given  forces  are  parallel  P,  Q,  8 
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and  T  are  represented  by  AB,  BC,  CD  and  DE  respectively  ;  the  closing 
line  of  the  polygon  is  EA,  which  therefore  represents  the  eqiulibrant. 
Hence  the  resultant  R  of  the  given  forces  is  represented  by  AE,  i  e. 
the  equih brant  reversed.  Choose  any  pole  O  and  join  OA,  OB,  etc  ; 
draw  the  links  ab,  be,  cd  (Fig.  163  (a))  parallel  respectively  to  OB, 
OC  and  OD  in  Fig.  163  (b).  Draw  pL  and  p5  (Fig.  163  (a))  parallel 
respectively  to  OA  and  OE.  In  the  triangle  AEO,  AE  represents  the 


7       (a) 


FIG   163  —  Resultant  of  a  system  of  parallel  forces 

resultant  R,  therefore  EO  and  OA  represent  a  pair  of  forces  which 
would  equilibrate  R  if  applied  to  the  body.  Hence  pl  and  p$  in 
Fig  163  (a)  will  intersect,  if  produced,  in  a  point  on  the  line  of  R. 
This  point  is  /,  and  R  acts  through  /  in  a  line  parallel  to  the  given 
forces 

In  practice  it  is  customary  to  employ  Bow's  notation  in  using  the 
link  polygon  The  methods  will  be  understood  by  study  of  the 
following  examples. 

EXAMPLE  1. — Given  forces  of  3,  4  and  2  tons  weight  respectively,  find 
their  equilibrant  (Fig.  164). 

The  principles  on  which  the  solution  depends  are  (a)  the  force  polygon 
must  close,  (b)  the  link  polygon  must  close.  Name  the  spaces  A,  B  and  C, 
and  place  D  provisionally  near  to  the  2  tons  force.  Draw  the  force  polygon 
ABCD  (Fig.  164  (b)).  The  closing  lino  DA  gives  the  direction,  sense  and 
magnitude  of  the  equilibrant  E.  To  find  the  proper  position  of  E,  choose 
any  pole  O,  and  join  O  to  the  corners  A,  B,  C  and  D  of  the  polygon  of  forces. 
Construct  a  link  polygon  by  choosing  any  point  a  on  the  line  of  the  3  tons 
force  (Fig.  164  (a)),  drawing  in  space  B  a  line  ab  parallel  to  OB,  in  spaceC 
a  line  be  parallel  to  OC  ;  to  obtain  the  closing  sides  of  the  link  polygon, 
draw  ad  parallel  to  OA  and  cd  parallel  to  OD,  these  lines  intersecting  in  d. 
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The  equilibrant  E  passes  through  dt  and  may  now  be  shown  completely 
in  Fig.  164  (a). 

Had  the  resultant  of  the  given  forces  been  required,  proceed  in  the 
same  manner  to  find  the  equilibrant,  and  then  reverse  its  sense  in  order 
to  obtain  the  resultant. 


(a)  c        i "' 

Fin.  If4. — An  application  of  the  link  polygon. 

EXAMPI/E  2. — Given  a  beam  carrying  loads  as  shown  in  Fig.  165  (a)  ; 
find  the  reactions  of  the  supports,  both  reactions  being  vertical. 

In  this  case,  as  all  the  forces  acting  on  the  beam  are  parallel,  the  force 
polygon  is  a  straight  line.  Begin" in  space  B,  and  draw  BC,  CD,  DE,  EF 
and  FG  (Fig.  105  (&))  to  represent  the  given  loads.  Choose  any  pole  0, 


Fin   105  — Reactions  of  a  beam  by  the  link  polygon  method 

and  join  O  to  B,  C,  D,  E,  F  and  G.  Choose  any  point  a  on  the  line  of  the 
left-hand  reaction,  and  draw  in  space  B  a  line  ab  parallel  to  OB.  Continue 
the  construction  of  the  link  polygon  by  drawing  in  spaces  C,  D,  E  and  F 
lines  6c,  cd,  de  and  ef  parallel  respectively  to  OC,  OD,  OE,  OF.  From  /, 
a  point  on  the  force  FG,  a  side  of  the  link  polygon  has  to  be  drawn  to 
intersect  the  line  of  the  force  GA  ;  as  these  forces  are  in  the  same  straight 
line,  this  side  of  the  link  polygon  is  of  zero  length,  consequently  the  link 
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polygon  has  a  side  missing.  Complete  the  polygon  by  joining  fa,  and  draw 
OA  (Fig.  165  (&))  parallel  to  fa.  The  magnitudes  of  the  reactions  may 
now  be  scaled  as  AB  and  GA. 

Rigid  frames. — Tn  Fig.  1G6  (a)  is  shown  the  outline  of  a  thin  plate 
to  which  forces  Pv  P2,  P3,  etc.*  are  applied  at  points  A,  B,  C,  etc., 
respectively.  The  forces  are  all  in  the  plane  of  the  plate  and  are 
given  in  equilibrium.  It  will  be  noted  that  the  equilibrium  of  the 
forces  is  independent  of  the  shape  of  the  plate  ;  hence  any  shape 
may  be  chosen  for  the  outline  and  the  forces  will  remain  in  equi- 
librium provided  no  alteration  is  made  in  the  given  magnitudes, 
lines  of  direction,  and  senses  of  the  foices.  We  may  proceed  further 


Fia.  1(5()  — Substitution  of  a  rigid  frame  for  a  body. 

by  removing  the  plate  and  substituting  an  arrangement  of  bars 
(shown  dotted  in  Fig.  166  (a))  connected  together  at  A,  B,  C,  etc  , 
by  means  of  hinges  or  pins  ;  the  result  will  be  the  same,  viz  the 
given  forces  balance  and  the  frame  formed  by  the  bars  will  be  in 
equilibrium. 

Care  must  be  taken  in  devising  the  arrangement  of  bais  that  no 
motion  of  any  bar  relative  to  any  other  bar  may  tafee  place  In 
Fig.  166  (a)  relative  motion  is  prevented  by  means  of  the  diagonal 
bars  EB  and  EC.  An  alternative  arrangement  is  shown  in 
Fig.  166  (6). 

From  these  considerations  it  may  be  asserted  that,  if  a  given 
equilibrated  system  of  uniplanar  forces  acts  on  a  rigid  frame,  the 
equilibrium  is  independent  of  the  shape  of  the  frame  or  the  arrange- 
ment of  its  parts.  A  rigid  frame  may  be  defined  as  an  arrangement 
of  bars  jointed  together  and  so  constructed  that  no  relative  motion 
of  the  parts  can  take  place. 


xr  EQUILIBRIUM  IN  RIGID  FRAMES  145 


Conditions  of  equilibrium  in  rigid  frames.  Two  points  present 
themselves  for  consideration  . 

(a)  The  system  of  forces  applied  to  the  frame  (called  generally  the 
external  forces)  must  be  in  equilibrium,  and  must  comply  with   the 
conditions  already  explained  ;    i.e.  treated  analytically,  the  three 
equations  of  equilibrium  (p.    131)   must  be  satisfied  ;    or,   treated 
graphically,   both    the    force    polygon   and   the    link  polygon   must 
close. 

(b)  Any  joint  in  the  frame  is  in  equilibrium  under  tlie  action  of 
any  external  force  or  forces  applied  at  the  joint,  together  with  the 
forces  of  push  or  pull  acting  along  the  bars  meeting  at  the  joint. 
As  all  these  forces  pass  through  the  joint,  the  condition  of  equi- 
librium of  the  joint  is  that  the  force  polygon  for  the  forces  acting 
at  the  joint  must  close.     The  student  will  observe  that  this  fact- 
enables  the  magnitude  and  kind  of  force  acting  in  any  bar  of  the 
frame  to  be  determined. 

It  may  be  verified  easily  for  any  system  of  uni planar  concurrent 
forces  that  it  is  not  possible  to  construct  a  force  polygon  if  there  be 
more  than  two  unknown  quantities.  These  may  be  either  two 
magnitudes,  or  two  directions,  or  one  magnitude  and  one  direction. 
It  is  thus  necessary  to  examine  the  number  of  unknowns  at  any 
joint  in  a  given  frame  before  attempting  a  solution  of  the  forces 
acting  at  that  joint. 

EXAMPLE. — In  Fig.  167  (a)  is  given  a  frame  having  its  joints  numbered 
1,  2,  3,  4,  5.  External  forces  act  at  each  of  these  joints  ;  those  acting  at 
1,  2  and  3  are  given  completely.  Determine  tfye  forces  acting  at  4  and  5 
in  order  that  the  frame  may  be  in  equilibrium.  Determine  also  the  force 
in  each  bar,  and  indicate  whether  it  is  push  or  pull. 

Using  Bow's  notation,  the  letters  A,  B.  C,  D  and  E  enable  the  external 
forces  to  be  named.  The  letters  F,  G  and  H  placed  as  shown  in  Fig.  167  (a) 
enable  the  force  in  any  bar  of  the  frame  to  be  named  ;  thus  the  force  in 
the  bar  1 2  is  BG,  or  GB. 

Assuming  clockwise  rotation  throughout,  draw  as  much  as  possible  of 
the  force  polygon  for  the  external  forces.  Thus  AB  (Fig.  167  (6) )  represents 
the  external  force  acting  at  joint  1,  BC  that  at  joint  2,  and  CD  that  at 
joint  3.  The  forces  acting  at  joints  4  and  5  cannot  be  .shown  meanwhile, 
but  since  the  force  represented  by  the  closing  side  of  the  polygon  ABCDA, 
vir/.  DA  (Fig.  167  (6)),  would  equilibrate  the  forces  acting  at  joints  1,  2 
and  3,  it  follows  that  DA  represents  the  resultant  of  the  forces  acting  at 
4  and  5.  since  this  resultant  would  also  equilibrate  the  forces  acting  at 
1,  2  and  3. 

D.S.P.,  K 
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Select  any  suitable  pole  O  (Fig.  167  (&)),  and  join  0  to  A,  B,  C  and  D. 
Start  drawing  the  link  polygon  in  Fig.  167  (a)  by  selecting  a  point  a  on 
the  line  of  the  force  AB,  and  drawing  ab  and  be  parallel  to  OB  and  OC 
respectively  in  Fig.  167  (b).  From  a  draw  af  parallel  to  OA,  and  from 
c  draw  cf  parallel  to  OD  ;  these  lines  intersect  at/,  and  the  resultant  force 
represented  by  DA  must  pass  through  /.  Now  this  force  is  the  resultant 
of  the  forces  acting  at  4  and  5,  and  the  resultant  and  the  components 
must  intersect  m  the  same  point,  therefore  the  lines  of  direction  of  the 
forces  acting  at  4  and  5  will  be  found  by  joining /4  and/5. 


FIG   1 67. —Equilibrium  of  a  rigid  framo 


The  force  polygon  in  Fig.  167  (b)  may  be  closed  now  by  drawing  DE 
parallel  to  the  line  /4,  and  AE  parallel  to  the  line  /5.  DE  and  EA  give 
completely  the  forces  acting  at  joints  4  and  5  respectively. 

The  forces  m  the  bars  of  the  frame  may  now  be  obtained  by  considering 
each  joint  separately.  Taking  joint  3  ;  there  are  three  forces  acting,  and 
the  triangle  of  forces  is  constructed  by  using  CD  (Fig  167  (It))  for  one  side, 
and  drawing  DH  and  CH  parallel  respectively  to  bars  M  and  23.  To 
determine  the  kind  of  force,  go  round  joint  3  clockwise,  and  find  the  sense 
of  each  force  from  the  triangle  of  forces.  The  force  represented  by  DH 
(Fig.  167  (b))  acts  away  from  joint  3  in  Fig.  167  (a) ;  hence  the  bar  34  is 
under  pull.  The  force  represented  by  HC  m  Fig.  167  (I)  acts  toward 
joint  3 ;  hence  the  bar  23  is  under  push, 
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At  joint  4  there  are  five  forces,  and  two  only  are  known  in  magnitude ; 
hence  three  magnitudes  have  to  be  determined,  and  this  joint  cannot  bo 
solved  meanwhile.  At  joint  2  there  are  four  forces,  two  of  which  are 
known  completely,  and  the  remaining  two  are  known  in  direction.  Hence 
this  joint  may  be  solved.  The  polygon  of  forces  for  joint  2  is  shown  in 
Fig.  167  (b)  as  BCHGB,  and  determines  the  forces  m  bars  12  and  24. 
Determining  whether  these  forces  are  pull  or  push  in  the  same  manner 
as  above,  we  find  that  12  is  under  push  and  24  is  under  pull. 

Joint  1  is  solved  in  the  same  manner  as  joint  2.  The  polygon  of  forces 
is  ABGFA  (Fig.  167  (/>)).  Inspection  shows  that  bar  14  is  under  pull  and 
bar  15  is  under  push. 

Joint  5  is  solved  by  the  triangle  of  forces  AFE  (Fig.  167  (b)).  The  sides 
EA  and  AF  already  appear  in  the  drawing,  and  the  closing  side  FE  must  be 
parallel  to  bar  45  ;  this  fact  provides  a  check  on  the  accuracy  of  the  entire 
drawing.  Inspection  shows  that  bar  15  is  under  push  and  that  bar  45 
is  also  under  push. 

There  is  no  need  to  consider  joint  4  specially,  as  it  will  be  noted  that 
all  the  forces  acting  there  have  been  determined  in  the  course  of  the  above 
solutions. 

Roof  truss. — The  frame  shown  in  Fig.  168  (a)  is  suitable  for  sup- 
porting a  roof,  and  is  called  a  roof  truss.  Vertical  loads  are  applied 
at  the  joints  1,  2,  4,  5  and  7,  and  the  truss  rests  on  supports  at  1 
and  7,  the  reactions  of  the  supports  being  vertical.  The  external 
forces  applied  to  this  frame  are  all  vertical,  and  the  reactions  may  be 
found  by  applying*  the  methods  of  calculation  given  in  Chapter  X., 
or  by  application  of  the  link  polygon  in  the  same  manner  as  for  the 
beam  on  p.  143. 

OF  FORCES.* 


Force  in  Ib.  weight 

Force  in  Ib.  weight 

Push. 

Pull. 

• 

Push. 

Pull. 

Reaction  at  1 

2000 



13 



4225 

Reaction  at  7 

2000 

— 

36 



2480 

12 

4675 

— 

67 



4225 

24 

4250 

— 

23 

900 

—  — 

45 

4250 

— 

34 

—  . 

1960 

57 

4675 

— 

46 

— 

1960 

56 

900 

— 

Having  determined  the  reactions  of  the  supports,  the  polygon  of 
forces  for  the  external  forces  may  be  completed,  and  is  ABQDEFGA 
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in  Fig.  168  (b).  The  joints  are  then  solved  separately  in  the  order 
1,  2,  3,  4,  5.  The  closing  line  AN  in  Fig  168  (b)  should  be  parallel 
to  the  bar  67  in  Fig.  168  (a),  and  this  gives  a  check  on  the  accuracy 
of  the  work.  The  forces  in  the  various  bars  are  scaled  from  Fig. 
168  (b)  and  are  shown  in  the  table  on  p.  147 


1000  Ib 


FIG  168  -—Forces  in  a  common  type  of  roof  truss 

The  bars  which  are  under  push  have  thick  lines  in  Fig.  168  (a) ; 
the  thin  lines  indicate  bars  under  puli. 

EXPT.  24. — Link  polygon.  Fig.  169  (a)  shows  a  polygon  ABCDEA  made 
of  light  cord  and  having  forces  P,  Q,  S,  T  and  V  applied  as  shown.  Lot 
the  arrangement  come  to  rest.  Show  by  actual  drawing  (a)  that  the  force 
polygon  abcdea  closes  (Fig.  169  (b)),  its  sides  being  drawn  parallel  and 
proportional  to  Q,  S,  T,  V  and  P  respectively  ;  (b)  that  lines  drawn  from 
a,  bt  c,  d  and  e  parallel  respectively  to  AB,  BC,  CD,  DE  and  EA  intersect  in 
a  common  pole  Qt 
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EXPT.  25. — Loaded  cord.  A  light  cord  has  small  rings  at  A,  B,  C  and 
D,  and  may  be  passed  over  pulleys  E  and  F  attached  to  a  wall  board  (Fig. 
170  (a)).  Loads  W15  W2,  W3  and  W4  may  be  attached  to  the  rings,  and 


(b) 


FIG.  169.—  An  experimental  link  polygon, 


P  and  Q  to  the  ends  of  the  cord.  Choose  any  values  for  Wj,  W2,  W3  and 
W4,  and  draw  the  force  polygon  for  them  as  shown  at  abode.  t  Choose  any 
suitable  pole  0,  and  join  0  to  a,  6,  c,  d  and  e.  Oa  and  Oe  will  give  the 


FIG.  170. — A  hanging  cord. 

magnitudes  of  P  and  Q  respectively.  Fix  the  ring  at  A  to  the  board  by 
means  of  a  bradawl  or  pin  ;  fix  the  pulley  at  E  so  that  the  direction  of  the 
cord  AE  is  parallel  to  Oa ;  fix  the  ring  at  B  by  means  of  a  pin  so  that  the 
direction  of  the  cord  AB  is  parallel  to  06.  Fix  also  the  other  rings  C  and 
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D,  and  the  pulley  at  F  so  that  the  directions  of  BC,  CD  and  DF  are  parallel 
to  cO,  dO  and  eO  respectively.  Apply  the  selected  weights  W1?  W2,  W3 
and  W4,  and  also  weights  P  and  Q,  of  magnitude  given  by  Oa  and  Oe. 
Remove  the  bradawls  and  ascertain  if  the  cord  remains  m  equilibrium. 

It  will  be  noted  that  the  shape  of  the  cord  and  the  values  of  P  and  Q, 
depend  upon  the  position  of  the  pole  O  ;  hence  a  large  number  of  solutions 
is  possible 

EXERCISES  ON  CHAPTER  XI. 

These  exercises  are  intended  to  be  solved  graphically 

1.   Four  forces  act  on  a  rod  as  shown  m  Fig  171 .     AB  --BC  -  CD  —  1  foot. 
The  magnitudes  m  Ib.  weight  are  as  follows  :  P  -  4  ,  Q  -6  ;  8^5;  T  -7. 

The  direction  angles  are : 

PAB-  110°,     QBC-=60°; 
SCD-4S0,      TDC-1200. 

Find    the    equihbiant    and    hence    the 
A        B  \  D  resultant  of  the  system  of  forces. 

\S  2.  Vertical  downward  forces  as  follows 

v      ,71  act  on    a    body:     P-400  Ib.    weight; 

Q  --200  Ib.  weight ,   S  -000  Ib.  weight , 

T  =300  Ib,  weight.  Horizontal  distances  between  P  and  Q,  2  feet ;  between 
Q  and  S,  4  feet ;  between  S  and  T,  3  feet.  Find  the  resultant  of  the 
system. 

3.  A  beam  AB,  24  ft.  long,  is  supported  at  its  ends,  and  carries  vertical 
loads  of  1  5/2,  3  and  4  5  tons  weight  at  distances  of  3,  6,  12  and  18  feet 
from  A.     Find  the  reactions  ot  the  supports. 

4.  The  frame  shown  in  Fig.  172  is  made  of  rigid  bars  smoothly  jointed 
together,  and  is  symmetrical  about  the  vertical  line  AY.     AB  =AC  ^6  feet ; 
BC  =9  feet ;  BE  -CD     4  feU  ;  DE  ^  11  feet. 

A  vertical  force  of  GOO  Ib.  weight  is  applied 
at  A;  a  force  of  400  Ib.  weight  at  B,  making 
an  angle  of  75°  with  BA  ;  a  force  of  800  Ib. 
weight  at  C,  making  an  angle  of  00°  with 
CD.  The  frame  is  supported  by  forces 
applied  at  D  and  E,  that  at  D  being  vertical. 
Find  the  forces  in  all  the  bars  of  the  frame, 
indicating  push  and  pull,  and  also  find  the 
forces  required  at  D  and  E  in  order  to 
equilibrate  the  frame. 

5.  Six  equal  loads  are  hung  from  a  cord. 
The  ends  of  the  cord  are  attached  to  two 
pegs  A  and  B  at  the  same  level  and  7  feet 

apart.  The  horizontal  hue  AB  is  divided  into  seven  equal  parts  by  pro- 
ducing upwards  the  lines  of  action  of  the  loads.  The  lowest  part  of  the 
cord  is  3  feet  below  AB.  Make  a  drawing  showing  the  cord,  and  find  the 
tension  in  each  part  of  it  if  each  load  weighs  2  Ib. 


FIG  172 
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6.  Find  the  forces  in  all  the  bars  of  the  frame  shown  in  Fig.  173,  indi- 
cating whether  each  bar  is  under  push  or  pull. 

7.  Draw  full  size  a  rectangle  ABCD  having  sides  AB-4  inches  and 
AD  -3  inches.     Forces  of  4,  5,  8  and  3  Ib.  wt.  act  along  the  sides  AB,  CB, 
CD  and  AD  respectively  ;  a  force  of  7  Ib.  wt.  acts  along  the  diagonal  AC  ; 
the  senses  of  the  forces  are  indicated  by  the  order  of  the  letters.     Find  the 
resultant. 
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FIG  174 


8.  The  sketch  given  in  Fig.   174  represents  a  crane  formed  of  rods 
smoothly  jointed  at -A,  B,  C,  D  ;  the  crane  is  kept  in  position  by  reactions 
at  A,  B,  of  which  the  former  is  horizontal.     A  load  of  10  cwt.  is  hung  from 
D  ;   find,  by  a  graphical  construction  or  otherwise,  the  stresses  in  the  rods, 
and  determine  the  reactions  at  A  and  B.  Sen.  (Jam.  Loc. 

9.  Show  how  to  find  graphically,  by  means  of  a  force  polygon  and  a 
funicular  (or  link)  polygon,  the  resultant  of  a  number  of  forces  whose  lines 
of  action  he  in  one  plane. 

Draw  four  parallel  lines  A,  B,  C,  D,  the  successive  distances  Between  them 
being  1J,  2^,  2  inches.  The  vertices  of  a  funicular  polygon  formed  by  a 
light  chain  are  to  he  on  these  lines  supposed  vertical.  From  the  vertices 
A,  B,  C,  D  are  to  be  suspended  weights  of  3.  5,  7,  2  Ib.  respectively. 

Construct  the  figure  of  the  polygon,  so  that  the  portion  of  the  chain 
between  B  and  C  shall  be  horizontal,  and  the,  portion  between  C  and  D 
shall  be  inclined  at  60°  to  the  horizontal.  L.U. 

10.  ABC  is  a  triangle  in  which  BC  is  horizontal  and  32  feet  long  and 
CA  =AB=24  feet.    D,  E,  F  are  the  middle  points  of  the  sides  BC,  CA,  and 
AB  respectively,  and  D  is  joined  to  E,  A  and  F.     The  figure  represents  a 
roof  truss,  supported  at  B  and  C,  which  is  subjected  to  vertical  loads  of 
J,  1 ,  1,2  and  \  ton  at  B,  F,  A,  E  and  C.     Find  graphically  the  stresses  in 
each  bar  of  the  truss.  L.U* 

11.  Seven  equal  light  rods  are  freely  jointed  together  so  as  to  form  two 
squares  ABCD  and  ABEF  (lying  in  one  plane  on  opposite  sides  of  AB).     Two 
other  light  rods  join  DB  and  AE.     The  system  is  supported  at  C  and  carries 
a  weight  W  hanging  from  F.    Find  the  tension  or  compression  of  each 
rod,  explaining  the  method  you  use.  L.U. 

12.  Two  uniform  beams  AB,  AC  of  equal  length  and  of  weights  respec- 
tively W,  W  are  jointed  at  A,  the  ends  B,  C  being  hinged  to  two  fixed 
points  on  the  same  level.    The  beams  rest  in  a  vertical  plane.    Prove  by 
means  of  a  force-diagram  or  otherwise  that  the  vertical  component  of  the 
reaction  at  A  is  J(W  -  W),  and  find  the  horizontal  component.         L.U. 
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13.  In  a  roof  truss  similar  to  that  shown  in  Fig  168  (p.  148),  the  dimen- 
sions are  as  follows :  Horizontal  distance  between  the  supports,  20  ft. ; 
vertical  height  of  joint  4  above  the  supports,  5  ft.  ;  the  bar  36  is  1  foot 
above  the  supports  ;  the  bars  23  and  56  bisect  at  right  angles  the  rafters 
14  and  47  respectively.  Vertical  loads  are  applied  as  follows:  At  joint  1, 
400  Ib.  wt.  ,  at  joint  2,  800  Ib.  wt.  ;  at  joint  4,  1000  Ib.  wt.  ;  at  joint  5, 
1200  Ib.  wt.  ;  at  joint  7,  1000  Ib.  wt.  The  reactions  of  the  supports  are 
vertical.  Find  these  reactions,  (and  then  find  the  forces  in  each  bar  of 
the  frame,  stating  whether  the  forces  are  pushes  or  pulls. 


CHAPTER  XII 

ST  R  KSS.     STR  A  IN      K I  *  A  »ST1  CITY 

S. — The  term  stress  is  applied  to  the  mutual  actions  which 
take  place  across  any  section  of  a  body  to  which  a  system  of  forces 
js  applied.  Stresses  are  described  as  tensile  or  pull,  compressive  or 
push,  and  shear,  according  as  the  portions  of  the  body  tend  to  separate, 
to  come  closer  together,  and  to  slide  on  one  another  respectively. 

If  equal  areas  at  every  part  ol  the  section  bustam  equal  forces,  the 
stress  is  said  to  be  uniform  ;  otherwise  the  stress  is  varying.  Stress 
is  measured  by  the  forqp  per  unit  area,  and  is  calculated  by  dividing 
the  total  force  by  the  area  over  which  ]t  is  distributed  ;  the  lesult 
of  this  calculation  is  called  the  stress  intensity,  or  more  usually  simply 
the  stress. 

In  the  case  of  varying  stress,  the  result  of  the  above  calculation 
gives  the  average  stress  intensity.  In  such  cases  the  stress  at  any 
point  is  calculated  by  taking  a  very  small  area  embracing  the  point, 
and  dividing  the  force  acting  over  this  area  by  the  area. 

Common  units  of  stress  are  the  pound,  of  ton-weight  per  square 
inch,  or  per  square  foot.  In  the  r  c;  s  system  the  dyne  per  square 
centimetre  is  the  unit  of  stress  ;  the  kilogram  weight  per  square 
centimetre  is  the  practical  metric  unit,  and  is  equivalent  to  14-19  Ib. 
weight  per  square  inch.  The  dimensions  of  stress  are 

ml    /2  _  w 
"Z2^    ~W 

Strain. — The  term  strain  is  applied  to  any  change  occurring  in 
the  dimensions,  or  shape  of  a  body  when  forces  are  applied.  A  rod 
becomes  longer  or  shorter  during  the  application  of  pull  or  push, 
and  is  said  to  have  longitudinal  strain.  This  strain  is  calculated  as 
follows  : 
Let  L=the  original  length  of  the  rod, 

e  =  the  alteration  in  length,  both  expressed  in  the  same  units. 
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Then 


Longitudinal  strain  = 


A  body  subjected  to  uniform  normal  stress  (hydrostatic  stress)  all 
over  its  surface  has  volumetric  strain. 

Let  V  =  the  original  volume  of  the  body  ; 

y  — the  change  in  volume,  both  expressed  in  the  same  units. 


Then 


Volumetric  strain  = 


V 


Shearing  strain  occurs  when  a  body  is  subjected  to  shear  stress. 
In  this  kind  ot  stress  a  change  of  shape  occurs  in  the  body.  Thus, 
hold  one  cover  of  a  thick  book  firmly  on  the  table,  and  apply  a 
shearing  force  to  the  top  cover  (Fig.  175).  The  change  in  shape  is 


Fw  i?r>    Mn  illusti.ition  oi  shearing  strain          FIG   176 — Shearing  attain. 

rendered  evident  by  the  square,  pencilled  on  the  end  of  the  book, 
becoming  a  rhombus  Under  similar  conditions,  a  solid  body  would 
behave  in  the  same  manner,  but  in  a  lesser  degree  (Fig.  170)  Shear- 
ing strain  is  measured  by  stating  the  angle  0  in  radians  through 
which  the  vertical  edge  in  Fig  176  has  rotated  on  application  of 
the  shearing  stress.  For  metals  0  is  always  very  small,  and  it  is 
sufficiently  accurate  to  write 


Shearing  strain  =  6  •• 


BB' 


It  will  be  noted  that  strain  has  zero  dimensions. 

Elasticity.— Elasticity  is  that  property  of  matter  by  virtue  of  which 
a  body  endeavours  to  return  to  its  original  shape  and  dimensions 
when  strained,  the  recovery  taking  place  when  the  disturbing  forces 
are  removed.  The  recovery  is  practically  perfect  in  a  great  many 
kinds  of  material,  provided  that  the  body  has  not  been  loaded 
beyond  a  certain  limit  of  stress  which  differs  for  different  materials. 
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If  loaded  beyond  this  elastic  limit  of  stress,  the  recovery  of  the  original 
shape  and  dimensions  is  incomplete,  and  the  body  is  said  to  have 
acquired  permanent  set. 

Hooke's  law.  —  Experiments  on  the  pulling  and  pushing  of  rods 
show  that  the  change  in  length  is  proportional  very  nearly  to  the 
force  applied.  If  one  end  of  a  rod  is  held  firmly  while  the  other 
end  is  twisted,  it  is  found  that  the  angle  through  which  this  end 
rotates  relatively  to  the  fixed  end  is  proportional  to  the  twisting 
moment  applied.  Experimental  evidence  shows  that  beams  are 
deflected,  and  springs  are  extended,  by  amounts  proportional  to  the 
loads  applied.  This  law  was  discovered  by  Hooke  and  bears  his 
name.  Since  in  every  case  the  stress  is  proportional  to  the  load,  and 
the  strain  is  proportional  to  the  change  in  dimension,  Hooke's  law 
may  be  stated  thus  :  Strains  are  proportional  to  the  stresses  producing 
them. 

Hooke's  law  is  obeyed  by  a  great  many  materials  up  to  a  certain 
limit  of  stress,  beyond  which  strains  are  produced  which  are  larger 
proportionally  than  those  for  smaller  stresses.  In  ductile  materials, 
such  as*wrought  iron,  which  are  capable  of  being  wire-drawn,  rolled, 
and  bent,  the  point  of  break-down  of  Hooke's  law  marks  the  beginning 
of  a  plastic  state  which,  when  fully  developed,  is  evidenced  by  a 
large  strain  taking  place  with  practically  no  increase  in  the  stress. 
The  stress  at  which  this  large  increase  in  strain  occurs  is  called  the 
yield  point,  and  is  considerably  greater  than  the  stress  at  which 
Hooke's  law  breaks  down 

Experiments  for  the  determination  of  the  stress  at  which  a  given 
material  first  acquires  permanent  set  arc  tedious,  and  when  the 
term  "  elastic  limit  "  is  used,  it  is  generally  understood  to  mean 
the  stress  at  which  Hooke's  law  breaks  down  ,  the  latter  stress  is 
determined  easily  by  experiment. 

Modulus  of  elasticity.  —  Assuming  that  Hooke's  law  is  obeyed  by 
a  given  material,  and  that  s  is  the  strain  produced  by  a  given  stress 
p,  we  have 


where  a  is  a  constant  for  the  material  considered,  and  is  called  a 
modulus  of  elasticity.  The  value  of  the  modulus  of  elasticity  depends 
upon  the  kind  of  material  and  the  nature  of  the  stress  applied. 
There  are  three  chief  moduli  of  elasticity. 
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i  modulus  applies  to  a  pulled  or  pushed  rod,  and  is  obtained 
by  dividing  the  stress  on  a  cross  section  at  90°  to  the  length  of  the 
rod  by  the  longitudinal  strain 

Let  P  =  the  pull  or  push  applied  to  the  rod,  in  units  of  force. 

A  --  the  area  of  the  cross  section 
L  =  the  original  length  of  the  bar 
e  —  the  change  in  length  of  the  bar. 
Writing  E  for  Young's  modulus,  we  have 

}J-f ,T*flQft  P  ('  PI 

p »ui«»»> r~    t     o   r  i_  ,^\ 

strain     A      L      Ac 

The  bulk  modulus  applies  to  the  ease  of  a  body  having  uniform 
normal  stress  distributed  over  the  whole  of  its  surface 

Let  p  =  the  stress  intensity. 

V^the  original  volume  of  the  body 
?;  =  the  change  in  volume. 
Writing  K  for  the  bulk  modulus,  we  have 

stress  _        '»__/>v  •        /o\ 

volumetric  strain    ^  '  V      i> 

MODULI  OF  ELASTICITY 

(Average  values  ) 


„                            1 

Young'h  modulus,  E 

Rigidity  modulus,   C 

MAJKRIAI 

a   Dynes  per         Ton*,  pci 

D^ucs  poi          Toiih  pci 

i 

sq    cm              fcq    inch 

M!    cm             sq    mob 

Cast  iron  -        -        -  ' 

10  x  10"         6,000 

3-5x10"      2,200 

Wrought  iron    -        -  ! 

20     „         13,000 

8-1      .,        5,200 

Mild  steel  - 

20     „         13,500 

8-5       ,        5,500 

Copper  (tolled)  - 

9-5-    „          6,200 

3-9       .        2,500 

Aluminium  (rolled)     -   i 

6-2    „           1,000 

2-5     „        1.600 

Brass 

9-0    „           5,700 

34     „        2,200 

Gun  -metal 

7-8    „           5,  (XX) 

3-1      „        2,000 

Phosphor  bronze 

9-3    „           6,000 

3-6      „        2,300 

Timber    .  - 

M    „             700 

—                — 

Indiarubber     *  - 

0-05  „               32 

0-0002  „       0-13 

Glass,  Crown     - 

7-0    „          4,500 

3-0        „      1,940 

„      Flint 

5-5     „           3,500 

22        „      1,420 

Catgut      - 

0-3    „              194 

—       i      _ 
•                  s 

xn 
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The  rigidity  modulus  applies  to  a  body  under  shearing  stress. 
Let  <?  =  the  shearing  stress  intensity. 

6  =  the  shear  strain. 
Writing  C  for  the  rigidity  modulus,  we  have 

p-0 

°' 

The  dimensions  of  all  these  moduli  are  the  same  as  those  of  stress. 

The  numerical  values  are  expressed  in  the  same  units  as  those  used 
in  stating  the  stress. 

EXPT.  26. — Elastic  stretching-  of  wires.  A  simple  type  of  apparatus  is 
shown  in  Fig.  177.  Two  wires,  A  and  B,  are  hung  from  the  same  support, 
which  should  be  fixed  to  the  wall  as  high  as  possible  in 
order  that  long  wires  may  be  used.  One  wire,  B,  is 
permanent  and  carries  a  fixed  load  Wt  in  order  to  keep 
it  taut.  The  other  wire,  A.  is  that  under  test,  and  may 
be  changed  readily  for  another  of  different  material.  The 
extension  of  A  is  measured  by  means  of  a  vernier  D, 
clamped  to  the  test  wire  and  moving  over  a  scale  E, 
which  is  clamped  to  the  permanent  wire.  The  arrange- 
ment of  two  wires  prevents  any  drooping  of  the  support 
being  measured  as  an  extension  ot  the  wire. 

See  that  the  wires  are  free  from  kinks.  Measure  the 
length  L,  from  C  to  the  vernier.  Measure  the  diameter 
of  the  wjre  A.  State  the  material  of  the  wire,  and  also 
whatever  is  known  of  its  treatment  before  it  came  into 
your  hands.  Apply  a  series  of  gradually  increasing  loads 
to  the  wire  A,  and  read  the  vernier  after  the  application 
of  each  load.  If  it  is  not  desired  to  reach  tfye  elastic 
limit,  stop  when  a  maximum  safe  load  has  been  applied, 
and  obtain  confirmatory  readings  by  removing  the  load 
step  by  step.  In  order  to  obtain  the  elastic  1  mit,  the 
load  should  be  increased  by  small  increments,  and  the 
test  stopped  when  it  becomes  evident  that  the  extensions  are  increasing 
more  rapidly  than  the  loadB.  Tabulate  the  readings  thuis  : 

TENSION  TEST  ON  A  WIRE. 


FIG 

Apparatus  for  ten- 
sile tests  on  wires. 


Load, 

Ib   or  kilograms  wt. 


Vernier  reading 


Load 
increasing. 


Load 
decreasing. 


Extension, 
inches  or  mm. 
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Load 


Plot  loads  as  ordmates,  and  the  corresponding  extensions  as  abscissae 
(Fig.  178).     It  will  be  found  that  a  straight  line  will  pass  through  most 

of  the  points  between  O  and  a  point  A, 
after  which  the  graph  turns  towards  the 
right.  The  point  A  indicates  the  break- 
down of  Hooke's  law. 

Let   Wr  =load  at  A  in  Fig.  178, 

d  -  the  diameter  of  the  wire. 
Then 

Stress  at  elastic  bieak-down  "\Ni/'j7rd2. 

Select  a  point  P  on  the  straight  line 
OA  (Fig  178),  and  measure  W2  and  r 
from  the  graph. 


c ^     Extension 


FIG  178 
Let 


-CJraph  of  a  tensile  test  on  a 
wire 


Then 


W  2  -  -  the  load  at  P. 

e  -the  extension  produced  by  P. 
L  —  the  length  of  the  test  wire. 

v          ,  .   ,         _      stress      W2      L 

Young  s  modulus  =E  =   .         —  ,     1 

strain    JTra-    e 


FIG    179  -Pure  torsion 


Pure  torsion. --In  Fig.  179  is  shown  a  rod  AB  having  arms  CD  and 
EF  fixed  to  it  at  right  angles  to  the  length  of  AB.  Let  AC = AD  =  BE  =  BF, 
and  let  equal  opposite  parallel 
forces  Q,  Q  be  applied  at  C  and 
D  in  directions  making  90°  with 
CD.  Let  6ther  equal  opposite 
parallel  forces  P,  P  be  applied  in 
a  similar  manner  at  E  and  F  The 
rod  is  then  under  the  action  of 
two  opposing  couples  in  parallel 
planes  If  the  forces  are  all  equal, 
the  couples  have  equal  moments,  and  the  system  is  in  equilibrium 
(p.  125)  The  rod  is  then  said  to  be  under  pure  torsion,  ?  e.  there  is 
no  tendency  to  bend  it,  and  there  is  no  push  or  pull  in  the  direction 
of  its  length.  The  twisting  moment  or  torque  T  is  given  by  the 
moment  of  either  couple,  thus 

Torque  =  T  =0,  x  CD  =P  x  EF 

The  actions  of  the  couples  are  transmitted  from  end  to  end  of  the 
rod  AB,  and  produce  shearing  stresses  on  any  cross  section,  such  as 
G  (Fig,  179). 

The  following  experiment  illustrates  the  twisting  of  a  wire  under 
pure  torsion. 


TORSION  OF  A  WIRE 
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EXPT.  27. — Torsion  of  a  wire.  In  Fig.  180,  AB  is  a  wire  fixed  firmly  at 
A  to  a  rigid  clamp  and  carrying  a  heavy  cylinder  at  B.  The  cylinder  serves 
to  keep  the  wire  tight,  and  also  provides  means  of  applying  a  twisting 
couple  to  the  wire.  Two  cords  are  wound  round  the 
cylinder  and  pass  oil  in  opposite  parallel  directions 
to  guide  pulleys.  Equal  weights  \A/!  and  W.2  are 
attached  to  the  ends  of  the  cords.  Pointers  C  and 
D  are  clamped  to  the  wire,  and  move  as  the  wire 
twists  over  fixed  graduated  scales  E  and  F.  The 
angle  of  twist  produced  in  the  portion  CD  of  the  wire 
is  thus  indicated. 

8tate  the  material  of  the  wire ;  measure  its  diameter 
d±  and  the  length  L  between  the  pointers  C  and  D, 
Measure  the  diameter  dz  of  the  cylinder  B.  Apply  a 
series  of  gradually  increasing  loads,  and.  read  the 
scales  E  and  F  after  each  load  is  applied.  Tabulate 
the  readings. 

EXPERIMENT  ON  TORSION. 


Load, 

Torque, 

Scale  readings,  degiees 
Scale  E      !     Scale  F 

Angle  of 
twist,  decrees 

I      B     ®"' 

FIG.   180.—  Appara- 
tus toi  toiMon  tests  on 

WJJCB 

• 

Torque 


Plot  the  torques  as  ordinates  and  the  corresponding  angles  of  twist  as 
abscissae.     A  typical  graph  is  shown  in  Fig.  181.     A  straight  line  graph 

indicates  that  the  angle  of  twist  is  propor- 
tional to  the  tdrque.  Select  a  point  P  on 
the  graph,  and  scale  the  torque  T  and  the 
angle  a.  If  the  graph  has  been  plotted  in 
degrees,  convert  a  to  radians.  Calculate 
the  modulus  of  rigidity  from  the  expression : 

^     :*2TL 


Oj< ct/ *j    Angle 


Bending  of  a  beam. — The  beam  shown 
in  Fig.    182   consists    of    a    number   of 


Fio.  181  .—Graph  of  a  torsion  test    planks  of  equal  lengths  laid  one  on  the 

on  a  wire  A  *  ° 

top  of  the  other  and  supported  at  the 

ends.     Application    of    a    load    causes    all   the   planks   to   bend  in 
a  similar  fashion,   and  the  planks  will  now  be  found  to  overlap 
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at  the  ends.  Strapping  the  planks  together  (Fig.  183)  prevents 
this  action,  and  each  end  of  the  beam  now  lies  in  one  plane ;  the 
planks  now  behave  approximately  like  a  solid  beam.  Inspection 
of  Fig.  183  shows  that  planks  near  the  top  have  become  shorter  and 


fw 


Q 


FIG.  184.— Shear  at  the  section  AB 


FIG  182  — Bending  of  a  loose  plank  beam      FIG.  183. — Bending  of  a  strapped  plank  beam. 

those  near  the  bottom  have  become  longer.  The  middle  plank  does 
not  change  m  length.  Hence  we  may  infer  that,  in  solid  beams, 
there  is  a  neutral  layer  which  remains  of  unaltered  length  when  the 
beam  is  bent,  and  that  layers  above  the  neutral  layer  have  longi- 
tudinal strain  of  shortening,  and  must 
therefore  be  under  ptush  stress.  Layers 
below  the  neutral  layer  have  longitu- 
dinal strain  of  extension  and  are  there- 
fore under  pull  stress 

In  Fig  184  the  beam  carries  a  load 
W,  and  the  reactions  of  the  supports  are  P  and  Q,  Considering  any 
cross  section  AB,  the  actions  of  P  on  the  portion  of  the  beam  lying 
on  the  left-hand  side  of  AB,  and  of  W  and  Q  on  the  other  portion, 
produce  a  tendency  for  the  material  at  AB  to  slide  as  shown.  Hence 
the  material  at  AB  is  under  shear  stress. 

Beams  firmly  fixed  in  and  projecting 
from  a  wall  or  pier  are  called  cantilevers. 
A  model  cantilever  is  shown  in  Fig  185, 
and  is  arranged  so  as  to  give  some  con- 
ception of  the  stresses  described  above. 
The  cantilever  has  been  cut  at  AB  ;  in  order 
to  balance  the  portion  outside  AB,  a  cord 
is  required  at  A  (indicating  pull  stress) 
and  a  small  prop  at  B  (indicating  push 
stress).  Further,  in  order  to  balance  the 
tendency  to  shear,  a  cord  has  been  arranged 
so  as  to  apply  a  force  S.  In  the  uncut 
cantilever,  these  forces  are  supplied  by  the  stresses  in  the  material. 

Bending  moment  and  shearing  force  in  beams. — In  Fig.  186  (a) 
is  shown  a  beam  carrying  loads  W1$  W2,  and  supported  by  forces 
P,  Q.  Ap  is  any  cross  section.  P  and  W,  have  a  tendency  to  rotate 


w//. 


FIG   185— Model  of  a  canti- 
lever, cut  to  show  the  forces  at 

AB 
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>           B      (a) 

Q 

Fici  18C.—  liciulitm  moment  and  shear- 
ing force 


the  portion  of  the  beam  lying  on  the  left-hand  side  of  AB.  Similarly, 
Q  and  W2  tend  to  rotate  the  other  portion  of  the  beam  in  the  con- 
trary sense.  These  tendencies  iray  be  calculated  by  taking  the 
algebraic  sum  of  the  moments  of  the  forces  about  any  point  in  AB. 
A  little  consideration  will  show  that 
the  resultant  moment  of  P  and  Wj 
must  be  equal  to  the  resultant 
moment  of  Q  and  W2,  since  both 
these  resultant  moments  are  balanced 
by  the  same  stresses  transmitted 
across  AB.  The  evaluation  of  these 
stresses  is  beyond  the  scope  of  this 
book,  but  we  may  say  that  they 
give  rise  to  equal  forces  X  and  Y 
(Fig.  186(6)). 

The  bending-  moment  at  any  section 
of  a  beam  measures  the  tendency  to 
bend  the  beam  about  that  section, 
and  is  calculated  by  taking  the  algebraic  sum  of  the  moments  about 
any  point  on  the  section  of  all  t  he  forces  applied  to  either  one 
portion  or  the  other  portion  of  the  beam. 

Again,  consider  the  left-hand  portion  of  the  beam  (Fi^.  186  (6)). 
L  P  and  WA  are  equal,  there  is  no  resultant  tendency  to  produce 
vertical  movement  of  this  portion.  Otherwise  the  stresses  at  the 
section  must  supply  an  upward  or  downward  foree  S  according  as 

Wj  is  greater  or  less 
than  P.  S  is  called  the 
shearing*  force  at  the 
section  AB,  and  is  calcu- 
lated by  taking  the 
algebraic  sum  of  all  the 
forces  applied  to  either 
one  portion  or  the  other 
portion  of  the  beam. 

A  common  conven- 
tion is  to  describe  bending  moments  as  positive  or  negative  according 
as  the  beam  bends  as  shown  in  Fig.  187  (a)  or  Fig.  187  (&).  If  the 
action  is  as  shown  in  Fig.  188  (a),  the  shearing  force  is  positive ; 
Fig.  188  (6)  shows  the  action  with  a  negative  shearing  force, 


PlO.  187.— Positive  and 
negative  bending. 


FlO.  188. — Positive  and 
negative  shear. 
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EXAMPLE.— A  beam  of  20  feet  span  is  supported  at  its  ends  and  carri| 
a  uniformly  distributed  load  of  1  ton  weight  per  foot  length  (Fig.  189  (a))' 
Find  the  bending  moment  and  shearing  force  at  a  section  0  feet  from  the 
left-hand  support. 

1  con.  per  foot  length 


FIG.  189. — Bending  moment  and  shearing  force  diagrams  for  a  beam  carrying 
a  uniformly  distributed  load 

The  total  load  is  20  tons  weight,  and  the  reaction  of  each  support  is 
therefore  10  tons  weight.  Referring  to  Fig.  189  (6),  it  will  be  noted  that 
the  external  forces  applied  to  the  portion  of  the  beam  lying  on  the  left-hand 
side  of  the  section  are  10  tons  weight  acting  upwards  and  a  distributed  load 
of  6  tons  weight  acting  downwards.  The  latter  may  be  applied  at  its 
centre  of  gravity,  i.e.  3  feet  from  the  section. 

Bending  moment  -(10  x  6)  -  (6  x  3)  =60  - 18 

=42  ton-feet. 
Shearing  force  =  10-6—4  tons  weight. 
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In  the  same  manner  the  bending  moments  and  shearing  forces  at  other 
sections  may  be  calculated  and  the  results  plotted  (Fig.  189  (c)  and  (d)). 
The  resulting  diagrams  show  clearly  how  the  bending  moments  and  shearing 
forces  vary  throughout  the  beam. 

EXPT.  28.— Deflection  of  a  beam.  The  apparatus  employed  is  shown 
in  Fig.  190,  and  consists  of  two  cast  iron  brackets  A  and  B,  which  can  be 


H  ^ 


Fio.  190 — \pparatns  for  measuring  the  deflection  of  a  beam. 

clamped  anywhere  to  a  lathe  bed  C,  or  other  rigid  support.  The  brackets 
have  knife  edges  at  the  tops,  and  the  test  beam  rests  on  these.  A  wrought- 
iron  stirrup  D,  with  a  kmfe-cdgo  for  resting  on  the  beam,  carries  a  hook 
E  for  applying  the  load.  The  deflections  are  measured  by  means  of  a 
light  lever  F,  pivoted  to  a  fixed  support  G,  and  attached  by  a  fine  wire 
at  its  shorter  end  to  the  stirrup  ;  the  other  end  moves  over  a  fixed  scale 
W  as  the  beam  deflects.  The  ratio  of  the  lever  arms  may  be  Anything 


FIG.  191. 

from  1 :  10  to  1  :  20.  The  deflection  produced  by  any  load  will  be 
obtained  by  dividing  the  difference  in  the  scale  readings  before  and  after 
applying  the  load  by  the  ratio  of  the  long  arm  to  the  short  arm  of  the 
lever.  If  the  test  beam  is  of  timber,  it  is  advisable  to  place  small  metal 
plates  at  a,  b  and  c  (Fig.  191)  in  order  to  prevent  indentation  of  the  soft 
material. 

Arrange  the  apparatus  as  shown.  Let  the  beam  be  of  rectangular 
section  ;  note  the  material  and  measure  the  span  L,  the  breadth  b  and  the 
depth  d.  Apply  the  load  at  the  middle  of  the  span,  and  take  readings 
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as  indicated  in  the  table  for  a  series  of  gradually  increasing  loads  W. 
Take  readings  also  when  the  load  is  removed  step  by  stop. 

DEFLECTION  TEST  ON  A  BEAM. 


Load,  W 


Scale  l 


1,0  id 

increasing1. 


Load 

decreasing 


Deflection 


Plot  a  graph  showing  loads  a-s  ordinatos  and  corresponding  deflections 
as  ab-'cissae.  A  straight  line  graph  will  indicate  that  the  deflection  is 
proportional  to  the  load. 

The  deflection  of  a  beam  is  chiefly  due  to  the  longitudinal  strains 
caused  by  the  push  and  pull  stresses  to  which  the  fibres  of  the  beam  are 
subjected.  Hence  the  deflection  is  related  to  the  value  of  Young's  modulus 
of  the  material.  Select  a  point  on  the  graph,  and  read  oil  the  values  of 
W  and  the  deflection  A  corresponding  to  this  point.  Calculate  Young's 
modulus  from  WL3 


EXERCISES  ON  CHAPTER  XII. 

1.  A  load  of  7  tons  weight  is  hung  from  a  vertical  bar  of  rectangular 
section  2-5  inches  x  1  inch.    Find  the  tensile  stress. 

2.  Find  the  safe  pull  which  may  be  applied  to  a  bar  of  rectangular 
section  4  inches  x  5  inch,  if  the  tensile  stress  allowed  is  5  tons  wt.  per 
square  inch. 

3.  A  pull  of  15  tons  weight  is  applied  to  a  bar  of  circular  section.    Find 
the  diameter  of  the  bar  if  the  tensile  stress  permitted  is  6  tons  wt.  per 
square  inch. 

4.  Find  the  safe  load  which  can  be  applied  to  a  hollow  cast-iron  column 
6  inches  external  and  4  5  inches  internal  diameter.    The  compressive 
stress  allowed  is  7  tons  wt.  per  square  inch. 

5.  A  shearing  force  of  3  tons  wt.  is  distributed  uniformly  over  the 
cross  section  of  a  pin  1  5  inches  in  diameter.      Find  the  shear  stress. 

6.  A  steel  cylinder,  3  feet  long  and  5  inches  in  diameter,  is  subjected 
to  hydrostatic  stress,  and  the  volume  is  found  to  change  by  0-57  cubic 
inch.     Find  the  volumetric  strain. 

7.  A  square  steel  plate  4  feet  edge,  plane  vertical,  has  its  lower  edge 
fixed  rigidly.     Shear  stress  is  applied  and  the  upper  edge  is  observed  to 
move  parallel  to  the  lower  edge  through  0-02  inch.     Find  the  shear  strain. 
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8.  A  column,  20  feet  high  and  having  a  cross  sectional  area  of  12  square 
inches,  carries  a,  load  of  36  tons  weight.     Find  the  decrease  in  length  when 
the  load  is  applied.     E  =29,000,000  Ib.  wt.  per  sq.  inch. 

9.  A  wire,  120  inches  long  and  having  a  sectional  area  of  0-125  square 
inch,  hangs  vertically.     When  a  load  of  450  Ib.  weight  is  applied,  the  wire 
is  found  to  stretch  0-015  inch.     Find  the  stress,  the  strain,  and  the  value 
of  Young's  modulus. 

10.  Find  the  tensile  stress  in  a  bolt  2-5  inches  diameter  when  a  load  of 
30  tons  weight  is  applied.    If  E-SOxlO*5  Ib.  wt.  per  square  inch,  find 
the  longitudinal  strain.     The  original  length  of  the  bolt  was  102  inches ; 
find  the  extension  when  the  load  is  applied. 

11.  A  cast-iron  bar,  diameter  0-474  inch,  length  8  inches,  was  loaded 
in  compression,  and  the  contraction  in  length  caused  by  a  gradually  in- 
creasing series  of  loads  was  measured  : 


Load,  Ib.  wt.   - 

0 

100 

200 

300 

400 

Contraction  in) 
length,  inches/ 

0000 

0-00038 

0  00069 

0-00105 

000137 

Load,  Ib.  wt.  - 

500 

600 

700 

800 

Contraction  in  \ 
length,  inches] 

00017 

0-00208 

00024 

00027 

Plot  a  graph  and  find  the  value  of  Young's  modulus. 

12.  A  square  stool  plate,  6  feet  edge,  has  one  edge  rigidly  fixed  and  shear 
stress  of  3  704  tons  wt.  per  square  inch  applied  to  the 'other  edges.    If 
the  modulus  of  rigidity  is  0,500  tons  wt.  per  square  inch,  find  the  move- 
ment of  the  edge  opposite  the  fixed  edge. 

13.  If  the  bulk  modulus  for  copper  is  3,300  tons  wt.  per  square  inch,  find 
the  contraction  in  volume  of  a  copper  sphere  10  inches  in  diameter  when 
subjected  to  a  hydrostatic  stress  of  0-5  ton  wt.  }>er  square  inch. 

14.  A  specimen  of  steel,  0714  inch  in  diameter  and  7-81  inches  long, 
had  an  angle  of  twist  of  0-56  degree  when  a  torque  of  400  Ib. -inches  was 

applied.    Find  the  value  of  the  modulus  of  rigidity. 

15.  A  beam,  20  feet  long,  rests  on  supports  at  its  ends.     There  is  a  load, 
of  2  tons  weight  at  the  middle,  and  other  two  loads  of  1  ton  weight  each 
placed  at  points  5  feet  from  each  support.     Find  the  bending  moment  at 
each  load ;   also  the  shearing  force  at  a  section  6  feet  from  one  support. 
Neglect  the  weight  of  the  beam. 

]  6.  A  cantilever  projects  8  feet  from  a  wall  and  carries  a  load  of  400  Ib. 
weight  distributed  uniformly  over  the  length  of  the  cantilever.  Calculate 
the  bending  moments  and  shearing  forces  at  sections  0,  2,  4,  6  and  8  feet 
from  the  wall.  Draw  diagrams  of  bending  moments  and  shearing  forces. 

17.  In  testing  a  steel  bar  as  a  beam  supported  at  the  ends  and  loaded 
at  the  middle,  it  was  found  that  a  load  of  10  Ib.  weight  produced  a  deflection 
of  0  0053  inch.  The  beam  was  1  inch  broad,  1  inch  deep  and  40  inches 
span.  Find  the  value  of  Young*  s  modulus. 
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18.  Discuss  the  natuio  of  the  forces  acting  on  the  fibres  at  any  cross 
section  of  a  beam  fixed  at  one  end  and  loaded  at  the  other. 

A  uniform  beam,  20  ft,  long,  weighing  2000  Ih  ,  is  supported  at  its  ends. 
The  beam  carries  a  weight  of  4000  Ib.  at  a  point  5  ft.  from  one  end.  Find 
the  bending  moments  at  the  centre  of  the  beam  and  at  the  point  where 
the  weight  is  supported.  Adelaide  University. 

19.  A  light  hori/oiital  beam  AB,  of  length  7  feet,  is  supported  at  its 
ends,  and  loaded  with  weights  40  and  50  Ih.  at  distances  of  2  and  4  ieet 
from  A.    Find  the  reactions  at  A  and  B,  and  tabulate  the  bending  moment 
and  shearing  force  at  distances  1,  #,  5  and  7  feet  from  A      Draw  a  diagram 
from  which  can  be  found  the  bending  moment  at  any  point  of  the  beam. 

L.U. 


CHAPTER  XIII 

WORK.    ENERGY.    POWER.     FRICTION 

Work. — Work  is  said  to  be  done  by  a  force  when  the  pomt  of 

application  undergoes  a  displacement  along  the  line  of  action  of  the 

force.     Work  is  measured  by  the  product  of  the 

S*\       magnitude  of    the  force  and  the  displacement. 

/'  ,**     Thus,  if  A  (Fig.  192)  be  displaced  from  A  to  B,  a 

[X\    '  distance  s  along  the  line  of  action  of  the  force  F, 

/**""*< jt 

^      »  then 

FIG.  192. -work  done  Work  done  by  F-F*  (1) 

by  a  force.  ,      ^3  ^  p0mt  Of  application  is  displaced 


from  A  to  B,  and  AB  does  not  coincide  with  the  direction  of  F.  The 
displacement  AB  is  equivalent  to  the  component  displacements  AC 
and  CB,  which  are  respectively  along  and  at  right  angles  to  the  line 
of  F.  Let  s  denote  the  displacement  AC,  then 

Work  done  by  F  — Fs  =  F  xAB  x  cos  a (2) 

B 


..  :   t 

\  F  aVXA 


FIG.  193.  FIG  194 

The  work  done  by  F  may  also  be  calculated  by  the  following 
method  :  In  Fig.  194  take  components  of  F,  (P  and  Q),  respectively 
at  right  angles  to  and  along  AB.  Q,  is  equal  to  F  cos  a.  P  does  no 
work  during  the  displacement  from  A  to  B  ;  the  work  is  done  by 
Q,  alone,  and  is  given  by 

Work  done  =QxAB  =  Fx  cos  axAB,  (3) 

which  is  the  same  result  as  before. 

No  work  is  done  against  gravity  when  a  load  is  carried  along  a 
level  road.  This  follows  from  the  consideration  that  the  point  of 
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application  of  the  vertical  force  supporting  the  load  moves  in  a 
horizontal  piano,  and  therefore  undergoes  no  displacement  in  the 
vertical  line  of  action  of  the  weight. 

Units  of  work.— Unit  work  is  performed  when  unit  force  pro 
duces  unit  displacement.  The  C.G.s.  absolute  unit  of  work  is  the 
erg,  and  is  performed  when  a  force  of  one  dyne  acts  through  a 
distance  of  one  centimetre.  The  metric  gravitational  unit  of  work 
usually  employed  is  the  centimetre-kilogram,  and  is  performed  when 
a  force  of  one  kilogram  weight  acts  through  a  distance  of  one  centi- 
metre ;  the  centimetre-gram  and  the  metre-kilogram  are  also  used. 

The  British  absolute  unit  of  work  is  the  foot-poundal,  and  is  per- 
formed when  a  force  of  one  poundal  acts  through  a  distance  of  one 
foot.  The  gravitational  unit  of  work  is  the  foot-lb.,  and  is  performed 
when  a  force  of  one  pound  weight  acts  through  a  distance  of  one  foot 

In  practical  problems  in  electricity  the  unit  of  work  employed  is 
the  Joule ;  this  unit  represents  the  work  done  in  one  second  when  a 

, current  of  one  ampere  is  maintained  by  an 

E  M  F  of  one  volt. 

The  dimensions  of  work  are 

nil     j    ml2 

Work  done  in  elevating  a  body.— In 

Fig.  195  is  shown  a  body  having  a  total 
weight  W,  and  having  its  centre  of  gravity 
GJI  at  a  height  H  above  the  ground.  u\, 
w2,  etc.,  are  particles  situated  at  heights 

hl9  th,  etc.,  above  the  ground.     Let  the 
FIG.  195.-Wor^done  in  raising     body   be   raiged   gQ   ^  Qj    moveR   to  & 

and  ivv  iv2  to  w/,  w2'  at  heights  H',  /*/ 

and  h2  respectively.  The  work  done  against  gravity  in  raising  wl 
and  w2  is  ^(V-/^)  and  w2(h2  -h2) ;  hence  the  total  work  done 
in  raising  the  body  is  given  by 

Work  done  =  w^ '  -  A,)  -f  W2(h2'  -  h2)  +  w^( A3'  -  A3)  +  etc. 

=  ( w^i  -f  w2h2  +  w^g'  4- etc.)  -  (wjii  -f  w2Ji2  -f  w3h3  +  etc.) 

=  WH'-WH,      (p    109) 

=  W(H'-H). 

The  work  done  in  raising  a  body  against  the  action  of  gravity  may 
therefore  be  calculated  by  taking  the  product  of  the  total  weight  of 
the  body  and  the  vertical  height  through  which  the  centre  of  gravity 
is  raised. 


Xttt 


WORK 


Graphic  representation  of  work. — Since  work  is  measured  by  the 
product  of  force  and  distance,  it  follows  that  the  area  of  a  diagram 
m  which  ordmates  represent  force  and  abscissae  represent  distances 
will  represent  the  work  done. 

If  the  force  is  uniform,  the  diagram  is  a  rectangle  (Fig.  196). 
The  work  done  by  a  uniform  force  P  acting  through  a  distance 
D  is  P  x  D.  If  unit  height  of  the  diagram  represents  p  units  of  force, 
and  unTt  'length  represents  d  units  of  displacement,  then  one  unit 
of  area  of  the  diagram  represents  pd  units  of  work.  If  the  diagram 
measures  A  units  of  area,  then  the  total  work  done  is  given  by 


O:' 


D >! 


Fid.  100  —  Diagram  of  work  done  by 
a  uniform  force. 


O  D 

Flo.  197.— Diagram  of  work  done  by 
a  \;iiying  foice. 


If  the  force  varies  (Fig.  197),  the  diagram  of  work  is  drawn  by 
setting  oft'  ordinates  to  represent  the  magnitude  of  the  force  at 
different  values  of  the  displacement.  The  work  done  may  be 
calculated  by  taking  the  product  of  the  average  value  of  the  force 
and  the  displacement.  Since  the  average  height  of  the  diagram 
represents  the  average  force,  and  the  length  * 

of  the  diagram  represents  displacement,  we 
have,  as  before,  the  work  done  represented 
by  the  area  of  the  diagram,  and  one  unit 
of  area  of  the  diagram  represents  pd  units* 
of  work.  The  area  A  of  the  diagram  may 
be  found  by  means  of  a  plain  meter,  or 
by  any  convenient  rule  of  mensuration, 
when  pr/A  will  give  the  total  work  done. 


EXAMPLE.  —  Find  the  work  done  against 
gravity  when  a  cage  and  load  weighing  Wt  are 
raised  from  a  pit  H  deep  by  means  of  a  rope 
having  a  weight  W2  (Fig.  198). 

At  first  the  pull  P  required  at  the  top  of  the 
rope  is  (Wx  -f  W«),  and  this  diminishes  gradually 
as  the  cage  ascends,  becoming  W,  when  the 
cage  is  at  the  top.  The  diagram  of  work  for 
hoisting  the  cage  and  load  alone  is  the  rectangle  ABCD,  in  which  BC 
and  AB  represent  Wj  and  H  respectively  ;  the  diagram  for  hoisting  the 
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rope   alone   is  DCE,   in  which  W2   is   represented  by  CE.     From  the 
diagrams,  we  have 

Total  work  done  ^WjH  +  |W2H 


Energy.  —  Energy  means  capability  of  doing  work.  A  body  is 
said  to  possess  energy  when,  by  reason  of  its  position,  velocity,  or 
other  conditions,  work  may  be  performed  during  an  alteration  in 
the  conditions.  Thus  an  elevated  body  is  said  to  possess  energy 
because  work  can  be  done  by  the  gravitational  effort  if  the  body  is 
permitted  to  descend.  Energy  of  this  kind  is  called  potential  energy. 
A  flying  bullet  is  said  to  possess  energy  because  work  can  be  done 
while  the  bullet  is  coming  to  rest  Energy  possessed  by  a  body  by 
virtue  of  its  motion  is  called  kinetic  energy.  There 
are  various  other  forms  of  energy,  such  as  heat, 
electric  energy,  etc. 

Energy  is  measured  in  units  of  work.     Thus  the 

o»/ 

potential  energy  of  a  body  of  mass  m  at  an  eleva- 
tion h  (Fig.  199)  is  mgh,  since  myh  absolute  units 


FIG  199  —Potential    of  work  will  be  done  by  gravitational  effort  whilst 
energy.  4.1     i     3     •     i  j- 

the  body  is  descending. 

Conservation  of  energy. — Experience  shows  that  all  energy  at 
our  disposal  comes  from  natural  sources.  The  principle  of  the 
conservation  of  energy  states  that  man  is  unable  to  create  or  destroy 
energy ;  he  can  only  transform  it  from  one  kind  into  another  For 
example,  a  labourer  carrying  bricks  up  a  ladder  is  not  creating 
potential  energy,  but  m  only  converting  some  of  his  internal  store 
of  energy  into  another  form.  Presently  rest  and  food  will  be  neces- 
sary in  order  that  his  internal  store  of  energy  may  be  replenished. 
No  matter  what  may  be  the  form  of  food,  it  is  derived  ultimately 
from  vegetation,  and  vegetation  depends  for  its  growth  upon  the 
light  and  heat  of  the  sun  Hence  the  store  of  energy  in  the  sun  is 
responsible  primarily  for  the  elevation  of  the  bricks.  The  student 
will  be  able  to  supply  other  examples  from  his  own  experience. 

The  statement  that  energy  cannot  be  destroyed  requires  some 
explanation.  In  converting  energy  from  one  form  into  another, 
some  of  the  energy  disappears  generally,  so  that  the  total  energy 
in  the  new  form  is  less  than  the  original  energy.  If  careful  examina- 
tion be  made,  it  will  be  found  that  the  missing  energy  has  been 
converted  into  forms  other  than  that  desired,  and  that  the  total 
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energy  in  the  various  final  forms  is  exactly  equal  to  the  original 
energy.  For  example,  a  hammer  is  used  for  driving  a  nail  and  is 
given  kinetic  energy  by  the  operator.  The  hammer  strikes  the 
nail,  and  some  of  its  energy  is  used  in  performing  the  useful  work 
of  driving  the  nail.  The  remainder  is  wasted  in  damaging  the  head 
of  the  nail  and  in  the  production  of  sound  and  heat.  The  student 
should  accustom  himself  to  the  use  of  the  term  "wasted  energy" 
in  preference  to  kC  lost  energy,"  which  A  B 

mi#ht  lead  to  the  idea  that  some  energy 
had  been  destroyed. 

Kinetic  energy. -In  Fig.  200  a  result-  K- --*----,- 

ant  external  force  F  acts  on  a  mass  m,         FIG  2()0  ~Kilietic  ouorRy- 
which  is  at  rest  at  A.     Let  the  body  be  displaced  to  B  through  a 
distance  s,  and  let  its  velocity  at  B  be  v.     Then 

Work  done  by  F  =  Fs (1) 

None  of  this  work  has  been  done  against  any  external  resistance, 
hence  it  must  be  stored  in  the  body  at  B  in  the  form  of  kinetic  energy. 
Hence  Kinetic  energy  at  B  =  fs  =  mas. 

v2 

Also,  v^^Zas,     or    a  =  -t.-  ;    (p.  33) 

As 

.*.  Kinetic  energy  at  B  =  ms  . 

J.s'  « 

=  m^  absolute  units (2) 

A 

It  will  be  noted  that  the  result  obtained  for  the  kinetic  energy  is 
independent  of  the  direction  of  motion  of  the  body.  This  follows 
from  consideration  of  the  fact  that  the  velocity  appears  to  the  second 
power  in  the  result,  which  is  therefore  independent  of  the  direction 
or  sign  of  the  given  velocity.  Kinetic  energy  is  a  scalar  quantity. 

The  dimensions  of  kinetic  energy  are  ml2/fi,  i.e.  kinetic  energy 
has  the  same  dimensions  as  work. 

Average  resistance. — When  a  body  is  in  motion  and  it  is  desired 
to  bring  it  to  rest,  or  to  diminish  its  speed,  a  force  must  be  applied 
having  a  sense  opposite  to  that  of  the  velocity.  In  general  it  is  not 
possible  to  state  the  precise  value  of  this  resistance  at  any  instant, 
out  the  average  value  may  be  calculated  from  the  consideration  that 
the  change  in  kinetic  energy  must  be  equal  to  the  work  done  against 
the  resistance.  The  following  example  illustrates  this  application 
of  the  principle  of  the  conservation  of  energy. 
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EXAMPLE.  —  A  stone  weighing  8  Ib.  falls  from  the  top  of  a  cliff  120  feet 
high  and  buries  itself  4  foot  deep  in  the  sand.  Find  the  average  resistance 
to  penetration  offered  by  the  sand,  and  the  approximate  time  of  penetra- 
tion. L.U. 

In  this  case  it  is  simpler  to  use  gravitational  units  of  force  ;  thus  : 
Total  energy  available  =  potential  energy  transformed 

^8x(120+4)^992  foot-lb. 
Let  P  -  the  average  resistance  in  Ib.  weight, 
then  Work  done  against  P  -P  x  4  foot-lb.  ; 

.     4P-992, 

P  =248  Ib.  weight. 

Again,  the  velocity  just  before  reaching  the  sand  is  given  by 

v~\'%jK=\/M  4  x!20, 
v-87-9  feet  per  sec. 
Also,      Average  velocity  x  time  -  distance  travelled  ; 

87  9     ,     4 
~~  ' 


second. 

Power.—  Power  means  rate  of  doing  work  The  cos  unit  of 
power  is  a  rate  of  doing  work  of  one  erg  per  second.  The  Butish 
unit  of  power  is  the  torse-power,  and  is  a  rate  of  working  of  33,000 
foot-lb.  per*  minute  ;  this  rate  of  doing  work  is  equivalent  to  550 
foot-lb,  per  second.  In  any  given  ease  the  horse-power  is  calculated 
by  dividing  the  work  done  per  minute,  in  foot-lb  ,  by  33,000. 

The  electrical  power  .unit  is  the  watt,  and  is  10"  ergs  per  second  ; 
the  watt  is  developed  when  an  electric  current  of  one  ampere  flows 
between  two  points  of  a  conductor,  the  potential  difference  between 
the  points  being  one  volt.  The  product  of  amperes  and  volts 
gives  watts.  746  watts  are  equivalent  to  one  horse-power  ;  hence 
TT  amperes  x  volts 

Horse-power  =  —  r  _..  -- 

74o 

The  Board  of  Trade  unit  of  electrical  energy  is  one  kilowatt 
maintained  for  one  hour.  One  horse-power  maintained  for  one 
6our  would  produce  33,000x60  =  1,980,000  foot-lb.  The  kilowatt- 
hour  is  therefore  given  by 


1  kilowatt  hour  =  1,980,000  x  ±)£r 

74o 

=  2,664,000  foot-lb, 
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Friction.— Iii  practice  much  energy  is  wasted  m  overcoming 
frictional  resistances,  and  the  general  laws  of  friction  should  be 
understood  by  the  student. 

When  two  bodies  are  pressed  together  it  is  found  that  there  is  a 
resistance  offered  to  the  sliding  of  one  upon  the  other.  This  resist- 
ance is  called  the  force  of  friction.  The  force  which  friction  applies 
to  a  body  always  acts  in  such  a  direction  as  to  maintain  the  state 
of  rest,  or  to  oppose  the  motion  of  the  body. 

Let  two  bodies  A  and  B  (Pig.  201  (a))  be  pressed  together,  and  let 
the  mutual  force  perpendicular  to  the  surfaces  in  contact  be  R. 
Let  B  be  fixed,  and  let  a 
force  P,  parallel  to  the  sur-  I  p 

faces  in  contact,   be  applied        

(Fig.  201  (1))).  If  P  is  not 
large  enough  to  produce  slid- 
ing, or  if  sliding  with  steady  1  /~i 
speed  takes  place,  B  will  ^  m  *^' 
apply  to  A  a  frictional  force  Fl0'  201-"Force  of  *icti»n- 
F  equal  and  opposite  to  P.  The  force  F  may  have  any  value  lower 
than  a  certain  maximum,  which  depends  on  the  magnitude  of  R  and 
on  the  nature  and  condition  of  the  surfaces  in  contact.  If  P  is  less 
than  the  maximum  value  of  F,  sliding  will  not  occur  ;  sliding  will 
be  on  the  point  of  occurring  when  P  is  equal  to  the  maximum  possible 
value  of  F.  It  is  found  that  the  frictional  resistance  qpered,  after 
steady  sliding  conditions  have  been  attained,  is  less  than  that  offered 
when  the  body  is  on  the  point  of  sliding. 

Let          Fs  =  the  frictional  resistance  when  the  body  is  on  the 

point  of  sliding.  ' 

Fjfc  =  the  frictional  resistance  when  steady  sliding  has  been 

attained. 
R  =  the  perpendicular  force    between    the  surfaces  in 

contact. 

These  forces  should  all  be  stated  in  the  same  units.    Then 
^F,.  F*t 

/AS  and  M  are  called  respectively  the  static  and  kinetic  coefficients  of 
friction. 

Friction  of  dry  surfaces. — Owing  to  the  great  influence  of  appar- 
ently trifling  alterations  in  the  state  of  the  rubbing  surfaces,  it  is 
not  possible  to  predict  with  any  pretence  at  accuracy  what  the 
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frictional  resistance  will  be  in  any  given  case.  For  this  reason  the 
proper  place  to  study  friction  is  in  a  laboratory  having  suitable 
apparatus  For  dry  clean  surfaces  the  following  general  laws  are 
complied  with  roughly  : 

The  force  of  friction  is  proportional  to  the  perpendicular  force  between 
the  surfaces  in  contact,  and  is  independent  of  the  extent  of  these  surfaces 
and  of  the  speed  of  rubbing,  if  moderate.  It  therefore  follows  that  the 
kinetic  coefficient  of  friction  for  two  given  bodies  is  practically  constant  for 
moderate  pressures  and  speeds.  Experiments  on  the  static  coefficient 
of  friction  are  not  performed  easily  ,  roughly,  this  coefficient  is 
constant  for  two  given  bodies. 

COEFFICIENTS  OF  FRICTION. 

(Average  values.) 

Metal  on  metal,  dry          -         -         -         0-2 
Metal  on  wood,  dry  -         -         -         0-6 

Wo^tl  on  wood,  dry         -        -        -        0-2  to  0-5 
Leather  on  iron        -         -         -         -        0-3  to  0-5 
Leather  on  wood      -         -         -         -        03  to  0-5 
Stone  on  stone         -        -        -        -        07 
Wood  on  stone         -        -         -         -        0-6 
Metal  on  stone         -        -        -        -        0-5 
The  average  values  given  in  this  table  should  be  emploved  only  in  the 
absence  of  more  definite  experimental  values  for  the  bodies  concerned. 

EXPT.  29. — Determination  of  the  kinetic  coefficient  of  friction  Set  up 
a  board  AB  (Fig.  202)  as  nearly  horizontal  as  possible,  and  arrange  a  slider 

C  (which  can  be  loaded  to  any 
desired  amount)  with  a  cord, 
pulley  and  scale-pan,  so  that 
the  horizontal  force  P  required 
to  overcome  the  friotional  re- 
sistance may  be  measured. 
Weigh  the  slider,  and  let  its 
weight,  together  with  the  load 

FIG   202  -Friction  of  a  slider          "~"       l>laCod  OU  lt>  be  Called  W'      The 

perpendicular  force  between  the 
surfaces  in  contact  will  be  equal  to  W.  Weigh  the  scale-pan,  and  let  its 
weight,  together  with  the  weights  placed  in  it  in  order  to  seoure  steady 
sliding,  be  called  P.  P  and  F  will  be  equal  ;  hence 

p 

Kinetic  coefficient  of  friction  =.-.;• 

W 
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It  is  necessary  to  assist  the  slider  to  start  by  tapping  the  board.  The 
rubbing  surfaces  should  be  clean  and  free  from  dust.  More  consistent 
results  can  be  obtained  from  surfaces  which  have  been  freshly  planed. 

Make  a  series  of  about  ten  experiments  with  gradually  increasing  loads. 
Plot  P  and  W  ;  the  plotted  points  will  lie  approximately  on  a  straight 
line.  Draw  the  straight  line  which  best  fits  the  points  ;  select  one  point 
on  the  graph,  and  read  the  values  of  P  and  W  for  it  ;  let  these  values  be 

P!  and  W^  then 

p 
Average  kinetic  coefficient  of  friction  =    *  • 

The  materials  of  which  the  slider  and  board  are  made  should  be  stated, 
and,  if  these  arc  timber,  whether  rubbing  has  been  with  the  gram  or  across 
the  grain  of  the  wood. 

friction  on  an  inclined  plane.  —  In  Fig.  203,  XZ  is  an  inclined  board 
which  has  been  arranged  so  that  a  block  A  just  slides  down  with 
steady  speed.  Let  ca  represent  the 
weight  of  the  block  ;  by  means  of 
the  parallelogram  of  forces  chad,  find 
the  components  Q  and  P  of  Wv  respec- 
tively perpendicular  and  parallel  to 
XZ.  The  board  applies  a  f  notional 
force  F  to  the  block  in  a  direction 
coinciding  with  the  surface  of  the 
board  and  contrary  to  the  motion  of 

tho  hlnnlr    i  o  nn  thp  nlanp        Ac  thprp      Fl°-  203.—  Coefficient  of  friction  de- 

tne  DlocK,  i.e.  up  tne  plane.    AS  tnere      tjermined  by  lncimulp  ttie  board. 
is  no  acceleration,  P  and  F  are  equal. 

The  plane  also  exerts  on  the  block  a  force  R,  equal  and  opposite  to 
Q.  R  is  the  normal  or  perpendicular  force  between  the  surfaces 
in  contact.  Hence,  by  the  definition  (p. 


F      P 

Kinetic  coefficient  of  friction  =  -  =  —  . 

r\       vafc 

Since  cb  and  ca  are  perpendicular  to  XZ  and  ZY  respectively,  it 
follows  that  the  angles  acb  and  XZY  are  equal.     Hence 
Q  =  W  cos  acb  -  W  cos  XZY, 
P-  W  sin  ac6  =  W  sin  XZY  ; 

p     w  si 


=  tan  XZY. 
The  angle  XZY  is  called  the  angle  of  sliding  friction. 

EXPT.  30.  —  Determination  of  p*  from  the  angle  of  sliding  friction.  Use 
the  same  board  and  slider  as  in  Expt.  29.  Raise  one  end  of  the  board 
until,  with  assistance  in  .starting,  the  slider  travels  down  the  inclined  plane 
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with  constant  speed.  Measure  the  angle  of  inclination  of  the  plane,  or 
measure  its  height  and  base,  and  so  obtain  the  tangent  of  the  angle  of 
sliding  friction ;  this  will  give  /x^.  Place  a  weight  on  the  slider,  and 
ascertain  if  the  block  will  still  slide  with  steady  speed.  Compare  tl\e 
result  with  that  obtained  in  Expt.  29. 

Resultant  reaction  between  two  bodies.— In  Fig.  204  is  shown  a 
block  A  resting  on  a  horizontal  table  BC.  The  weight  W  of  the 
block  acts  in  a  line  normal  to  BC.  Let  a 
horizontal  force  Pt  be  applied  to  the  block  ; 
P!  arid  W  will  have  a  resultant  Rj.  For  equi- 
librium the  table  must  exert  a  resultant  force 
on  the  block  equal  and  opposite  to  Ra  and  in 
the  same  straight  line  Let  this  force  be  Ex, 
cutting  BC  in  D  El  may  be  resolved  into  two 
forces,  Q  perpendicular  to  BC,  and  Ft  along 
BC.  Let  </*!  be  the  angle  which  Ex  makes  with 
GD.  Then  R  HG  ,  , 


fa) 


H  '0  ^_         _   . 

FIG  204  —Friction  angle  Q      GO       *         * 

Now,  when  Pl  is  zero,  ^  and  hence  tan  </>x  will  also  be  zero,  and 
Q  will  act  in  the  same  line  as  W.  <£x  will  increase  as  Pt  increases, 
and  will  reach  a  maximum  value  when  the  block  is  on  the  point  of 
slipping.  It  is  evident  that  Q  will  always  be  equal  to  W.  Let  c/> 
be  the  value  of  the  angle  when  the  block  just  slips,  and  let  F  be  the 
corresponding  value  of  the  frictional  force  ;  then 

Static  coefficient  of  friction  =  //«?=-  =  tan  </>. 

</>  is  called  the  friction  angle  or  the  limiting  angle  of  resistance ;  when 
steady  sliding  has  been  attained,  <£  is  lower  in  value  and  is  called, 
as  noted  above,  the  angle  of  sliding  friction. 

It  is  evident  from  Fig.  204  that  P1  and  Fj  are  always  equal  (assum- 
ing no  sliding,  or  sliding  with  constant  speed)  ;  W  and  Q  are  also 
always  equal.  These  forces  form  couples  having  equal  opposing 
moments,  and  so  balance  the  block.  It- will  be  noted  that  D,  the 
point  through  which  Q,  acts,  does  not  lie  in  the  centre  of  the  rubbing 
surface  unless  P1  is  zero.  The  effect  is  partially  to  relieve  the  normal 
pressure  near  the  right-hand  edge  of  the  block  and  to  increase  it 
near  the  left-hand  edge.  With  a  sufficiently  large  value  of  //M  and 
by  applying  P  at  a  large  enough  height  above  the  table,  the  block 
can  be  made  to  overturn  instead  of  sliding. 
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In  Fig.  205  the  resultant  R  of  P  and  W  may  fall  outside  the  base 
AB  before  sliding  begins.  Hence  E,  which  must  act  on  AB,  cannot 
act  in  the  same  line  as  R,  and  the  block  will  overturn.  For 
overturning  to  be  impossible,  R  must  fall 
within  AB. 

EXAMPLE. — A  block  of  weight  W  slides  steadily  on 
a  piano  inclined  at  an  angle  a  to  the  horizontal  under 
the  action  of  a  force  P.  Find  the  values  of  P  in  the 
following  eases  : 

(a)  P  is  horizontal  and  the  block  slides  upwards. 

(b)  P  is  horizontal  and  the  block  slides  down- 

wards. 

(c)  P  is  parallel  to  the  plane  and  the  block  slides 

upwards. 

(d)  P  is  parallel  to  the  plane  and  the  block  slides 

downwards. 

Case  (a). — In  Fig.  206  (a)  draw  AN  perpendicular  to  the  plane ;  the 
angle  between  W  and  AN  is  equal  to  a.  Draw  AC,  making  with  AN  an 
angle  </>  equal  to  the  angle  of  sliding  friction  ;  the  resultant  reaction  R 
of  the  plane  acts  in  the  line  CA,  and  ABC  is  the  triangle  of  forces  for 
W,  P  and  R.  Let  //,  be  the  kinetic  coefficient  of  friction,  then 
P  BC 


FIG.  205.— Condition 
that  a  block  may  over- 
turn 


(>\    w/tana+/.\ (1) 

<>/  VI  -  u  tan  a/ 


FIG  200. — Friction  on  an  lifeline  ;  P  horizontal. 

Case  (b). — The  construction  is  shown  in  Fig.  206  (fc),  and  is  made  as 
directed  under  Case  (a),  excepting  that  R  acts  on  the  other  side  of  AN. 
The  triangle  of  forces  is  ABC. 

p     BC 


- 

l  4- tan  a 


p.S.F. 


1  +  //,  tantt, 
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It  will  be  noticed  in  this  case  that,  if  (f>  is  less  than  a,  the  block  will 
slide  down  without  the  necessity  for  the  application  of  a  force  P.  Rest 
is  just  possible,  unaided  by  P,  if  a  and  </>  are  equal. 

Case  (c). — The  required  construction  is  shown  in  Fig.  207  (a) ;  the  triangle 
of  forces  is  ABC. 

P      BC  __sm  BAG  _  sin  (a  +(/>) 

W     AB  ~sm  ACB  "sin  (90°  -~^>)' 

__  sin  a  cos  </>  -f  cos  a  sin  (f> . 

cos  <f> 
:    P— W(sm  a  -t-cos  a  tan  </>)  =W(sm  a  4-/x  cos  a) (3) 


FIG.  207  — Friction  on  <vn  incline  ;  P  parallel  to  the  incline. 

Case  (d). — Referring  to  Fig.  207  (6),  we  have 
P  _BC  _sin  BAG  ___sin  (</>  -a) 
W  ~AB  "  sin  ACB  ~  sin  (90°  -  ^) 

_sjn  </>  cos  a  -  cos  </>  sin  a  . 
*                                 cos  </> 
!i  P  =W(tan  (/>  cos  u  -  sin  a)  -W(/x  cos  a  -  sin  a) (4) 

Friction  of  a  rope  coiled  round  a  post. — When  a  rope  is  coiled 
round  a  cylindrical  post,  slipping  will  not 
occur  until  the  pull  applied  to  one  end  is 
considerably  greater  than  that  applied 
to  the  other  end.  This  is  owing  to  the 
friction  between  the  rope  and  the  post 
having  to  be  overcome  before  slipping 
can  take  place.  As  the  frictional  resist- 
ance is  distributed  throughout  the  sur- 
face in  contact,  the  pull  in  the  rope 
will  diminish  gradually  from  a  value 
T-i  at  one  end.  to  To  at  the  other  end. 

In  Fig.  208  the  rope  embraces  the  arc 

ACF,  and  this  aft  has  been  divided  into  equal  arcs  AB,  BC,  etc., 
subtending  equal  angles  a  at  the  centre  of  the  post.    Since  these 
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arcs  are  all  equal,  it  is  reasonable  to  suppose  that  the  ratios  of 
the  tensions  in  the  rope  at  the  beginning  and  end  of  each  arc 

are  equal,  i.e. 


This  assumes  that  the  surfaces 
are  such  that  the  value  of  the 
coefficient  of  friction  is  the  same 
throughout,  and  the  result  is 
confirmed  approximately  by  ex- 
periment. 

EXPT.  31. — Friction  of  a  cord 
coiled  round  a  post.  The  apparatus 
shown  in  Fig.  209  enables  the 
tensions  to  be  found  for  angles  of 
contact  differing  by  90°.  Weigh 
the  scale- pans.  Put  equal  loads  in 
each  pan,  then  increase  one  load 
until  steady  slipping  occurs.  Eval- 
uate Tt  and  T2,  and  repeat  the 
experiment  with  a  different  angle 
of  contact.  The  following  is  a 
record  of  an  actual  experiment,  using  a  silk  cord  on  a  pine  post. 


FIG  209  — Ai^PLratu'i  lor  experiments  on  the 
friction  of  a  cord  coiled  on  a  drum 


AN  EXPERIMENT  ON  SLIPIMNO. 


Angle  of  lap. 

T!  Ib.  wt. 
descending 

To  Ib.  wt. 

ascending. 

tixpen  mental  ratio 
iTo 

V 

Calculated  ratio 
T2 

T,' 

90° 

0  397 

0  29 

0*78 

0-73 

180° 

056 

0-29 

0  518 

0-533 

270° 

0-79 

0-29 

0-367         i         0-39 

360° 

1-1 

0-29 

0-263 

0-28 

The  last  column  is  obtained  a?  follows :  Taking  the  first  ratio  of 
T/T^O-73  for  90°  lap,  the  ratio  for  180°  lap  from  (1)  above  would  be 
0-73  xO-73-o  533  ;  the  ratio  for  270°  is  0-733=0-39  ;  and  the  ratio  for 
360°  is  0-734  =0-28.  These  calculated  and  experimental  values  show  fair 
agreement,  remembering  the  assumptions  that  have  been  made  regarding 
the  constancy  of  the  coefficient  of  friction. 

Horse-power  transmitted  by  a  belt. — A  belt  drives  the  pulley,  round 
which  it  is  wrapped,  by  reason  of  the  frictional  resistance  between  the 
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surfaces  in  contact.  The  pulls  in  the  straight  parts  of  the  belt  differ 
m  magnitude  by  an  amount  equal  to  the  total  frictjonal  force  round 
the  arc  of  contact.  Hence  the  pull  Tl  (Fig.  210)  in  one  straight 
portion  is  greater  than  T2  in  the  other  straight 
portion.  Let  Tt  and  To  be  stated  in  Ib.  weight, 
and  let  the  speed  of  the  belt  be  V  feet  per  minute  ; 
then,  since  Tx  is  assisting  the  motion  and  T2  is 
opposing  it,  we  have 

Work  done  per  minute  ^=(Tl  - T2)  V  foot-lb. 

Hence,    Horse-power  transmitted  =    -^  nr^ — 
FIG  210  oo,UUU 

EXERCISES  ON  CHAPTER  XIII. 

1.  A  load  of  3  tons  weight  is  raised  from  the  bottom  of  a  shaft  600  feet 
deep.     Calculate  the  work  done. 

2.  In  Question  1  the  wire  rope  used  for  raising  the  load  weighs  12  Ib. 
per  yard.     Find  the  total  work  done. 

3.  Calculate  the  work  done  in  hauling  a  loaded  truck,  weight  12  tons, 
along  a  level  track  one  mile  long.     The  resistances  to  motion  are  11  Ib. 
weight  per  ton  weight  of  truck. 

4.  A  well  is  100  feet  deep  and  10  feet  in  diameter,  and  is  full  of  water 
(62  5  Ib.  weight  per  cubic  foot).     Calculate  the  work  done  m  pumping  the 
whole  of  the  water  up  to  ground  level. 

5.  A  pyramid  of  masonry  has  a  square  base  of  40  feet  side  and  is  30  feet 
high.     If  masonry  weighs  150  Ib.  per  cubic  foot,  how  much  work  must 
be  done  against  gravity  in  placing  the  stones  into  position  ? 

6.  The  head  of  a  hammer  has  a  mass  of  2  pounds  and  is  moving  at 
40  feet  per  second.     Find  the  kinetic  energy. 

7.  A  ship  having  a  njass  of  15,000  tons  has  a  speed  of  20  knots  (1  knot  — 
6080  feet  per  hour).     What  is  the  kinetic  energy  m  foot- tons  ?     If  the 
ship  is  brought  to  rest  in  a  distance  of  0  5  mile,  what  has  been  the  average 
resistance  ? 

8.  A  train  having  a  mass  of  200  tons  is  travelling  at  30  miles  per  hour 
on  a  level  track.     Find  the  average  pull  in  tons  weight  which  must  be 
applied  in  order  to  increase  the  speed  to  40  miles  per  hour  while  the  train 
travels  a  distance  of  3000  feet.     Neglect  fractional  resistances. 

9.  A  bullet  has  a  mass  of  0-03  pound,  and  is  fired  with  a  velocity  of 
2400  feet  per  second  into  a  sand-bank.     If  the  bullet  penetrates  a  distance 
of  3  feet,  what  has  been  the  average  resistance  ? 

10.  A  horse  walks  at  a  steady  rate  of  3  miles  an  hour  along  a  level  road 
and  exerts  a  pull  of  80  Ib.  weight  in  dragging  a  cart.     What  horse-power 
is  he  developing  ? 

11.  Find  the  useful  horse-power  used  in  pumping  5000  gallons  of  water 
per  minute  from  a  well  40  feet  deep  to  the  surface  of  the  water.    Supposing 
40  per  cent,  of  the  horse-power  of  the  engine  driving  the  pump  is  wasted, 
what  is  the  horse- power  of  the  engine  ? 
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12.  A  pump  raises  6-2  cubic  feet  of  water  per  second  to  a  height  of  7 
feet ;   how  much  horse-power  must  be  supplied  if  55  per  cent,  is  wasted  ? 
The  pump  is  driven  by  an  electro- motor,  and?  current  is  supplied  at  200 
volts.     How  many  amperes  of  current    must  be  supplied  to  the  motor 
assuming  that  the  motor  wastes  15  per  cent,  of  the  energy  supplied  to  it  ? 

13.  A  horizontal  force  of  8  Ib.  weight  can  keep  a  load  weighing  30  Ib. 
in  steady  motion  along  a  horizontal  table.     What  is  the  coefficient  of 
friction  ?     What  is  the  minimum  inclination  of  the  table  to  the  horizontal 
if  the  block  is  just  able  to  slide  steadily  on  it  ? 

14.  A  block  of  oak  rests  on  an  oak  plank  8  feet  long.     To  what  height 
must  one  end  of  the  plank  be  raised  before  slipping  will  occur  ?     The 
coefficient  of  friction  is  0-45. 

15.  A  block  weighing  W  Ib.  is  dragged  along  a  level  table  by  a  force 
P  Ib.  weight  acting  at  a  constant  angle  0  to  the  horizontal.     The  coefficient 
of  friction  is  0  25.     Take  successive  values  of  tf-0,  15,  30,  45,  60  and  75 
degrees,  and  calculate  in  terms  of  W  (a)  the  values  of  P,  (1>)  the  work  done 
in  dragging  the  block  a  distance  of  1  foot.     Plot  graphs  showing  the  i ela- 
tion of  P  and  0,  and  the  relation  of  the  work  done  and  0. 

16.  A  block  weighs  W  Ib.  and  is  pushed  up  an  incline  making  an  angle 
0  with  the  horizontal  by  a  force  P  Ib.  weight  which  acts  in  a  direction  parallel 
to  the  incline.     The  coefficient  of  friction  is  0  25.     Find  in  terms  of  W 
(a)  the  values  of  P,  (b)  the  work  done  in  raising  the  block  through  a  vertical 
height  of  one  foot,  in  each  case  taking  successive  values  of  #-0,  15,  30, 
45,  60,  75  and  90  degrees.     Plot  graphs  of  P  and  #,  and  of  the  work  done 
and  0. 

]  7.  Answer  Question  16  if  P  is  horizontal.     At  what  value  of  0  does  P 
become  infinite  ? 

18.  A  block  slides  down  a  plane  inclined  at  45°  to  the  horizontal.    If 
the  coefficient  of  friction  is  0  2,  what  will  be  the  acceleration  ? 

19.  When  a  rope  is  coiled  180  degrees  round  a  post,  it  is  found  that 
slipping  occurs  when  one  end  is  pulled  with  a  force  of  30  Ib.  weight  and 
the  other  end  with  a  force  of  50  Ib.  weight.     Supposing  that  the  force  of 
30  Ib.  weight  remains  unchanged,  and  that  three  complete  turns  are  given 
to  the  rope  round  the  post,  what  force  would  just  cause  slipping  ? 

.  20.  A  belt  runs  at  2000  feet  per  minute.  The  pulls  in  the  straight 
portions  are  200  and  440  Ib.  weight  respectively.  What  horse-power  is 
being  transmitted  ? 

21.  A  belt  transmits  60  horse-power  to  a  pulley.     If  the  pulley  is  16 
inches  in  diameter  and  runs  at  263  revolutions  per  minute,  what  is  the 
difference  of  the  tensions  on  the  two  straight  portions  ? 

22.  A  pile-driver  weighing  3  cwt.  falls  from  a  height  of  20  feet  on  a  pile 
weighing  15  cwt.  :    if  there  is  no  rebound,  calculate  how  far  the  pile  will 
be  driven  against  a  constant  resistance  equal  to  the  weight  of  30  cwt.  ? 

Sen.  Cam.  Loc. 

23.  Define  energy,  kinetic  energy,  and  potential  energy  ;  and  show  that 
when  a  particle  of  mass  m  is  dropped  from  a  height  ft,  the  sum  of  its  kinetic 
and  potential  energies  at  any  instant  during  motion  is  constant  and  equals 
mgh.  Calcutta  Univ. 
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24.  A  motor-car  develops  20  horse-power  in  travelling  at  a  speed  of 
40  miles  per  hour  up  a  hill  having  a  slope  1  in  50.    If  the  frictional  resistance 
is  80  Ib.  wt.  per  ton  weight  of  car,  find  the  weight  of  the  car,  and  the  speed 
it  could  reach  on  the  level,  supposing  the  horse-power  developed  and  the 
resistance  to  be  unaltered. 

25.  Explain  the  difference  between  the  momentum  and  the  kinetic 
energy  of  a  moving  body.  Two  bodies,  A  and  B,  weigh  10  Ib.  and  40  Ib. 
respectively.     Each  is  acted  upon  by  a  force  equal  to  the  weight  of  5  Ib. 
Compare  the  times  the  iorces  must  act  to  produce  in  each  of  the  bodies 
(ft)  the  same  momentum,  (b)  the  same  kinetic  energy.  L.U. 

26.  A  cyclist  always  works  at  the  rate  of  ^  H.F.,  and  rides  at  12  miles 
an  hour  on  level  ground  and  10  miles  an  hour  up  an  incline  of  1  in  120. 
If  the  man  and  his  machine  weigh  150  Ib.,  and  the  resistance  on  a  level 
road  consists  of  two  parts,  one  constant  and  the  other  proportional  to  the 
square  ot  the  velocity,  show  that,  when  the  velocity  is  o  miles  per  hour, 
the  resistance  is  ^  (76  +vz)  Ib.  wt.      Find  also  the  slope  up  which  he 
would  travel  at  the  fate  of  8  miles  per  hour.  L.U. 

27.  Define  work  and  power,  and  give  their  dimensions  in  terms  of  the 
fundamental  units  of  mass,  length  and  time.     The  maximum  speed  of  a 
motor  van  weighing  3  tons  is  12  miles  an  hour  on  a  level  road,  but  drops 
to  5*  miles  an  hour  up  an  incline  of  1  in  10.     Assuming  resistances  per  ton 
to  vary  as  the  square  of  the  velocity,  find  the  horse-power  of  the  engine. 

L.U. 

28.  A  bicycle  is  geared  up  to  70  inches,  and  the  length  of  the  pedal- 
cranks  is  6  inches.     Calculate  the  velocity  of  the  pedal  (a)  at  its  highest 
point,  (b)  at  its  lowest  point,  when  the  bicycle  is  travelling  at  10  miles 
an  hour.     11  the  bicycle  and  rider  weigh  160  Ib.,  find  the  pressure  on  the 
pedals  in  climbing  a  hill  of  1  in  20.  L.U. 

29.  Explain  what  is  meant  by  (1)  the  coefficient  of  friction,  (2)  the  angle 
of  friction. 

A  window  curtain  weighing  4  Ib.  hangs  by  6  equidistant  thin  rings  from 
a  curtain  rod  in  such  a  way  that  the  weight  is  equally  distributed  between 
the  rings.  If  the  coefficient  of  friction  is  0  6,  and  the  rings  are  6  inches 
apart,  find  the  work  done  m  drawing  the  curtain  back  to  the  position  of 
the  end  ring.  L.U. 

30.  A  body  having  a  mass  of  20  pounds  is  placed  on  a  rough  horizontal 
table,  and  is  connected  by  a  horizontal  cord  passing  over  a  pulley  at  the 
edge^with  a  body  having  a  mass  of  10  pounds  hanging  vertically.     If  the 
coefficient  of  friction  between  the  body  and  the  table  be  0-25,  find  the 
acceleration  of  the  system  and  the  pull  in  the  cord. 

31.  Explain  what  is  meant  by  the  "  angle  of  friction."     If  a  body  be 
placed  on  a  rough  horizontal  plane,  show  that  no  force,  however  great, 
applied  towards  the  plane  at  an  angle  with  the  normal  less  than  the  angle 
of  friction,  can  push  the  body  along  the  plane. 

A  uniform  circular  hoop  is  weighted  at  a  point  of  the  circumference 
with  a  mass  equal  to  its  own.  Prove  that  the  hoop  can  hang  from  a  rough 
peg  with  any  point  of  its  circumference  in  contact  with  the  peg,  provided 
that  the  angle  of  friction  exceeds  30°.  Adelaide  University. 
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.32.  A  ladder  of  length  2a  leans  against  a  perfectly  smooth  wall,  the 
ground  being  slightly  rough.  The  weight  of  the  ladder  is  w ;  and  its 
centre  of  gravity  is  at  its  middle  point.  The  inclination  to  the  vertical 
is  gradually  increased  till  the  ladder  begins  to  slip.  The  inclination  is 
then  further  increased,  and  the  ladder  is  prevented  from  slipping  by  the 
smallest  possible  horizontal  force  applied  at  the  foot.  Find  the  magnitude 
of  this  force  if  /A  is  the  coefficient  of  friction  and  0  the  final  inclination 
to  the  vertical  Tasmania  University. 
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SIMPLE   MACHINES 

Machines. — A  machine  is  an  arrangement  designed  for  the  purpose 
of  taking  in  energv  in  some  definite  form,  modifying  it,  and  delivering 
it  in  a  form  more  suitable  for  the  purpose  in  view. 

There  is  a  large  class  of  machines  designed  for  the  purpose  of 
raising  loads  ,  many  of  these  machines  can  be  used  lor  experimental 

work  in  laboratories.  The  crab  shown 
in  Fig.  21 1  is  an  example.  The  rope 
to  which  the  load  W  is  attached  is 
wound  round  a  cylindrical  barrel  A. 
The  machine  is  driven  generally  by 
hand  by  means  of  handles  For  the 
purposes  of  experiment,  the  handles 
have  been  removed  and  a  wheel  D 
substituted  D  is  rotated  by  means 
of  a  cord  and  weights  placed  in  a 
scale-pan  at  P,  and  drives  the  barrel 
by  medium  of  the  toothed  wheels  C 
and  B. 

FIG  211  — A  small  lifting  rnih  T^  i      T    j       Ji  i  • 

Energy  is  supplied  to  this  machine 

by  means  of  a  comparatively  small  force  P  acting  through  a  large 
distance,  and  is  delivered  by  the  machine  in  the  form  of  the  work 
done  in  overcoming  a  large  force  W  through  a  small  distance. 

If  no  energy  were  wasted  in  a  machine,  it  would  follow,  from  the 
conservation  of  energy,  that  the  energv  supplied  must  be  equal  to 
the  energy  delivered  by  the  machine  Thus,  referring  to  Fig.  211, 
Work  done  by  P  =  Work  done  on  W. 

This  statement  is  generally  referred  to  as  the  principle  of  work, 
and  requires  modification  for  actual  machines,  in  which  there  is 
always  some  energy  wasted.  Actually,  the  energy  supplied  is  equal 
to  the  sum  of  the  energy  delivered  by  the  machine  and  the  energy 
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wasted.  The  investigation  of  fnctional  resistances  in  the  various 
kinds  of  lubricated  rubbing  surfaces  of  machines  is  beyond  the 
scope  of  tins  book.  Usually,  however,  it  is  the  determination  of  the 
total  waste  of  energy  in  the  machine  which  is  of  importance,  and 
experiments  having  this  object  are  performed  easily  in  the  case  of 
simple  machines  used  for  raising  loads. 

Some  definitions  regarding  machines.— In  Fig.  212  is  shown  an 
outline  diagram  of  the  crab  illustrated  in  Fig.  211.  Let  W  be 
raised  through  a  height  h  while  P  descends 
through  a  height  H,  H  and  h  being  in 
the  same  units.  The  velocity  ratio  of  the 
machine  is  defined  as  the  ratio  of  the  dis- 
tance moved  by  P  to  the  distance  moved 
by  W  in  the  same  time,  or 

(1) 


FIG.  212. — Outline  diagram  of 
an  experimental  crab. 


Velocity  ratio  —  V=  , 

H  and  h  may  be  obtained  by  direct  measure- 
ment, or  they  may  be  calculated  from  known 
dimensions  of  the  parts  of  the  machine. 

The  mechanical  advantage  of  the  machine  is 
the  ratio  of  the  actual  load  raised  to  the  force  required  to  operate 
the  machine  at  a  constant  speed. 

W 
Mechanical  advantage  =      I (2) 

Neglecting  any  waste  of  energy  in  the  machine,  the  work  done  by 
P  would  be  equal  to  the  work  done  in  raising  the  load,  and,  in 
these  circumstances,  the  load  raised  would  be  larger  than  W.  Let 
Wj  be  this  hypothetical  load,  then 

Work  done  by  P  =  work  done  on  W1? 


.(3) 


The  effect  of  fnctional  and  other  sources  of  waste  in  the  actual 
machine  has  been  to  diminish  the  load  from  Wj  to  W.     Hence 

Effect  of  friction  =  F  =  \Nl  -  W 

=  PV-W (4) 


The  efficiency  of  any  machine  is  defined  as  the  ratio  of  the  energy 
delivered  to  the  energy  supplied  in  the  same  time. 
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T^,  energy  delivered 

Efficiency  =        ^<;  ,     , 

energy  supplied 

_  W  h  _  W     _! 
~  PH  "  P  X  V 
mechanical  advantage 


velocity  ratio 

The  efficiency  thus  stated  will  be  always  less  than  unity.  Efficiency 
is  often  given  as  a  percentage,  obtained  by  multiplying  the  result 
given  in  (5)  by  100  100  per  cent,  efficiency  could  be  obtained  only 
under  the  condition  of  no  energy  being  wasted  in  the  machine,  a 
condition  impossible  to  attain  in  practice. 

From  equation  (3)  we  have 


--»  ............................  <•> 

This  result  shows  that  the  mechanical  advantage  of  an  ideal 
machine,  having  no  waste  of  energy,  is  equal  to  the  velocity  ratio. 

A  typical  experiment  on  a  machine.  —  In  the  following  experiment 
a  complete  record  is  given  of  tests  on  a  small  oral)  ;  this  record  will 
serve  as  a  model  for  any  other  hoisting  machines  available. 

EXPT.  32.r-Efflciency,  etc.,  of  a  machine  for  raising  loads.  The  machine 
used  was  a  small  crab  illustrated  in  Fig.  211  and  shown  m  outline  in  Fig. 
212.  By  direct  measurement  of  the  distances  moved  by  P  and  W,  the 
velocity  ratio  was  found  to  be  V^8  78.  This  was  confirmed  by  calcula- 
tion : 

Diameter  of  barrel  to  centre  of  rope  vsustaming  W--6  4  inches. 
Diameter  of  wheel  to  centre  of  cord  sustaining  P  -  7  -9  inches. 
Number  of  teeth  on  the  barrel  wheel,  128. 
Number  of  teeth  on  the  pinion,  18. 
Let  the  barrel  make  one  revolution,  then 

Height  through  which  W  is  raised  -TT  x  6  4  inches. 

Number  of  revolutions  of  grooved  wheel  -*•?*-. 

Height  through  which  P  descends  —3f&   X7r  x<7-9. 

TJ^  ^  Tr  ,      ,         ,.       128x7rx79 

Hence,  Velocity  ratio  =  ,g          g, 

=878. 

The  weight  of  the  hook  from  which  W  was  suspended  is  1  -75  Ib.  The 
weight  of  the  scale-  pan  in  which  were  placed  the  weights  at  P  is  0  665  Ib. 

The  machine  was  first  oiled,  and  a  series  of  experiments  was  made,  in 
each  case  finding  what  force  P  was  required  to  produce  constant  speed  in 
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the  machine  for  each  value  of  W.  There  must  be  no  acceleration,  other- 
wise a  portion  of  P  will  be  utilised  in  overcoming  inertia  in  the  moving 
parts  of  the  machine,  arid  also  in  P  and  W.  As  the  test  has  for  its  object 
the  investigation  of  fractional  resistances  only,  inertia  effects  must  be 
eliminated,  and  this  is  secured  by  arranging  that  the  speed  shall  be 
uniform.  The  results  obtained  are  given  below,  together  with  the  calcu- 
lated values  of  the  loads  Wt  which  could  be  raised  if  there  were  no  friction, 
the  eftect  of  friction  F,  the  mechanical  advantage  and  the  efficiency. 

RECORD  OF  EXPERIMENTS  AND  RESULTS. 


(1) 

W  I))   wt  , 
including 
weight  of  hook 

(2) 

Plb  wt, 
including 
weight  of 
scale  -pan 

(«) 
Load  Wj  if  no 
fnctioii.il 
resistances, 
W,  -  PV  Ib. 

(0 

Kffect  of 
friction, 
F-=(W!-W)lb 

(5) 

MedianUiil 
advantage, 
W 
P 

<t>) 
Kfhciency, 
per  cent  , 

^xioo 

8  75 

1  785 

15-7 

6-95 

49 

55-8 

15  75 

2  665 

23-4 

7  65 

59 

67-2 

22  75 

3-565 

31  3              855 

6-38 

726 

29-75 

4405 

38  7      i        8-95 

6-74 

766 

36*75 

5335 

46  8 

10-05 

689 

78  5 

43-75 

6-215 

54  6 

10-85 

7  04 

80-0 

50-75 

7-115 

625 

11«75 

7-14 

81-2 

5775 

8-065 

70-8 

13-05 

7  16 

81-6 

64-75 

8  915 

78-4 

13-65 

7-26 

82-7 

71-75 

9-815 

86-2 

14-45 

7-30 

83-2 

78  75 

10  705 

94-1 

15-35 

7-36 

83-7 

85-75 

11-59 

101-8 

16-05 

7-40      , 

84-3 

92-75 

12-515 

110 

17-25 

741 

84  4 

99  75 

13  405            1  18 

18-25 

7-43 

84-6 

10675 

14-285 

125-4 

18  65 

7  47 

850 

113-75 

15-205            133-8 

20-05 

7-48 

85-2 

120-75 

16065      :       141                2025 

7-51 

85-5 

127  75 

16-965      ,149                21  25 

753 

85-7 

Curves  are  plotted  in  Fig.  213  showing  the  relation  of  P  and  W  and 
also  that  of  F  and  W.  It  will  be  noted  that  these  give  straight  lines. 
Curves  of  mechanical  advantage  and  of  efficiency  in  relation  to  W  are 
shown  in  Fig.  214.  It  will  be  noted  that  both  increase  rapidly  when 
the  values  of  W  are  small  and  tend  to  become  constant  when  the  value 
of  W  is  about  120  Ib.  The  efficiency  tends  to  attain  a  constant  value 
of  86  per  cent. 

As  both  the  curves  showing  the  relation  of  P  and  of  F  with  W  are 
straight  lines,  it  follows  that  the  following  equations  will  represent  these 

relations:  P=aW+fo, (1) 

F-cW  +d, (2) 

where  a,  6,  c  and  d  are  constants  to  be  determined  from  the  graphs. 
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Select  two  points  on  the  PW  graph,  and  read  the  corresponding  values 
of  P  and  W.         p  -  ;j  5  Ib.  wt.    when    W  =  22  7  Jb.  wt. 
P  =  16  0  Ib.  wt.    when    W  =  120  0  Ib.  wt. 
Hence,  from  (  1  ),  3  5  =  22  la  +  6, 


Solving  these  simultaneous  equations,  we  obtain 
a  -0128,     6-064; 

P  --()  128W  +0  64  ...............................    (3) 

Similarly,  When  F=   8  Ib.  wt.,     W  =   20  Ib.  wt. 

When   F  -  18  Ib.  wt.,     W  =  100  Ib.  wt. 
Hence,  from  (2),  8  -  20c  +  d, 

18-lOOc+cZ. 
The  solution  of  these  gives 

c  =0-126,    d=55. 
Hence,  F=0  125W  +5  5  ..................................  (4) 

If  both  the  load  and  the  hook  sustaining  the  load  be  removed  so  that 
there  is  no  load  on  the  machine,  the  machine  may  be  run  light.  The 
values  of  P  and  F  for  this  case  may  be  found  from  (3)  and  (4)  by  making 
W  equal  to  zero,  when  p  =Q  64  Ib.  wt.,  F  ==5-5  Ib.  wt. 
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Fio.  213.— Graphs  of  F  and  W,  and  P  and  W,  for  a  small  crab. 

The  interpretation  is  that  a  force  of  0-64  Ib.  wt.  is  required  to  work  the 
machine  when  running  light,  and  that,  if  there  were  no  frictional  waste* 
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a  load  of  5-5  Ib.  wt.  could  be  raised  by  this  force.    These  values  are  shown 
in  Fig.  2J3  by  the  intercepts  on  the  OY  axis  between  O  and  the  points 


EFFICIENCY 
PER  CENT 

100 


MECHANICAL 

ADVANTAGE 


0 10    20    30  40   50   60   70   80  90    100  MO   ifO   130  LB 

FIG.  214.— Graphs  of  efficiency  and  mechanical  advantage  for  a  small  ciah. 
where  the  graphs  of  P  and  F 
cut  the  axis. 

Principle  of  work  applied 
to  levers.— In  Fig.  215  (a)  is 
shown  a  lever  AB,  pivoted  at 
C,  and  balanced  under  the 
action  of  two  loads  W  and 
P.  The  weight  of  the  lever 
is  neglected.  Let  the  lever 
be  displaced  slightly  from 
the  horizontal,  taking  up  the 
position  A'CB'.  Work  has 
been  done  by  W  to  the 
amount  of  WxA'D,  and 
work  has  been  done  on  P 


W 


Fia.  215. — Principle  of  work  applied  to  levers. 

to  the  amount  of  PxB'F.     Assuming  that  there  has  been  no  fric- 
tion al  or  other  waste  of  energy,  we  have 

WxA'D  =  PxB'F. 

The  triangles  A 'DC  and  B'FC  are  similar  ;  hence 
At)  :  B'F=A'C  :  B'C=AC  :  BC  ; 
,',  WxAC  =  PxBC. 
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This  result  agrees  with  that  which  would  have  been  obtained  by 
application  of  the  principle  of  moments. 

In  Fig.  215  (6)  IH  shown  the  same  lever  with  the  addition  of  circular 
sectors  for  receiving  the  cords.  It  is  evident  that  the  arms  AC  and 
BC  are  of  constant  length  in  this  lever.  If  the  lever  is  turned  through 
a  small  angle  a  radians,  W  will  be  lowered  through  a  height  h  and 
P  will  be  raised  through  a  height  H,  and  we  have 

A  ~    ~  H 
AC~a~BC' 

/.  //=AC.  a,  and  H=BC.  a 
Assuming  no  friction, 

Work  done  by  W  =  work  done  on  P, 


or 


W  xACxa  =  PxBCxa, 
/.   WxAC-PxBC, 


a  result  which  again  agrees  with  the  principle  of  moments. 

In  Fig.  216  the  sectors  aie  of  the  same  radius  and  are  extended 
to  form  a  complete  wheel.  It  is  evident  that  P 
and  W.will  be  equal  if  there  be  no  friction. 
Such  wheels  are  called  pulleys,  and  are  much 
used  for  changing  the  direction  of  a  rope  or 
chain  under  pull,  and  are  found  often  in  tackle 
used  for  raising  loads. 


'  FIG.  2iG.--Use  of  a 

pulley 


Hoisting  tackle.--  The  fact  that  the  mechani- 
cal advantage  of  a  machine,  neglecting  friction, 
is  equal  to  the  velocity  ratio  (p  186)  enables 
the  latter  to  be  calculated  easily  m  the  following 

PI,.  ii 

cases  of  hoisting  tackle. 
Simple    pulley    arrangements.-  In     the    pulley-block    arrangement 
shown  ui  #ig.  217,  let  n  be  the  number  of  ropes  leading  from  the 
lower  to  the  upper  block.     Neglecting  friction,  each  rope  supports 
W/n  ;    this  will  also  be  the  value  of  P.     Hence 

'      ,.     •      *  w    W     Ww 

V  —  —  =  —  —  ~n 
P       W 

In  the  arrangement  shown  in  Fig  218  (seldom  used  in  practice) 
each  rope  A  and  B  sustains  JW  ;  the  pull  m  B  is  balanced  by  the 
pulls  in  C  and  D,  therefore  C  and  D  have  pulls  each  equal  to'  JW  ; 
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hence  E  and  F  have  pulls  equal  to  JW,  and  the  pull  in  G  is  also  JW 
and  is  equal  to  P.     Thus         w      w 

~~  "P"  ~  lvJ  ~~   ' 

r          8  vv 

In  the  arrangement  shown  in  Fig.  218  there  are  three  inverted 
pulleys.     Had  there  been  n  inverted  pulleys,  the  value  of  P  would 


have  been 


p  — 


W 


and      V  =  —  = 


Flo.  217. — A  common  pulley- 
block  arrangement. 


W 


FIG  21 8  — Another  pulley 
arrangement 


Fiu    211)  —Another  ar- 
rangement of  pulleys. 


In  the  system  shown  in  Fig.  219  (also  seldom  employed)  the  pulls 
in  A  and  B  will  be  each  equal  to  P  ;  hence  the  pull  in  C  is  2P 
(neglecting  the  weight  of  the  pulley),  and  equals  the  pull  in  D. 
The  pull  in  E  is  thus  4P  and  equals  the  pull  in  F.  Hence 

W  =  pull  in  B-f  pull  in  D  +  pull  in  F 


It  is  evident  that  P,  2P  and  4P  are  terms  in  a  geometrical  pro- 
gression having  a  common  ratio  2.  Hence,  if  there  be  n  pulleys, 
we  may  write  W  =  P  +  2P  +  22P  +  23P  +  . . .  -t-  2n~1P 


w 
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The  Western's  differential  blocks  shown  m  outline  in  Fig.  220  are 
much  used  in  practice.  The  upper  block  has  two  pulleys  of  different 
diameters,  and  are  fixed  together  ,  an  endless 
chain,  shown  dotted,  js  arranged  as  shown.  The 
links  of  the  chain  engage  with  recesses  formed 
in  the  rims  of  the  pulleys  and  thus  cannot  slip. 
Neglect  ing  friction,  each  of  the  chains  A  and  B 
support  JW.  Taking  moments  about  the  centre 
C  of  the  upper  pulleys,  and  calling  the  radii  R 
and  r  respectively,  we  have 

\  W  x  CD  -  (P  x  CF)  -f-  (?,  W  x  CE), 
JW(R  -r)  =  PR  , 


. 

P      R-r 

Instead  of  R  and  r,  the  number  of  links  which 
can  be  fitted  round  the  circumferences  of  the 
upper  pulleys  may  be  used  ;  evidently  these 
Wl^  ^c  num^)ers  proportional  to  R  and  r 

The  wheel  and  differential  axle  (Fig  221)  is  a 
similar  contrivance,  but  has  a  separate  pulley  A 
for  receiving  the  hoisting  rope.  Taking  moments  as  befoie,  we 
have  PRA  +  J  WRB  -  |WRC, 


w 


FIG  220—  outline 
diagram  ot  Weston's 
diiteionti.il  blocks 


A  set  of  helical  blocks  is  shown  in  outline  in  Fig.  222.  The  pulley 
A  is  operated  by  hand  by 
means  of  an  endless  chain, 
and  rotates  a  worm  B  The 
worm  is  simply  a  screw  cut 
on  the  spindle,  and  engages 
with  the  teeth  on  a  worm- 
wheel  C.  Each  revolution  of 
B  causes  one  tooth  on  C  to 
advance  ;  hence,  if  there  be 
n0  teeth  on  the  worm-wheel, 
B  will  have  to  rotate  nc  times 
in  order  to  cause  C  to  make 
one  revolution.  Let  LA  be 
the  length  of  the  number  of 

links  of  the  operating  chain          „„<     ttfVAT10M  ENDEUEVAT.OM 

Which  Will  pass  once  round  A,  FIG..  221.—  Wheel  and  (inferential  axle. 
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then  P  will  advance  a  distance  »CLA  for  one  revolution  of  C, 
chain  sustaining  the  load  W  is  fixed  at  E  to  the  upper  block, 
round  F,  and  then  is  led  round  D,  which  has 
recesses  fitting  the  links  in  order  to  prevent 
slipping.      Let    LD    be   the   length    of   the  B 

number  of  links  which  will  pass  once  round 
D,  then  in  one  revolution  of  D,  W  will  be        /^^^^C 
raised  a  height  equal  to  JLD.     Hence 


The 

passes 

A 


Screws.  —In  Fig.  223,  A  is  a  cylindrical  piece 
having  a  helical  groove  cut  in  it,  thus  leaving 
a  projecting  screw-thread  which  may  be  of 
square  outline  as  shown  in  Fig.  223,  or  V  as 
in  a  common  bolt.  A  helix  may  be  defined 
as  a  curve  described  on  the  surface  of  a 
cylinder  by  a  point  which  travels  equal  dis- 
tances parallel  to  the  axis  of  the  cylinder 
for  equal  angles  of  rotation.  The  pitch  of 
the  screw  is  the  distance  measured  parallel 
to  the  axis  from  a  point  on  one  thread  to 
the  corresponding  point  on  the  next  thread.  In  Fig.  223,  B  is  a 
sliding  block  guided  so  that  it  cannot  rotate,  and  havuig  a  hole 
with  threads  to  fit  those  on  A.  A  can  rotate,  but  the  collars  on  it 
prevent  axial  movement.  One  revolution  of  A  will  therefore  move 


FIG.  222  —Helical  blocks. 


FIG.  223. — Section  through  a  nut,  B,  showing  screw,  A. 


FIG  224.— A  left-handed 
screw. 


B  through  a  distance  equal  to  the  pitch.  If  there  be  n  threads  per 
inch,  then  the  pitch  p—  l/n  inch.  The  thread  shown  in  Fig.  223  is 
right-handed  ;  that  shown  in  Fig.  224  is  left-handed.  Screws  are 
generally  made  right-handed  unless  there  is  some  special  reason  for 
the  contrary ;  thus  the  right  pedal-pin  of  a  bicycle  has  generally 
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a  left-handed  screw  where  it  is  fixed  to  the  crank  ;  the  action  of 
pedalling  then  tends  to  fix  it  more  firmly,  whilst  a  right-handed  screw 
might  become  unscrewed. 

In  Fig.  225  is  shown  a  differential  fcrew.    A  has  a  screw  of  pitch 
pl  fitting  a  screwed  hole  in  B.     One  revolution  of  A  (the  handle 

moving  away  from  the  observer) 

]        J    will  advance  it  towards  the  left 
through  a  distance  pv    C  has 
another  screw  of  smaller  pitch 
p2  cut  on  it,  and  fits  a  screwed 
hole  in  the  sliding  block  D      If 
A    had    no   axial   movement,  D 
would  move  towards  the  right 
The  ac  ual  movement  of  D  towards 
^0)  for  each  revolution  of  A     By 


\  diffcTenti.il  screw 


through  a  distance  equal  to  p2. 

the  left  will  therefore  be  (pi 

making  pl  and  p2  very  nearly  equal,  a  very  slow  movement  may  be 

given  to  D. 


EXPT.  33.  —The  screw-jack.  This  device  for  raising  loads  is  shown  in 
Fig.  226.  A  hollow  case  A  has  a  hole  at  the  top  screwed  to  receive  a  square- 
threaded  screw  B.  The  load  W  Ib.  weight  rests 
on  the  top  of  B  ;  C  is  a  loose  collar  interposed 
to  prevent  the  load  rotating  with  the  screw. 
The  screw  is  rotated  by  means  of  a  bar  D.  Let 
a  force  P  Ib.  weight  be  applied  to  D  at  a  distance 
R  inches  from  the  axis  of  the  screw,  and  let  P 
act  horizontally  at  right  angles  to  the  bar.  Let 
the  pitoh  of  the  screw  be  p  inches.  Then,  if  the 
screw  makes  one  revolution, 

Work  done  by  P  -  P  x  27rR  inch-lb. 
Work  done  on  W     W  x  p  inch-lb. 

Assuming  that  there  is  no  waste  of  energy, 
we  have  Wxp--Px27rR, 


> 

P       p 
This  result  gives  the  mechanical   advantage 


FIG  226  — Screw-jack. 


neglecting  friction,   and  is  therefore  equal  to  the  velocity  ratio  of  the 
machine.    Hence  O-R 

Velocity  ratio  =V  =  -—  • 

For  experimental  purposes  the  bar  D  is  removed,  and  a  pulley  having 
a  grooved  rim  takes  its  place.  A  eord  is  wound  round  the  rim  of  the 
pulley,  passes  over  another  fixed  pulley  and  has  a  scale-pan  at  its  free 
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end.  Make  a  series  of  experiments  with  a  gradually  increasing  series 
of  loads  W,  determining  P  for  each.  Reduce  the  results  as  directed 
previously  (pp.  386  to  189). 

EXERCISES  ON  CHAPTER  XIV. 

1.  In  a  set  of  pulley  blocks  there  are  two  pulleys  in  the  upper  block 
and  one  in  the  lower  block.     The  rope  is  fastened  to  the  lower  block, 
passes  round  one  of  the  upper  pulleys,  then  round  the  lower  pulley,  and 
lastly  round  the  other  upper  pulley.     An  effort  of  70  Ib.  weight  is  required 
to  raise  a  load  of  150  Ib.  weight.     Find  the  velocity  ratio  and  the  mechanical 
advantage,  also  the  effect  of  friction  and  the  efficiency  with  this  load. 

2.  In  a  system  of  pulleys  similar  to  that  shown  in  Fig.  218  there  are 
four  movable  pulleys  each  weighing  6  Ib.     Neglect  friction,  and  calculate 
what  effort  must  be  applied  if  there  is  no  load.     If  the  efficiency  is  60  per 
cent.,  reckoned  on  the  work  done  on  W  and  that  done  by  P,  find  what 
effort  will  be  required  in  order  to  raise  a  load  of  200  Ib.  weight. 

3.  A  system  of  pulleys  resembling  that  shown  in  Fig.  219  has  three 
movable  pulleys,  each  of  which  weighs  4  Ib.     Neglecting  friction,  what 
effort  will  be  required  to  sustain  a  load  of  60  Ib.  weight  ?    If  the  efficiency 
is  70  per  cent.,  reckoned  as  in  Question  2,  what  effort  will  be  required  to 
raise  a  load  of  60  Ib.  weight  ? 

4.  The  barrel  of  a  crab  is  6  inches  diameter  to  the  centre  of  the  rope 
sustaining  the  load  ;   the  wheel  on  the  barrel  shaft  has  80  teeth,  and  the 
pinion  gearing  with  it  has  20  teeth.     The  machine  is  driven  by  a  handle 
15  inches  in  radius.     Find  the  velocity  ratio.     If  the  efficiency  is  70  per 
cent.,  what  load  can  be  raised  by  an  effort  of  30  Ib.  weight  applied  to  the 
handle  ?    What  is  the  mechanical  advantage  under  these  conditions  ? 

5.  In  a  Weston's  differential  pulley  block,  the  numbers  of  chain  links 
which  can  be  passed  round  the  circumferences  of  the  pulleys  are  16  and  15 
respectively.     Find  the  velocity  ratio  of  the  machine.     If  a  load  of  550  Ib. 
weight  can  be  raised  by  an  effort  of  20  Ib.  weight,  what  are  the  values  of 
the  mechanical  advantage,  the  effect  of  friction  and  the  efficiency  ? 

6.  In  a  wheel  and  differential  axle  the  wheel  is  24  inches  in  diameter, 
and  the  barrel  has  diameters  of  7  and  6  inches  respectively.    Find  the 
velocity  ratio.     What  load  can  be  raised  by  an  effort  of  30  Ib.  weight  if  the 
efficiency  is  65  per  cent.  ?     Under  these  conditions,  what  are  the  values 
of  the  mechanical  advantage  and  the  effect  of  friction  ? 

7.  In  a  machine  for  testing  materials  under  torsion,  one  end  of  the 
test  piece  is  attached  to  the  axle  of  a  worm-wheel  and  the  other  end  is 
fixed.     The  worm-wheel  has  90  teeth,  and  is  driven  by  a  worm  and  hand- 
wheel.     If  the  hand- wheel  is  rotated  785  times  before  the  specimen  breaks, 

how  many  degrees  of  twist  have  been  given  to  the  specimen  ?  If  the 
average  torque  on  the  specimen  was  2400  Ib. -inches,  and  if  the  efficiency 
of  the  machine  is  70  per  cent.,  how  much  work  was  done  on  the  hand- 
wheel  ? 

8.  The  screw  of  a  screw-jack  is  0-5  inch  pitch  and  the  handle  is  19 
inches  long.     The  efficiency  is  50  per  cent    What  effort  must  be  applied 
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to  the  handle  in  raising  a  load  of  one  ton  weight  ?     What  is  the  maximum 
value  of  the  efficiency  of  any  machine  ? 

9.  A  block  and  tackle  is  used  to  raise  a  load  of  200  Ib.  ;  the  rope  passes 
round  three  pulleys  in  the  fixed  block,  and  round  two  in  the  movable 
block,  to  which  is  fastened  the  load  and  one  end  of  the  rope.  Calculate 
the  force  which  must  bo  applied  to  the  rope. 

Assuming  that,  owing  to  the  effect  of  friction,  the  tension  on  one  side 
of  a  pulley  is  *ths  of  the  tension  on  the  other  side  of  the  pulley,  prove 
that  the  force  required  to  raise  the  load  must  be  increased  to  over  74  Ib. 

Sen.  Cam.  Loc. 

10.  Define  the  terms  "velocity  ratio,"   "mechanical  advantage"  and 
"  efficiency  "  as  applied  to  machines,  and  show  that  one  of  these  quantities 
is  equal  to  the  product  of  the  other  two.     In  a  lifting  machine  the  velocity 
ratio  is  30  to  1.     An  effort  of   10  Ib.  is  required  to  raise  a  load  of  35  Ib., 
and  an  effort  of  25  Ib.  a  load  of  260  Ib.     Find  the  effort  required  to  raise 
a  load  of  165  Ib.  and  the  efficiency  under  this  load      Assume  a  linear 
relation  between  effort  and  load.  L.U. 

11.  How  is  the  work  done  by  a  force  measured  ?     Define  erg,  foot- 
poundal,  foot-pound.     A  vertical  rubber  cord  is  stretched  by  gradually 
loading  a  scale-pan  attached  to  its  lower  end,  and  a  graph  is  drawn  showing 
the  relation  between  the  load  and  the  extension  of  the  cord.     Explain 
how  the  work  done  in  stretching  the  cord  may  be  found  from  the  graph 

L.U. 

12.  Find  the  condition  of  equilibrium  for  a  system  of  pulleys  in  which 
each  pulley  hangs  m  the  loop  of  a  separate  string,  the  strings  being  all 
parallel  and  each  string  attached  to  the  beam.     The  weights  of  the  pulleys 
are  to  bo  ta^on  into  account. 

If  there  are  5  pulleys  and  each  weighs  1  Ib.,  what  weight  will  a  force 
equal  to  the  weight  of  6  pounds  support  on  such  a  system,  and  what  will 
be  the  total  pull  on  the  beam  ?  L.U. 

13.  Find  the  velocity  ratio,  mechanical  advantage  and  efficiency  of  a 
screw-jack,  whose  pitch  is  ^  inch,  and  the  length  of  whose  arm  is  15  inches, 
if  the  tangential  force  at  the  end  of  the  arm  necessary  to  raise  one  ton 
is  24  Ib.  weight.  L.U. 

14.  Describe  the  construction  of  a  differential  screw,  and  on  the  assump- 
tion of  the  principle  of  work  (or  otherwise)  calculate  its  velocity  ratio. 
If  the  two  ^screws  have  2  threads  and  3  threads  to  the  inch  respectively, 
and  a  couple  of   moment    20  lb.-wt.-ft.  applied  to  the  differential  screw 

produces  a  thrust  equal  to  the  weight  of  half  a  ton,  calculate  the  efficiency 
of  the  machine.  L.U. 

15.  A  body  having  a  weight  W  is  pushed  up  a  rough  inclined  plane  by 
a  force  P  which  acts  in  a  line  parallel  to  the  plane.     The  length,  height 
and  base  of  the  plane  are  L,  H  and  B  respectively.     Find  the  work  done 
by  P,  taking  JUL  as  the  coefficient  of  friction.     Show  that  this  work  is  the 
same  as  the  work  done  by  a  horizontal  force  in  pushing  the  body  along  a 
horizontal  plane  of  length  B,  and  having  the  same  value  of  yut,  and  then 
elevating  the  body  through  a  height  H.    Find  the  mechanical  advantage, 
&>.,  the  ratio  W/P,  in  the  case  in  which  /x=H/B. 
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16.  Describe  the  system  of  pulleys  in  which  the  same  rope  goes  round 
all  the  pulleys,  and  find  the  mechanical  advantage  (neglecting  friction). 
If  one  end  of  the  rope  is  attached  to  the  lower  block,  and  there  are  five 
pulleys  in  all,  find  the  pull  which  is  necessary  to  raise  a  mass  of  one  ton. 
Find  also  the  power  required  to  pull  the  free  end  at  a  speed  of  5  ft.  per 
second.  Madras  Univ. 


CHAPTER  XV 


MOTION  OF  ROTATION 

Centre  of  mass. —in  Fig.  227  is  shown  a  body  travelling  towards 
the  left  in  such  a  manner  that  every  particle  has  rectilinear  motion 
only  ;  this  kind  of  motion  is  called  pure  translation.  Let  the  body 
as  a  whole  have  an  acceleration  a,  then  every  particle  will  have  this 
acceleration  If  the  masses  of  the  particles  be  mv  m2,  M3,  etc  , 
the  particles  will  offer  resistances,  due  to  their  inertia,  given  by 
m^t,  w2a,  m^a,  etc.  These  forces  are  parallel  ;  hence  the  resultant 
resistance  is  R  =  0^0  +  waa  + /H8a  +  etc.  =  2wa  =  a2ra (1) 


O.  227  —Centre  of  mass  of  a  body. 


FIG.  228  — Centre  of  mass  of  a  thin 
sheet. 


The  centre  of  these  parallel  forces  (p.  106)  is  called  the  centre  of 
mass  of  the  body.  To  find  the  centre  of  mass  of  a  thin  sheet  (Fig. 
228),  take  reference  axes  OX  and  OY.  Let  the  coordinates  of  mlt 
w2,  w3,  etc.,  be  (x^j^,  («r2#2),  (#32/3),  etc.  Let  the  sheet  have  pure 
translation  parallel  to  OY,  and  let  the  acceleration  be  a.  Take 
moments  about  O,  giving 

m^axi  4-  w2ft#2  +  m3a%3  +  etc.  =  aZmx  —  a(^m)x, 
where  x  is  the  abscissa  of  the  centre  of  mass.     Hence 


.(2) 
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Similarly,  by  assuming  pure  translation  with  acceleration  a  parallel 
to  OX,  we  obtain  _    v/n?/ 


The  student  will  note  that  these  equations  are  similar  to  those 
employed  for  finding  the  centre  of  gravity  (p.  109),  the  only  differ- 
ence being  the  substitution  of  mass  for  weight.  It  may  be  assumed 
that  the  centre  of  mass  coincides  with  the  centre  of  gravity,  and 
all  the  methods  employed  in  Chapter  IX.  may  be  used  for  deter- 
mining the  centre  of  mass. 

Referring  again  to  Fig.  227,  C  is  the  centre  of  mass  and  R  is  the 
resultant  resistance  due  to  inertia  and  acts  through  C.  If  a  force 
F  be  applied  to  the  body,  and  passes  through  C,  it  is  evident  that 
F  and  R  will  act  in  the  same  straight  line  and  the  motion  will  be 
pure  translation.  The  truth  of  the  principle  that  a  force  passing 
through  the  centre  of  mass  of  a  body  produces  no  rotation  may  be 
tested  by  laying  a  pencil  on  the  table  and 
flicking  it  with  the  finger  nail.  An  impulse 
applied  near  the  end  of  the  pencil  causes  the 
pencil  to  fly  off,  rotating  as  it  goes ;  an 
impulse  applied  through  the  centre  of  mass 
produces  no  rotation. 

Rotational  inertia. — To  produce  pure  rota- 
tion in  a  body,  i.e.  the  centre  of  mass  remains 

,          ,  ,1  r      A-  c  i  FTG    229— Relation  be- 

at rest,  requires  the  application  of  a  couple,     twwn  tho  couple  and  the 

The  effect  of  the  equal  opposing  parallel  forces  rot{ltlolial  mertja/ 
is  not  to  produce  translational  motion.  Let  a  body  be  free  to  rotate 
about  an  axis  OZ  perpendicular  to  the  plane  of  the  paper  (Fig.  229). 
Let  a  couple  F,  F,  be  applied,  and  let  the  couple  rotate  with  the 
body  so  that  its  effect  is  constant.  The  body  will  have  angular 
acceleration  which  we  proceed  to  determine. 

Consider  a  particle  having  a  mass  m  and  at  a  radius  r  from  OZ. 
Let  the  particle  have  a  linear  acceleration  a  in  the  direction  of  the 
tangent  to  its  circular  path.  The  inertia  of  the  particle  causes  it 
to  offer  a  resistance  ma.  Let  </>  be  the  angular  acceleration,  then 

a  —  <f>r. 

Also,  Resistance  of  the  particle  =  ma  =  mc/>r. 

To  obtain  the  moment  of  this  resistance  about  OZ,  multiply  by 
r,  giving  Moment  of  resistance  of  particle  =  w<£r2  =  < 
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Now  <£  is  common  for  the  whole  of  the  particles  ;  hence  we  have  : 
Total  moment  of  resistance  =  </>  (ml  rt2  -f  m^  -f-  M3r32  -f-  etc.) 

=  </>2wr2. 

This  moment  balances  the  moment  of  the  applied  couple.    Let 
the  moment  of  the  couple  be  L  =  FD,  then 

L  =  </>^r2    .............................  (1) 

it  will  he  noted  that  L  must  be  stated  in  absolute  units  m  using 
this  equation 

2/wr2  is  called  the  second  moment  of  mass,  or,  more  commonly, 
the  moment  of  inertia  of  the  body.  It  is  a  quantity  which  depends 
upon  the  mass  arid  the  distribution  of  the  mass  with  reference  to 
the  axis  of  rotation.  It  is  usual  to  denote  it  by  I,  and  to  add  a 
suffix  indicating  the  axis  for  which  the  moment  of  inertia  has  been 
calculated;  thus  L  =  I02</>.  .........  (2) 

In  the  c  G.S.  system  state  L  in  dyne-centimetres,  and  I  in  grams 
mass  and  centimetre  units  ;  in  the  British  system  state  L  in  poundal- 
feet,  and  I  in  pounds  mass  and  foot  units.  e/>  is  m  radians  per  second 
per  second  in  both  systems. 

The  dimensions  of  moment  of  inertia  are  nil2. 

Gravitational  units  may  be  employed  ;  thus,  if  T  is  the  moment 
of  the  applied  couple  in  Ib  -feet,  and  I  is  the  moment  of  inertia  in 
pounds-mass  and  foot-units,  then 

T-1"*  ......................................  (3) 

9 

EXAMPLE  1.  —  A  wheel  has  a  moment  of  inertia  of  800  gram  and  centi- 
metre units.     Find  what  constant  couple  must  be  applied  to  it  in  order 
that  the  angular  acceleration  may  be  2  radians  per  second  per  second. 
L  =  I</> 
=800  x  2  =  1600  dyne-centimetres. 

EXAMPLE  2.  —  A  grindstone  has  a  moment  of  inertia  of  600  pound  and 
foot  units.  A  constant  couple  is  applied  and  the  grindstone  is  found  to 
have  a  speed  of  150  revolutions  per  minute  10  seconds  after  starting  from 
rest.  Find  the  couple. 

150    0       K 
(u  =  00~  x  2?r  =5rr  radians  per  sec. 

,     o>    5?r    TT      ,. 
^  =  i  ~  10  =  2  ra(*lans  Pcr  sec*  Per  sec> 


g  ~   0x2 
600  x  22 
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Cases  of  moments  of  inertia*.— A  few  of  the  simpler  cases  of  moments 
of  inertia  are  now  discussed. 

A  thin  uniform  wire  of  mass  M  is  arranged  parallel  to  the  axis 
OX  (Fig.  230).  Every  portion  of  the  wire  is  at  the  same  distance 
D  from  the  axis  ;  hence  j  =s^m^2  =  ^2  n\ 

The  same  wire  is  bent  into  a  circle  of  radius  R  (Fig.  231) ;  the 
axis  OZ  passes  through  the  centre  and  is  perpendicular  to  the  plane 
of  the  circle.  Every  portion  of  the  wire  is  at  the  same  distance  R 
from  the  axis ;  hence  j  = 


A  number  of  such  circular  wires  laid  side  by  side  form  a  tube  ; 
hence  the  moment  of  inertia  of  the  tube  with  respect  to  the  longi- 
tudinal axis  IS  T  —  MR2  (<\\ 

loz~~m™  > W 

where  M  is  the  total  mass  of  the  tube. 


O  X 

FIG  230 


FIG  2 


An  important  theorem. — In  Fig.  232  is  shown  a  thm  plate  in  the 
plane  of  the  paper.  The  coordinates  of  a  small  mass  m,  referred  to 
the  axis  OX,  OY  are  y  and  x.  We  have  for  the  mass  m, 

Iox  =  />?#2;     I 


where  r  is  the  distance  of  m  from  the  axis  OZ,  which  passes  through 
O  and  is  perpendicular  to  the  plane  of  the  paper.  Since  Ioz=mr2, 
we  have  for  the  particle  T  IT  _  T 

1  1OX~t"  1OY~"  AOZ' 

A  similar  result  can  be  obtained  for  any  other  particle  in  the 
plate  ;  hence,  for  the  whole  plate, 


+  J 


+  etc. 


=  Ioz (*) 

This  result  enables  us  to  calculate  the  moment  of  inertia  in 
cases  which  would  otherwise  require  mathematical  work  of  some 
difficulty. 
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EXAMPLE.  —  A  thin  wire  of  mass  M  is'  bent  into  a  circle  of  radius  R 
(Fig.  233).  Find  the  moment  of  inertia  with  respect  to  a  diameter. 

Draw  the  diameters  AB  and  CD  intersecting  at  right  angles  at  O  ;  let 
OZ  be  perpendicular  to  the  plane  of  the  circle.  Then 


Also 

From  symmetry, 


Another  important  theorem.  —  In  Fig.  231  is  shown  a  thin  plate  in 
the  plane  of  the  paper.  CD  is  in  the  same  plane  and  passes  through 
the  centre  of  mass  of  the  plate  ;  OX  is  also  in  the  same  plane  and  is 
parallel  to  CD,  and  at  a  distance  y  from  it.  To  find  the  relation  of 
ICD  and  Iox,  we  proceed  thus  : 

Considering  the  particle  mx  at  a  distance  //j  from  CD,  we  have 


Similarly  for  w2 


For  all  parti  cles  above  CD  the  moments  of  inertia  are  given  by 
expressions  similar  to  (5),  and  for  particles  below  CD,  by  expressions 
similar  to  (6)  ;  hence  the  total  moment  of  inertia  may  be  obtained 
by  taking  the  sum  of  the  equations  (5)  and  (6)  for  every  particle  in 
the  plate.  The  first  and  second  terms  in  both  expressions  are 
similar  ;  the  third  terms  differ  only  in  sign.  When  all  the  particles 
in  the  plate  are  considered,  the  sum  of  the  third  terms  in  (5)  and  (6) 
evaluates  the  product  2v  times  the  simple  moment  of  mass  of  the 
plate  about  CD.  Now  CD  passes  through  the  centre  of  mass  of  the 
plate,  and  therefore  the  simple  moment  of  mass  with  reference  to 
CD  is  zero  ;  hence  we  have  for  the  whole  plate 


xv 
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Since  y  is  constant,  this  reduces  to 


(7) 

where  M  is  the  total  mass  of  the  plate. 

EXAMPLE.  —  A  thin  wire  of  mass  M  is  bent  into  a  circle  of  radius  R. 
Find  the  moment  of  inertia  about  a  tangent. 

Lef;  AB  (Fig.  235)  be  a  diameter  of  the  circle,  and 
let  OX  be  a  tangent  parallel  to  AB.     Then 


o         o  r    x 

Routh's  rule  for  calculating  the  moments  of  *IG  '235' 

inertia  of  symmetrical  solids. — If  a  body  is  symmetrical  about  three 
axes  which  are  mutually  perpendicular,  the  moment  cf  jnertia  about 
one  axis  is  equal  to  the  mass  of  the  body  multiplied*  %  the  sum  of 
the  squares  of  the  other  two  semi-axes  and  divided  by  3,  4  or  5 
according  as  the  body  is  rectangular,  elliptical  (such  as  a  cylinder), 
or  ellipsoidal  (such  as  a  sphere). 

EXAMPLE  1. — A  rectangular  plate  (Fig.  236)  is  symmetrical  about  GZ 
and  other  two  axes  passing  through  G  and  parallel  to  B  and  T  respectively. 
Find  In7 


'PT^' 


QZ^         3          ~      12    .................... 

P^XAMPLE  2.  —  A  solid  cylinder  (special  case  of  an 
elliptical  body)  is  symmetrical  about  the  axis  OX  of 
the  cylinder,  and  about  other  two  axes  forming  dia- 
meters at  90°  and  passing  through  the  centre  of  mass 
of  the  cylinder.  Find  Iox. 


FIG.  236. 


EXAMPLE  3.  —  A  solid  sphere  (ellipsoidal  body)  is  symmetrical  about 
any  three  diameters  which  are  mutually  perpendicular.  Find  the  moment 
of  inertia  with  respect  to  a  diameter. 

(10) 


Other  cases  of  moments  of  inertia.  —  The  following  results  are  of 
service  in  the  solution  of  problems. 

A  thin  uniform  wire,  mass  M,  length  L  ;  the  axis  OX  passes  through 
one  end  and  is  perpendicular  to  the  wire. 

(11) 
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A  thin  rectangular  plate,  mass  M,  breadth  B,  height  H  ;    the  axis 
OX  coincides  with  one  of  the  B  edges 

IOX-IMH*.. (12) 

A  thick  rectangular  plate  (Fig.  236)  ,   the  axis  OY  coincides  with 
one  edge.  I    = 


A  thin  circular  plate,  mass  M,  radius   R  ;    the  axis  OZ  passes 
•normally  through  the  centre  ;  OX  is  a  diameter. 


(15) 

A  thin  circular  plate  of  mass  M  having  a  concentric  hole  ,  external 
radius  R1?  internal  radius  R2 ;  the  axis  OZ  passes  normally  through 

the  centre.  I0z=:2M(Ri2  + R22) O6) 

This  result  also  applies  to  a  hollow  cylinder  having  a  coaxial  hole. 

Radius  of  gyration.-  The  radius  of  gyration  of  a  body  with  respect 

to  a  given  axis  is  defined  as  a  quantity  k  such  that,  if  its  square  be 

multiplied  by  the  mass  of  the  body,  the  result  gives  the  moment 

of  inertia  of  the  body  with  reference  to  that  axis.     Thus 


For  example,  a  solid  cylinder  has  I^-^-  with  respect  to  the  axis 
of  the  cylinder  ,  hence 

/R2      R 


EXAMPLE. — In  a  laboratory  experiment  a  flywheel  of  mass  100  pounds 
and  radius  of  gyration  1  25  teet  (Fig.  237)  is  mounted  so  that  it  may  be 
rotated  by  a  falling  weight  attached  to  a  cord  wrapped  round  the  wheel 
axle.      Neglecting   friction,  find  what  will    be   the 
accelerations  if  a  body  of  10  Ib.  weight  is  attached 
to  the  cord ;  the  radius  of  the  axle  is  2  inches. 
Let     M  •=  the  mass  attached  to  the  cord,  in  pounds. 
M#—  its  weight,  in  poftndals. 
T  =pull  m  the  cord,  hi  poundals. 
r  =  radius  of  the  axle,  in  feet. 
I  =  moment  of  inertia  of  wheel 
- 100  x  1  -25  x  1  25  =  156-2  pound  and  foot 

units. 

a=the  linear  acceleration  of  M,  in  feet  per 
sec.  per  sec. 

_     AnH     .  »  <f>=  the  angular  acceleration  of  the  wheel,  in 

FIG.  237  —Aii  experimen-  r  ,. 

tal  flywheel.  radians  per  sec.  per  sec. 
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Then,  considering  M,  we  have 

M0  -T-Ma  .................................................  (1) 

Considering  the  wheel,  we  have 

Tr  =  ty  .................................................  (2) 

Also,  <£=*.     (p.  55)  ....................................  (3) 

These  three  equations  enable  the  solution  to  bo  obtained.    Thus  : 
From  (2)  and  (3).  Tr  =  Ia  ; 

•    T  =  I«  ...............................................  (4) 

Substituting  in  (1)  gives 


Mg  10x32-2 

"~M      I  ""10  4  (156  2x6x6) 
M  !  72 

—0-0572  feet  per  sec.  per  sec. 
From  (3),  0  -  °  °*72  =  0  -0572  x  6 

=0343  radian  per  sec.  per  sec. 

Angular    momentum.  —  The   angular    momentum    or    moment  of   mo- 

mentum of   a  particle  may  be  explained  by  reference  to  Fig.  238. 

y  A  particle  of  mass  m  revolves  in  the  circum- 

^  -  '"^XpTn  ferencc  of  a  circle  of  radius  r  and  has  a  linear 

/  r/  \        velocity  ?;  at  any  instant  in  the  direction  of 

/  /    _     \       the  tangent.     Hence  its  linear  momentum  at 

'  Q"*'  ^     |       any  instant  is  given  by  mv.     Now  V]B  equal 

\  /       to  wr,  when  u>  is  the  angular  velocity  ;  hence 

\  / 

Nx  v  ^  /  /  Linear  momentum  of  the  particle  =  wrwr.  (1) 

FIG.  238..—  Angular  momen-      The  moment  of  this  momentum  about  OZ 
turn  of  a  body.  (Flg    238)  may  be  obtained  by  multiplying 

r,  the  result  being  called  the  moment  of  momentum,  .or  angular 
ntum.  '^ 

Angular  momentum  of  the  particle  =  wmr2  ....................  (2) 
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Bach  particle  in  a  body  rotating  about  OZ  would  have  its  angular 
momentum  given  by  an  expression  similar  to  (2)  ;  hence 
Angular  momentum  of  a  body  =  wSwr2 


Consider  now  a  body  free  to  rotate  about  a  fixed  axis,  and,  starting 
from  rest,  to  be  acted  upon  by  a  constant  couple  L.  The  constant 
angular  acceleration  being  </>,  we  have 

L=Ioz<Mp.  200). 

Let  L  act  during  a  tune  t  seconds,  then  the  angular  velocity  w 
at  the  end  of  this  time  will  be 

w  =  (/>£,     or     </>  =  -.     (p.  55) 
t 

Hence  L  =  -Ioz  .......................................  (4) 

t 

Now  o>ioz  is  the  angular  momentum  acquired  in  the  time  /  seconds  ; 
hence  <»loz/t  will  be  the  change  in  angular  momentum  per  second. 
We  may  therefore  write 

L  =  change  in  angular  momentum  per  second  ..........  (5) 

If  the  couple  is  expressed  in  gravitational  units,  say  T,  we  have 


If  the  angular  velocity  of  a  rotating  body  be  changed  from  o^  to 
<o2  in  t  seconds,  then  w  -  w 

<£  =  —,—  >     (p-  56) 
c 

and  the  couple  required  is  given  by 


L       ut-i^  absolute  units,  ........................  (6) 

or  T  =  (WI  "-*}!<«,  gravitational  units,  ...............  (6') 

Kinetic  energy  of  a  rotating  body—  In  Fig.  239  is  shown  a  body 
rotating  with  uniform  angular  velocity  o>  about 
an  axis  OZ  perpendicular  to  the  plane  of  the 
paper.  Consider  the  particle  ml9  having  a  linear 
velocity  vv 

Kinetic  energy  of  the  particle  =  ^^-  .    (p.  171.) 

A 

Now,  vl  =  <urj  ; 

Flo.  289.—  Kinetic  o       «    0 

energy  of  rotation.  .*.   V-^  ri  • 
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Hence 

Kinetic  energy  of  parti  cle  =      0  l  =-0  .  mr-f  ....................  (1) 

2i  & 

A  similar  expression  would  result  for  any  other  particle  ;    hence 

2 

Total  kinetic  energy  of  the  body  =  0  2wr2 

j 

to2 
=  y  Ioz  absolute  units  ...........  (2) 

(O2 

==       Ioz  gravitational  units.  ..(2') 

EXAMPLE  1  .  —  A  wheel  has  a  mass  of  5000  pounds  and  a  radius  of  gyration 
of  4  feet.     Find  its  kinetic  energy  at  150  revolutions  per  minute. 
w  —  Yrr  x  2?r  =5?r  radians  per  sec. 
I  =Mk*  =5000  x  4  x  4  =80,000  pound  and  foot  units. 

v.     ..  w2_     25  X7T2  x  80,000 

Kinetic  energy  =g-  I  -  -----  ^  --- 

^306,500  foot-lb. 

EXAMPLE  2  —  The  above  wheel  siows  from  150  to  148  revolutions  per 
minute.     Find  the  energy  which  has  been  abstracted. 

Change  in  kinetic  energy  ~  —  I  -    2  I 


Also, 


.'.    Energy  abstracted  ^=(iD1  -  (DZ)(<JDI  +w2)  «~ 


=0-067  xO^S 

64  4 

=8,160  foot-lb. 

Energy  of  a  rolling  wheel.  —  The  total  kinetic  energy  of  a  wheel 
rolling  with  uniform  speed  alongg^  road  may  be  separated  into  two 
parts,  viz.  the  kinetic  energy  due  to  the  motion  of  translation,  and 
the  kinetic  energy  due  to  the  motion  of  rotation.  The  total  kinetic 
energy  will  be  the  sum  of  these. 

Let  co  =  the  angular  velocity. 

v—  the  linear  velocity  of  the  carriage  to  which  the  wheel 
is  attached  (this  will  also  be  the  velocity  of  the 
centre  of  the  wheel). 
M  =the  mass  of  the  wheel. 
A  =  its  radius  of  gyration  with  reference  to  the  axle. 
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m,  T^      .  r      A  x 

Then       Kinetic  energy  of  rotation  =  -=-  =     0 

j         j 

Kinetic  energy  of  translation  =  ~~  • 


m  ,  ,  ,  •     ,.  n. 

lotal  kinetic  energy  =  —  -  ---  l~-^-  ...............  •-  -(I) 

J  J 

Further,  if  there  be  no  slipping  between  the  wheel  and  the  road, 
i.e.  perfect  rolling,  we  have 

~1'  ..................................................  (2) 

where  R  is  the  radius  of  the  wheel. 

Substituting  m  (1),  we  obtain  for  perfect  rolling  : 


m  ,  ,  ,  .     , 

Total  kinetic  energy  =  0  2   +  -«- 

-<yn  J 

Mv;2//;2        \ 
—  "o'  (  na  +  1  )  absolute  units  .............  (3) 

&    \R          / 

Mv2  /  A;2       \ 
=  9""(  pa  +  1  )  gravitational  units  ....  (3') 

Energy  of  a  wheel  rolling  down  an  inclined  plane.  -Fig.  240  illus- 
trates the  case  of  a  wheel  rolling  from  A  to  B  down  an  inclined  plane. 

A  is  at  a  height  H  above  B.  Assuming 
that  no  energy  is  wasted,  we  may  apply 
the  principle  of  the  conservation  of 
energy. 

Potential  energy  at  A 


FlQ  240  —Energy  of  a  wheel  rolling 

down  an  incline  =  total  kinetic  energy  at  B. 

I  jet  M  and  R  be  respectively  the  mass  and  radius  of  the  wheel, 
and  let  v  and  w  be  the  linear  and  angular  velocities  at  B.  As  there 
is  supposed  to  be  no  waste  of  energy,  there  will  be  no  slipping  which 
would  lead  to  waste  in  overcoming  f  notional  resistances.  Hence 

?;  =  <oR. 
Using  equation  (3)  above  for  the  total  kinetic  energy,  we  obtain 


,-         ....................................  to 
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Motion  of  a  wneel  rolling  down  an  incline. — The  above  problem 
may  be  studied  in  the  following  manner.  In  Fig.  241  a  wheel  is 
rolling  without  slipping  down  a  plane  inclined  at  an  angle  a  to  the 
horizontal.  Resolve  the  weight  Mg  into  components  N\g  sin  a  and 
Mg  cos  a  respectively  parallel 
and  at  right  angles  to  the 
incline.  The  normal  reaction 
Q  of  the  incline  will  be  equal 
to  M#  cos  a,  since  no  acceler- 
ation takes  place  in  the  direc- 
tion perpendicular  to  the 
incline.  The  force  of  friction, 


.COS  A 


«=  Mgcosa 
Mg  co so. 


FlG.  241. — Motion  of  a  wheel  rolling  down  an 
incline 


F,  acts  on  the  wheel  tangen- 
tially  m  the  direction  of  the 
incline. 

The  effect  of  F  may  be 
ascertained  by  transferring  it  to  the  centre  of  mass  O  of  the  wheel 
(p.  127),  introducing  at  the  same  time  a  couple  of  anticlockwise 
moment  FR.  The  wheel  is  now  under  the  action  of  opposing  forces 
M<7  sin  a  and  F,  both  applied  at  O  in  a  direction  parallel  to  the  incline, 
together  with  a  couple  FR.  The  forces  produce  a  linear  acceleration 
agiven'by  M0  sin  a- F  =  M0 (1) 

The  couple  produces  an  angular  acceleration  c/>  given  by 

FR      FR      __*. (2) 


Also,  since  there  is  no  slipping, 

a 


.(3) 


From  (2),  F  = 

Substituting  in  (1 ),  we  obtain 


*, 

a  -  -—  —  =  Ma. 

R 


Substituting  for  <£  from  (3),  gives 

ak2 


a  sin  a 

—  *y    _    _ 


,.(4) 
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Suppose  that  the  body  starts  from  rest  at  A  (Fig.  242)  arid  rolls 
to  B.     The  linear  velocity  of  the  centre  of  mass  when  at  B  may  be 
calculated  thus  : 


Also, 


.  33). 


H 


FIG  242 


=  sma;     or, 

H 

sin  a 


H 

"  sm  a  : 


Inserting  the  value  of  o  from  (4),  we  have 

2     2<y  sm  q       H     _ 
_____    sma- 

i+R2         1  + 


A;2 


V20H 
~r& 
1+* 


.(5) 


Comparison  of  this  with  equation  (1)  (p.  208)  indicates  that  the 
results  obtained  by  both  methods  agree. 

EXPT.  34. — Kinetic  energy  of  a  flywheel.  In  this  experiment  the  wheel 
is  driven  by  means  of  a  falling  weight  attached  to  a  cord  which  is  wrapped 
round  the  wheel  axle  and  looped  to  a 
peg  on  the  axle  so  that  the  cord 
disengages  when  unwound  (Fig.  243). 

Weigh  the  scale- pan  and  let  its 
mass  together  with  that  of  the  load 
placed  in  it  be  M.  Let  the  scale-pan 
touch  the  floor  and  let  the  cord  be 
taut ;  turn  the  wheel  bv  hand  through 
N!  revolutions  (a  chalk  mark  on  the 
run  helps),  and  measure  the  height 
H  through  which  the  scale-pan  is 
elevated.  Allow  the  scale- pan  to 
descend,  being  careful  not  to  assist 
the  wheel  to  start ;  note  the  time  of 
descent ;  repeat  three  or  four  times 
and  take  the  average  time  t  seconds. 
Again  allow  the  scale-pan  to  descend 
three  or  four  times,  and  note  the  total 
revolutions  of  the  wheel  from  start- 
ing to  stopping,  being  careful  not  to  FJG.  243.- Experimental  flywfceel, 
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interfere  with  it  in  any  way ;  let.  the  average  revolutions  be  ??  2.    Repeat  the 
experiment,  using  different  values  of  M  and  of  H.     Tabulate  the  results  : 

EXPERIMENT  ON  A  FLYWHEEL. 


No.  of 
fixpt. 

Load 
M. 

Height 
H 

Time  of 
descent 

t  8008. 

ReYfl.  while  M 
is,  descending 
»i 

Total  leva. 
nr,. 

Reduce  the  results  for  each  experiment  as  follows  : 

Energy  available  =  potential  energy  given  up  by  M 


Disposal  of  energy  : 

(a)  The  energy  of  M  at  the  instant  it  reaches  the  floor  is  given  by 

Kinetic  energy  acquired  by  M  =  —• 

To  find  the  velocity  v  at  the  instant  M  reaches  the  floor,  we  have 
Average  velocity  x  t  =  H  ; 
H 


(1) 


/.    Average  velocity  — 


2H 


Final  velocity  =v  =  --  ; 
t 

M    4H2    2MH2 


.'.    Kinetic  energy  acquired  by  M  -  KM 


'2 


,(2) 


Hence  the  energy  which  has  been  given  to  the  wheel  up  to  the  instant 
that  M  reaches  the  floor  is,  from  (1)  and  (2), 


-KM 


(3) 


(6)  Some  of  this  energy  has  been  wasted  in  overcoming  the  friction 
of  the  bearings.  Ultimately  the  whole  of  the  energy  given  by  (3)  is  so 
wasted  during  the  entire  period  of  motion,  i.e.  in  nz  revolutions  of  the 
wheel.  Hence 

Energy  wasted  per  revolution  ~    ®          M, 

n  2 

and  energy  wasted  whilst  M  is  descending  „ 


,.(4) 


(c)  The  kinetic  energy  possessed  by  the  wheel,  at  the  instant  M  reaches 
the  floor,jnay  be  calculated  by  deducting  the  kinetic  energy  acquired  by 
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M,  together  with  the  energy  wasted  m  overcoming  friction  whilst  M  is 
descending,  from  the  energy  available      Let  this  energy  be  K,  then 


,.(5) 


During  the  descent  of  M,  the  wheel  has  made  nl  revolutions  in  t  seconds. 
Let  N  be  the  maximum  speed  in  revolutions  per  second,  then 
Average  speed  xl=n1-, 

A  1  ni 

Average  speed  —  -  > 
t 

and  N  -2"1  ..............................................  (0) 

t> 

The  kinetic  energy  js  proportional  to  the  square  of  the  speed,  hence 
Kinetic  onergy  of  the  wheel  at  1  revolution  per  second 


Obtain  the  value  of  this  for  each  experiment  ;    there  should  be  fair 
agreement.    Take  the  average  result  and  call  it  K!.    Then 

Ki-^I,     (p.  207) 
and  to  =2?r  radians  per  sec.  ; 


The  final  result  gives  the  moment  of  inertia  of  the  wheel. 

.0 
C 


FIG.  244  — Apparatus  for  investigating  the  motion  of  a  wheel  rolling  down  an 
incline. 

EXPT.  35. — A  wheel  rolling  down  an  incline.  A  convenient  form  of 
apparatus  is  shown  in  Fig.  244  ;  the  incline  consists  of  two  bars  AB  and 
the  axle  E  E  of  the  wheel  D  rolls  on  them.  The  time  of  descent  is  thus 
increased,  and  it  becomes  possible  to  measure  it  with  fair  accuracy  by 
means  of  a  stop-watch. 

Set  the  incline  to  a  suitable  inclination  by  means  of  the  adjustable 
prop  F.  Measure  the  height  from  the  horizontal  table  to  the  centre  of  the 
wheel  axle  :  first,  when  the  wheel  is  at  the  tnn.  and  qprnnd.  wh^n  thp  whepl 
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is  at  the  bottom  of  the  incline.  Let  the  difference  in  the  heights  be  H. 
Measure  the  diameter  of  the  wheel  axle,  and  hence  find  its  radius  R.  Allow 
the  wheel  to  roll  down,  being  careful  not  to  assist  it  to  start  ;  note  the 
time  of  descent.  Repeat  several  times,  and  take  the  average  time  t  seconds. 
Measure  the  length  of  the  incline  traversed  by  the  wheel  ;  let  this  be  L. 
Then  Average  velocity  x  t  =  L  ; 

.  .   average  velocity  —    » 
t 

2L 
and  maximum  velocity  =t>="    ..................................  •(!) 

Evaluate  this  velocity  and  substitute  in  equation  (1),  p.  208,  giving 


whence  fc"  =  ~  J    Ra  ...................................  (2) 

Weigh  the  wheel  with  its  axle  in  order  to  determine  its  mass  M.     Then 
Moment  of  inertia  of  the  wheel  =Mfc2 


Repeat  the  experiment,  giving  different  slopes  to  the  incline,  and  calcu- 
late the  moment  of  inertia  for  each  experiment ;   take  the  average  value. 

EXERCISES  ON  CHAPTER  XV. 

1.  A  wheel  has  a  moment  of  inertia  of  10,000  in  pound  and  foot  units, 
[f  the  wheel  starts  from  rest  and  acquires  a  speed  of  200  revolutions  per 
mnute  in  25  seconds,  what  constant  couple  has  been  acting  on  it  ? 

2.  A  wheel  has  a  mass  of  6  kilograms,  and  its  radius  of  gyration  is 
20  centimetres.     If  its  speed  be  changed  from  8000  to  7000  revolutions 
Der  minute  in  10  seconds,  what  constant  couple  has  opposed  the  motion  ? 

3.  A  wheel  is  acted  upon  by  a  constant  couple  of  650  poundal-inches ; 
starting  from  rest  it  makes  6  revolutions  in  the  first  8  seconds.     What  is 
Jhe  moment  of  inertia  of  the  wheel  ? 

4.  A  thin  straight  rod  6  feet  long  has  a  mass  of  04  pound.     Find  its 
iioment  of  inertia  with  respect  to  (a)  an  axis  parallel  to  the  rod  and  8 
iiches  from  it ;    (&)  an  axis  perpendicular  to  the  rod  and  passing  through 
)ne  end ;    (c)  an  axis  perpendicular  to  the  rod  and  passing  through  its 
centre. 

5.  The  rod  given  in  Question  4  is  bent  into  a  complete  circle.     Find 
ts  moment  of  inertia  with  respect  to  (a)  an  axis  passing  through  the  centre 
rf  the  circle  and  perpendicular  to  its  plane ;  (&)  a  diameter, of  the  circle; 
(c)  a  tangent. 
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6.  A  thin  circular  plate  has  a  mass  of  2  pounds  and  the  radius  is  9 
inches.    Find  the  moment  of  inertia  with  respect  to  the  following  axes  : 
(a)  passing  through  the  centre  and  perpendicular  to  the  plane  of  the  plate  ; 
(6)  a  diameter  ;   (c)  a  tangent  ;   (d)  a  line  perpendicular  to  the  plane  of  the 
plate  and  passing  through  a  point  on  the  circumference  ;    (e)  a  similar  lino 
to  that  given  in  (d),  but  bisecting  a  radius. 

7.  A  thin  rectangular  plate  has  a  mass  of  1  5  pounds  ;    the  edges  are 
3  feet  and  2  feet  respectively.     Find  the  moment  of  inertia  with  respect 
to  (a)  a  3  feet  edge  ;   (6)  a  2  feet  edge  ;    (c)  a  line  parallel  to  the  3  feet  edges 
and  bisecting  the  plate  ;  (d)  a  line  parallel  to  the  2  feet  edges  and  bisecting 
the  plate  ;    (e)  a  line  perpendicular  to  the  plane  of  the  plate  and  passing 
through  the  intersection  of  the  diagonals  ;   (/)  a  line  perpendicular  to  the 
plane  of  the  plate  and  passing  through  one  corner. 

8.  An  iron  plate,  4  feet  high,  2  feet  wide  and  2  inches  thick,  is  hinged 
at  a  vortical  edge.     Find  the  moment  of  inertia  with  respect  to  the  axis 
of  the  hinges.    The  density  of  iron  is  480  pounds  per  cubic  foot. 

9.  A  hollow  cylinder  of  iron  is  60  feet  long,  20  inches  external  and 
8  inches  internal  diameter.     The  density  is  480  pounds  per  cubic  foot. 
Find  the  moment  of  inertia  about  the  axis  of  the  cylinder. 

10.  A  solid  sphere  of  cast  iron  is  12  inches  in  diameter.     The  density 
is  450  pounds  per  cubic  foot.    Find  the  moment  of  inertia  about  a  diameter, 
and  also  about  a  tangent. 

11.  A  wheel  having  a  mass  of  50  tons  and  a  radius  of  gyration  of  15  feet 
runs  at  50  revolutions  per  minute.     It  is  observed  to  take  4  5  minutes  in 
coming  to  rest.    What  steady  couple  has  been  acting  ? 

12.  A  wheel  is  mounted  m  bearings  so  that  the  axis  of  rotation  is  hori- 
zontal, and  is  driven  by  a  cord  wrapped  round  the  axle  and  carrying  a 
load.     The  axle  is  4  inches  diameter  measured  to  the  centre  of  the  cord. 
A  preliminary  experiment  shows  that  a  load  of  2  Ib.  weight  produces 
steady  rotation,  the  wheel  being  assisted  to  start  by  hand.     The  load  is 
then  'increased  to  4  Ib.  weight  ;    starting  from  rest,  this  load  descended 
3  feet  in  6  5  seconds.     Find  the  moment  of  inertia  of  the  wheel. 

13.  A  solid  disc,  3  feet  in  diameter,  has  a  mass  of  200  pounds.     Calculate 
its  angular  momentum  when  rotating  300  times  per  minute.     If  the  bpeed 
is  changed  to  320  revolutions  per  minute  in  40  seconds,  what  constant  couple 
has  been  applied  ? 

14.  A  thin  iron  rod,  2  feet  long,  mass  0-6  pound,  revolves  about  an  axis 
perpendicular  to  and  bisecting  the  rod.     If  the  speed  is  120  revolutions 
per  minute,  find  the  moment  of  momentum.     If  a  couple  of  0  3  Ib.-feet 
be  applied  for  2  seconds  so  as  to  increase  the  speed,  find  the  final  speed 
of  rotation. 

15.  Calculate  the  kinetic  energy  of  a  wheel  having  a  moment  of  inertia 
of  30,000  in  pound  and  foot  units,  when  rotating  180  times  per  minute. 

How  much  energy  does  the  wheel  give  up  in  changing  speed  to  179  revolu- 
tions per  minute  ? 

16.  A  bicycle  wheel,  28  inches  in  diameter,  has  a  mass  of  2  pounds,  and 
the  radius  of  gyration  is  13  inches.     The  bicycle  is  travelling  at  12  miles 
per  hour.    Find  (a)  the  kinetic  energy  of  rotation  of  the  wheel  ;   (b)  its 
kinetic  energy  of  translation  ;   (c)  its  total  kinetic  energy. 
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17.  A  solid  cylinder,  mass  4  pounds,  diameter  0  inches,  starts  from  rest 
at  the  top  and  rolls  without  slipping  down  a  piano  inclined  at  5°  to 
the  horizontal.     If  the  incline  is  10  feet  long,  find  the  kinetic  energies  of 
translation  and  rotation  when  the  cylinder  reaches  the  bottom. 

18.  Find  the  linear  and  angular  accelerations  of  the  cylinder  given  in 
Question  17. 

19.  Two  cylinders,  A  and  B,  have  the  same  over-all  dimensions  and  their 
masses  are  equal.     The  cylinder  A  has  a  lead  core  and  the  outer  part  is 
wood  ;  the  cylinder  B  has  a  wooden  core  and  the  outer  part  is  lead.     Both 
cylinders  Ftart  simultaneously  from  rest  at  the  top  of  an  incline  and  roll 
without  slipping-     Which  cylinder  will  reach  the  bottom  first  ?     Give 
reasons  for  your  answer. 

20.  Write  down  expressions-  for  the  coordinates  of  the  centre  of  mass 
of  a  number  of  particles  of  given  mass,  the  coordinates  of  whose  positions 
are  given. 

A  uniform  square  plate  of  1  ft.  side  has  two  circular  holes  punched  in 
it,  one  of  radius  1  inch,  coordinates  of  centre  (4,  5)  inches,  referred  to  two 
adjacent  sides  of  the  plate  as  axes,  the  other  of  radius  £  inch,  coordinates 
of  centre  (8,  1)  inches  :  find  the  coordinates  of  the  centre  of  mass  of  the 
remainder  of  the  plate.  L.U. 

21.  Write  down  an  expression  for  the  kinetic  energy  of  a  wheel  whose 
moment  of  inertia  is  I,  rotating  n  times  a  second. 

A  wheel  has  a  cord  of  length  10  feet  coiled  round  its  axle  ;  the  cord 
is  pulled  with  a  constant  force  of  25  Ib.  wt.,  and  when  the  cord  leaves  the 
axle,  the  wheel  is  rotating  5  times  a  second.  Calculate  the  moment  of 
inertia  of  the  wheel.  L.U. 

22.  A  hollow  circular  cylinder,  of  mass  M,  can  rotate  freely  about  an 
external  generator  (i.e.  a  straight  line  drawn  on  the  curved  surface  and 
parallel  to  the  axis  of  the  cylinder),  which  is  horizontal.     Its  cross  section 
consists    of   concentric   circles    of  radii  3   and    5   feet.     Show   that    its 
moment  of  inertia  about  the  fixed  generator  is  42  M  units,  and  find  the 
least  angular  velocity  with  which  the  cylinder  must  be  started  when  it  is 
in  equilibrium,  so  that  it  may  just  make  a  complete  revolution.        L.U. 

23.  A  projectile  whose  radius  of  gyration  about  its  axis  is  5  inches  is 
fired  from  a  rifled  gun,  and  on  leaving  the  gun  its  total  kinetic  energy  is 
50  times  as  great  as  its  kinetic  energy  of  rotation.     How  far  does  the 
projectile  travel  on  leaving  the  gun  before  making  one  complete  turn  ? 

L.U. 

24.  On  what  does  the  inertia  of  a  body,  with  respect  to  rotation  about 
an  axis,  depend  ? 

Prove  that  the  energy  of  rotation  of  a  small  mass  whirled  in  a  circle  is 
equal  to  half  the  product  of  its  rotation-inertia  (moment  of  inertia)  about 
the  axis  of  rotation  into  the  square  of  its  angular  velocity. 

Show  that  one-half  of  the  kinetic  energy  acquired  by  a  hoop  in  rolling 
down  an  inclined  plane  is  rotational.  Adelaide  University. 

25.  What  is  meant  by  "  moment  of  inertia  "  of  a  body  ?    Show  that  the 
moment  of  inertia  of  a  body  about  any  axis  is  equal  to  ita  moment  of  inertia 
about  a  parallel  axis  through  its  centre  of  mass,  plus  the  moment  of  inertia 
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which  the  body  would  have  about  the  given  axis  if  all  collected  at  its 
centre  of  mass.  Allahabad  Univ. 

26.  A  wheel  runs  at  240  revolutions  per  minute,  and  is  required  to  give 
up  10,000  foot-lb.  of  energy  without  the  speed  falling  below  239  revolutions 
per  minute.  Calculate  the  moment  of  mertja  which  the  wheel  must  have. 
If  the  radius  of  gyration  is  5  feet,  find  the  mass  of  the  wheel. 


CHAPTER  XVI 

GENTBIFUGAL  FORCE.      PENDULUMS 

Centrifugal  force. — It  has  been  shown  (p.  45)  that  when  a 
particle  moves  in  the  circumference  of  a  circle  of  radius  R  with 
uniform  velocity  v  (Fig.  245)  there  is  a  constant  acceleration 
towards  the  centre  of  the  circle  given  by 

a-£ 

To  produce  this  acceleration  requires  the  application  of  a  uniform 
force  F,  also  continually  directed  towards 
the  centre  of  the  circle  and  given  by 

F  =  ma  =  —        absolute  units,  (1) 

tyi  \j 
or          P  =  -       gravitational  units (!') 

\  /  ** 

XN-__-''X  The  force  F  overcomes  the  inertia  of  the 

FIG.  245.— central  ami  ceii-  particle,    which    would    otherwise   pursue   a 

trifugal  forces.  j.     •    LJ.    i  J.L  j  u  IIJJ.L 

straight  line  path,  and  may   be  called  the 
central  force  (sometimes  called  the  centripetal  force).    It  is  resisted 
by  an  equal  opposite  fo&e  Q  (Fig.  245)  due  to  the  inertia  of  the 
particle.    Q  is  called  the  centrifugal  force. 
Expressed  in  terms  of  the  angular  velocity, 


Since  wR  is  the  simple  moment  of  mass  of  the  particle  with 
reference  to  the  axis  of  rotation,  it  follows  that  in  a  large  body, 
consisting  of  many  particles,  the  centrifugal  force  may  be  calcu- 
lated by  imagining  the  whole  mass  of  the  body  to  be  concentrated 
at  the  centre  of  mass.  Let  M  be  the  mass  of  the  body  and  let 
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Y  be  the  radius  drawn  to  the  centre  of  mass  from  the  axis  of  rotation 
(Fig.  246),  then 

Centrifugal  force  =  o>2MY  absolute  units (3) 

=  -— MY  gravitational  units (3') 

j 


Flo  24(5  — Resultant  eentn- 
tugal  foice. 


FlO.  iM7. — Rocking  couple  due  to  want  of 
sy  mine  try. 


It  follows  from  this  result  that  jf  a  body  rotates  about  an  axis 
passing  through  its  centre  of  mass  (in  which  case  Y=O),  there  will 
be  no  resultant  force  on  the  axis  due  to  centrifugal  action.  If  the 
body  is  not  symmetrical,  a  disturbing  couple  may  act  on  the  axis. 
Thus  in  Fig.  247  is  shown  a  rod  rotating 
about  an  axis  GX,  G  being  the  centre  of  mass. 
The  rod  is  not  symmetrical  about  GY  ;  hence, 
considering  the  halves  separately,  there  will 
be  centrifugal  forces  Q,  Q  forming  a  couple 
tending  to  bring  the  rod  into  the  axis  GY. 
To  balance  this  tendency,  the  bearings  must 
apply  forces  S,  8,  forming  a  couple  equal  and 
opposite  to  that  produced  by  Q,  Q.  These 
forces  will,  of  course,  rotate  with  the  rod  and 
produce  what  is  called  a  rocking  couple  In 
Fig.  248  is  shown  a  body  symmetrical  about 
GY,  and  consequently  having  neither  rocking 
couple  nor  resultant  centrifugal  force  ;  in  other  words,  this  body  is 
completely  balanced. 

Centrifugal  force  on  vehicles.— In  Fig,  249  is  shown  -  the  front 
view  of  a  motor  car  moving  in  a  path  curved  in  plan.  To  prevent 
side  slipping,  the  road  is  banked  up  to  such  an  extent  that  the 
resultant  Q  of  the  centrifugal  force  and  the  weight  falls  perpen- 
dicularly to  the  road  surface. 


FlO.  248.— -A  balanced 
symmetrical  body. 


Let 


M  =the  mass  of  tfye  car. 

v  —  the  velocity. 

R=the  radius  of  the  curve,  as  seen  in  the  plan. 
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Then 


?. 

Centrifugal  force  =  -     absolute  units. 

R 


Weight  of  car  =  Mg  absolute  units. 
The  triangle  of  forces  is  ABG  ;  hence 

Centrifugal  force  __  M?;2      v*     AB 
Weighf  of  car    ~  RM#  ~gR  ~BG' 

Now  ~|  =  tana(Fig.  249), 

and  a  is  also  the  angle  which  the  section  of  the  road  surface  makes 
with  the  horizontal  ;  hence 

v* 

tan  a  =  -  • 
9* 


Fio.  249. — Section  of  a  banked  motor 
track. 


FIG.  250.— A  cyclist  turning  a 
corner. 


Railway  tracks  are  banked  in  a  similar  manner ;  the  outer  rail 
is1$id  at  a  greater  elevation  than  that  on  the  inside  of  the  curve, 
anil  so  grinding  of  the  flanges  of  the  outer  wheels  against  the  raii 
is  prevented. 

A  cyclist  turning  a  corner  instinctively  leans  inwards  (Fig.  250). 
The  forces  acting  on  machine  and  rider  are  the  total  weight  M#, 
the  centrifugal  force  Mv2/R — where  R  is  the  radius  of  the  curve  and 
v  is  the  velocity,  the  vertical  reaction  of  the  ground  Q — equal  to«M#, 
and  a  frictional  force  F  applied  to  the  wheels  by  the  ground.  If 
all  goes  well,  the  clockwise  couple  formed  by  1%  and  Q,  is  balanced 
by  the  anticlockwise  couple  formed  by  F  and  M?;2/R.  It  is  evident 
that  the  higher  the  speed  and  the  smaller  the  radius  of  the  curve, 
the  greater  will  be  the  centrifugal  force,  and  the  rider  will  have  to 
lean  inwards  at  a  greater  angle.  Since  the  centrifugal  force  and  the 
friction  are  equal,  it  may  happen  that  the  limiting  value  of  the 
friction  may  be  attained,  when  a  slide  slip  will  ensue. 
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Simple  harmonic  motion. — In  Fig   251,  AB  is  any  diameter  of  the 
circle  and  NS  is  another  diameter  at  right^tngles  to  AB.    Let  a  point 

P  travel  in  the  circumference 
of  the   circle   with 
velocity   v ;    draw 


N 


FIG.  251  —Simple  harmonic  motion 


uniform 

v ;  draw  PM  per- 
pendicular to  NS.  It  will 
be  seen  that  M,  the  projection 
of  P  on  NS,  vibrates  in  NS  as 
P  moves  round  the  circum- 
ference of  the  circle.  The 
motion  of  M  is  called  simple 
harmonic  motion,  or  vibration. 

Let  the  radius  of  the  circle 
be  R,  and  let  the  angle  a 
described  by  OP  be  measiued 
from  the  initial  position  OA  The  angular  velocity  w  of  OP  is  r/R, 
and  the  displacement  of  M  from  the  middle  of  the  vibration  at  any 
instant  is  given  by 

OM=OP  sin  a  =  R  sin  a (1) 

Let  t  seconds  be  the  time  in  which  OP  describes  the  angle  a,  then 
a  =  a>£,  and  we  may  write 

OM  =  R  sin  art (!') 

Denoting  as  positive  the  displacements  above  O,  and  as  negative 
those  below  0,  the  algebraic  sign  of  sin  ut  will  determine  on  which 
side  of  0  the  point  M  falls  at  the  end  of  the  time  t.  The  maximum 
displacement  ON  or  OS  is  called  the  amplitude  of  the  vibration. 

Velocity  and  acceleration  in  simple  harmonic  motion. — To  obtain 
the  velocity  V  of  M,  take  components  vx  and  vy  of  the  velocity  of  P 
respectively  parallel  and  perpendicular  to  AB  (Fig.  251).  Since  vv 
is  perpendicular  to  OA  and  v  is  perpendicular  to  OP,  it  follows  that 
the  angle  between  v  and  vy  is  equal  to  a.  Hence 

Vy  —  v  cos  a  =  v  cos  ut. 
The  component  vx  does  not  affect  the  velocity  of  M,  therefore 

a (2) 

(2') 
=  o>R  cos  tat (2") 
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To  obtain  the  acceleration  a  of  M,  resolve  the  central  acceleration 
of  P,  viz.  vz/R,  into  comp6nents  ax  and  ay  respectively  parallel  and 
perpendicular  to  AB,  as  shown  separately  in  Fig.  251.  The  com- 
ponent ax  does  not  affect  the  motion  of  M  ;  hence 

v2 
a  —  ay=     sin  a  .....................................  (3) 

R 

V2 

=  —  sin  Mt  .........................................  (3') 

r\ 

=  w2Rsin  <»*  .......................................  (3") 


It  will  be  noticed  from  (2)  that  the  velocity  of  M  is  proportional  to 
cos  a.  Now  cos  a  —  PM  /OP  and  is  therefore  proportional  to  PM  ; 
hence  V  is  proportional  to  PM.  V  is  zero  when  M  is  at  N  and  also 
when  M  is  at  S.  Maximum  value  of  V  occurs  when  M  is  passing 
through  O  and  is  given  by 

Vmax  —vcosO  —  v  ....................................  (4) 

The  algebraic  sign  of  cos  a  indicates  whether  V  is  frorh  S  towards 
N  (positive),  or  from  N  towards  S  (negative).  From  (I')  and  (3") 
we  may  write  for  the  acceleration  of  M, 

a  =  <D2  x  displacement  of  M  from  O  ...................  (5) 

Hence  the  acceleration  of  M  is  proportional  to  the  displacement 
from  the  middle  of  the  vibration.  The  algebraic  sign  of  sin  a  in 
(3)  indicates  whether  a  is  from  N  towards  O  (positive),  'or  from  S 
towards  O  (negative)  (Fig.  251).  It  will  be  noted  that  the  accelera- 
tion is  directed  constantly  towards  O.  From  (3),  a  has  zero  value 
when  sin  a=0,  i.e.  when  a  =  0  or  IT  ;  M  will  then  be  passing  through 
O.  Maximum  values  of  a  occur  when  sin  a—  ±  1,  i.e.  when  M  is  at 
N  and  again  at  S  ;  in  these  positions 

«».,  =  ±  R  =  ±">2R  ..................................  (6) 

Displacement,  velocity  and  acceleration  diagrams  for  M  have  been 
drawn  in  Figs.  252  (a),  (6),  and  (c)  for  values  of  a  from  0  to  2:r.  It 
is  evident  that  the  displacement  and  acceleration  graphs  are  curves 
of  sines,  and  that  the  velocity  graph  is  a  curve  of  cosines.  Further, 
since  a  is  proportional  to  £,  it  follows  that  these  diagrams  are  also 
displacement,  velocity  and  acceleration  graphs  on  time  bases  ;  the 
base  line  O  to  2?r  represents  the  time  of  one  revolution  of  P  (Fig. 
251),  or  the  time  of  one  complete  vibration  of  M  from  N  to  S  and 
back  to  N.  This  time  is  called  the  period  of  the  vibration, 
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Let 


T  =  the  period,  then 
^T  =  2:rR  (Fig.  251), 
_     2;rR 


..(7) 


o>R        to 


Displacement 


FlG.  252. — Graphs  for  simple  harmonic  motion. 

The  frequency  of  the  vibration  is  the  number  of  vibrations  per 
second,  and  is  obtained  by  taking  the  reciprocal  of  T  ;   thus 


1 


Frequency  =  n  =  -  vibrations  per  sec. 


,.(8) 


EXAMPLE. — A  point  describes  simple  harmonic  vibrations  in  a  line 
4  cm.  long.  Its  velocity  when  passing  through  the  centre  of  the  line  is 
12  cm.  per  second.  Find  the  period. 
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The  given  maximum  value  of  V  is  also  the  velocity  of  P  in  the  circum- 
ference of  the  circle  (Fig.  251) ;  hence 


X  = 


2?rR_2x22x2 
~~     12  x  7 


=  1  -05  seconds. 


A  well-known  mechanism  in  which  simple  harmonic  motion  is 
realised  is  shown  in  Fig.  253.  A  crank  revolves  in  the  dotted  circle 
about  a  fixed  centre  and  engages  a  block 
which  may  slide  in  a  slotted  bar.  Rods 
attached  to  the  bar  are  guided  so  as  to  be 
capable  of  vertical  motion  only.  The  effect 
of  the  slot  is  to  cancel  the  horizontal  com- 
ponents of  the  velocity  and  acceleration  of 
the  crank  pin ;  hence  the  vertical  motion  of 
the  rods  is  simple  harmonic. 

Forces  required  in  simple  harmonic  vibra- 
tions.— Referring  to  Fig.  254,  in  which  a  - 
particle  of  mass  m  is  executing  simple  har- 
monic vibrations  in  NS,  the  force  F  required 
to  overcome  inertia  when  the  particle  is  at 
C  is  given  by  p  _  ma 

Substituting  tlte  value  of  a  obtained  in  (3"), 
p.  221,  we  have 

F  =  w<ji)2Rfiin  tot  ^IG<  253- — Slotted-bar 

mechanism. 

=  mu>2x  displacement  OC  (Fig.  254) (1) 

Hence  F  is  proportional  to  the  displacement  OC  and 
is  directed  constantly  towards  the  middle  of  the  vibra- 
tion. The  maximum  values  of  F  occur  when  the 
particle  is  at  N  and  at  S,  and  are  given  by 

Fmax  =  ±W(.>2xON (2) 

Let  //.  be  the  value  of  F  when  the  particle  is  at  unit 
displacement  from  O,  then 

w,  =  mo>2,     or     o>2  =  — . 
m 


F> 


Fio.  254. — Force 
required  ill  simple 
monie  motion. 


hari 


The  period  of  >the  vibration  is  given  by  (7'),  p.  222. 

2;r  I'm 

T  = =J7TA/- 

M  \  /X 

In  using  this  result  /i  must  be  stated  in  absolute  units. 
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EXAMPLE.  —  A  body  of  mass  2  grams  executes  simple  harmonic  vibra- 
tions. When  at  a  distance  of  3  cm.  from  the  centre  of  the  vibration, 
a  force  of  04  gram  weight  is  acting  on  it.  Find  the  period. 

0  4 
IL=  --  -0-133  gram  weight 


=0-133  x  981  =130-3  dynes. 

I'm    2x22/2 
7,=     7     A/T303 


=0-777  second. 

The  simple  pendulum. — A  simple  pendulum  may  be  realised  by 
attaching  a  small  body  to  a  light  thread  and  allowing  it  to  execute 
small  vibrations  in  a  vertical  plane  under  the  action  of  gravity 
(Pig.  255).  The  forces  acting  on  the  small  body 
at  B  are  its  weight,  nig,  and  the  pull  T  of  the 
thread.  The  resultant  of  these  is  a  force  F,  which 
may  be  taken  as  horizontal  if  the  angle  BAD  is 
kept  very  small,  and  may  be  obtained  from  the 
triangle  of  forces  ABD 

F       BD  _  BD 

-  =  -  -  ,     or     F  =  Mq     -. 
wig     AD  AD 

Now,  if  the  angle  BAD  is  very  small,  AC  and  AD 
will  be  sensibly  equal.  Let  L  be  the  length  of  the 
thread,  then 

•BD (1) 


FIG.  255.— A  simple 
pendulum. 


BD 


Hence  we  may  say  that  F  is  proportional  to  BD  for  vibrations  of 
small  amplitude.  BD  and  BC  coincide  nearly  for  such  vibrations, 
and  the  body  will  execute  simple  harmonic  vibrations  under  the 
action  of  a  force  F  which  varies  as  the  displacement  of  B  from  the 
vertical  through  A.  To  obtain  the  value  of  /*,  make  BD  =  1  in  (1), 

8iving  ma 


Now 


T  =  2irJ? 


•-27T 


WL 

my 


,.(2) 
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EXAMPLE.  —  Find  the  period  of  a  simple  pendulum  of  length  4  feet  at 
a  place  when  g  in  32  feet  per  second  per  second.     Find  also  the  frequency. 

*  22 

7 


T  - 


V4  ==2- 

"  <&£     •"•" 


-222  seconds. 


n  ^-f  =9  ~999  ^ 


vibration  per  second. 


Vibrations  differing  in  phase.  —  In  Fig.  256  (a),  two  points  Pl  and  P2 
rotate  in  the  circumference  of  the  circle  with  equal  and  constant 
angular  velocities.  Their  projections  Mx  and  M2  on  AB  execute 
simple  harmonic  vibrations  which  are  said  to  differ  in  phase.  The 


FIG.  256.— Vibrations  differing  in  phase. 

phase  difference  may  be  defined  as  the  value  of  the  constant  angle 
PlOP2  =  ^f  and  may  be  stated  in  degrees  or  radians.  Thus  a  phase 
difference  of  90°  or  r/2  radians  would  give  vibrations,  such  that  Mt 
would  be  at  tbe  end  A  of  the  vibration,  at  the  instant  that  M2  was 
passing  through  the  point  O. 

The  vibrations  possessed  separately  by  M,  and  M2  may  be  impressed 
on  a  single  particle,  which  will  then  execute  simple  harmonic  vibra- 
tions compounded  of  the  vibrations  possessed  by  M,  and  M2.  In 
Fig.  256  (b)  construct  a  parallelogram  by  making  Pf  and  P2P  equal 
and  parallel  respectively  to  OP2  and  OPj.  Join  OP  and  draw  PM 
perpendicular  to  BA  produced. 

OM2  and  MjM  are  equal,  since  they  are  the  projections  on  AB  of 
equal  lines  equally  inclined  to  AB.  Therefore  OM  is  equal  to  the 
sum  of  the  component  displacements  OMt  and  OM2.  Hence,  if  the 
parallelogram  OP1PP2  rotate  about  O  with  the  same  angular  velocity 
possessed  originally  by  OP^  and  OP2,  then  M  will  execute  simple 
harmonic  vibrations  in  A'B',  and  will  have  a  resultant  motion  of 
which  the  vibrations  of  Mj  and  M2  are  the  components. 
D.S.P.  p 
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It  will  be  evident  now  that  if  two  simple  harmonic  vibrations  in 
the  same  straight  line,  of  equal  amplitudes  and  periods  but  differing 

in  phase  by  180°,  be  impressed  dn 
the  same  particle,  the  particle  will 
remain  at  rest 

For  further  examples  of  simple 
harmonic  vibrations,  the  student  is 
referred  to  the  Part  of  the  volume 
devoted  to  Sound 

Conical  pendulum.  —  The  conical 
pendulum  consists  of  a  small  heavy 
particle  B  (Fig.  257)  attached  to  a 
light  cord  AB  which  is  attached  at 
the  upper  end  to  a  fixed  point  A 

The  axis  AY  is  vertical  and  the  paiticle  B  describes  a  circular  path, 
the  plane  of  which  is  horizontal  AB  in  revolving  generates  a 
conical  surface 

Let  w  =  the  mass  of  the  particle, 

io  =  the  constant  angular  velocity,  radians  /sec., 
a  =  the  angle  between  AB  and  AY, 
R=the  radius  of  the  circle  described  by  B, 
H  =the  height  AC  of  the  cone. 

The  forces  acting  on  the  particle  are  its  weight  mg,  the  centrifugal 
force  (o2wR,  and  the  tension  P  of  the  cord.     These  forces  balance, 
and  the  triangle  of  forces  for  them  is  ABC      Hence 
AC     H_    mq    __    g 
^ 


Fid   257  — A  conical  pendulum 


It  will  be  s%3from  this  result  that  the  height  of  the  cone  is  inde- 
pendent of  the  mass  of  the  particle  and  of  the  length  of  the  cord 
AB  ;  it  depends  solely  on  the  angular  velocity  and  on  the  value  of  g. 
For  a  given  value  of  H  at  a  stated  place,  for  which  the  value 
of  (]  is  known,  w  has  a  definite  value,  and  hence  the  time  of  one 
revolution  has  a  fixed  value. 

Let  T  =  the  time  in  sec.  of  1  revolution. 

Then  a>T  =  27r,     or,     T  =  27r/a>. 


From  (1), 


,'H 


..(2) 
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.Referring  again  to  Fig.  257,  we  have  from  (1), 

_  H         g 


(3) 


Also, 


mg~~  AC  ~~~  H 


If  the  angular  velocity  be  changed  from  u>j  to 


2, 


(4) 

there  will  be  a 


corresponding  alteration  in  the  height  of  the  cone  from  Hx  to  H2. 
Thus,  from  (1),  g 


and    H9=  V 


1 


..(5) 


If  o)2  be  greater  than  wj,  (Hj  -  H2)  is  a  decrease  in  the  height  of 
the  cone,  i.e.  the  particle  rises  ;  if  o>2  be  less  than  o>1?  the  particle 
takes  up  a  lower  position.  • 

This  fact  renders  the  conical  pendulum  useful  as  an  engine  governor, 
an  example  of  which  is  shown  in  Fig.  258.  The  vertical  spindle  is 
driven  by  the  engine  and  has  two  arms 
pivoted  near  the  top.  These  arms  carry 
masses  which  realise  the  ideal  particle  in 
the  conical  governor.  Other  arms  connect 
the  masses  to  a  sleeve  which  can  slide 
on  the  spindle.  Movements  of  the  sleeve 
as  the  speed  changes  are  communicated 
by  the  bent  lever  and  rod  to  a  throttle 
valve  in  the  steam  pipe.  Increase  m 
speed  causes  the  masses  to  rise  ;  hence 
the  sleeve  also  rises  and  the  movement 
partially  closes  the  throttle  valve,  thus 
reducing  the  quantity  of  steam  passing 
to  the  engine  and  hence  reducing  the 
speed.  Reduction  in  speed  is  followed  By 
an  inverse  action,  and  more  steam  is 
supplied  to  the  engine. 

Loaded  governor  or  conical  pendulum. — The  speed  of  revolution 
of  the  simple  governor  shown  in  Fig.  258  is  limited  to  about  70  or 
80  revolutions  per  minute ;  at  higher  speeds  H  becomes  too  small 
to  be  suitable  for  fulfilling  the  function  of  governing.  The  speed 
may  be  increased  and  these  defects  avoided  by  the  device  of  loading 
the  sleeve  (Fig.  259  (a)).  In  this  governor  the  sleeve  carries  a 
mass  of  M  units  ;  all  four  arms  are  inclined  at  the  same  angle  o 
to  the  vertical.  Each  of  the  pins  Cx  and  C2  sustain  $Mg ;  alsc 


FIG.  258. — An  engine  governor, 
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Ct  is  balanced  under  the  action  of  three  forces,  |M#,  the  pull  P 
in  C^,  and  a  horizontal  force  Q  supplied  by  the  sleeve  (Fig.  259  (I)). 
The  pull  P  is  transmitted  by  the  link  A^,  and  applies  a  force  P  to 
the  mass  Aj ;  this  force  may  be  resolved  into  a  vertical  force  |M# 
and  a  horizontal  force  Q.  From  the  triangle  of  forces  A^Cj,  we 
have 


or 


FIG.  259. — Loaded  Porter  govcinoi 


Referring  to  Fig.  259  (a),  we  see  that  Ax  is  subjected  to  three 
forces,  viz  the  pull  T  in  the  upper  arm  AjB,  the  resultant  (F-Q) 
of  the  centrifugal  force  F  and  Q,  and  the  resultant  (mg  +  ^Mg)  of  the 
weights.  AXBY  is  the  triangle  of  forces,  and  we  have 


F-Q         YA,      , 

--—  -  BY  =  tan  a. 


Let  the  angular  velocity  be  a>,  and  let  AjY 
from  (1)  and  (2), 


(2) 

and  BY=H,  then, 


nig  +  £M# 


H_R 
""~H 


m  ;H 

m+   JH' 


,.(3) 


,.(4) 


These  results  show  that  H  is  increased  by  an  addition  to  the  mass 
M  ;  by  adjusting  M  suitably,  the  governor  arms  can  be  made  to  run 
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at  the  most  desirable  angle  to  the  vertical,  whatever  may  be  the 
normal  speed  of  revolution. 

EXPT.  36.  —  Determination  of  the  value  of  g  by  means  of  a  simple  pendu- 
lum. Arrange  a  simple  pendulum  by  attaching  a  small  heavy  bob  to 
one  end  of  a  long  silk  cord.  Take  a  series  of  readings  with  varying  lengths 
of  cord,  in  each  case  taking  care  that  the  angle  of  vibration  is  small.  For 
each  length  of  cord  L,  note  the  time  ot  100  complete  vibrations,  and  hence 
determine  the  period  of  vibration,  T  seconds. 


'.   T2ocL. 

Plot  the  values  of  T2  and  L  obtained  in  the  experiment  ;  the  resulting 
graph  should  be  a  straight  line.  From  the  graph  determine  the  average 
value  of  the  ratio  L 

r"f*; 
then  0=47T2xr. 

EXPT.  37.  —  Longitudinal  vibrations  of  a  helical  spring.  Hang  a  helical 
spring  from  a  rigid  support  and  attach  a  load  to  the  lower  end.  Apply 
an  additional  smaller  load  and  measure  the  extension  produced  by  it. 
From  the  result  calculate  the  force  required  to  giv.e  unit  extension  to  the 
spring.  Remove  the  additional  load  ;  gently  pull  the  load  downwards 
and  let  go.  Since  the  extension  of  the  spring  is  proportional  to  the  pull 
applied  (p.  155),  the  force  at  any  instant  tending  to  return  tne  load  to 
the  initial  position  is  proportional  to  the  displacement  from  this  position. 
Hence  the  load  will  have  simple  harmonic  vibrations.  The  spring  also 
vibrates,  and  may  be  taken  into  account  by  adding  one-  third  of  its  mass 
to  that  of  the  load. 

L^  m  =  the  mass  of  the  load  +?.  mass  of  the  spring. 

)ut=the  force  required  to  produce  unit  extension  of  the 
spring. 

Then  T  -=2ir  AT*  seconds  (p.  223). 

V 

Evaluate  this  time,  and  check  it  by  rinding  the  period  of  vibration 
experimentally.  Do  this  by  finding  the  time  t  taken  to  execute  100  vibra- 
tions, when  j 

T=!oo' 

Let  Wj  be  the  mass  of  the  load  required  to  give  unit  extension  to  the 
spring,  then  /A  =  m,0,  and  T  —  2Ww/l™ii7»  therefore  g  =  4?r2m/T2m1.  Hence 
calculate  the  value  of  g  from  the  experimental  quantities. 
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EXERCISES  ON  CHAPTER  XVI. 

1.  A  body  having  a  mass  of  20  pounds  revolves  in  a  circular  path  oi 
9  inches  radius  with  a  velocity  of  40  feet  per  second.    Find  the  centrifugal 
force.  * 

2.  A  small  wheel  revolves  24,000  times  per  minute.     There  is  a  body 
having  a  mass  of  0  05  pound  fastened  to  the  wheel  at  a  radius  of  4  inches. 
Find  the  centrifugal  force. 

3.  Assuming  that  the  earth  rotates  once  m  24  hours,  and  that  the 
equatorial  diameter  is  8000  miles,  find  the  centrifugal  force  acting  on  a 
person  having  a  mass  of  150  pounds  when  at  the  equator. 

4.  A  cylinder  has  equal  masses  of  10  pounds  each  attached  to  its  ends 
at  radii  of  9  inches.     The  distance  between  the  masses,  parallel  to  the 
axis  of  the  cylinder,  is  12  inches      Looking  at  the  end  ot  the  cylinder, 
both  masses  appear  to  be  on  the  same  diameter,  on  opposite  sides  of  the 
centre.     Calculate  the  rocking  couple  when  the  angular  velocity  is  10?r 
radians  per  second. 

5.  A  railway  coach,  mass  20  tons,  runs  round  a  curve  of  1600  feet 
radius  at  a  speed  of  45  miles  per  hour.     Calculate  the  centrifugal  force. 
If  both  rails  are  on  the  same  level,  5  feet  apart  centre  to  centre,  and  if  the 
centre  of  mass  of  the  coach  is  6  feet  above  rail  level,  find  the  resultant 
force  on  each  rail. 

6.  An  oval  track  for  motor  cycles  has  a  minimum  radius  of  80  yards, 
and  has  to  be  banked  to  suit  a  maximum  speed  of  65  miles  per  hour.  *  Find 
the  slope  of  the  cross  section  at  the  places  where  the  minimum  radii  occur. 

7.  A  bicycle  and  rider  together  have  a  mass  of  180  pounds.     Find  the 
angle  which  the  machine  must  make  with  the  horizontal  in  travelling 
round  a  curve  of  12  feet  radius  at  8  miles  per  hour.     At  this  speed,  what 
frictional  force  must  the  ground  exert  on  the  wheels  if  no  side  slip  occurs  ? 
What  is  the  minimum  safe  value  ot  the  coefficient  of  friction  ? 

8.  A  point  describes  simple  harmonic  vibrations.     If  the  period  is 
0-3  second  and  the  amplitude  1  foot,  find  the  maximum  velocity  and  the 
maximum  acceleration. 

9.  A  body  having  a  mass  of  4  grams  executes  simple  harmonic  vibra- 
tions.    The   force  acting  on  the   body  when  the  displacement  is  8  cm. 
is  24  grams  weight.     Find  the  period.     If  the  maximum  velocity  is  500 
cm.  per  second,  find  the  amplitude  and  the  maximum  acceleration. 

10.  A  simple  pendulum  beats  quarter- seconds  in  a  place  where  g  =32  18 
feet  per  second  per  second.     Find  its  length.     If  the  pendulum  is  taken 
to  a  place  where  0^32  2  feet  per  second  per  second,  how  many  seconds 
per  day  would  it  gam  or  lose  ? 

11.  Two  simple  harmonic  vibrations,  A  and  B,  of  equal  periods  and  differ- 
ing in  phase  by  Tr/2,  are  impressed  on  the  same  particle.     The  amplitudes 
of  A  and  B  are  4  and  6  inches  respectively.     Find  the  amplitude  of  the 
resulting  vibration  and  its  phase  difference  from  A. 

12.  In  a  conical  pendulum  find  the  height  in  feet  of  the  cone  of  revolution 
for  velocities  of  20,  40,  60,  80,  100,  120  revolutions  per  minute.     Plot  a 
graph  showing  the  relation  of  the  height  and  the  revolutions  per  minute. 
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13.  The  height  of  a  conical  pendulum  is  8  inches  and  the  ami  is  12  inches 
long.    Find  the  period.    If  the  mass  at  the  end  of  the  arm  is  2  pounds, 
find  the  pull  in  the  arm.     Find  the  revolutions  per  minute  at  which  the 
arm  will  make  45°  with  the  axis  of  revolution. 

14.  Find  the  change  in  the  height  of  the  cone  of  revolution  of  a  simple 
unloaded  governor  when  the  speed  changes  from  60  to  62  revolutions  per 
minute. 

15.  In  a  loaded  governor  the  mass  at  the  end  of  each  arm  is  2  pounds. 
The  arms  are  each  8  inches  lung.     The  height  of  the  cone  of  revolution 
has  to  be  5  inches  at  180  revolutions  per  minute.     Find  the  load  which 
must  bo  placed  on  the  sleeve. 

16.  In  the  governor  given  in  Question  15,  the  heights  between  which 
the  governor  works  are  5-5  and  4  5  inches.     Fmd  the  maximum  arid 
minimum  speeds  of  revolution. 

17.  A  tram  is  travelling  round  a  curve  of  500  ieet  radius  at  a  speed  of 
30  miles  per  hour.     The  distance  between  centres  of  rails  is  3  ft.  9  in. 
If  the  resultant  force  on  the  train  is  to  be  perpendicular  to  the  line  joining 
the  tops  of  the  rails,  find  how  much  the  outer  rail  must  be  raised  above 
the  inner.  Adelaide  University. 

18.  The  roadway  of  a  bridge  over  a  canal  is  iri  the  form  of  a  circular 
arc  of  radius  50  ft.     What  is  the  greatest  velocity  (in  miles  per  hour)  with 
which  a  motor  cycle  can  cross  the  bridge  without  leaving  the  ground  at 
the  highest  point  ?  L.U. 

19.  A  train  is  travelling  in  a  curve  of  240  yards  radius.     The  centre  of 
gravity  of  the  engine  is  6  feet  above  the  level  of  the  rails,  and  the  distance 
between  the  centre  lines  of  the  rails  is  5  feet.     Find  the  speed  at  which 
the  engine  would  be  just  unstable,  if  the  rails  are  both  at  the  same  level. 

L.U. 

20.  A  motor  racing  track  of  radius  a  is  banked  at  an  angle  a  ;   obtain 
an  equation  which  will  give  the  speed  for  which  the  track  is  designed. 
Show  that  if  the  speed  of  a  car  js  one- half  this  speed  there  will  be  a  total 
transverse  frictional  force  of  JW  sin  a  between  the  car  and  the  ground, 
W  being  the  weight  of  the  car.  L.U. 

21.  The  period  of  a  simple  harmonic  motion  is  2ir/p,  and  its  amplitude 
is  A.     Prove  that  the*  displacement  can  be  expressed  in  the  form 

A  cos  (pt  -  a), 
and  find  the  velocity. 

The  distance  between  the  extreme  limits  of  the  oscillation  is  6  inches, 
and  the  number  of  complete  oscillations  per  minute  is  100.  Calculate  the 
velocity  of  the  point  when  it  is  2  inches  from  the  centre ;  find  also  the 
interval  of  time  from  the  centre  to  that  point.  Sen.  Cam.  Loc. 

22.  A  particle  is  performing  a  simple  harmonic  motion  of  period  T 
about  a  centre  O,  and  it  passes  through  a  point  P  with  velocity  v  in  the 
direction  OP  ;   prove  that  the  time  which  elapses  before  its  return  to  P  is 
(T/7T)  tan"  1(vT/2;rOP).  L.U. 

23.  A  particle  moves  with  simple  harmonic  motion  ;   show  that  its  time 
of  complete  oscillation  is  independent  of  the  amplitude  of  its  motion. 
The  amplitude  of  the  motion  is  5  feet  and  the  complete  time  of  oscillation 
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is  4  sees. ;  find  the  tune  occupied  by  the  particle  in  passing  between  points 
which  are  distant  4  feet  and  2  foot  from  the  centre  of  force  and  are  on  the 
same  side  of  it.  L.U. 

24.  A  weight  of  5  Ib   is  tied  at  the  end  of  an  elastic  string,  whoso  other 
end  is  fixed,  and  is  m  equilibrium  when  the  string  is  of  length  14  inches, 
its  unstretched  length  being  12  inches.     The  weight  is  pulled  gently  down, 
through  another  inch,  and  then  let  go  ;   find  the  time  of  the  resulting 
oscillation.  L.U. 

25.  Show  that  the  vertical  distance  of  the  bob  of  a  conical  pendulum 
beneath  the  fixed  end  of  the  string  depends  only  upon  the  number  of 
revolutions  of  the  pendulum  per  sec.     If  the  mass  of  the  bob  is  4  pounds, 
and  the  length  of  the  string  is  2  ft.,  find  the  maximum  number  of  revolu- 
tions per  second  of  the  pendulum  when  the  greatest  tension  that  can  with 
safety  be  allowed  in  the  string  is  40  Ib.  weight.  L.U. 

26.  Prove  that  the  restoring  force  acting  on  a  simple  pendulum  is  pro- 
portional to  the  angle  through  which  it  is  displaced  from  the  equilibrium 
position,  provided  this  angle  be  small. 

Describe  also  a  method  of  verifying  the  above  result  by  experiment. 

Adelaide  University. 

27.  A  simple  pendulum,  10  feet  long,  swings  to  and  fro  through  a  distance 
2  inches.    Find  its  velocity  at  its  lowest  point,  its  acceleration  at  its  highest 
point,  and  the  time  of  an  oscillation,  calculating  each  result  numerically 
in  foot  and  second  units.  L.U. 

28.  Investigate  the  time  of  revolution  of  a  conical  pendulum. 

A  ball,  of  mass  one  pound,  describes  a  horizontal  circle  attached  to  two 
cords,  the  other  ends  of  which  are  fixed  to  two  points  in  the  same  vertical 
line.  The  cords  are  each  of  length  3  feet,  and  are  at  right  angles  to  one 
another.  If  the  ball  makos  100  revolutions  a  minute,  compute  the  tension 
of  each  cord  in  pounds  weight.  Adelaide  University. 

29.  Two  equal  light  rods,  AB  and  BC,  are  freely  jointed  to  a  particle 
of  mass  m  at  B  ;    the  end  A  of  the  rod  AB  is  pivoted  to  a  fixed  point  A, 
and  the  end  C  ot  BC  is  freely  jointed  to  a  smooth  ring  of  mass  m,  which  can 
slide  on  a  smooth  vertical  rod  AC.     Show  that,  when  C  is  below  A  and  the 
mass  at  B  is  describing  a  horizontal  circle  with  uniform  angular  velocity 
o),  cos  a  ~&7//<o2,  where  a  is  the  inclination  of   the   rods   to   the  vertical 
and  I  is  the  length  of  either  rod.  L.U. 

30.  Show  that  a  body  moving  with  uniform  velocity  v  in  a  circle  of 
radius  r  has  acceleration  equal  to  v2/r  directed  towards  the  centre.     Hence 
explain  why  a  man  riding  a  bicycle  on  a  curved  path  has  always  to  bend 
his  body  inwards  towards  the  centre  of  the  path.  Panjab  Univ. 


CHAPTER  XVII 

IMPACT 

Direct  impact. — Direct  impact  occurs  when  two  bodies  are  both 
travelling  in  the  straight  line  joining  their  centres  of  mass  before 
collision,  or  when  a  moving  body  impinges  normally  on  a  fixed 
surface.  It  is  not  possible  to  state  the  precise  magnitude  of  the 
stress  between  two  bodies,  A  and  B,  at  any  instant  during  impact, 
but  we  may  say  that  whatever  action  A  exerts  on  B,  at  the  same 
instant  B  exerts  an  equal  opposite  reaction  on  A.  Also  these 
actions  are  maintained  during  the  same  interval  of  time.  Thus  a 
diagram,  showing  the  relation  of  the  action  F  which  A  exerts  on  B  at 
any  instant  t  seconds  after  the  commencement  of  impact,  would  be 
similar  and  equal  to  a  diagram  showing  the  reactions  which  B  exerts 
on  A.  The  area  of  such  a  diagram  represents  the  change  in 
momentum  of  the  body  (p.  72) ;  hence,  since  the  areas' are  equal, 
we  may  say  that  the  momentum  acquired  by  one  body  is  equal  and 
opposite  to  that  lost  by  the  other  body  during  the  impact.  It 
follows  from  this  that  the  total  momentum  before  impact  must  be 
equal  to  the  total  momentum  after  impact  is  completed. 

Inelastic  and  elastic  bodies. —The  motion  of  the  bodies  after 
collision  depends  greatly  on  the  degree  of  elasticity  possessed  by 
them.  5  A  body  having  no  elasticity  makes  no  effort  whatever  to 
recover  its  original  form  and  dimensions.  For  example,  deformation 
of  a  plastic  substance  like  putty,  which  is  practically  inelastic, 
progresses  so  long  as  a  force  is  exerted  on  it,  and  the  putty  retains 
the  shape  it  possessed  at  the  instant  of  the  removal  of  the  force. 
When  two  such  bodies  collide  with  direct  impact,  force  between 
them  ceases  at  the  instant  when  their  centres  of  mass  cease  to 
approach  each  other.  Hence  there  is  no  tendency  for  the  bodies 
to  separate,  and  they  continue  to  move  as  one  body.  In  other 
words,  the  relative  velocity  after  collision  is  zero. 
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In  the  case  of  elastic,  or  partially  elastic  bodies,  the  force  does 
not  cease  at  the  instant  of  closest  approach  of  the  centres  of  mass. 
The  effort  which  the  bodies  make  to  recover  their  original  dimensions 
causes  the  action  and  reaction  to  continue,  with  the  result  that  there 
is  a  second  period  during  the  impact,  in  which  the  centres  of  mass  are 
receding  from  each  other.  Finally,  the  efforts  to  recover  the  original 
dimensions  cease,  and  at  this  instant  the  bodies  separate,  and  continue 
to  move  separately.  Experiment  shows  that,  roughly,  the  relative 
velocity  after  collision  bears  a  definite  ratio  to  the  relative  velocity 
before  collision,  and  is  of  opposite  sense  The  value  of  this  ratio 
differs  for  different  materials  ;  it  is  called  the  coefficient  of  restitution 

In  direct  impact  (Fig.  260),  let 

M-I  =  the  velocity  of  the  body  A  before  impact 
?/2  =  the  velocity  of  the  body  B  before  impact. 
^1  =  the  velocity  of  the  body  A  after  impact 
w2  =  the  velocity  of  the  body  B  after  impact. 
e  =  the  coefficient  of  restitution. 
Then  Relative  velocity  of  approach   —Uj_  -  ?/2, 

Relative  velocity  of  separation  =  v2  -  ^ , 

and  e=V*--V* 

MJ  -  ?/2 

The  coefficient  of  restitution  has  values  about  0-95  for  glass  and 
about  O2  .for  lead.  Modern  experiments  indicate  that  the  value  of 
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Fia.  260  —Direct  impact  FIG.  261  — Direct  impact  of  inelastic 

bodies 

e  may  differ  considerably  for  different  parts  of  the  surface  of  the 
same  body.  It  is  also  well  known  that,  if  two  metal  bodies  impinge 
twice,  so  that  the  same  parts  of  their  surfaces  come  into  contact  on 
both  occasions,  the  hardness  of  the  surfaces  has  been  so  altered 
during  the  first  impact  that  a  different  value  of  the  coefficient  of 
restitution  is  apparent  during  the  second  impact. 

Direct  impact  of  inelastic  bodies.— In  Fig.  261  (a)  two  inelastic 
bodies  of  masses  %  and  w2,  and  velocities  u^  and  w2,  are 


xvn 
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to  experience   direct   impact,      u^  is    greater   than    u2.     We   have 
(p.  233) 

Total  momentum  before  impact  =  total  momentum  after  impact  ; 

•  •    mlul  +  m2u2  ~  (  ml  "*"  mt)  v-> 

where  v  is  the  common  velocity  after  impact  (Fig.  261  (b))  ; 


If  w2  is  of  the  sense  opposite  to  that  of  uv  then  call  uz  negative  ; 
hence  MA 


_  ,  tYl-tU-t  it  tilnUn  /O\ 

In  general,  v  =    — *  * (o) 

^  Wj  +  m2 

v  will  have  the  same  or  the  opposite  sense  to  w1?  according  as  the 
result  in  (3)  is  positive  or  negative. 

Since  work  has  been  done  in  deforming  the  bodies,  and  there  has 
been  no  recovery,  it  follows  that  energy  has  been  wasted  during  the 
collision.  The  energy  wasted  may  be  calculated  as  follows  : 

Before  impact,  the  total  kinetic  energy  =     J   l   +  — 29  2  (4) 

After  impact,    the  total  kinetic  energy  =      1      -2'     (5) 

Hence,    Energy  wasted  =  (— ^  +  m2^2  \  ~(fl<l    ™*'v  .• 

Inserting  the  value  of  v  from  (3),  we  have 
Energy  wasted  =  (  — -^~o — ?-^-  j  -  ( -  !  -  — -a  ^  ^  '~lUL-^™*"* \ 

By  squaring  and  reducing  to  the  simplest  form,  we  obtain 

Energy  wasted  ==    ,     *    2     (^^iWg)2 (6) 

Now  (u^-u^  is  the  relative  velocity  of  approach  before  impact 
if  both  bodies  are  moving  in  the  same  sense,  and  (%  +  w2)  is  the 
relative  velocity  if  the  senses  of  the  velocities  are  opposite.  Hence 
the  wasted  energy  is  proportional  to  the  square  of  the  relative  velocity  of 
approach. 

Direct  impact  of  bodies  having  perfect  elasticity. — Perfect  elasticity 
implies  not  only  perfect  recovery  of  shape  and  original  dimensions, 
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but  also  perfect  restitution  of  the  energy  expended  during  the 
deformation  period.  Hence  no  energy  is  wasted  in  the  impact  of 
perfectly  elastic  bodies. 

To  avoid  complications,  let  the  bodies  be  smooth  spheres  and  let 
the  impact  be  direct  Let  %  and  u2  be  the  velocities  before  collision, 
and  let  v1  and  v2  he  the  velocities  after  collision  (Fig.  262).  As 
before,  we  have 

Total  momentum  before  coll  i  si  on  =  total  momentum  after 
collision  ; 

.'.  %?/!  +  w2w2  =  miyi  +  ^2^2  ................................  (7) 

Also 

Total  energy  before  collision  =  total  energy  after  collision  , 


_ 
"   ~  2~~   2  ~~"  2   ~        2     ......................... 

From  (8),  m^uf  -  vf)  =  w2(«2a  -  u22), 

%(«i-^i)(Wi  +  %)  =  w2(i;2-w2)(t;2  +  tt2)  ..................  (8') 

From  (7),  m^u^  -v1)  =  rni2(v2  -  u2). 

Hence,  from  (8'),  u:  +  i\  =  v2  +  u%  ; 

/.  Mj-Wa^Vg-Wj  ..................................  (9) 

This  result  indicates  that  the  relative  velocity  of  approach  is  in 
this  case  equal  to  the  relative  velocity  of 
separation  ;  in  other  words,  the  coefficient 
of  restitution  for  perfectly  elastic  bodies  is 
(a)  unity. 

A  /  —  "N  BX-N  In  using  these  and  the  following  equations 

CJ     ^   \^J     ^2     and  in   interpreting   the  results,  velocities 

/>\  2     having  the   same    sense   as   KI    should    be 

*  '  denoted  positive,  and  those  of  opposite  sense, 

Fl°  2d?iwtic  bodie?part  °f    negative  ;  negative  results  indicate  velocities 

having  senses  opposite  to  uv 
Supposing  the  masses  to  be  equal,  then,  from  (7)  : 

And  from  (9)  : 


and  u2  =  vv 

It  therefore  follows  that  in  the  direct  collision  of  perfectly  elastic 
spheres  having  equal  masses,  the  spheres  interchange  velocities 
during  impact. 


Bx-v 
v^y    ^*3 
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Direct  impact  of  imperfectly  elastic  spheres.  —  Reference  is  made 
again  to  Fig.  262.    As  before,  we  have  : 

Total  momentum  before  impact  =  total  momentum  after  impact. 


Also,  «=f'«"^-(p.  234); 

ui  ~  uz 

.'.  en1-eu2  =  v2-vl  ....................................  (10') 

Multiplying  this  by  w2  : 

ew2ul~em2u2  =  m2v2-m2v1  .............................  (11) 

From  (10)  and  (11), 


Mj  -fW/2 

Multiplying  (10')  by  Wj  gives 

em^i  -  emjt/2  =  w^2  ""  mivi 
From  (10)  and  (13), 

w?2  -  ew1)w2  =  (m,  -f  w/2)v2  ; 


Impact  of  a  smooth  sphere  on  a  smooth  fixed  plane..  It  is  not 

possible  to  realise  a  plane  absolutely  fixed  in  space  ;  what  is  meant 
by  a  fixed  plane  is  one  fixed  to  the  earth.  The  mass  of  the  body 
against  which  an  elastic  sphere  collides  is  then  very  large  as  com- 
pared with  that  of  the  sphere,  and  its  velocity  after  impact  may  be 
taken  as  equal  to  its  velocity  before  impact.  Direct  impact  occurs 
when  the  line  of  motion  of  the  sphere  is  normal  to  the  fixed  plane. 
In  direct  impact,  if  the  sphere  and  fixed  plane  are  either  or  both 
inelastic,  then  the  sphere  will  not  rebound.  If  both  sphere  and 
plane  are  perfectly  elastic,  then  the  sphere  rebounds  with  a  velocity 
equal  and  opposite  to  that  which  it  possessed  before  impact.  If 
they  are  imperfectly  elastic,  and  if  the  velocities  of  approach  and 
separation  are  u  and  v  respectively,  then 

v=^eu  .............................................  (1) 

The  impact  is  oblique  if  the  line  of  motion  of  the  sphere  prior  to 
impact  is  inclined  to  the  normal  to  the  plane  (Fig.  263).  Let  a  be 
this  angle,  and  let  the  sphere  leave  the  plane  in  a  line  inclined  at 
/3  to  the  normal.  Let  u  and  v  be  the  initial  and  final  velocities. 
Resolve  these  velocities  parallel  to  and  perpendicular  to  the  plane. 
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Since  both  sphere  and  plane  are  regarded  as  being  smooth  there 
can  be  no  force  parallel  to  the  plane  during  impact.     Hence  there 
can  be  no  change  in  the  component  velocity  parallel  to  the  plane. 
Therefore  uam  a  =  v  am  f3.  ...  ..  (2) 

If  the  coefficient  of  restitution  is  e,  then,  from  (1)  . 
eu  cos  a  =  v  cos  p 


From  (2)  and  (3)  . 

>/2  sin2  a  +  e2u2  ooa2a  = 


+  cos2/?)  =  v2  ; 
>2cos2a 


Also,  from  (2)  and  (3) 


,       0 
tan  p= 


tan  a 


(3) 

(4) 

/rx 
(5) 


If  both   sphere  and  plane   are    perfectly  elastic,  then  r  =  l,  and 
equations  (4)  and  (5)  become 


tan  /3  =  tan  a 


(7) 


uoosa. 


FIG  263  —  Oblique  impact  of  a  sphere 

on  a  plane 


FlO   1204   -  Impact  of  a  jet  of  water 


Hence  in  this  case  the  sphere  leaves  the  plane  with  its  initial 
velocity  unaltered  in  magnitude,  and  the  angles  which  the  initial 
and  final  directions  of  motion  make  with  the  normal  are  equal. 

If  the  sphere  be  perfectly  inelastic,  then  the  whole  of  the  normal 
component  -wcosa  disappears,  and  the  sphere  will  finally  slide  along 
the  plane  with  a  velocity  u  sin  a 

When  a  jet  of  water  impinges  on  a  fixed  plate  (Fig.  264),  the 
impact  practically  follows  the  laws  of  inelastic  bodies  The  jet 
spreads  out  during  impact,  and  the  water  then  slides  along  the 
plate. 

Let  v  —  the  velocity  of  the  jet. 

a  =  the  angle  between  the  jet  and  the  normal. 
w=the  mass  of  water  reaching  the  plate  per 

second. 
Normal  component  of  the  velocity  =  vcosa. 
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FIG     2G.r>    -Principle   of   the 
conservation  ot  momentum. 


This  disappears  during  impact,  hence  . 

Force  acting  on  the  plate  =  change  in  momentum  per  second 

=  mv  cos  a. 
If  A  =  the  cross  sectional  area  of  the  jet, 

<Z=the  density  of  water, 
then  m  =  v&d  ; 

.".  Force  acting  on  the  plate  =A<?y2  cos  a. 

Conservation  of  momentum. — This  principle  asserts  that  the  total 

momentum  of  any  system  of  bodies  which  act  and   react  on   each   other 

remains  constant.     The  truth  of  the  principle 

will    be    evident    when    we    consider    the 

equality   of  the  action  \vhich  one  body  A 

exerts  on  another  body  B  and  the  reaction 

which   B   exerts   on   A   (Fig.   265).     These 

actions  continue  during   the  same  interval 

of  time ;  hence  whatever  momentum   B   is 

losing,  A  is  gaining  an  equal  momentum. 

Hence  the  total  momentum  along  AB  remains 

constant.     Similarly,   the  total  momentum 

along  each  of  the  lines  BC,  CD,  DA,  AC  and 

BD  remains  constant.     Therefore  the  total  momentum  of  the  system 

remains  constant.  The  forces  may  be  caused  by  gravitational 

attraction,  magnetism,  ^>r  impact ; 
their  nature  is  immaterial ;  the  im- 
portant points  are  their  equality, 
their  opposing  character  and  the 
equality  of  the  times  during  which 
they  act. 

EXPT.  38. — Coefficient  of  restitution 
Arrange  a  tall  retort  stand  A  (Fig.  266) 
with  two  rings  B  and  C  which  may  be 
clamped  at  different  heights.  D  is  a 
massive  block  of  cast-iron  or  steel.  A 
small  steel  ball,  J  inch  to  J  inch  in 
diameter  (these  can  be  obtained  from 
any  cycle  dealer),  is  dropped  from  the 
level  of  B  and  rebounds  from  D.  The 
ring  C  is  adjusted  until  it  is  found  that 

the  ball  reaches  its  level  in  the  first  rebound.    Measure  hr  and  hz.    Then, 
keeping  the  ring  C  in  its  initial  position,  B  is  shifted  to  a  position  below 


OC 


Q 


<H 


4 


*• 

.L.i 


FIG.  266.— Apparatus  for  determining 
the  coefficient  of  restitution 


240 


DYNAMICS 


CHAP. 


C,  and  the  ball  is  dropped  from  the  level  of  C.  B  is  adjusted  until  it  is 
found  that  the  ball  rebounds  to  its  level.  In  this  way  are  found  the 
heights  hlt  hz,  hs,  etc.,  of  successive  rebounds. 

In  the  first  drop,       the  velocity  of  approach  -  u±  W2</A, 
and  the  velocity  of  separation  -  vl  -\/2ghz. 
In  the  second  drop,  the  velocity  oi  approach  —  u2  —  ^2gh2, 
and  the  velocity  of  separation     v2  -  \^2gk3. 

The  velocities  for  the  succeeding  drops  may  be  calculated  in  the  same 
way.     Now  j velocity  of  separation. 

~~  velocity  of  approach 


also 


Similarly,  ?8 

•»3 

Work  out  these  values  of  e  from  the  experimental  values  of  hl9  h2,  etc. 
Are  they  in  fair  agreement  ?  What  is  the  mean  value  of  e  ?  What  is  the 
maximum  error  in  the  value  of  e  stated  as  a  peiccntage  on  the  mean  value  ? 

r.  C 


A 


FIG  267  —  tficks's  ballistic  pendulum. 

EXPT.  39. — Ballistic  pendulun^.  In  the  Hicks's  form  of  this  apparatus 
(Fig.  267)  two  platforms,  A  and  6,  are  each  suspended  from  supports  by 
means  of  four  threads.  As  seen  in  &e  front  elevation,  the  threads  appear 
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vertical  ;  in  the  end  elevation  the  threads  spread  as  they  approach  the 
upper  support.  The  platforms  just  touch  when  hanging  freely,  and  in 
this  position  the  pointer  which  each  carries  is  at  zero  on  the  scale  D.  The 
platforms  are  of  equal  mass  and  can  be  loaded  by  placing  weights  on  them. 
There  is  a  locking  contrivance,  by  means  of  which  the  platforms  become 
locked  together  automatically  after  impact,  and  thui  move  as  one  body. 
The  suspending  threads  are  about  3  feet  m  length. 

Referring  to  Fig.  268,  in  winch  the  bob  of  a  pendulum  has  been  displaced 
a  distance  BD  from  the  vertical,  and  has  been  raised  a  height  CD  from  the 
position  of  static  equilibrium,  we  have  for  the  velocity 
v  at  the  instant  the  bob  passes  through  C  when  swing-  I 
ing  freely:  ,;W2?/.CD. 

Now         CD  x  2AC  ^BD2  nearly  ; 


-  V  2  17 
*       ^ 


-a  constant  x  BD. 


Hence  the  maximum  velocity  is  very  nearly  propor- 
tional to  the  horizontal  displacement.  In  the  Hicks's 
pendulum  we  may  therefore  assume  that  the  maximum 
velocity  of  either  platform  is  proportional  to  the  distance 
through  which  it  has  been  displaced,  as  shown  by  the 
scale  D  (Fjg.  267). 

Place  equal  masses  on  the  platforms  ;  displace  each  platform  to  the 
same  extent  and  let  go.  It  will  be  found  that  the  platforms  immediately 
after  impact  are  at  rest.  This  follows  from  the  fact  that  the  momenta 
immediately  before  impact  were  equal  and  opposite,  and  hence  the  total 
momentum  was  zero. 

Now  load  A  until  the  total  mass  is,  say,  1  pound,  and  load  B  until  its 
total  mass  is,  say,  2  pounds.  Displace  B  through  2  inches,  and  displace 
A  through  4  inches  ;  again  let  go  and  observe  what  happens  at  the  moment 
of  impact.  If  the  platforms  remain  at  rest,  the  momenta  before  impact 
were  equal  and  opposite.  Repeat  the  experiment,  varying  the  masses  of 
A  and  B  and  also  the  displacements. 

EXERCISES  ON  CHAPTER  XVII. 

1.  Two  inelastic  bodies,  A  and  B,  moving  in  the  same  straight  line  come 
into  collision.     The  mass  of  A  is  4  pounds  and  its  velocity  is  10  feet  per 
second  ;   the  mass  of  B  is  10  pounds  and  its  velocity  is  6  feet  per  second. 
Find  the  common  velocity  after  collision.     How  much  energy  has  been 
wasted  ? 

2.  Answer  Question  ]  ,  supposing  the  velocity  of  B  to  be    -  6  feet  per 
second. 

3.  Direct  impact  occurs  between  two  spheres  A  and  B.    The  masses 
are  4  and  3  kilograms  respectively,  and  the  velocities  are  1$  and(  8  metres 

P.s.r,  Q 
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per  second  respectively.     The  coefficient  of  restitution  is  0-7.     Find  the 
velocities  after  impact.     Find  also  the  energy  wasted. 

4.  Answer  Question  3,  supposing  the  velocity  of  B  to  be    -8  metres 
per  second. 

5.  In  Questions  3  and  4,  what  would  be  the  velocities  of  A  and  B  after 
collision,  supposing  both  bodies  had  bden  perfectly  elastic  ? 

6.  A  sphere  A,  having  a  mass  of  10  pounds,  experiences  direct  impact 
with  another  sphere  B,  mass  16  pounds,  velocity  12  feet  per  second.     The 
coefficient  of  restitution  is  0  5.     Find  the  initial  velocity  of  A  if  it  remains 
at  rest  after  impact ;    find  also  the  velocity  of  B  after  impact. 

7.  A  small  steel  ball  is  dropped  vertically  on  to  a  horizontal  fixed 
steel  plane  from  a  height  ot  9  feet.     If  the  coefficient  of  restitution  js  0  8, 
find  the  heights  of  the  first,  second,  third  and  fourth  rebounds.     If  the 
mass  of  the  ball  is  0  1  pound,  how  much  energy  is  wasted  during  the  first 
three  impacts  ? 

8.  In  Question  7  the  ball  is  dropped  vertically  fiom  the  same  height, 
and  the  fixed  plane  is  at  an  angle  of  30°  to  the  horizontal.     Find  the 
velocity  with  which  the  ball  leaves  the  plane.     Assume  both  ball  and  plane 
to  be  smooth. 

9.  A  jet  of  water  having  a  sectional  area  of  0  5  square  inch  and  a  velocity 
of  40  feet  per  second,  impinges  on  a  fixed  fiat  plate.     Find  the  force  acting 
on  the  plate  when  the  jet  makes  angles  of  0,  30,  45,  60  and  90  degrees 
with  it.     Plot  a  graph  showing  the  relation  of  forces  and  angles. 

10.  If  a  gun  of  mass  M  fires  horizontally  a  shot  of  mass  m,  find  the  ratio 
of  energy  of  the  recoil  of  the  gun  to  the  energy  of  the  shot. 

If  a  J-ton  guu  discharges  a  50-pound  shot  with  a  velocity  of  1000  ft. 
per  sec.,  find  the  uniform  resistance  necessary  to  stop  the  recoil  of  the  gun 
in  6  inches.  L.U. 

11 .  State  Newton's  law  of  impact,  and  show  how  it  can  be  experimentally 
verified.     A  smooth  sphere  of  small  radius  moving  on  a  horizontal  table 
strikes  an  equal  sphere  lying  at  rest  on  the  table  at  a  distance  d  from  a 
vertical  cushion,  the  impact  temg  along  the  line  of  centres  and  normal  to 
the  cushion.     Show  that  if  c  be  the  coefficient  of  restitution  between  the 
spheres  and  between  a  sphere  and  the  cushion,  the  next  impact  between 

«2 

the  spheres  will  take  place  at  a  distance .  24  from  the  cushion. 

+  C  L.U. 

12.  What  do  you  understand  by  Conservation  of  Momentum  ?     Describe 
an  experimental  method  of  illustrating  the  conservation  of  momentum  at 
the  impact  of  two  bodies.  L.U. 

13.  Define  "  impulse  "  and  energy,  and  give  their  dimensions  m  terms 
of  the  fundamental  units  of  length,  time  and  mass. 

A  box  of  sand,  used  as  a  ballistic  pendulum,  is  suspended  by  four  parallel 
ropes,  and  a  shot  is  fired  into  its  centre.  In  one  experiment  the  weight 
of  the  box  was  1000  lb.,  the  weight  of  the  shot  was  10  Ib  ,  the  length  of 
the  ropes  was  6  feet,  and  the  displacement  of  the  centre  of  mass  of  the 
box  and  shot  was  4J  feet.  What  was  the  velocity  of  the  shot  before 
bitting  the  box  ? 
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14.  A  uniform  chain,  10  feet  long  and  having  a  mas<*  of  4  pounds,  hangs 
vertically  from  an  upper  support,  and  its  lower  end  touches  the  scale  pan 
of  a  balance.  The  upper  end  is  released,  and  the  chain  falls  into  the  scale 
pan.  Find  the  force  acting  on  the  pan  at  the  instant  when  the  last  link 
reaches  the  pan.  Find  the  energy  wasted. 


CHAPTER  XVIII 

HYDROSTATICS 

Definition  of  a  fluid.— Substances  m  the  fluid  state  are  incapable 
of  offering  permanent  resistance  to  any  forces,  however  small,  tending 
to  change  their  shape.  Fluids  are  either  liquid  or  gaseous  Gases 
possess  the  property  of  indefinite  expansion  and  liquids  do  not 
Liquids  in  a  partially  rilled  vessel  show  a  distinct  surface  not  coincid- 
ing with  any  of  the  walls  of  the  vessel  ,  if  this  surface  is  in  contact 
with  the  air,  as  would  be  the  case  in  an  open  vessel,  it  is  called 
the  free  surface 

Comparatively  small  compressive  forces  cause  appreciable  altera- 
tion in  the  volume  of  a  gas  ,  liquids  show  very  little  change  in  volume, 
even  when  the  compressive  forces  are  very  great  It  may  be  assumed 
for  our  present  purposes  that  liquids  are  incompressible.  This 
assumption,  together  with  the  neglect  of  changes  in  volume  due  to 
changes  m  temperature,  is  equivalent  to  taking  the  density  of  any 
given  liquid  to  be  constant. 

The  property  which  differentiates  a  liquid  from  a  solid  is  the 
ability  of  the  former  to  flow  Some  liquids,  such  as  treacle  and 
pitch,  flow  with  difficulty,  and  are  said  to  be  viscous  ;  the  property 
is  called  viscosity.  Mobile  liquids,  such  as  alcohol  and  ether  flow 
easily.  No  fluid  is  perfectly  mobile. 

That  branch  of  the  subject  which  treats  of  fluids  at  rest  is  called 
hydrostatics.  In  hydroldnetics,  the  laws  of  fluids  in  motion  are  dis- 
cussed. Pneumatics  deals  with  the  pressure  and  flow  of  gases. 
Hydraulics  is  the  branch  of  engineering  which  treats  of  the  practical 
applications  of  the  laws  of  the  pressure  and  flow  of  liquids,  especially 
of  water. 

Normal  stress  only  can  be  present  in  a  fluid  at  rest. — Change  of 
shape  of  a  body  occurs  always  as  a  consequence  of  the  application 
of  shearing  stresses  (p.  154).  Hence,  if  there  be  shearing  stresses 
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present  in  a  iluid,  the  fluid  moist  be  in  the  act  of  changing  shape, 
and  must  therefore  be  in  motion.  Therefore  there  can  be  none  but 
normal  stresses  acting  on  the  boundary  surfaces  and  on  any  section  of  a 
fluid  at  rest.  Since  friction  is  always  evidenced  as  a  force  acting 
tangentially  to  the  sliding  surfaces,  it  follows  that  there  can  be  no 
friction  in  a  fluid  at  rest. 

The  term  pressure  is  given  to  the  normal  stress  which  a  fluid 
applies  to  any  surface  with  which  it  is  in  contact.  Pressure  is  stated 
in  units  of  force  per  unit  of  area.  The  dimensions  are  therefore  the 
same  as  those  of  stress,  viz. 

ml     I  _m 
t*  xl*  ~W 

In  general,  the  pressure  of  a  fluid  varies  from  place  to  place.  The 
pressure  at  a  given  point  may  be  defined  as  follows  :  Take  a  small 
area  a  embracing  the  point,  and  let  P  be  the  resultant  force  which 
the  fluid  exerts  on  a.  The  average  value  of  the  pressure  on  a  is 
P/a.  The  actual  value  of  the  pressure  at  any  part  on  the  small  area 
differs  from  the  average  value  to  a  small  extent  only,  and  the  difference 
will  become  smaller  if  a  be  diminished.  Of  course,  P  will  then  become 
smaller  also.  If  a  be  diminished  indefinitely,  thus  approximating 
to  a  point,  the  value  of  P/a  gives  the  pressure  at  this  point. 

Pressures  may  be  stated  in  dynes,  or  in  grams  weight,  per  square 
centimetre  ;  for  practical  purposes  the  most  convenient  ^metric  unit 
is  the  kilogram  weight  per  square  centimetre,  in  the  British  system 
we  may  use  poundals  per  square  foot,  or,  for  practical  purposes, 
pounds  weight  per  square  foot,  or  per  square  inch. 

Pressure  at  a  point  on  a  horizontal  area  at  a  given  depth  in  a  liquid 
under  the  action  of  gravity.— In  Fig.  269  is 
shown  an  open  vessel  containing  liquid  at  rest. 
Consider  the  equilibrium  of  a  vertical  column 
of  the  liquid,  of  height  y  measured  downwards 
from  the  free  surface.  Let  the  lower  end  of 
the  column  be  horizontal  and  have  an  area  a ; 
this  area  is  supposed  to  be  small,  and  all  hori- 
zontal sections  of  the  column  are  taken  to  be 
equal  and  similar. 

Neglecting  any  gaseous  pressure  acting  on 
the    free   surface,    the   forces    acting    on    the 
column  are  (i)  its  weight  W  ;   (ii)  the  upward  reaction  P  which  the 
liquid  immediately  under  the  foot  of  the  column  exerts  on  the 
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column ;  (in)  the  forces  exerted  by  the  liquid  surrounding  the 
column ;  these  forces  act  inwards  and  prevent  the  column  from 
spreading  outwards.  The  forces  mentioned  in  (in)  are  applied 
everywhere  in  directions  normal  to  the  vertical  sides  of  the  column, 
and  are  therefore  horizontal.  Hence  they  cannot  contribute  directly 
to  the  equilibrating  of  the  vertical  force  W  Therefore  P  and  W 
must  be  equal,  and  must  act  in  the  same  straight  line. 

If  d  is  the  density  of  the  liquid,  then  Jy,  or  w,  is  the  weight  of  the 
liquid  per  unit  of  volume.  Let  p  be  the  pressure  at  the  depth  ?/, 
then,  since  the  volume  of  the  column  is  a//, 

p  =  w  =  way, 

way  /n  x 

or  p=  —    '='?n/    (1) 

u 

It  will  be  noted  that  w  has  been  assumed  1o  be  constant  throughout 
the  column,  i.e.  the  liquid  has  been  assumed  to  be  incompressible 
Hence  the  result  should  not  be  applied  to  a  compressible  fluid  such  as 
air.  Note  also  that  the  pressure  in  a  given 
liquid  is  proportional  to  the  depth  y. 

Pressure  at  a  point  on  an  inclined  surface. 

— In  Fig  270  is  shown  a  vertical  column  of 
liquid  of  rectangular  section  and  having 
small  transverse  dimensions  a  and  b.  AB  is 
the  horizontal  bottom  of  the  column,  and 
AC  is  a  sloping  section.  Consider  the 
equilibrium  of  the  wedge  ABC,  neglecting 
the  weight  of  the  wedge  and  taking  account 
only  of  the  pressures  p,  q  and  r  acting  on  AB, 
BC  and  CA  respectively.  As  the  faces  of  the 
wedge  are  taken  very  small,  we  may  assume 
that  p,  q  and  r  are  distributed  uniformly ; 
hence  they  give  rise  to  resultant  forces 
P  -p  x  AB  x  b,Q  =  q  xBC  x  6,  andR-r  x  AC  x  b, 
and  these  forces  act  normally  at  the  centres  of  the  faces.  Hence  P,  Q, 
and  R  intersect  at  the  centre  of  the  circle  circumscribing  the  triangle 
ABC,  and  thus  comply  with  one  of  the  conditions  of  equilibrium  of 
three  non-parallel  forces.  Taking  horizontal  and  vertical  components 

of  R,  we  have  Ry  =  R  8jn  BAC=Q (1) 

P (2) 


FIG.  270 — Pressure  on  an 
inclined  surface. 
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From  (1),       r  .  AC  .  b  .  sin  BAG  =  q  .  BC  .  6, 

BC 
*ACS 


BC 

or  r  .  sin  BAG  =  r/  -  =  q  .  sin  BAG  ; 


.'.   r  =  q  .............................................  (3) 

FrW  (2),       r  .  AC  .  b  .  cos  BAG  =p  .  AB  .  fc, 

or  /•  .  cos  BAG  =  p  .-—=p  .  cos  BAG  ; 

.'.  r=*P  .............................................  (4) 

.'.  p  =  q  =  r  ........................................  (5) 

Strictly  speaking,  this  result  is  true  only  when  the  dimensions  of 
the  wedge  are  reduced  indefinitely,  in  which  case  the  assumptions 
made  become  justifiable.  Tn  the  limit,  the  wedge  becomes  a  point, 
lying  on  three  intersecting  planes,  one  horizontal,  one  vertical  and 
one  inclined,  and  we  may  assert  that  the  fluid  pressure  at  the  inter- 
section of  these  planes  is  the  same  on  each  plane,  i.e.  the  pressure 
at  a  point  in  a  fluid  is  the  same  for  any  plane  passing  through  that 
point.  Hence  equation  (1)  (p.  246)  becomes  available  for  calculating 
the  pressure  at  a  point  on  any  immersed  surface,  whatever  may  be 
its  inclination. 

Head.  -  Since  the  pressure  in  a  given  liquid  is  proportional  to  the 
depth  y  below  the  free  surface,  pressures  are  often  measured  by 
stating  the  value  of  y  and  also  the  name  of  the  liquid  ;  y  is  then 
called  the  head.  The  head  may  be  defined  as  the  vertical  height  of 
a  column  of  liquid  reaching  from  the  point  uader  consideration  up 
to  the  free  surface  level.  Thus  a  head  of  30  inches  of  mercury 
(density  13-59  grams  per  cubic  cm.)  is  equivalent  to  a  pressure  of 
14-7  Ib.  per  square  inch,  and  a  head  of  144  feet  of  water  (density 
62-3  pounds  per  cubic  foot)  is  equivalent  to  a  pressure  of  62-3  Ib. 
per  square  inch. 

Pressures  are  also  sometimes  stated  in  atmospheres.  One  atmo- 
sphere may  be  defined  for  the  present  as  the  pressure  produced  at  the 
base  of  a  column  of  mercury  76  centimetres  high.  This  is  equivalent 
to  a  pressure  of  76  x  13-59  =  1032*8  grams  weight  per  square  centi- 
metre, or  to  1  -033  kilograms  weight  (  =  1  -0132  x  10°  dynes)  per  square 
centimetre.  In  the  British  system  one  atmosphere  is  taken  as  the 
pressure  at  the  base  of  a  column  of  mercury  30  inches  high,  and  is 
equivalent  to  a  pressure  of  14-7  Ib.  per  square  inch. 

The  pressure  in  a  liquid  at  rest  is  constant  at  all  points  in  a  hori- 
zontal plane.  —  In  Fig.  271  is  shown  a  horizontal  row  of  small  liquid 
cubes,  enlarged  in  the  drawing  for  the  sake  of  clearness.  The  cubes 
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FIG    271  —Transmission  of  pressure 
through  a  row  ot  <  ubes 


are  actually  supposed  to  be  indefinitely  small,  and  may  be  thus 
looked  upon  as  forming  part  of  a  horizontal  line.  Let  the  cube  a 
be  at  a  depth  y  in  the  liquid,  then  the  pressure  on  each  of  its  faces 

will  be  p  -wy  (p.  246).  Hence  the 
vertical  face  in  contact  with  the 
cube  b  exerts  a  pressine  eqifcil  to 
p  on  the  vertical  face  of  6,  and 
therefore  every  face  of  the  cube  b 
has  a  pressure  «qual  to  p.  Similarly, 
all  faces  of  the  cube  c  will  be  sub- 
jected to  piessuies  equal  to  p,  and 
so  on  to  the  end  of  the  row.  Thus 
the  press  ires  at  all  points  in  a 
horizontal  immersed  line  are  equal,  and  since  a  horizontal  line  can 
be  drawn  in  any  direction  in  a  horizontal  plane,  it  follows  that  the 
pressures  at  all  points  in  a  horizontal  immersed  plane  are  equal 

It  follows  that  the  total  force  which  a  liquid  exerts  on  ft  horizontal 
area  may  be  calculated  by  taking  the  pioduct  ot  the  pressure  and 
the  area. 

Let  rZ  =  the  density  of  the  liquid. 

w  =  dg  —  its  weight  per  unit  volume 
A  =  the  horizontal  area. 
2/  =  the  depth  of  the  liquid. 
Then         Total  force  =  P  =  ?/??/A  =  dg  //A (1) 

The  free  surface  of  a  liquid  at  rest  is  a  horizontal  plane.-  In  Fig. 
272,  A,  B  and  C  are  points  on  an  immeised  horizontal  plane,  and  are 
at  depths  yL,  y%  and  y3  respectively  below 
the  free  surface,  which  we  assume  not  to 
be  a  horizontal  plane.     The  pressures  at 
A,  B  and  C  are  respectively  ivy^  wy«  and 
w;?/3,  and  these  are  equal,  from  what  has 
been  said  above.     Therefore  yl  =  y2  =  ?/3, 
and    hence   the   free   surface    must    be   a 
plane  parallel  to  that  containing  A,  B  and 
C,   and   must  therefore  be  a  horizontal 
plane       This     result    must     be     modified 
somewhat  for  places  near  the  walls  of  the  vessel,  where  the  effect  of 
surface  tension  causes  curvature  in  the  free  surface  (Chap.  XXII.). 

In  Fig.  273  (a)  is  shown  a  vessel  containing  liquid  at  rest,  the  free 
surface  being  AB.  Any  portion  of  the  liquid,  such  as  ODE,  is  in 
equilibrium,  and  this  state  will  not  be  disturbed  by  the  enveloping 


Fio  272  — Free  surface  of  a 
liquid  at  rest 
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of  this  portion  in  a  bent  tube.    The  pressures  which  were  supplied 
initially  by  the  surrounding  liquid  are  now  supplied  by  the  walls  oi 


FIG.  273. — Free  surfaces  in  a  tube 


FIG.  274  — }<rep  surfaces  in  com- 
municating vessels 


the  tube.  Further,  the  tube,  now  full  of  liquid,  may  be  removed 
without  disturbing  the  liquid  contained  in  it,  i.e.  the  free  surfaces 
at  C  and  E  (F;£.  273  (b) )  will  still  be  in  a  horizontal  plane.  If  required, 
both  limbs  of  the  U  tube  may  be  extended  upwards  without  pro- 
ducing any  effect  on  the  state  of  equilibrium  of 
the  liquid.  We  infer  that  the  free  surface  of  a 
liquid  at  rest  lies  entirely  m  a  horizontal  plane, 
even  when  the  liquid  is  contained  in  different  but 
communicating  vessels  (Fig.  274).  This  fact  leads 
to  the  popular  statement  that  water  always  finds 
its  own  level. 

EXPT.  40. — Pressure  on  a  horizontal  surface  at  different 
depths.  Arrange  apparatus  as  shown  in  Fig.  275.  A  is 
a  brass  tube  suspended  vertically  from  a  spring  balance 
C  and  partially  immersed  in  a  liquid  contained  in  a 
vessel  B.  The  tube  is  closed  at  its  lower  end,  and  the 
outside  of  the  bottom  is  horizontal.  The  tube  may  be 
loaded  internally  and  may  thus  be  immersed  at  different 
depths  ;  a  scale  of  centimetres  engraved  on  the  outside 
of  the  tube  (-/ero  at  the  bottom)  enables  the  depth  y  of 
the  bottom  below  the  free  surface  to  be  observed. 

It  is  evident  that  the  total  upward  force  P  which 
the  liquid  exerts  on  the  bottom  together  with  the 
upward  pull  T  exerted  by  the  spring  balance  is  equal  to 
the  weight  W  of  the  tube  and  contents.  Hence 

p+T=--W, 
or  P=W-T. 

Make  a  series  of  experiments,  and  evaluate  P  for  each 
y  for  each  experiment. 


FIG  275.— Appar- 
atus for  finding  the 
pressure  at  different 
depths. 

;  note  the  depth 
Since  the  area  of  the  bottom  of  the  tube  is 
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constant.  P  will  be  proportional  to  the  pressure  at  the  depth  y.  Test  if 
this  is  so  by  plotting  P  and  y  ,  a  straight-line  graph  provides  evidence  of 
the  truth  of  the  law. 

Total  force  acting  on  one  side  of  an  immersed  plate.  If  the  plate 
is  horizontal,  e.g.  the  horizontal  bottom  of  a  vessel  containing  a 
liquid,  the  pressure  is  uniform  and  the  total  force  is  calculated  by 
taking  the  product  of  the  pressure  and  the  area. 

Let        w  =  the  weight  of  the  liquid  per  unit  volume. 

?/  =  the  depth  of  the  plate  below  the  free  surface. 
A  =  the  area  of  one  side  of  the  plate. 
Then  Total  force  exerted  on  one  side  =  P  =  w?/A (1) 

The  following  method  is  applicable  to  both  vertical  and  inclined 
plates  (Fig.  276  (a)  and  (6)).  Let  a  be  a  small  area  of  the  plate  at  a 


(a)  (b) 

PICK  27ft  — Total  pressure  on  immersed  surfaces. 

depth  y  below  the  free  surface.     Let  p  be  the  pressure  on  a ;  then 

p  =  wy, 
and  Force  acting  on  a  =  wya. 

This  expression  applies  equally  to  any  other  small  area  of  the 
plate ;  hence 

Total  force  exerted  on  one  side  =  P  =  w(a1?/1-f  a2?/2  +  a3?/3  +  etc.) 

t  =  iv2ay (2) 

Now  ^ay  is  the  simple  moment  of  area  of  the  plate  about  the  free 
surface  of  the  liquid,  and  ma\  be  calculated  by  taking  the  product 
of  the  total  area  A  of  one  side  of  the  plate,  and  the  depth  y  of  its 
centre  of  area  (a  point  which  coincides  with  the  centre  of  gravity  of 
a  thin  sheet  having  the  same  shape  and  area  as  the  plate).  Thus  : 

P-wAy (3) 

viy  is  the  pressure  of  the  liquid  at  the  centre  of  area  ;  hence  the 
rule  :  The  total  force  on  one  side  of  an  immersed  plate  is  given  by  the 
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product  of  the  area  and  the  pressure  at  the  centre  of  area.     Thus  the 
pressure  at  the  centre  of  area  is  the  average  pressure  on  the  plate. 

The  above  proof  does  not  depend  upon  the  surface  of  the  plate 
being  plane,  so  that  the  rule  applies  also  to  curved  surfaces,  suet 
as  a  sphere  immersed  in  a  liquid. 

EXAMPLE  L — Find  the  total  force  exerted  on  the  wetted  surface  of  8 
rectangular  tank  6  feet  by  4  feet  by  2  feet  deep  when  full  of  water. 
Total  force  on  the  bottom  —w^Ji 

-62-3  x6x4  x2 
=  2990  Ib.  weight. 

Total  force  on  one  side  —wkg/2 

=  62-3  x6  x2  x  I 
=  747-6  Ib.  weight. 

Total  force  on  one  end  -w'A3?/3 

=  62  si 1x4x2  xl 
^498-4  Ib.  weight. 

•    Total  force  on  the  wetted  surface  -=2990  +  (747-6  +498-4)2 

=  5482  Ib.  weight. 

EXAMPLE  2. — A  cylindrical  tank  7  feet  in  diameter  has  its  circula) 
bottom  horizontal  and  contains  water  to  a  depth  of  4  feet.  Find  th( 
total  force  exerted  by  the  water  on  the  curved  wetted  surface. 

The  centre  of  area  of  the  curved  surface  lies  on  the  axis  of  the  cylindei 
at  a  depth  of  2  feet  below  the  free  surface  ;  hence 
Total  force  on  the  curved  surface  -  wky 

=62-3  x(7rdx4)  x2 
=  62-3  x-:2  x7  x4  x2 
--10.965  Ib.  weight. 

EXAMPLE  3. — A  sphere  8  cm.  in  diameter  is  sunk  in  an  oil  weighing 
0-8  gram  per  cubic  centimetre.     The  centre  of  the  sphere  is  at  a  depth 
of  40  centimetres.     Calculate  the  total  force  on  the  surface  of  the  sphere. 
Total  force  -wky 

=0-8  x4;rr2x40 
^0-8  x4  xHf-  x!6  x40 
—  6437  grains  weight. 

The  student  should  note  that  the  total  force  exerted  on  the  hori- 
zontal bottom  of  a  vessel  containing  a  liquid  is  independent  of  the 
shape  of  the  vessel,  and  consequently  is  independent  of  the  weight 
of  the  contained  liquid.  This  follows  as  a  consequence  of  the  pressure 
being  constant  over  the  whole  horizontal  surface.  The  total  force 
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is  wA?/,  and  it  is  evident  that  this  is  independent  of  the  shape  of  the 
vessel. 

Resultant  force  exerted  by  a  liquid.  —The  total  force  exerted  by  a 
liquid  on  an  area  with  which  it  is  in  contact  is  the  arithmetical 
sum  of  the  forces  which  the  liquid  exerts  on  the  small  areas  into 
which  the  given  area  may  be  divided  The  resultant  force  is  the 
vector  sum  of  these  forces  In  Example  1,  p.  251,  the  total  force 
on  the  wetted  surface  of  the  tank  was  found  to  be  5182  Ib.  weight. 
It  is  evident,  however,  that  the  total  force  acting  on  one  bide  is 
balanced  by  the  equal  total  force  acting  on  the  opposite  side  of  the 
tank.  Similarly,  the  total  forces  acting  on  the  opposite  ends  balance 
each  other,  and  therefore  the  resultant  foiee  exerted  on  the  wetted 
surface  is  equal  to  the  total  force  acting  on  the 
bottom,  viz.  2990  Ib.  weight. 

In  the  case  of  all  plane  surfaces  subjected  to 
fluid  pressure,  the  total  force  and  the  resultant 
force  are  equal.  It  will  also  be  evident  that  the 
resultant  force  exerted  by  the  liquid  contained 
in  a  vessel  of  any  shape  is  equal  to  the  weight 
of  the  liquid  This  is  evident  from  the  consider- 
ation that  the  resultant  effect  of  the  reactions  of 
the  walls  of  the  vessel  is  to  balance  the  weight 
of  the  contained  liquid,  and  hence  the  resultant 
force  exerted  by  the  liquid  must  be  equal  to  this 
weight,  and  must  act  vertically  through  the 
centre  of  gravity  of  the  contained  liquid. 

In  Fig.  277  is  shown  a  vessel  having  one  side 
plane,  vertical  and  rectangular  in  shape  ;  thrs 
side  is  EG  in  the  plan  and  AC  in  the  elevation. 
The  remainder  of  the  sides  EFG  is  vertical,  and  is  curved  in  the 
plan.  The  vessel  contains  liquid,  the  free  surface  of  which  is  AB. 
That  the  vessel  is  equilibrated  horizontally  by  the  liquid  pressures 
is  apparent,  as  may  be  tested  easily  by  suspending  it  from  a  long 
cord,  when  no  horizontal  movement  will  occur.  Hence  the  resultant 
force  P  acting  on  the  plane  side  EG  must  be  equal  and  opposite  to, 
and  must  act  in  the  same  straight  line  as  the  resultant  force  on 
the  curved  sides.  In  other  words,  if  components  of  the  forces 
which  act  normally  on  the  curved  sides  be  taken  in  directions 
perpendicular  and  parallel  to  EG,  then  the  arithmetical  sum  of 
the  components  perpendicular  to  EG  will  be  equal  to  P.  Hence 


FIG  277---Rpbultatit 
force  on  plane  and 
curved  sides 
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FIG  278  —Centre  of 
pressure 


the  resultant  force  R  acting  on  the  curved  sides  may  be  found  by 
evaluating  P.  p  ^  wA-  =  w  x  (AC  x  EG)  x  |AC  . 

/.    R  =  |w.AC2.EG. 

Centre  of  pressure. — The  centre  of  pressure  of  an  area  exposed  to 
fluid  pressure  is  that  point  through  which  the  resultant  force  acts. 
Let  a  vertical  rectangular  area  ABDC  (Fig.  278) 
be  subjected  to  the  pressure  of  a  liquid,  the  free 
surface  of  which  cuts  the  area  in  AB.  It  is  evident 
from  symmetry  that  the  centre  of  pressure  G  lies 
in  the  vertical  line  HK,  which  divides  the  area 
into  two  equal  and  similar  parts. 

To  find  the  depth  of  G,  consider  a  small  area  a 
lying  in  ABDC  and  at  a  depth  y  below  AB.     Then 

Force  acting  on  a  =  way. 
Taking  moments  about  AB,  we  have 

Moment  of  the  force  acting  on  a  — way  xy  —  way*. 
This  expression  serves  for  the  moment  of  the  force  acting  on  any 
other  small  portion  of  the  area  ABDC  ;  hence  the  total  moment  is  given 
by        Total  moment  about  AB  =  w(ai#i2  +  o2y22  +  a3?/n2  +  etc.) 

2ay2  is  called  the  second  moment  of  area  ;  the  form  of  the  expression 
is  similar  to  that  for  the  moment  of  inertia  of  a  body,  viz.  Emy2,  and 
the  results  given  on  pp.  201-204  may  be  used  by  substituting  the  total 
area  A  for  the  total  mass  M.  Writing  2a?/2  =  I,  we  have 

Total  moment  about  AB  =  wl (1) 

This  moment  may  be  expressed  in  another  way.  The  resultant 
force  P  acts  through  G,  therefore 

Total  moment  about  AB  =  P  x  GH 

where  y  is  the  depth  of  the  centre  of  area  below  tbe  free  surface. 
ITence,  from  (1)  and  (2).  wf^j  x  GH  =  wl  : 

:.  QH  =  1 (3) 

A?/ 

For  the  rectangular  area  ABDC  (Fig.  278),  and  for  the  axis  AB, 

T    AxHK2          , 
I  —  ,     and     y  — 

o 


GH  =  3 


Ax^HK 


=  IHK. 
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It  will  be  noted  that  the  position  of  the  centre  of  pressure  is  not 
affected  by  the   kind  of  liquid,  and  that  w  disappears  from  the 

final  result. 
---  For   a   vertical    circular    area    touching   the   free 

surface  (Fig.  279)  we  have 


.*.   Depth  of  the  centre  of  pressure  =  *AR?/AR 
FIG  279  =4"R. 

Pressure  diagrams.  —  A  pressuie  diagram,  for  an  area  subjected  to 
fluid  pressure,  shows  the  pressure  graphically  at  all  points  in  the 
area.  The  method  of  construction  may  be  understood  by  reference 
to  Fig.  280,  showing  one  side  of  a  rectangular  tank  containing  a  liquid. 
Neglecting  the  gaseous  pressure  on  the  free  surface  of  the  liquid,  the 
pressure  at  A  on  the  side  ABCD  is  zero,  and  the  pressure  at  B  is  w  x  AB. 
Make  BE=CF  =  wxAB  to  any  convenient  scale  of  pressure,  and  ]om 
AE,  DF  and  EF.  The  resulting  figure  is  a  wedge,  and  the  pressure  at 
any  point  in  ABCD  may  be  found  by  drawing  a  normal  at  that  point  to 
meet  the  sloping  face  of  the  wedge. 


B  E 

FIG  280  — Example  of  a  procure  diagram 


B  F 

FIG  281  —A  dock  gate 


EXAMPLE  1. — A  gate  closing  the  entrance  to  a  dock  is  40  feet  wide. 
There  is  sea  water  on  one  side  to  a  height  of  30  feet,  and  on  the  other  side 
to  a  height  of  18  feet  above  the  lower  edge  of  the  gate.  Find  the  resultant 
force  exerted  by  the  water  on  the  gate. 

Referring  to  Fig.  281  (which  is  not  drawn  to  scale),  AB  is  the  section  of 
the  gate,  and  the  pressure  diagrams  for  the  high- water  and  low- water  sides 
of  the  gate  are  CDB  and  EFB  respectively.    The  total  forces  on  the  high- 
water  and  low- water  sides  are  Pl  and  P2  respectively. 
Pi=wA1y1 

=  64  x  (40  x  30)  x^>  =1,152,000  Ib.  weight. 

Pj=wAJ^ 

-04  x  (40  x  18)  x  J/  =414,720  Ib.  weight. 
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P!  acts  at  the  centre  of  pressure  Qj,  and  BGj  is  one-third  of  BC  (p.  253) 
and  is  therefore  10  feet.  Similarly,  P2  acts  at  the  centre  of  pressure  G2, 
and  BG2  is  18-5-3=6  feet.  The  resultant  of  P!  and  P2  is  the  resultant 
force  R  required  in  the  question. 

R=P1  _P2^  1,152,000  -414,720 

=  737,280  Ib.  weight. 
Take  moments  about  B,  giving 

R  xBG  =(Pj  xBGj)  -(P2  xBG2)  ; 

„     (1,152,000x10) -(414,720x6) 


737,280 


=  12  25  feet. 


W 


A  B 

FIG  282. — A  reservoir  wall. 


EXAMPLE  2.  —  The  wall  of  a  reservoir  is  rect- 

angular in  section  (Fig.  282),  9  feet  high  and  4  feet 

thick.     The  free  surface  of  the  water  is  1  foot 

below  the  top  of  the  wall.     Take  moments  about 

A,  and  evaluate  the  ratio,  —  overthrowing  moment 

of  the  water/moment  of  resistance  of  the  weight 

of  the  wall.    The  density  of  the  water  is  62-5 

pounds  per  cubic  foot,  and  the  density  of  the 

material  of  the  wall  is  120  pounds  per  cubic  foot. 
In  examples  of  this  kind  it  is  customary  to  consider  a  portion  of  the 

wall  one  foot  in  length.  p  -  wfcy 

=62-5x(9xl)xjj 
=  2531  -25  Ib.  weight. 

And  BG=g^3feet; 

Overthrowing  moment  =2531  -25  x  3 

=r7593-7  Ib.-feet. 

Weight  of  the  wall  =  (9x4xl)xl20 
=  43201b.  weight. 

Moment  of  resistance  =4320  x  | 

=  8640  Ib!*-  feet. 


. 

;.  Required  ratio  =~~~  ==0-8789. 


EXERCISES  ON  CHAPTER  XVIII. 

1.  Define  a  fluid.     Distinguish  the  states  solid,  liquid  and  gaseous. 
Explain  why  normal  stress  only  may  be  present  in  a  fluid  at  rest. 

2.  What  is  meant  by  the  pressure  at  a  point  in  a  fluid  ?     How  is  pressure 
measured  ?    What  are  the  dimensions  of  pressure  ? 
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3.  Calculate  the  pressure  at  a  depth  of  24  5  cm.  in  mercury.     (Density 
of  mercury  =  13  6  grams  per  cubic  centimetre.) 

4.  Find  the  pressure  m  Ib.  weight  per  square  inch  at  a  depth  of  2  miles 
in  sea  water  of  density  64  pounds  per  cubic  foot. 

5.  One  side  of  a  vessel  slopes  at  an  angle  of  30°  to  the  vertical.     The 
vessel  contains  oil  having  a  density  of  52  pounds  per  cubic  foot.     Fmd 
the  pressure  on  the  sloping  side  at  depths  of  3  and  5  feet. 

6.  Prove  that  the  pressure  at  a  given  depth  in  a  liquid  is  the  same  on 
any  plane. 

7.  What  head  of  mercury  corresponds  to  a  head  of  34  %6  feet  of  water  ? 
To  what  pressure  is  the  given  head  equal.     (The  density  of  mercury  is 
13-6  times  that  of  water.) 

8.  Find  the  head  of  water  necessary  to  produce  a  pressure  of  one 
atmosphere.     State  the  result  in  feet. 

9.  Prove  that  the  free  surface  of  a  liquid  at  rest  is  a  horizontal  plane. 

10.  A  rectangular  tank,  4  feet  long,  2  feet  broad  and  2  feet  deep,  is  full 
of  water  (density  62  5  pounds  per  cubic  foot).      Fmd  the  magnitudes  of 
the  total  forces  on  the  bottom,  on  one  side  and  on  one  end. 

11.  Find  the  total  force  acting  on  the  horizontal  bottom  of  a  cylindrical 
tank,  6  feet  diameter  and  3  feet  deep,  containing  sea  water  (density  64 
pounds  per  cubic  foot)  to  a  depth  of  2  75  feet. 

12.  In  Question  11  find  the  total  force  acting  on  the  curved  sides  of  the 
tank. 

13.  A  tank  10  feet  long  has  a  rectangular  horizontal  bottom  4  feet  wide. 
The  ends  of  the  tank  are  vertical ;   both  sides  are  inclined  at  45°  to  the 
horizontal.    The  tank  contains  water  to  a  depth  of  6  feet.    Find  the  total 
forces  acting  on  the  bottom,  on  one  side  and  on  one  end.     (Density  of 
water  62  5  pounds  per  cubic  foot.) 

14.  In  Questions   10  and  13  find  the  resultant  forces  exerted  by  the 
liquid  on  the  tanks. 

15.  A  hemispherical  bowl,  12  cm.  in  diameter,  is  full  of  mercury  (density 
13  6  grams  per  cubic  centimetre).     Find  the  resultant  force  exerted  by 
the  liquid  on  the  bowl. 

16.  A  vessel  has  the  form  of  an  inverted  cone,  6  inches  diameter  of  base, 
4  inches  vertical  height,  and  is  full  of  oil  having  a  density  of  51  pounds 
per  cubic  foot.     Fmd  the  resultant  force  and  the  total  force  acting  on  the 
curved  inner  surface  of  the  vessel. 

17.  The  ends  of  a  vessel  are  triangular  (Fig.  283).     The  side  AB  is  vertical, 

and  BC  is  inclined  at  60°  to  the  horizontal.  AB-3  feet, 
arud  the  length  of  the  vessel  is  4  feet.  Find  the  resultant 
forces  acting  on  the  vertical  side,  on  the  sloping  side  and 
on  one  end  when  the  tank  is  full  of  water  (density  62-5 
pounds  per  cubic  foot).  Find  the  depth  of  the  centre  of 
pressure  of  the  triangular  end.  (The  second  moment  of 
area  of  a  triangle  about  the  base  is  J,AH2,  where  A  is  the 
area  of  the  triangle  and  H  is  its  vertical  height.) 
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18.  A  rectangular  opening  in  a  reservoir  wall  is  closed   by  a  vertical 
door  4  feet  high  and  3  feet  wide.     The  top  edge  of  the  door  is  20  feet 
below  the  surface  of  the  water.     Find  the  resultant  force  acting  on  the 
wetted  side  of  the  door ;   find  also  the  centre  of  pressure. 

19.  A  hole  in  the  vertical  si  do  of  a  tank  containing  water  is  2  feet  in 
diameter  and  is  closed  by  a  flap.     The  centre  of  the  hole  is  10  feet  below 
the  surface  of  the  water.     Find  the  resultant  force  which  the  water  exerts 
on  the  flap,  and  show  where  it  acts. 

20.  A  cylindrical  tank  is  2  feet  in  diameter  and  3  feet  high,  and  has  a 
vertical  partition  which  divides  the  tank  into  two  equal  compartments. 
One  compartment  is  full  of  oil  of  density  50  pounds  per  cubic  foot,  and 
the  other  is  full  of  oil  of  density  55  pounds  per  cubic  foot.     Find  the 
resultant  forces  acting  on  the  inner  curved  surface  of  each  compartment, 
and  find  also  the  resultant  force  acting  on  the  partition. 

21.  A  reservoir  wall  is  rectangular  in  section  ;    the  wall  is  20  feet  long 
and  7  foot  high.     The  depth  of  the  water  is  6  feet.     Find  the  total  force 
which  the  water  exerts  on  the  wall  (neglect  the  pressure  of  the  atmosphere). 
If  the  material  of  the  wall  weighs  120  Ib.  per  cubic  foot,  what  should  be 
the  thickness  of  the  wall  in  order  that  the  moment  of  the  weight  may  bo 
twice  the  overthrowing  moment  ? 

22.  Draw  a  right-angled  triangle  ABC  ;   AB  is  vertical  and  is  30  feet 
high  ;   BC  is  horizontal  and  is  25  feet.     The  triangle  represents  the  section 
of  a  reservoir  wall.     Take  one  foot  length  of  the  wall  and  find  its  weight, 
if  the  material  weighs  140  Ib.  per  cubic  foot.     Water  pressure  acts  on  the 
side  AB,  the  free  surface  being  3  feet  below  the  top  of  the  wall.     Find  the 
resultant  force  which  the  water  exerts  on  this  portion  of  the  wall.     Find 
also  the  resultant  of  the  force  exerted  by  the  water  arid  the  weight  of  the 
wall ;   mark  the  point  in  BC  through  which  this  force  passes,  and  give  its 
distance  from  B. 

23.  A  dock  gate  is  12  feet  wide.     There  is  fresh  water  on  one  side  of 
the  gate  to  a  depth  of  9  feet,  and  on  the  other  side  to  a  depth  of  6  feet. 
Find  the  resultant  force   which   the  water  exerts  on  the  gate  and  its 
position. 

24.  Obtain  the  dimensions  of  the  units  of   force,  pressure  and  energy 
in  terms  of  the  units  of  length,  time  and  mass.     Prove  that  a  pressure  of 
a  million  dynes  per  square  centimetre  is  equivalent  to  a  pressure  of  about 
15  Ib.  wt.  per  square  inch,  having  given  that  1  pound  =454  grams,  <jr  =  980 
cm. /sec.2  and  1  inch— 2-54  cm.  approximately.  L.U. 

25.  A  cubical  open  vessel  of  edge  1  ft.  is  filled  with  water ;    one  of  the 
vertical  sides  is  hinged  along  its  upper  edge,  and  can  turn  freely  about  it. 
What  force  must  be  applied  to  the  lower  edge  of  the  side  so  as  just  to  keep 
it  from  opening  ?    (The  weight  of  a  cubic  foot  of  water  is  62 J  Ib.)    L.U. 

26.  A  sea-wall  slopes  from  the  bottom  at  an  angle  of  30°  to  tho  horizon 
for  20  feet,  and  is  then  continued  vertically  upwards.     Find  the  resultant 
horizontal  and  vertical  forces  on  it,  in  tons  weight  per  yard  of  its  length, 
when  there  is  a  depth  of  15  feet  of  water.     (Take  a  cubic  foot  of  sea- water 
to  weigh  64  Ib.)  L,U. 

P.S.P.  R 
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27.  A  reservoir  containing  water  to  a  depth  of  20  feet  has  an  opening 
in  a  vertical  side  5  feet  wide  at  the  lower  edge,  3  feet  wide  at  the  upper 
edge,  and  4  feet  high,  and  the  lower  edge  is  flush  with  the  bottom  of  the 
reservoir.  This  opening  is  closed  by  a  plate.  If  the  coefficient  of  friction 
between  the  plate  and  the  side  of  the  reservoir  is  0  2,  find  the  force  required 
to  move  the  plate  vertically.  Adelaide  University. 


CHAPTER  XIX 


HYDKOSTATICS  (CONTINUED).    HYDRAULIC  MACHINES 

Pressure  of  the  atmosphere. — The  weight  of  the  atmosphere  causes 
it  to  exert  pressure  on  the  surfaces  of  all  bodies.  This  pressure  may 
be  rendered  evident  by  the  following  experiment. 

EXPT.  41. — Pressure  of  the  atmosphere.  Take  a 
glass  tube  about  82  cm.  in  length,  sealed  at  one  end 
and  open  at  the  other  (Fig.  284).  Thoroughly  clean 
and  dry  the  interior  of  the  tube.  Fill  it  with  clean 
mercury.  Close  the  open  end  with  a  finger,  and  in- 
vert the  tube  two  or  three  times  so  as  to  collect  any 
contained  air  into  one  bubble ;  allow  this  bubble  to 
escape  and  add  mercury  so  as  to  fill  the  tube.  Close 
the  end  with  a  finger,  invert  the  tube  and  place  its 
mouth  below  the  surface  of  mercury  contained  in  a 
beaker.  Withdraw  the  finger  and  clamp  the  tube  in 
a  vertical  position.  It  will  be  found  that  the  mercury 
level  falls  to  a  definite  height  in  the  tube.  The  part  of 
the  tube  above  the  mercury  contains  mercury  vapour 
alone,  at  a  pressure  too  small  to  be  taken  into  account. 
This  space  is  called  a  Torricellian  vacuum.  Tho 
pressure  on  the  surface  of  the  mercury  in  the  tube 
may  thus  be  taken  as  zero.  At  A  the  pressure  of  the 


Fio.  284.— Appara- 
tus for  showing  the 
principle  of  the  baro- 
meter. 


atmosphere  on  the  free  surface  of  the  mercury  in  the  beaker  is  equal  to 
the  pressure  inside  the  tube  at  the  same  level.  The  latter  pressure  is 
produced  by  the  weight  of  the  column  of  mercury  in  the  tube.  Let  h  be 
the  height  of  the  mercury  column  in  centimetres,  and  let  w  be  the  weight 
of  mercury  in  grams  weight  per  cubic  centimetre  ;  then  the  pressure  of 
the  atmosphere  at  the  time  of  the  experiment  is 

p—wJi  grams  weight  per  sq.  cm. 

Since  w  is  constant,  the  height  h  is  used  in  practice  as  a  measure  of  the 
pressure  of  the  atmosphere,  The  instrument  described  is  a  form  of  baro- 
meter. 
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From  the  observed  height  of  mercury  in  the  barometer,  find  the  pres- 
sure of  the  atmosphere  at  the  time  of  the  experiment  in  grams  weight 
per  square  centimetre  and  also  in  Ib.  weight  per  square  inch. 

Effect  of  gaseous  pressure  on  the  free  surface  of  a  liquid.— The 

pressure  of  the  atmosphere,  or  other  gaseous  pressure,  on  the  free 
surface  of  a  liquid  was  neglected  in 
Chapter  XVIII.  ;  it  may  be  taken  into 
account  by  the  following  artifice.  In 
Fig.  285,  AB  is  the  free  surface  of  a  liquid 
contained  m  a  vessel  and  is  subjected  tp 
a  gaseous  pressure  pa-  Let  pa  be  removed 
entirely,  and  let  an  equivalent  pressure  be 


FIG>  28of^iPeSos  )heerePreSSUre    obtained  bv  tne  addition  of  another  layer 
of  the  same  liquid.     The  surface  level  of 

the  liquid  added  is  CD  and  is  supposed  to  have  no  gaseous  pressure 
acting  on  it.  If  the  weight  per  unit  volume  of  the  liquid  is  w,  the 
depth  ya  of  the  layer  may  be  found  from 


The  pressure  p  at  any  point  E  in  the  liquid,  situated  at  a  depth  y 
below  the  real  free  level  AB,  is  given  by 


(2) 

It  may  therefore  be  said  that  the  pressure  at  any  point  in  the 
liquid  is  given  by  the  sum  of  the  pressure  due  to  the  weight  of  the 
liquid  actually  in  the  vessel,  and  the  constant  gaseous  pressure 
applied  to  the  free  surface.  This  statement  may  be  generalised  by 
saying  :  If,  at  a  given  place  in  a  liquid,  an  additional  pressure  be  applied, 
then  that  additional  pressure  is  transmitted  unaltered  in  magnitude  to  all 
points  in  the  liquid. 

EXAMPLE.  —  The  vertical  side  of  a  rectangular  tank  is  6  feet  long  and 
4  feet  high.  If  the  tank  is  full  of  water,  find  the  magnitude  of  the  resultant 
force  acting  on  the  wetted  side,  taking  into  account  the  atmospheric 
pressure  of  15  Ib.  wt.  per  square  inch. 
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Duo  to  the  pressure  of  the  atmosphere  there  is  a  uniform  pressure  on 
the  wetted  side  of  15  x  144  =2160  Ib.  wt.  per  square  foot. 

Total  force  due  to  the  atmospheric  pressure  =2160  x6  x4 

=  51,840  Ib.  wt. 
Due  to  the  water  alone,  the  total  force  is  given  by 

Total  force  due  to  the  water  =  average  pressure  x  area 

=  (62-3  x2)  x(6x4) 
=  29904  Ib.  wt. 

The  magnitude  of  the  resultant  of  these  forces  is  given  by  their  sum ; 
hence  Resultant  force  =  51 ,840  +  2990 

=54,830  Ib.  wt.       t 

In  the  case  of  open  vessels  and  in  other  similar  examples,  the 
pressure  of  the  atmosphere  is  neglected  in  practice.  It  is  evident 
that  both  the  outer  and  inner  surfaces  of  the  sides  of  the  vessel  are 
subjected  to  equal  pressures  by  the  atmosphere  ;  hence  the  result- 
ant forces  due  to  these 
pressures  balance,  and  the 
resultant  effect  on  the  sides 
of  the  vessel  is  the  same 
as  would  be  experienced 
by  the  application  to  the 
inner  surfaces  of  the  liquid 
pressures  alone. 


T; 


FIG,  280  — Pressure  produced  by  a  loaded  piston. 


Pressure  produced  by  a 
piston.— In  Fig.  286  (a),  a 
vessel  A  is  in  communica- 
tion with  a  cylinder  B, 
which  has  a  piston  C 
capable  of  sliding  freely 
in  the  cylinder,  and  nicely  fitted  so  as  to  prevent  leakage  taking 
place  between  the  piston  and  the  walls  of  the  cylinder.  The  vessel 
A  and  the  portion  of  the  cylinder  below  the  piston  are  full  of  liquid. 
The  piston  carries  a  load  the  weight  of  which  is  P,  and  the  area  of 
the  piston  is  a  square  units.  It  is  evident  that  the  downward  force 
P  is  balanced  bjr  the  resultant  upward  force  which  the  liquid  exerts 
on  the  piston.  The  latter  force  is  produced  by  the  pressure  of  the 
liquid,  and  if  p  be  this  pressure,  we  have 

P 
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It  is  immaterial  whether  this  pressure  is  produced  by  means  of  a 
loaded  piston,  as  in  Fig.  286  (a),  or  by  means  of  a  column  of  liquid, 
as  shown  in  Fig.  286  (6).  If  H  is  the  head  required  to  produce  the 
pressure  p,  then  ~  _  wH 

or  H  =     > 

w 

where  w  is  the  weight  of  the  liquid  per  unit  volume. 

The  pressure  p  is  transmitted  uniformly  throughout  the  liquid 
(p.  260),  and  hence  the  inner  surfaces  of  the  cylinder,  pipes  and 
vessel  will  be  everywhere  subjected  to  this  pressure  It  will  be 
understood  in  making  this  statement  that  the  effects  of  the  weight 
of  the  liquid  m  the  vessel  are  disregarded,  and  that  the  effect  of 
the  loaded  piston  alone  is  being  considered.  The  truth  of  the  above 
statement  may  be  proved  by  attaching  a  glass  tube  D  to  the  vessel 
A  in  Fig.  286  (a)  at  a  place  on  the  same  level  as  the  lower  side  of  the 
piston,  when  it  will  be  found  that  the  liquid  rises  in  the  tube  to  a 
height  h,  which  will  be  found  to  be  equal  to  the  calculated  value  of 
the  head  H  due  to  p.  It  will  be  noted  that  the  actual  pressure  at 
points  above  the  place  where  the  tube  is  connected  to  A  will  be  less 
than  py  and  at  points  below  the  connection  greater  than  p,  this 
being  owing  to  the  weight  of  the  liquid  m  the  vessel. 

Hydraulic  or  Bramah  press.-— Very  great  forces  may  be  obtained 
by  the  employment  of  a  liquid  under  pressure.  The  principle  may 
be  understood  by  reference  to  Fig.  287,  which 
shows  an  outline  diagram  of  a  hydraulic  or 
Bramah  press.  A  is  a  cylinder  of  small  diameter 
fitted  with  a  plunger  rod  B,  which  can  slide  m 
the  cylinder.'  A  load  P  is  applied  to  B,  thus 
producing  pressure  in  the  liquid  which  fills  the 
FIG.  287 —Principle  of  lower  part  of  the  cylinder.  A  pipe  E  connects  B 
lehy  press.  wi^  ano^er  Cylmder  C,  having  a  diameter 
considerably  larger  than  that  of  B.  C  is  fitted  with  a  ram  D,  which 
can  slide  in  the  cylinder  C.  The  ram  carries  a  load  W.  Since  the 
pressure  of  the  liquid  is  uniform  throughout,  we  may  calculate  the 
relation  of  W  and  P  as  follows  : 

Let  d  =  t\iG  diameter  of  the  plunger  B. 

D^         ,,  „         ramD. 

2>  =  the  pressure  of  the  liquid. 
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Then  p*-  ,-  =  P;    and  p"  -  =  W 

W  7TD2/      7T<22         D2 

' 


It  will  be  noted  that  the  effect  of  friction  in  preventing  free  move- 
ment of  the  plunger  and  rain  in  the  cylinders  has  been  neglected  in 
the  above. 

So  far  we  have  considered  only  the  static  balancing  of  W  and  P  ; 
the  arrangement  however  becomes  a  machine  if  we  permit  the 
plunger  B  to  descend.  Liquid  is  then  forced  out  of  the  cylinder  A 
and  must  find  accommodation  in  the  cylinder  C  ;  therefore  the  ram 
D  and  load  W  must  rise.  If  B  descends  a  distance  H  while  D  rises  a 
distance  h,  P  does  PH  units  of  work  while  W/i  units  of  work  are  done 
on  W.  Neglecting  f  notional  waste,  we  have  by*  the  principle  of  the 
conservation  of  energy,  PH  „  w^ 

H      W      D2  m 

T-P—  *'  .................................  (2) 

an  expression  which  gives  the  velocity  ratio  of  the  machine. 

The  principle  of  the  hydraulic  press  is  used  in  many  hydraulic 
machines.  The  liquid  generally  employed  is  water.  The  cylinder 
A  in  Fig.  287  represents  a  hydraulic  pump,  which  in  practice  is  so 
arranged  as  to  deliver  a  constant  stream  of  water  under  high  pressure 
to  the  cylinder  C. 

Transmission  of  energy  by  a  liquid  under  pressure.  —  In  the  hydraulic 
press  discussed  above  it  is  apparent  that  the  load  P  gives  up 
potential  energy  while  descending,  and  at  the  same  time  the  load 
W  is  acquiring  potential  energy.  Thus  energy  has  been  transmitted 
from  one  place  to  another  by  the  medium  of  the  flow  of  liquid  under 
pressure.  It  is  evident  that  the  transmission  of  energy  will  continue 
so  long  as  P  is  allowed  to  descend,  i.e.  so  long  as  flow  is  kept  up  in 
the  liquid  under  pressure.  This  principle  is  made  use  of  in  hydraulic 
power  installations.  Water  is  brought  to  a  high  pressure  by  means 
of  pumps  in  a  central  station,  and  the  water  is  led  through  pipes 
to  various  points  in  the  district  at  which  energy  is  required,  and 
where  machines  capable  of  utilising  this  energy  are  installed. 

Pressure  energy  of  a  liquid.  —  In  Fig.  288,  AB  is  a  pipe  having  a 
piston  C  capable  of  sliding  along  the  pipe.  Liquid  under  a  pressure 
p  enters  the  pipe  at  A,  and  work  is  done  in  forcing  the  piston  in  the 
direction  from  A  towards  B  against  a  resistance  R.  Let  the  area  of 
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FIG.  288.- 


>— Lr  — ** 
-Pressure  energy  ot  a  liquid 


the  piston  be  a  square  units,  and  let  the  piston  move  through  a 
distance  L.     Then  the  resultant  force  P  acting  on  the  left-hand  side 

of  the  piston  is  equal  to  pa,  and 
the  work  done  is  given  by 

Work  done  by  P  =  PL  =  paL.  (1) 
It  is  evident  that  the  volume 
described  by  the  piston  is  aL,  and 
this  is  equal  to  the  volume  V  of 
liquid  which  must  be  admitted  at  A  in  order  to  keep  the  pipe  full  of 
liquid  while  the  piston  is  moving.  Hence 

Work  done  by  P  =  pV    (2) 

As  this  work  has  been  done  by  supplying  a  volume  V  of  liquid, 

we  have  Work  done  per  unit  volume  —p (3) 

Suppose  the  water  to  be  supplied  from  an  overhead  cistern  situated 
at  a  height  h  above  A,  and  that  the  density  of  the  liquid  is  d.  The 
weight  of  the  liquid  per  unit  volume  is  dg,  therefore 

p  =  (lyh. 
Hence  we  may  say 

Work  done  by  expending  a  mass  d  of  liquid  =p  —  dgh. 
Work  done  by  expending  unit  mass  of  liquid  =  -,  (4) 

=^   (5) 

The  pressure  energy  of  a  liquid  is  defined  as  the  energy  which  can 
be  derived  by  expending  unit  mass  of  the  liquid  in  the  manner 

described ;  hence          _>                             p       7  ,_x 

.Pressure  energy  =*j=gh (6) 

Absolute  units  of  force  have  been  employed  in  the  above  dis- 
cussion ;  hence  the  quantities  involved  in  (4),  (5)  and  (6)  must  be 
expressed  as  follows  : 


P 
d 
h 

9 
Pressure! 

energy  / 


C.G.S 


dynes  per  sq.  cm. 
grams  per  c.c. 
centimetres. 

centimetres  per  sec.  per  sec. 
ergs  (i.e.  centimetre-dynes) 
per  gram  of  liquid. 


BRITISH. 


poimdals  per  sq.  foot, 
pounds  per  cubic  foot, 
feet. 

feet  per  sec.  per  sec. 
foot-poundals  per  pound 
of  liquid. 
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EXAMPLE  1. — Water  is  supplied  by  a  hydraulic  power  company  at  a 
pressure  of  700  Ib.  wt.  per  square  inch.  How  much  pressure  energy  in 
foot-lb.  is  available  per  pound  of  water  ? 

Pressure  =p  =700  x  1440 

=  100,8000  poundals  per  sq.  foot. 

_>  p     100,800cr  „    .  ,  . 

Pressure  energy  -  ?~  =     _.?   _  *  foot-poundals 

U>  OZ'O 

^100,8W    161g  foot.lb>  per  pound  Of  waten 

U^'O  " 

EXAMPLE  2. — Some  mercury  is  under  a  head  of  30  cm,  of  mercury. 
What  is  the  pressure  energy  ? 

Pressure  energy  --gh  =981  x  30 

=  29,430  ergs  per  gram  of  mercury. 

Hydraulic  transmission  of  energy. — The  principal  apparatus  re- 
quired in  a  hydraulic  installation  is  shown  in  outline  in  Fig.  289. 


.  289.—  Diagram  of  a  hydraulic  installation. 


A  is  a  hydraulic  pump  driven  by  a  steam  engine,  or  other  source  of 
power,  and  delivers  water  under  high  pressure  into  the  pipe  system 
BC.  A  safety  valve  is  provided  at  D  and  permits  some  of  the  water 
to  escape  should  the  pressure  become  dangerously  high.  Near  to 
the  pump  is  situated  a  hydraulic  accumulator  E,  which  is  Connected 
to  the  pipe  system,  and  maintains  constant  pressure  in  the  water. 
A  branch  pipe  from  the  main  pipe  system  is  led  into  the  consumer's 
premises,  and  a  stop  valve  F  enables  him  to  cut  the  supply  off  when 
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necessary.  There  is  also  a  safety  valve  G,  which  serves  to  protect 
his  machinery  from  damage  due  to  any  excessive  pressure.  The 
machines  H,  H  are  operated  by  the  water  ;  each  machine  has  a 
valve  K,  by  use  of  which  the  machine  may  be  started  and  stopped. 


FJG.  290  —  Section  of  a  hydraulic  pump 

A  typical  hydraulic  pump  is  shown  in  Fig.  290.  A  cylinder  A  is 
fitted  with  a  piston  B,  which  may  be  pushed  to  and  fro  by  means  of 
a  rod  C  operated  by  an  engine.  Hydraulic  packing  at  D  renders 
water-tight  the  hole  through  which  the  rod 
passes.  The  valves  F  and  K  are  discs  which 
rise  and  fall  vertically,  thus  opening  and 
closing  passages  E  and  L  through  which  the 
water  may  pass.  The  piston  is  shown 
moving  towards  the  right,  arid  water  is 
flowing  into  the  cylinder  from  E  past  the 
open  valve  F.  4  At  the  same  time,  the  water 
on  the  right-hand  side  of  the  piston  is  being 
expelled  under  high  pressure  through  a  pass- 
age G  into  H  and  so  into  the  delivery  pipe. 

When  the  piston  is  moving  towards  the 
left,  the  valve  F  drops  and  closes  E.  The 
water  on  the  left-hand  side  of  the  piston  is 
then  forced  under  high  pressure  through  L, 
past  the  valve  K  (which  has  now  lifted),  and 
so  partly  into  the  delivery  pipes  at  H,  and 
partly  through  the  passage  G  into  the  right- 
hand  side  of  the  cylinder.  The  pump  thus 
delivers  water  during  each  stroke  of  the 
piston. 


FIG.  291. — Diagram  of  a 
hydraulic  accumulate! 


A  hydraulic  accumulator  is  illustrated  in  Fig.  291,  and  consists  of 
a  cylinder  fitted  with  a  ram  which  passes  through  a  hole  at  the  top 
of  the  cylinder  and  carries  a  load  W  on  the  top.  The  cylinder  is 
connected  to  the  pipe  system  of  the  plant  (Fig.  289),  and  therefore 
the  ram  is  subjected  to  the  same  pressure  as  that  in  the  pipes. 
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Let 


)==the  pressure  of  the  water,  Ib.  wt.  per  sq.  in. 
2  =  the  diameter  of  the  ram,  inches. 


Then    Resultant  upward  force  on  the  ram= p  x  7rd2/4  =  W  Ib.  wt. 

Since  d  is  constant,  it  is  apparent  that  the  working  pressure 
derjends  on  the  magnitude  of  W,  which  accordingly  determines  the 
maximum  pressure  which  may  exist  in  the  pipes. 

The  accumulator  has  another  very  important  function.  Suppose 
that  all  the  machines  operated  by  the  water  are 
cut  oft  and  that  the  hydraulic  pumps  continue 
to  work.  Owing  to  the  incompressibihty  of 
water,  either  some  of  the  pipes  would  be  burst 
or  the  whole  of  the  energy  expended  in  giving 
pressure  to  the  water  would  be  wasted  in  the 
flow  through  the  safety  valve.  The  accumu- 
lator prevents  both  damage  and  waste.  Under 
the  conditions  mentioned,  the  water  delivered 
by  the  pumps  causes  the  ram  of  the  accumulator 
to  rise.  If  H  be  the  height  through  which  the 
ram  travels,  the  load  W  stores  potential  energy 
to  the  amount  WH,  which  is  available  for  doing 
useful  work  when  the  machines  are  started 
again. 

A  system  of  levers,  not  shown  in  Fig.  291,  is 
operated  by  W  when  the  accumulator  has  been 
raised  to  the  maximum  safe  height ;  the  lever 
system  is  connected  to  the  engine  driving  the 
pumps  and  cuts  off  the  steam,  thus  stopping 
the  pumps.  Directly  the  machines  are  started 
again,  the  ram  begins  to  descend  and  the  lever 
system  is  operated  in  the  reverse  direction, 
thus  restarting  the  pumps.  The  whole  arrange- 
ment is  automatic,  and  the  pumps  in  the  FIG.  202.— A  direct-acting 
power  house  start  and  stop  in  answer  to  any  hydraulic  1 1 

demand  for  water  from  premises  situated  perhaps  a  considerable 
distance  away. 

Hydraulic  lift. — A  simple  type  of  hydraulic  lift  is  shown  in  Fig. 
292,  and  consists  of  a  hydraulic  cylinder  fitted  with  a  ram  which 
carries  a  cage  on  its  top.  The  total  weight  of  the  ram,  cage  and 
load  carried  in  the  cage  must  be  equal  to  the  resultant  force  which 
the  water  exerts  on  the  ram,  neglecting  friction. 

Hydraulic  engine. — Fig.  293  shows  a  common  form  of  hydraulic 
engine  whereby  the  pressure  energy  possessed  by  water  under  pressure 
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may  be  converted  into  useful  work.  The  engine  has  three  cylinders 
A,  B  and  C  arranged  at  angles  of  120' ,  each  fitted  with  a  piston — that 
at  A  is  shown  in  section.  Each  piston  is  connected  by  a  rod  to  a 
crank  DE,  which  is  fixed  to  a  shaft  capable  of  rotating  about  D.  The 

water  acts  on  the  outer  sides  of 
the  pistons  only,  and  is  admitted 
B  and  discharged  by  an  arrange- 

ment of  valves  not   shown  m 
Fig.  293. 

The  piston  in  A  has  just 
commenced  to  move  towards  D, 
and  is  doing  work  on  the  crank ; 
that  at  C  is  just  finishing  its 
movement  towards  D,  and  the 
piston  in  B  is  moving  away 
from  D  ;  the  water  m  the  latter 

FIG  293-Three-cyUnderhydrau.icengtae.     ^^   IS   f0'"1^    ^  °f    *h6 

cylinder,  and  is  finished  with  so 

far  as  the  derivation  of  energy  is  concerned.  Thus  there  is  always 
at  least  one  piston  which  is  doing  work  on  the  crank,  and  continuous 
rotation  of  the  shaft  D  is  secured. 

The  horse-power  may  be  calculated  m  the  following  manner  : 


Let 


Then 


-the  water  pressure  in  Ib   wt.  per  square  inch. 
-rf  =  the  diameter  of  each  cylinder  in  inches. 
L  =  the  travel,  or  stroke  of  the  piston  towards  D  in  feet. 
N  =the  revolutions  per  minute  of  the  shaft. 


Resultant  force  exerted  by  the  water  on  one  piston  =p  x  7rd2/4  Ib.wt. 

Work  done  on  one  piston  per  stroke  =pTrd2/4  x  L  foot-lb. 
As  there  are  three  pistons,  there  will  be  3N  strokes  per  minute, 
during  each  of  which  work  will  be  done  ;  hence 

Work  done  per  minute  =p  x  ird2/4  x  L  x  3N  foot-lb. 

A      J  TI  3»7T^2LN 

And  Horse-P°werni^00' 

Pressure  of  a  gas. — In  dealing  with  a  gas  such  as  air,  the  pressure 
may  be  measured  above  absolute  zero  of  pressure.  Absolute  zero  of 
pressure  may  be  defined  as  the  state  of  pressure  in  a  closed  vessel 
containing  no  substance  in  the  gaseous  state,  and  this  fempty  space 
is  termed  a  perfect  vacuum.  Pressures  measured  from  a  perfect 
vacuum  are  called  absolute  pressures. 
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In  practical  Work,  the  pressure  of  a  gas  is  measured  by  an  appliance 
called  a  pressure  gauge,  several  types  of  which  are  described  in  the 
Part  of  the  volume  on  Heat.  Pressure  gauges  indicate  the  difference 
between  the  existing  absolute  pressure  of  the  atmosphere  and  the 
absolute  pressure  inside  the  closed  vessel  containing  the  gas.  The 
pressure  of  the  atmosphere  is  denoted  by  zero  on  the  graduated  scale 
of  the  gauge,  and  other  pressures  are  measured  as  so  much  above,  or 
below  the  pressure  of  the  atmosphere  ;  hence  the  term  gauge  pressure. 
Consider  a  closed  vessel  containing  a  gas  under  high  pressure.  If 
the  absolute  pressure  of  the  gas  is  p,  and  the  absolute  pressure  of 
the  atmosphere  is  pa,  then  the  pressure  indicated  by  the  pressure 
gauge  is  (p  -pa),  and  we  have 

Absolute  pressure  =  gauge  pressure  +  pressure  of  the 
atmosphere. 

Boyle's  law.  —  Experiments  on  the  relation  of  the  pressure  and 
volume  of  gases  will  be  described  later.  These  show  that,  for  gases 
such  as  air,  hydrogen,  oxygen  and  nitrogen  under  ordinary  con- 
ditions of  pressure  and  temperature,  the  absolute  pressure  is  in- 
versely proportional  to  the  volume,  provided  the  temperature  is 
kept  constant.  Taking  a  given  mass  of  gas,  we  have 

1 

P  QC  -> 
V 

or  pv  —  Si  constant. 

If  the  initial  conditions  of  pressure  and  volume  are  pl  and  vv  and 
if  the  final  conditions  are  p2  and  v^  then 


This  law  was  discovered  by  Boyle  and  bears  his  name. 

Lift  pumps.  —  The  lift  pump  depends  for  its  action  on  the  pressure 
exerted  by  the  atmosphere.  In  Fig.  294,  A  is  a  cylinder  fitted 
with  a  piston  or  pump  bucket  B  ;  this  piston  has  a  valve  which 
opens  upwards,  thus  permitting  water  to  pass  from  the  lower  to 
the  upper  side  through  holes  in  the  piston.  The  cylinder  is  con- 
nected by  a  pipe  C,  having  a  foot  valve  D  at  its  bottom,  to  a  cistern 
of  water  E.  The  pump  is  operated  by  means  of  a  rod  which  is 
attached  to  the  bucket  and  passes  through  a  hole  in  the  top  cover  of  A. 

During  the  up-stroke  of  the  bucket,  the  valve  B  is  closed  and  D 
is  open  ;  the  pressure  of  the  air  in  C  falls,  and  the  pressure  of  the 
atmosphere  on  the  surface  of  the  water  in  E  causes  some  water  to 
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flow  up  the  pipe.  During  the  down-stroke,  the  valve  D  closes  and 
B  opens.  No  water  can  pass  D  now,  and  some  air  will  be  expelled 
through  B.  Repetition  of  these  operations  will  bring  water  ulti- 
mately into  the  cylinder  A,  when  it  will  pass  B  and  be  discharged 
through  F.  The  process  of  starting  in  this  manner  is  long,  and  may 
be  hastened  by  first  charging  the  cylinder  and  pipe  C  with  water.* 


n 


ir^v  — - 


FlO.  294  — Section  of  a  lift  pump.     ^*jk      FlQ  295  — Section  of  a  boiler  feed  pump. 

*       *J0b&  ^^ 

%  Taking  the  pressure  of  the  atmosphere  to  be  equivalent  to  a  head 
of  30  inches  of  mercury,  or,  30x13 -59 =407 -7  inches  of  water,  we 
see  that  the  pressure  of  the  atmos^phere  is  incapable  of  forcing  water 
to  a  height  greater  than  about;  34  feet.  The  cylinder  of  a  lift»pump 
is  placed  usually  at  a  height  not  exceeding  30  feet  from  the  free 
surface  of  the  water  in  the  well. 
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Force  pumps. — In  force  pumps  the  piston  is  employed  for  forcing 
liquids  into  vessels  in  which  the  pressure  is  higher  than  that  of  the 
atmosphere.  For  example,  the  pump  employed  to  feed  water  into 
a  steam  boiler  has  to  force  the  water  to  enter  the  boiler  against  the 
pressure  of  the  steam  in  the  boiler.  Such  a  pump  is  shown  in  section 
in  Fig.  295.  A  is  the  cylinder  with  a  ram,  or  plunger,  B.  Water 
enters  the  cylinder,  passing  the  valve  C,  during  the  upward  stroke 
of  the  plunger,  and  is  delivered  through  another  valve  D  during  the 
downward  stroke  of  the  plunger.  The  valve  D  opens  when  the  pres- 
sure in  the  cylinder  A,  produced  by  forcing  the  plunger  downwards, 
becomes  greater  than  that  exerted  on  the  upper  side  of  the  valve. 

This  purnp  is  fitted  with  an  air-vessel  E,  the  action  of  which  is  of 
interest.  The  vessel  is  in  communication  with  the  discharge  pipe 
of  the  pump,  and  is  closed  entirely  otherwise.  Air  is  contained  in 
the  upper  part  of  the  vessel,  and  is  compressed,  during  the  early 
part  of  the  downward  stroke  of  the  plunger;  by  some  of  the  water 
discharged  from  A  entering  the  vessel.  Water  being  practically 
incompressible,  absence  of  the  soft  cushion  provided  by  the  air  in 
the  air-vessel  would  lead  to  shocks  due  to  the  action  of  the  plunger 
when  it  meets  the  water  during  the  downward  stroke,  and  might 
possibly  cause  the  pipes  to  burst.  Further,  the  pump  shown  in 
Fig.  295  is  single-acting,  i.e.  water  is  delivered  during  the  downward 
stroke  only.  During  the  upward  idle  stroke  of  the  plunger,  the 
compressed  air  in  the  air-vessel  maintains  some  flow  of  water  along 
the  discharge  pipe,  and  thus  assists  in  producing  a  continuous 
pumping  action. 

EXERCISES  ON  CHAPTER  XIX. 

1.  If  the  mercury  in  a  barometer  falls  from  29-8  to  29-4  inches,  find  the 
difference  in  the  total  forces  which  the  atmosphere  exerts  on  the  outer 
surface  of  a  sphere  2  feet  in  diameter. 

2.  An  open  rectangular  tank  is  6  feet  long,  4  feet  wide  and  3  feet  deep, 
and  is  full  of  fresh  water.     Find  the  total  forces  on  the  interior  surfaces 
of  the  bottom,  one  side  and  one  end,  taking  account  of  the  pressure  of  the 
atmosphere  of  15  Ib.  wt.  per  sq.  in. 

3.  In  a  hydraulic  or  Bramah  press  the  ram  is  ]5  inches  in  diameter 
and  the  pump  plunger  is  2  inches  in  diameter.     What  ia  the  velocity  ratio 

of  the  machine  ?  If  the  pressure  of  the  water  is  1000  Ib.  wt.  per  square 
inch^what  force  must  be  applied  to  the  pump  plunger,  and  what  force 
will  we  exerted  by  the  ram  ?  Neglect  friction. 

4.  What  is  the  pressure  energy  of  water  when  under  a  pressure  of 
1200  Ib.  wt.  per  square  inch  ?     State  the  result  in  foot-lb.  per  pound  mass 
of  water. 
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5.  How  many  gallons  of  water,  under  the  conditions  given  in  Question  4, 
must  be  supplied  per  hour  m  order  to  maintain  a  rate  of  working  of  one 
horse-power  ?     (There  are  10  pounds  of  water  in  one  gallon.) 

6.  Water  at  a  pressure  of  700  Ib.  wt.  per  square  inch  acts  on  a  piston 
1  square  foot  in  area  and  the  piston  has  a  stroke  of  1  foot.     How  much 
work  is  done  (a)  by  the  total  volume  of  water  admitted,  (6)  by  one  pound 
of  the  water  ?     If  the  water  company  charges  20  pence  per  thousand 
gallons  of  water,  how  much  energy  is  given  tor  each  penny  ? 

7.  A  vertical  tube,  3  metres  high,  is  full  of  mercury.     What  is  the 
pressure  energy  per  gram  of  the  mercury  at  the  bottom  of  the  tube  ? 

8.  The  load  of  a  hydraulic  accumulator  is  ]30  tons  weight,  and  the 
ram  is  20  inches  in  diameter.     Find  the  pressure  of  the  water  in  Ib.  wt. 
per  square  inch. 

9.  The  ram  of  a  hydraulic  accumulator  is  7  inches  in  diameter,  and  the 
stroke  is  12  feet.     If  the  pressure  of  the  water  is  700  Ib.  wt.  per  square 
inch,  find  the  weight  of  the  load.      How  much  water  is  stored  when  the 
ram  is  at  the  top  of  the  stroke  ?     Find  also  the  energy  then  stored. 

10.  In  the  simple  form  of  goods  lift  shown  in  Fig.  292,  the  ram  is  3  inches 
in  diameter  and  has  a  stroke  of  12  feet.     If  the  water  is  supplied  under  a 
pressure  of  700  Ib.  wt.  per  square  inch,  what  total  load  can  be  raised, 
neglecting  friction  ?     How  much  work  is  done  in  raising  this  load  ? 

11.  The  hydraulic  engine  shown  in  Fig.  293  has  three  rams,  each  3  5 
inches  in  diameter  and  having  a  stroke  of  6  inches.     The  pressure  of  the 
water  supplied  is  120  Ib.  per  square  inch,  and  the  engine  runs  at  90  revolu- 
tions  per   minute.     Neglect   waste,   and   find   the   horse-power.     If  the 
efficiency  is  65  per  cent.,  find  the  useful  horse-power. 

12.  The  pressure  in  a  closed  vessel  is  known  to  be  150  Ib.  wt.  per  square 
inch  above  that  of  the  atmosphere.     The  barometer  reads  29  6  inches  of 
mercury.     Find  the  absolute  pressure  inside  the  vessel. 

13.  If  the  volume  of  a  given  mass  of  gas  is  450  cubic  centimetres  when 
the  absolute   pressure  is   2000  cm.  of  mercury,  find  the  volume  if  the 
absolute  pressure  falls  to  550  cm.  of  mercury  without  change  m  tempera- 
ture. 

.  14.  A  vertical  tube  has  its  lower  end  immersed  in  a  bath  of  mercury, 
and  an  air  pump  is  connected  to  the  upper  end  of  the  tube.  The  baro- 
meter stands  at  30  inches  of  mercury.  By  means  of  the  pump  the  pressure 
in  the  interior  of  the  tube  is  lowered  to  10  Ib.  wt.  per  square  inch  absolute. 
Find  the  height  at  which  the  mercury  in  the  tube  will  stand  above  that 
in  the  bath. 

15.  In  a  lift  pump  (Fig.  294)  the  pump  bucket  is  14  inches  in  diameter, 
and  has  a  stroke  of  2  feet.    If  the  pump  makes  20  double  strokes  (one 
upwards  and  one  downwards)  per  minute,  how  many  cubic  feet  of  water 
will  be  raised  per  hour,  neglecting  waste  ? 

16.  In  Question  15  the  moving  parts  of  the  pump  (bucket,  rod,  etc.) 
weigh  150  Ib.,  and  the  level  of  the  water  in  the  well  is  15  feet  below  the 
top  of  the  discharge  pipe.     What  total  upward  force  must  be  applied  to 
the  pump  rod  when  the  bucket  is  ascending  ?     Neglect  friction. 
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17.  A  lift  pump  is  used  to  pump  oil  of  specific  gravity  0-8  from  a  lower 
into  an  upper  tank.    What  is  the  maximum  possible  height  of  the  pump 
above  the  lower  tank  when  the  pressure  of  the  atmosphere  is  30  inches  of 
mercury  ? 

18.  A  boiler  feed  pump  (Fig.  295)  ir«  single- acting,  and  the  plunger  has 
a  stroke  of  12  inches.     The  pump  makes  60  double  strokes  per  minute, 
and  has  to  force  20,000  pounds  of  water  per  hour  into  a  boiler  working  at 
a  pressure  of  160  Ib.  wt.  per  square  inch.     Neglect  waste  and  friction,  and 
find  (ft)  the  diameter  of  the  plunger,  (6)  the  force  which  must  be  applied 
to  the  plunger  during  the  downward  stroke. 


'D.S.P. 


CHAPTER  XX" 

FLOATING  BODIES       SPECIFIC  GRAVITY 

Resultant  force  exerted  by  a  liquid  on  a  floating  or  immersed  body. 

— In  Fig.  296  (a)  is  shown  a  body  floating  at  rest  in  still  liquid. 
Equilibrium  is  preserved  by  the  action  of  two  forces,  viz.  the 
weight  W  acting  vertically  through  the  centre  of  gravity  of  the 
body,  and  the  resultant  force  R  exerted  by  the  liquid.  It  is  evident 
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Fia  200  —  Equilibrium  of  a  floating  body 

that  these  forces  must  act  in  the  same  vertical  line,  and  that  they 
must  be  equal  and  of  opposite  sense.  The  force  R  is  called  the 
touoytmcy. 

Imagine  for  a  moment  that  the  liquid  surrounding  the  body 
becomes  solid,  and  so  can  preserve  its  shape  ;  let  the  body  be  re- 
moved, leaving  a  cavity  which  it  fits  exactly  (Fig.  296  (6)).  Let 
this  cavity  be  filled  with  some  of  the  same  liquid,  and  Jet  the  sur- 
rounding liquid  resume  its  ordinary  state.  The  pressures  on  the 
liquid  now  filling  the  cavity  are  identical  with  those  which  formerly 
acted  on  the  body,  and  the  effect  is  the  same  —  the  weight  of  the 
liquid  is  balanced.  Hence  the  weight  of  the  liquid  filling  the  cavity 
and  the  weight  of  the  body  must  be  equal,  since  each  is  equal  to  R, 
the  resultant  force  exerted  by  the  surrounding  liquid. 

Further,  in  Fig.  296  (fc),  R  niust  act  through  the  centre  of  gravity 
of  the  liquid  filling  the  caviYy  ;  this  centre  is  called  the  centre  of 
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buoyancy.  It  is  clear  that,  since  R  acts  in  the  same  vertical  line  in 
both  figures,  the  centre  of  buoyancy  B,  and  the  centre  of  gravity 
of  the  body  G,  must  fall  in  the  same  vertical.  Hence  we  have  the 
statement :  When  a  body  is  floating:  at  rest  in  still  liquid,  the  weight  of 
the  body  is  equal  to  the  weight  of  the  liquid  displaced  by  the  body,  and  the 
centres  of  gravity  of  the  body  and  of  the  displaced  liquid  are  in  the  same 
vertical  line.  ; 

A  little  consideration  will  show  that  the  same  method  of  reasoning 
applies  also  to  a  body  totally  immersed  in  a  liquid  and  that  the 
same  result  follows.  Thus,  the  upward  resultant  force,  or  buoyancy, 
which  water  exerts  on  a  piece  of  lead  lying  at  the  bottom  of  a  tank 
is  equal  to  the  weight  of  the  water  displaced  by  the  lead. 

The  principle  of  Archimedes  follows  from  the  above  facts,  viz. :  A 
body  wholly,  or  partially,  immersed  in  a  liquid  experiences  an  apparent 
loss  of  weight  which  is  exactly  equal  to  the  weight  of  the  liquid  displaced. 

Stability  of  a  floating  body. — The  state  of  equilibrium  of  a  body 
floating  at  rest  in  still  liquid  may  be  determined  by  slightly  in- 
clining the  body  (Fig.  297) ;  the  originally 
vertical  line  passing  through  G,  the 
centre  of  gravity  of  the  body,  now 
occupies  the  position  XY.  The  weight 
W  of  the  body  acts  through  G,  and  the 
resultant  force  R  exerted  on  the  body 
by  the  liquid  acts  vertically  upwards 
through  the  centre  of  buoyancy  B.  It 
will  be  noted,  since  more  liquid  is  now  W' 

displaced  on  the  right-hand  side  of  XY,  FIG.  297.— stability  of  a  floating 
that  the  tendency  has  been  to  move  B  a  y> 

little  to  the  right  of  its  first  position  while  the  body  was  being 
inclined.  In  Fig.  297,  R  and  W  form  a  couple  tending  to  restore 
the  body  to  its  original  position ;  hence  the  equilibrium  is  stable. 
Produce  R  upwards,  cutting  XY  in  M  ;  M  is  called  the  metacentre. 
If  M  falls  above  G,  as  in  Fig.  297,  the  equilibrium  is  stable.  If  M 
coincides  with  G  (as  in  the  case  of  a  rubber  ball  floating  in  water), 
the  lines  of  R  and  W  coincide  and  the  equilibrium  is  neutral.  If  M 
falls  below  G,  the  couple  will  have  the  sense  of  rotation  opposite  to 
that  shown  in  Fig.  297.  and  has  an  upsetting  tendency  ;  the  equi- 
librium was  therefore  unstable.  The  determination  by  calculation 
of  the  position  of  the  metacentre  is  beyond  the  scope  of  this  book. 

Force  required  to  equilibrate  an  immersed  body.—  Should  the 
weight  of  an  immersed  body  be  exactly  equal  to  that  of  the  liquid 
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displaced  by  the  body,  then  the  forces  of  weight  and  buoyancy 
balance  one  another,  and  the  body  is  in  equilibrium.  Otherwise, 
an  upward  or  downward  force  must  be  applied  to  the  body,  depending 
on  whether  the  weight  of  the  body  is  greater  or  smaller  than  that  of 
the  liquid  displaced.  In  Fig.  298  (a),  the  weight  of  the  body  is 
greater  than  the  buoyancy  B,  hence  an  upward  force  P  is  required 


B 

w  w 

(a)  (b) 

FIG.  208  — Equilibrium  of  immersed  bodies. 


Fio  209. — Use  of  pontoons. 


to  maintain  equilibrium.    In  Fig.  298  (b),  B  is  greater  than  W,  and 
a  downward  force  P  is  required  in  order  to  ensure  total  immersion. 

In  Fig.  298  (a),  P  +  B  =  W. 

In  Fig.  298  (6), 


A  pontoon  is  a  closed  or  partially  open  vessel  used  sometimes  for 
raising  sunken  wrecks  from  the  bottom  in  water  of  moderate  depth. 
In  Fig.  299,  two  pontoons,  A  and  B,  support  a  stage  CD,  having  hoisting 

tackle  at  E  and  F.  Chains  are 
placed  round  the  sunken  body 
G,  which  may  thus  be  raised 
from  the  bottom.  The  total 
pull  in  the  chains  is  equal  to  the 
weight  of  the  sunken  body 
diminished  by  the  weight  of  the 
liquid  displaced  by  the  body. 


•A  floating  dock. 


In  floating  docks  (Fig.  300)  a 
large  vessel  A,  forming  the  dock, 
may  be  sunk  to  the  position  shown  at  (c )  by  the  artifice  of  admitting 
water  into  internal  tanks.  The  ship  B  may  then  float  into  the  dock. 
On  pumping  the  water  out  of  the  tanks,  the  dock  rises  slowly  out 
of  the  water,  and  the  ship  rests  on  the  floor.  Ultimately  the  position 
shown  in  Fig.  300  (b)  is  attained,  in  which  the  ship  is  entirely  out  of 
the  water. 

The  immersion  of  submarine  boats  may  also  be  accomplished  by 
.means  of  internal  water  tanks.  When  cruising,  the  free  surface 
level  is  AB  (Fig.  301),  and  a  considerable  portion  of  the  boat  is  above 
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water.  The  vessel  may  be  sunk  lower  in  the  water  by  admitting 
water  into  internal  tanks  ;  the  free  surface  may  then  be  at  CD,  or 
even  higher.  Pumps  are  provided  in  the  interior  for  emptying  the 
water  tanks,  and  thus  bringing  the  vessel  again  to  its  original  level. 


r-r—  B 


FIG  301  —A  submarine  boat- 


When  the  boat  is  in  motion,  diving  may  be  accomplished  by  the  use 
of  horizontal  rudders,  which  cause  the  longitudinal  axis  of  the  boat 
to  become  inclined. 

Specific  gravity.  —  The  specific  gravity  of  the  material  of  a  given 
body  is  defined  as  the  ratio  of  the  weight  of  the  body  to  the  weight 
of  an  equal  volume  of  'water.  In  Great  Britain  the  comparison  is 
made  generally  at  60°  F.,  or  15°  C. 

Let     W,s  =  the  weight  of  the  body, 

WM,  =  the  weight  of  an  equal  volume  of  water,  both  expressed 
in  the  same  units. 

W. 
Then  Specific  gravity  =  /o=  A  /  ............................  (1) 

WH, 

The  weight  of  any  body  may  be  calculated  from  a  knowledge  of 
its  volume  V  and  specific  gravity  p.  Thus,  if  wu  be  the  weight  of 
unit  volume  of  water,  the  weight  of  the  body,  if  made  of  water,  is 
Vw0,  and  the  actual  weight  is 

W  =  VwoP  ............................................  (2) 

Relation  between  the  density  and  specific  gravity  of  a  given  sub- 
stance. —  It  will  be  remembered  (p.  I)  that  the  density  of  a 
substance  is  its  mass  per  unit  volume. 

Let     M  =the  mass  of  a  body. 
V=its  volume. 

eZ  —  the  density  of  the  material. 
p  =  ihe  specific  gravity  of  the  material. 
w0=the  weight  of  unit  volume  of  water,  in  absolute  units. 
W  =  the  weight  of  the  body,  in  absolute  units. 
Then  W  =  %  =  Vc^  =  V^0p. 

.'.  ~  =  —^  =  a  constant  ..................................  (3) 

P     9 
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In  the  (J.G.S.  system,  IVQ  is  the  weight  of  a  cubic  centimetre  of 
water  and  is  g  dynes  ;  hence  in  this  system  the  same  number  expresses 
both  the  specific  gravity  and  the  density  of  a  given  substance.  In 
the  British  system,  WQ  is  the  weight  of  a  cubic  foot  of  water  ;  taking 
the  density  of  water  at  60°  F.  to  be  62 '3  pounds  per  cubic  foot,  WQ 
is  62 *3<7  poundals  ;  hence  in  this  system 


It  follows  from  these  relations  that  any  experiment  having  for  its 
object  the  determination  of  the  specific  gravity  of  a  substance  at 
60°  F  ,  gives  also  the  density  of  the  substance  at  the  same  temperature. 

EXPT.  42. — Determination  of  the  specific  gravity  of  a  liquid  by  weighing 
equal  volumes  of  the  liquid  and  of  water.  A  specific  gravity  or  density 
bottle  is  employed  (Fig.  302),  and  is  a  small  glass  bottle 
having  a  fine  stem.  The  bottle  is  filled  with  liquid  by 
warming  it  slightly  and  dipping  its  mouth  into  the  liquid  ; 
repetition  of  this  process  will  ultimately  fill  the  bottle. 
The  bottle  and  its  contents  are  then  brought  to  the  tem- 
perature of  60°  F.  approximately  by  standing  the 
bottle  for  some  time  in  a  beaker  of  water  maintained 
at  60°  F. 

Weigh  the  empty  bottle  ;  let  this  be  W4  grams  weight.  Fill  the  bottle 
with  distilled  water,  taking  care  to  get  rid  of  any  air.  Bring  the  contents 
to  the  temperature  required,  and  if  necessary  add  some  more  water  in 
order  to  fill  the  bottle  completely.  Weigh  again,  and  by  subtracting  Wt 
from  the  result,  find  Ww  grams  weight,  i.e.  the  weight  of  the  water  alone. 
Empty  the  bottle  and  dry  it  thoroughly.  Fill  it  again  with  the  liquid 
under  test,  adjust  the  temperature  and  again  weigh.  From  the  result 

deduct  Wi,  thus  giving  W6  grams 
weight  for  the  weight  of  the  liquid 
alone.      Now  W.s  and  W«>  occupied 
equal  volumes ;  hence 
W, 


FIG.  302  —Specific 
gravity  bottle. 


w, 


r~\ 


d=p  grams  per  cubic  centimetre 
=62-3p  pounds  per  cubic  foot. 

EXPT.  43. — Specific  gravity  of  a 
solid  by  weighing  in  air  and  in  water. 
First  weigh  the  solid  in  air ;  let  the 
result  be  W t  grams  weigh t.  Arrange 
a  balance  and  a  vessel  of  water  as 
shown  in  Fig.  303,  and  suspend  the  s5lid  by  means  of  a  fine  thread 
attached  to  one  arm  of  the  balance.  The  solid  should  be  completely 


FIG.  303  —Weighing  a  body  In  water. 
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immersed  in  the  water,  the  temperature  of  which  should  be  adjusted  as 
nearly  as  possible  to  60°  F.,  or  L5°  C.  Weigh  again,  thus  determining  the 
pull  W2  grams  weight  in  the  thread.  If  the  buoyancy  is  B  grams  weight, 
then  Wa4B=::Wi; 

Now  B  is  the  weight  of  a  quantity  of  water  having  a  volume  equal  to 
that  of  the  solid ;  hence  \A/  \M 

jy^--1^  *          (1) 

In  this  way  determine  the  specific  gravities  of  the  samples  of  iron,  brass, 
lead,  etc.,  supplied. 

If  some  liquid  other  than  water  had  been  employed  in  the  second  weigh- 
ing operation,  let  the  specific  gravity  of  this  liquid  be  />'.     Then 
Weight  of  the  liquid  displaced  =Wx  -  W2. 

Weight  of  an  equal  volume  of  water-      1  ,     2- 

Specific  gravity  of  the  solid  =-        ^     (2) 

EXPT.  44. — Specific  gravity  of  a  liquid  by  weighing  a  solid  in  it.-  Use 
the  apparatus  shown  in  Fig.  303.  Weigh  the  solid  (a)  in  air,  (b)  in  water, 
(c)  m  the  liquid.  Let  the  results  be  Wj,  W2  and  W3  grams  weight  respec- 
tively. Then 

Weight  of  the  water  displaced  by  the  solid  =Wi  -W2. 
Weight  of  the  liquid  displaced  by  the  solid  =WX  ~W3. 
The  volumes  occupied  by  the  water  and  liquid  displaced  are  equal ; 

hence  e  a       W  _WQ 

Specific  gravity  of  the  liquid—  ^ 

Wi  -W2 

You  are  supplied  with  a  piece  of  brass  and  some  turpentine.  Find  the 
specific  gravity  of  the  turpentine. 

Variable  immersion  hydrometer. — A  hydrometer 
is  an  instrument  which  can  float  in  the  liquid 
to  be  tested  and  by  means  of  which  the  specific- 
gravity  of  the  liquid  may  be  determined.  The 
instrument  shown  in  Fig.  304  consists  of  a  glass 
bulb  weighted  with  some  mercury  contained  in 
an  enlargement  at  the  bottom  of  the  bulb,  for 
the  purpose  of  making  the  instrument  float  in 
an  upright  position.  A  graduated  glass  stem  is 
attached  to  the  bulb.  Since  the  weight  of  the 
instrument  is  constant,  and  is  equal  always  to  m'  '  '"" 
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the  weight  of  the  liquid  displaced,  it  follows  that  the  free  surface  of 
the  liquid  will  cut  a  division  on  the  stem  depending  on  the  specific 
gravity  of  the  liquid.  Deeper  immersion  will  occur  with  lighter 
liquids.  British  instruments  generally  have  the  stems  calibrated 
for  a  temperature  of  60°  F.,  and  the  liquid  to  be  tested  should  be 
brought  to  this  temperature.  Variable  immersion  hydrometers  can 
be  used  for  a  limited  range  only,  and  therefore  a  number  of  instru- 
ments is  required  if  there  is  considerable  difference  in  the  specific 
gravities  of  the  liquids  to  be  tested 

EXPT.  45. — Use  of  variable  immersion  hydrometers  Find  the  specific 
gravities  of  the  liquids  supplied,  water,  turpentine,  petroleum,  etc., 
employing  the  method  described  above. 

EXPT.  46. — Specific  gravity  of  a  solid  by  use  of  Nicholson's  hydrometer. 
This  instrument  is  shown  in  Fig.  305,  and  is  a  hydrometer  of  constant 
immersion.     A  hollow  metal  vessel  C  is  loaded  so  as 
to  float  upright,  and  has  a  wire  stem  D,  which  carries 
J*       a  scale-pan  E.    Another  scale-pan  is  attached  at  F. 
A  scratch  on  the  stem  D   determines    the   standard 
depth   of  immersion,    and    the    instrument   must   bo 
loaded  so  that  the  free  surface  AB  cuts  this  mark. 

Float  the  instrument  in  water,  and  ascertain  what 
weight  Wj  grams  must  be  placed  m  E  in  order  to  bring 
the  instrument  to  standard  immersion.  Remove  W!, 
and  place  the  body  under  test  into  the  scale-pan  E ; 
add  weights  W2  to  E  so  as  again  to  produce  standard 
F  immersion.  Then 

Fl°  '?vdrometerla0n'8  Weight  of  the  body  in  air 

l>l     n   er  =W-^W1-Wa  grams  weight (1) 

Now  place  the  body  in  the  scale-pan  F  (use  a  fine  thread  to  tie  it  down 
if  the  body  is  lighter  than  water) ;  place  weights  W3  grains  in  the  scale-pan 
E  in  order  to  secure  standard  immersion.  Then 

Weight  of  the  body  in  water  - W  -Wj  -  W3  grams  weight (2) 

The  difference  of  (1)  and  (2)  gives  the  weight  of  the  water  displaced  by 
the  body ;  hence 

Weight  of  the  water  displaced  =W  -  W 

~W3  ~W2  grams  weight (3) 

/>—     *  ~ — ? (4) 

p    W3-W2  v 

In  this  way  determine  the  specific  gravities  of  the  various  samples, 
supplied. 
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EXPT.  47. — Relative  specific  gravities  of  liquids  which  do  not  mix.  The 
U  tube  shown  in  Fig.  306  contains  two  liquids  which  do  not  mix ;  one 
liquid  occupies  the  tube  lying  between  A  and  B,  and  the  other  occupies 
the  portion  BC  ;  the  surface  of  separation  is  at  B.  Let  the  specific  gravities 
of  these  liquids  be  pl  and  /)2  respectively.  Let  D  be  at  the  same  level 
as  B  ;  then  the  pressure  at  D  is  equal  to  the  pressure  at  B,  i.e. 


or  -i^ri -'"z. 

Measure  A2  and  A,,  and  evaluate  the  ratio  of  the  specific  gravities*.  If 
the  specific  gravity  of  one  of  the  liquids  is  known,  find  the  specific  gravity 
of  the  other  liquid. 

CN  -t 

dc 


FIG.  300  —Apparatus  for  liquids 
which  do  not  mix 


FIG.  307.-—Apparatus  for  liquids  wliich 
mix 


EXPT.  48.—  -Relative  specific  gravities  of  liquids  which  mix*  Fig.  307 
shows  two  U  tubes  connected  by  a  short  rubber  tube  at  G.  One  liquid 
occupies  the  space  ABC.  and  the  other  occupies  the  space  DEF.  The  air 
trapped  in  AGD  prevents  contact  of  the  liquids,  and  exerts  tho  same  pressure 
on  the  surfaces  at  A  and  D.  Therefore 

PA  =Po- 
A  and  B  are  at  the  same  level,  as  are  also  D  and  E. 


Measure  h^  and  h2f  and  evaluate  the  ratio. 

EXPT.  49.—  Relative  specific  gravities  of  two  liquids  which  mix,  by  in- 
verted U  tube.  In  Fig.  308  an  inverted  U  tube  is  shown  having  a  branch 
at  the  top  furnished  with  a  stop-cock,  and  connected  to  an  air  pump  by 
means  of  which  air  may  be  withdrawn  from  the  tube.  The  lower  open 
ends  of  the  tube  are  immersed  in  two  liquids  contained  in  separate  vessels. 
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On  operating  the  pump,  the  superior  pressure  of  the  atmosphere  on  the 
surfaces  of  the  liquids  m  the  vessels  will  cause  the  liquids  to  rise  in  the 
tubes.  The  pressures  inside  the  tubes  at  A  and 
C  are  equal  to  that  of  the  atmosphere  ;  also 
the  air  in  the  upper  part  of  the  tube  exerts 
equal  pressures  on  the  surfaces  at  B  and  D. 
Hence  w.h.=w-h~: 


Measure  hL  and  h2,  and  evaluate  the  ratio. 

Specific  gravity  of  mixtures  of  liquids.— 

We  will  suppose  that  the  volume  and  specific 
gravity  of  each  liquid  are  known,  that  no 
chemical  action  occurs,  and  that  there  is  no 
change  in  the  volumes.     The  total  volume 
V  c.c.  after  mixing  will  be  equal  to  the  sum 
of  the  volumes  Vx,  V2.  V3,  etc.,  in  c.c.,  of 
the  separate  liquids  ;  further,  there  will  be 
FIG  308—  inverted  u  tubo  for    no  change  in  weight  during  mixing;  hence 
iiqu  s  winch  mix.  ^e  weign£  yy  grams  after  mixing  is  equal 

to  the  sum  of  the  initial  weights  Wt,  W2,  W3,  etc. 

c.c (1) 

+  etc.  grams  weight (2) 

From  (2),  V/>  =  VI/QI  +  V2p2  +  V3p3  +  etc., 

where  p  is  the  specific  gravity  of  the  mixture  and  pv  p2,  etc.,  are  the 
specific  gravities  of  the  separate  liquids  ;  hence 
W 


If  the  weight  and  specific  gravity  of  each  liquid  are  known,  then 
we  proceed  as  follows  : 

VV1  W  W 

1     Pi  '  Pz          3     Pa ? 

t,    Wt    W2    W.t 
•'•  v  =  — +— +~     +etc.; 

Pi         P2         P't 


W     Wt  4-  W2  +  W3  +  etc. 

"V     Wj     W2    W« 

-J-f-— 2  +  — 3-fetc. 
Pi      Pz      Pz 


,(4) 
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If  the  volume  changes  during  mixing,  becoming  V'  say,  then, 
since  the  weight  after  mixing  is  equal  to  the  sum  of  the  weights 
before  mixing,  we  have 


EXERCISES  ON  CHAPTER  XX. 

1.  A  ship  displaces  a  volume  of  400,000  cubic  feet  of  fresh  water.     Find 
the  weight  of  the  ship.     If  the  ship  sails  into  sea-  water  (64  Ib  weight  per 
cubic  foot),  what  volume  of  water  will  it  displace  ?  « 

2.  A  rectangular  pontoon  is  required  to  carry  a  load  of  4  tons  weight, 
and  the  depression  when  the  load  is  applied  is  not  to  exceed  6  inches  m 
fresh  water.     Find  the  horizontal  area  of  the  pontoon  in  square  feet. 

3.  A  closed  cylindrical  vessel  is  6  feet  in  diameter  and  15  feet  long, 
and  weighs  5000  Ib.     If  the  vessel  is  floating  in  fresh  water  with  the  axis 
of  the  cylinder  in  the  plane  of  the  water  surface,  what  load  is  it  carrying  ? 

4.  A  body  weighing  8  Ib.  and  having  a  volume  of  15  cubic  inches  lies 
at  tho  bottom  of  a  tank  of  fresh  water.     What  force  does  it  exert  on  the 
bottom  of  the  tank  ? 

5.  A  piece  of  iron  weighing  4  Ib.  is  immersed  in  oil  weighing  50  Ib. 
per  cubic  foot,  and  is  supported  by  means  of  a  cord  to  which  it  is  tied. 
If  the  iron  weighs  0-26  Ib.  per  cubic  inch,  what  is  the  pull  in  the  cord  ? 

6.  Some  oil  is  poured  into  a  vessel  containing  some  water..    Describe 
what  will  happen  if  the  liquids  do  not  mix.     Give  reasons. 

7.  A  rectangular  body  weighing  3  3  Ib.  in  air  has  dimensions  as  follows  : 
4  2  inches  long,  2  4  inches  wide,  1  -1  inches  thick.     What  is  the  specific 
gravity  of  the  material  ? 

8.  A  piece  of  lead,  specific  gravity  1  1  -4,  weighs  0  32  Ib.  in  air.     What 
will  bo  the  apparent  loss  of  weight  when  the  lead  is  immersed  in  water  ? 

9.  The  density  of  steel  is  480  pounds  per  cubic  foot.    What  is  the 
specific  gravity  ?     Explain  why  tho  density  and  specific  gravity  of  a 
substance  are  represented  by  the  same  number  in  the  C.G.S.  system. 

10.  A  plank  of  wood  measures  6  feet  by  9  inches  by  3  inches,  and  the 
specific  gravity  is  0-6.  How  many  cubic  inches  will  be  below  the  surface 
if  the  plank  is  floating  at  rest  in  fresh  water.  What  vertical  force  must 
be  applied  in  order  to  immerse  the  plank  ?  ,/ 

]  1.  A  piece  of  zinc  weighs  42  grams  in  air,  and  37  '8  grams  when  immerse^ 
in  oil  having  a  specific  gravity  of  0-7.  Find  the  specific  gravity  of  the 
zinc. 

12.  A  piece  of  brass  weighs  2  Ib.  in  air,  and  the  specific  gravity  is  8-5. 
Find  the  pull  in  the  suspending  cord  when  the  brass  is  immersed  in  a 
liquid  having  a  specific  gravity  of  0-82. 
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13.  The  weight  of  a  submarine  boat  is  200  tons,  and  it  lies  damaged 
and  full  of  water  at  tho  bottom  of  the  sea.     If  the  specific  gravity  of  the 
material  is  7-8,  find  the  total  pull  which  must  be  exerted  by  the  lifting 
chains  m  order  to  raise  the  vessel  from  the  bottom.     Take  the  specific 
gravity  of  sea- water  —  1  025. 

14.  A  piece  of  brass  was  found  to  weigh  22  68  grams  m  air  and  20-04 
grams  in  water,  and  was  then  used  as  a  sinker  for  determining  the  specific 
gravity  of  a  piece  of  cork.     The  cork   weighed  1-595  grams  in  air,  and 
sinker  and  cork  together  weighed  14-275  grams  m  water.    Find  the  specific 
gravities  (a)  of  tho  brass,  (6)  of  the  cork. 

15.  To  determine  tho  length  of  a  given  tangle  of  copper  wire  tho  following 
measurements   were   made :     Diameter    (measured   by   means   of  a   screw 
gauge),  0  0762  cm.  ;  weight  of  the  tangle  in  air,  5  43  grams  ;  and  in  water, 
4  81  grams.     Find  the  specific  gravity  of  tho  copper  and  the  length  of  the 

wire. 

• 

16.  The  specific  gravity  of  a  piece  of  brass  was  found  by  use  of  a  Nichol- 
son's hydrometer,  and  the  following  observations  were  recorded :   Weight 
required  to  sink  the  hydrometer  to  the  standard  mark,  4  48  grams ;   with 
the  brass  in  the  upper  pan,  2-22  grams  weight  were  required  in  the  upper 
pan;   with  the  brass  in  the  lower  pan,  2-48  grams  weight  were  required 
in  the  upper  pan.     Find  the  specific  gravity  of  the  brass. 

17.  Some  water  is  introduced  into  a  U  tube  and  fills  about  12  cm.  of 
each  vertical  limb.     Some  oil  of  specific  gravity  0  8  is  poured  into  one 
limb  and  fills  a  length  of  6  cm.  of  the  tube.     Find  the  difference  in  levels 
of  tho  free  surfaces  of  the  water  and  oil.     (No  mixing  takes  place.) 

18  An  inverted  U  tubo  (Fig.  ,308)  has  the  open  end  of  one  limb  immersed 
in  water  and  the  other  open  end  is  immersed  in  a  liquid  having  a  specific 
gravity  0  86.  Tho  air  pump  is  then  worked  until  the  water  stands  in  the 
tube  to  a  height  of  20  cm.  Find  tho  height  to  which  the  liquid  will  rise 
in  the  other  tube. 

19.  Three  liquids,  A,  B,  C,  are  mixed  and  no  chemical  action  takes  place. 
The  volumes  and  specific  gravities  are  as  follows : 


Liquid 

A 

B 

C 

Volume,  c.c. 
Specific  gravity 

20 

088 

16 
0-76 

24 

0-92 

'  If  no  change  in  volume  occurs,  find  the  specific  gravity  of  the  mixture. 
If  the  volume  after  mixing  is  59-6  c.c.,  find  the  specific  gravity. 

20.  A  closed  box,  whose  external  dimensions  are  3  ft.  by  2  ft.  by  1  ft., 
is  made  of  iron  of  specific  gravity  7  8 ;   show  that  the  greatest  thickness 
of  the  iron,  supposed  uniform,  consistent  with  the  box  floating  in  water 
without  sinking,  is  0-42  inch  nearly.  L.U. 

21.  State  the  "  principle  of  Archimedes,"  and  explain  briefly  how  it 
may  be/  used  to  determine  the  density  of  a  body  heavier  than  water,  and 
also  of  a  body  lighter  than  water.  Adelaide  University. 


xx  EXERCISES  285 


22.  Explain  how  Nicholson's  hydrometer  may  be  used  to  find  the  specific 
gravity  (a)  of  a  liquid,  (6)  of  a  solid  heavier  than  water.    Give  a  sketch  of 
the  instrument. 

23.  A  U  tube,  whose  ends  are  open,  whose  section  is  one  square  inch, 
and  whose  vertical  branches  rise  to  a  height  of  33  inches,  contains  mercury 
in  both  branches  to  a  height  of  6-8  inches.     Find  the  greatest  amount  of 
water  that  can  be  poured  into  one  of  the  brandies,  assuming  the  specific 
gravity  of  mercury  to  be  13-6.  L.U. 

24.  Explain  now  you  would  compare  the  specific  gravities  of  two  liquids 
that  mix  by  means  of  a  U  tube.  Madras  Univ. 


CHAPTER  XXI 
LIQUIDS  IN  MOTION 


Steady  and  unsteady  motion  in  fluids. —The  motion  of  a  fluid  may 
be  either  steady  or  unsteady.  In  steady  motion,  each  particle  in  the 
fluid  travels  in  precisely  the  same  path  as  the  particle  preceding  it, 
thus  setting  up  stream  lines  or  filaments,  which  may  be  either  straight 


Lr;'-'Ji±! 

-    "  —  "  ~    -    —  -J 

'  —   

'  1 

(a) 

(6) 

FIG  309  —Steady  and  unsteady  motion 

or  curved.  Thus,  if  a  fine  jet  of  coloured  water  be  injected  into  a 
mass  of  water  moving  with  steady  motion,  the  coloured  water  will 
pursue  the  stream  line  which  passes  through  the  point  of  injection 
and  will  move  unbroken,  giving  a  coloured  band  which  appears  to 
remain  fixed  in  positron,  and  may  be  curved  or  straight,  depending 
on  the  conditions  under  which  flow  takes  place. 

In  unsteady  or  turbulent  motion,  eddies  are  formed  in  the  fluid. 
If  a  coloured  jet  be  injected  into  water  moving  with  unsteady  motion, 
no  colour  band  is  formed  ;  the  jet  breaks  up  at  once,  and  colours 
faintly  and  uniformly  a  considerable  portion  of  the  water. 

Osborne  Reynolds  used  the  colour  band  method  to  demonstrate 
steady  and  unsteady  flow  of  water  along  a  glass  pipe.  At  slow 
speeds  of  flow,  a  fine  jet  of  coloured  water,  introduced  into  the  body 
of  water  entering  the  pipe  at  one  end,  travels  unbroken  along  the 
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pipe  and  indicates  steady  flow  (Fig.  309  (a)).  As  the  speed  of  flow 
is  increased,  a  critical  velocity  is  reached,  above  which  the  colour 
band  breaks  up  and  mingles  with  the  whole  of  the  water  in  the  pipe, 
thus  indicating  unsteady  flow  (Fig.  309  (6)). 

Pressure  on  stream  lines. — Since  force  is  required  to  change  the 
direction  of  motion  of  a  body,  it  follows  that  straight  stream  lines 
can  exist  only  provided  there  is  no  resultant  force  acting  on  the 
boundary  of  the  stream  line  in  a  direction  perpendicular  to  that  of 
the  motion  of  the  fluid  (p.  217).  In  other  words,  the  pressures  which 
the  adjacent  stream  lines  exert  on  the 
filament  under  consideration  must  be  uni- 
formly distributed  all  over  the  boundary 
of  the  filament. 

In  a  mass  of  fluid  moving  in  curved 
stream  lines,  the  concave  side  of  any 
stream  line  is  in  contact  with  the  convex 
side  of  an  adjacent  stream  line  (Fig.  3 10  (a)). 
The  pressure  which  the  concave  side  ab  of 
the  lower  stream  line  exerts  on  the  convex 
side  ab  of  the  upper  stream  line  is  equal 
and  opposite  to  the  pressure  which  the 
convex  side  of  the  upper  stream  line  exerts  FIG  3io  -Transverse  pressures 
on  the  concave  side  of  the  lower  stream  on  curved  stream  imeB. 
line.  Let  this  pressure  be  p.  The  pressure  on  the  concave  side  cd 
will  be  less  than  p  by  a  small  amount  dp,  and  that  on  e/  will  be 
greater  than  p  by  another  small  amount  8p.  Applying  the  same 
reasoning  to  all  stream  lines  in  a  body  of  fluid  moving  steadily  in  a 
curved  path  (Fig.  310  (fc) ),  we  see  that  the  pressure  pL  on  the  convex 
boundary  ab  will  diminish  gradually  across  the  stream,  attaining  a 
lower  value  p2  at  the  concave  boundary  cd. 

Total  energy  of  a  liquid. — The  total  energy  at  any  point  in  a  liquid 
in  motion  may  be  separated  into  three  different  kinds  of  energy, 
and  is  expressed  conveniently  as  so  much  energy  per  unit  mass  of 
liquid :  (a)  Potential  energy,  due  to  the  elevation  h  above  some 
arbitrary  datum  level,  and  given  by  gh  absolute  units  of  energy  per 
unit  mass,  (b)  Pressure  energy,  due  to  the  pressure  p,  in  absolute 
units,  at  the  point  under  consideration,  and  given  by  p/d  absolute 
units  of  energy  per  unit  mass,  d  being  the  density  of  the  liquid 
(p.  264).  (c)  Kinetic  energy*  due  to  the  motion  of  the  liquid,  and 
given  by  v2/2  absolute  units  of  energy  per  unit  mass,  v  being  the 
speed- of  the  liquid  at  the  point  under  consideration.  These  energies 
are  mutually  convertible,  i.e.  any  one  kind  may  be  converted  into 
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either  of  the  other  two  kinds  of  energy.  The  total  energy  of  the 
liquid  at  the  point  in  question  is  obtained  by  taking  the  sum.  Thus 

Total  energy  =  yh  -f  A  -t-  0  (1) 

d      L 

Bernoulli's  theorem. — Suppose  that  a  small  portion  of  liquid  flows 
from  one  point  to  another  point,  and  that  the  change  of  position  is 
effected  without  incurring  any  waste  of  energy,  then,  from  the 
principle  of  the  conservation  of  energy,  we  may  assert  that  the  total 
energy  is  not  changed  during  the  displacement.  This  statement  is 
known  as  Bernoulli's  theorem,  and  leads  to  the  following  equation. 

Let  Aj,  pl  and  vl  be  respectively  the  elevation,  pressure  and  velocity 
at  a  certain  point  in  a  liquid  having  a  mass  d  per  unit  volume,  ami 
let  the  liquid  flowing  past  this  point  arrive  at  another  point  where 
the  elevation,  pressure  and  velocity  are  respectively  h%.  p%  and  v2. 

Then  p       ,,2  p       7,  2 

qji  _|_  *Lk  _),.  J-_  —  tf/j,  ~\-       +  - "  (2) 

d       2>  (I       A 

EXPT.  50. — An  illustration  of  Bernoulli's  theorem.     In  Fig.  311,  AC  is 

a  glass  tube  having  a  contraction  at  B  ;  a  branch  D  is  attached  at  the  middle 

A  Q     of  the  contraction  and  dips  into 

^         !       • '     coloured  water    in  a  vessel  E. 

The    tube    ABC    is    arranged 
horizontally,  and  is  connected 
to    a  water-tap   by   means   of 
rubber  tubing  attached  to  A. 
On  opening  the  tap,  water  flows 
through   the    tube  and  is  dis- 
FIG   311  — AppaiatuB  for  illustrating  Bernoulli's     charged    into    the    atmosphere 
theorem  J3      _T  ,1,1 

at  C.      Notice    also    that    the 

coloured  water  in  E  ascends  D,  mingles  with  the  water  flowing  along  ABC 
and  is  also  discharged  at  C.  The  arrangement  constitutes  a  kind  of  lift 
pump,  and  has  been  used  in  a  modified  form  for  raising  water. 

The  action  may  be  explained  as  follows  :  The  tube  ABC  being  horizontal, 
there  will  be  no  change  in  the  potential  energy  of  the  water  flowing  along 
the  tube.  Imagine  the  branch  D  to  be  closed  for  a  moment,  then,  neglect- 
ing any  wasted  energy,  the  sums  of  the  pressure  and  kinetic  energies  at 
A,  B  and  C  will  be  equal.  It  is  also  evident,  since  the  tube  ABC  is  every - 
t  where  full  of  water,  that  the  same  quantity  of  water  per  second  passes 
every  cross  section  of  the  tube  ;  therefore  the  velocity  at  B  must  be  greater 
than  the  velocity  at  C.  Hence  the  kinetic  energy  at  B  is  greater  than  the 
kinetic  energy  at  C,  and  therefore  the  pressure  energy  at  B  must  be  less 
than  the  pressure  energy  at  C.  Now  the  pressure  at  C  is  equal  to  that  of 
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the  atmosphere,  therefore  the  pressure  at  B  must  be  less  than  that  of  the 
atmosphere.  Hence,  if  the  branch  D  be  opened,  the  pressure  of  the  atmo- 
sphere on  the  free  surface  of  the  water  in  E  will  cause  this  water  to  ascend 
D,  and,  provided  the  branch  is  not  too  long,  to  join  the  water  flowing 
along  ABC. 

The  siphon. — The  siphon  consists  of  a  bent  tube,  usually  made 
with  the  limbs  of  unequal  length,  and  is  employed  for  emptying 
liquid  from  a  vessel  without  the  necessity  for  tipping  the  vessel. 

EXPT.  51.— Use  of  a  siphon.  Fill  a  vessel  with  water  (Fig.  312)  ;  the 
free  surface  is  AB.  Fill  both  limbs  of  the  siphon  CDEF  with  water,  close 
the  ends  by  applying  the  fingers,  invert  the  siphon 
and  place  it  in  the  position  shown  in  Fig.  312,  and 
remove  the  fingers.  It  will  be  found  that  water  is 
discharged  at  F  until  the  level  in  the  vessel  falls  to  C. 

The  action  may  be  explained  as  follows:  Sup- 
pose the  flow  to  be  stopped  by  applying  a  finger 
at  F  ;  the  pressure  at  D  inside  the  tube  would 
then  be  equal  to  the  pressure  of  the  atmosphere 
acting  on  AB.  If  the  flow  be  started  again,  the 
water  at  D  has  taken  up  some  kinetic  energy, 
and  has  therefore  parted  with  an  equivalent 
amount  of  pressure  energy,  and  its  pressure  is 
now  less  than  that  of  the  atmosphere.  Hence  FIG  312—  Use  of  a 
there  is  a  resultant  effort  tending  to  produce  s  I>1!011 

motion  from  AB  downwards  through  the  vessel  and  thence  through 
CD  towards  D. 

Consider  now  the  column  EF,  E  beinu  on  the  same  level  as  AB. 
On  its  upper  surface  and  acting  downwards  there  is  a  pressure  equal 
to  that  at  D  ;  the  pressure  of  the  atmosphere  acts  upwards  at  F, 
and  the  weight  of  the  column  of  liquid  acts  downwards.  There 
is  thus  a  net  downward  tendency  which  causes  the  liquid  to  be 
discharged  at  F. 

Discharge  from  a  sharp-edged  orifice. — Bernoulli's  theorem  may 
be  applied  to  the  flow  of  water  or  other  liquid  through  a  small  sharp- 
edged  circular  orifice.  Reference  is  made  to  Fig.  313,  in  which  de 
is  the  orifice  ;  OX  is  an  arbitrary  datum  level.  The  free  surface 
level  of  the  liquid  is  at  WL5  and  is  maintained  at  a  constant  height 
h  above  the  centre  of  the  orifice  by  allowing  liquid  to  flow  into  the 
tank  at  a  rate  equal  to  that  of  the  discharge  through  the  orifice. 

The  pressure  of  the  atmosphere,  pa  in  absolute  units,  is  taken 
into  account  by  removing  the  gaseous  pressure  from  WL  and 
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substituting  a  layer  of  liquid  FGLW,  Laving  a  depth  Jia  \  the 
imaginary  free  surface  FG  has  then  no  gaseous  pressure  acting  on 
it.  If  the  density  of  the  liquid  is  d,  then 


At  A  the  liquid  has  potential  energy  due  to  the  elevation  7/A  ;  its 
pressure  energy  is  due  to  the  pressure  of  the  atmosphere  p,<  ;  the 
velocity  is  too  small  to  be  taken  into  account,  and  the  kinetic  energy 
is  assumed  to  be  zero 

At  B  the  liquid  has  potential  energy  due  to  the  elevation  JiB  ;  the 
pressure  energy  is  due  partly  to  the  head  h  and  partly  to  the  pressure 


W 
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FIG  313  —Discharge  through  a  sharp-edged  orifice 

pa  transmitted  through  the  liquid  ;  the  velocity,  and  hence  the 
kinetic  energy,  is  again  assumed  to  be  zero. 

As  the  liquid  approaches  the  orifice,  its  velocity  begins  to  be 
important  on  crossing  an  imaginary  boundary  abc  (Fig.  313).  Bb 
being  taken  as  a  horizontal  line  passing  through  the  centre  of  the 
orifice,  the  liquid  particles  at  B  pass  along  the  straight  line  BL  and 
are  discharged  ;  other  particles,  such  as  those  at  a  and  c,  have 
to  pass  round  the  edges  of  the  orifice,  and  can  do  so  only  by  pursuing 
curved  paths.  Hence  the  jet  contracts  after  passing  the  plane  of 
the  orifice  de.  The  exterior  surfaces  of  the  jet  aie  subjected  to  the 
pressure  of  the  atmosphere  p,,,  but  the  interior  of  the  jet  has  pres- 
sures in  excess  of  p,,  up  to  the  section  CD,  where  contraction  is 
complete.  After  passing  CD,  the  pressure  throughout  the  interior  of 
the  jet  is  equal  to  p(l. 

At  CD  the  liquid  has  potential  energy  due  to  the  elevation  JiOD  ; 
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its  pressure  energy  is  due  to  pa  ;    the  kinetic  energy  is  due  to  the 
velocity  v  (Fig.  313). 

Consider  unit  mass  of  liquid  initially  at  A,  then  passing  slowly 
downwards  to  B,  and  thence  along  Bb  until  it  acquires  the  velocity 
v.  The  energies  above  stated  may  bo  tabulated  in  absolute  units 
as  follows  : 


A 

8 

CD 

Potential  energy 

ffkA 

</*B 

9hco 

Pressure  energy   - 

Pa          i 

d  ^h" 

g(h  +  hu) 

ffha 

Kinetic  energy     - 

0 

0 

it* 

By  Bernoulli's  law.  if  there  is  no  waste  of  energy  during  the  passage 
of  the  liquid,  the  total  energies  at  each  of  the  three  places  are  equal. 
Hence  ghA+ffha+()=ghB+g(h  +  ha)+()=ghCD+<i1ia  +  li?  ...........  (2) 

The  following  results  may  now  be  written  : 

</(AA-AB)=0A  ......................................  (3) 

This  result  simply  verifies  the  fact  that  the  gam  in  pressure  energy 
in  passing  from  A  to  B  (Fig.  313)  is  equal  to  the  potential  energy 
transformed  in  descending  through  the  height  k.  Also  hQ  and  hCD 
are  equal,  therefore  iy2_.^  .........................................  (4) 

This  result  indicates  that  the  kinetic  energy  gained  is  also  equal 
to  the  potential  energy  given  up  in  descending  through  the  height  h. 

From  (1),  ifl  =  %gh,  ..............................  "  ...........  (5) 

and  we  may  therefore  state  that  the  velocity  of  the  jet  is  the  same 
as  would  be  acquired  by  a  body  falling  freely  from  the  free  surface 
level  to  the  level  of  the  centre  of  the  orifice. 

Experiment  shows  that  the  area  of  the  cross  section  of  CD  is  about 
0-64  of  the  area  of  the  circular  orifice  de  (Fig.  313).     Also  the  actual 
velocity  at  CD  is  about  0-97  of  the  velocity  given  by  (5). 
Let        A  =  the  area  of  the  circular  orifice,      » 

Q  =  the  actual  quantity  of  liquid  discharged  per  second. 
Then  Q  =0-64  A  x  0-97  V2gh 

=  0-62AV2<7/i  ........................................  (6) 

Contraction  may  be  eliminated  by  use  of  a  trumpet 
.orifice  (Fig.  314),  in  which  case  the  area  of  the  jet 
will  be  equal  to  that  of  the  orifice.  The  velocity  is 
about  0-96V2p*,  and 


Q-0-96A\/20A  ........................................  (7) 
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Water-wheels. — There  are  large  natural  stores  of  energy  in  the 
water  contained  in  lakes  elevated  above  the  level  of  the  sea.  The 
utilisation  of  this  energy  has  provided  many  interesting  problems 
for  engineers.  The  old-fashioned  method  was  to  employ  a  water- 
wheel.  A  suitable  place  was  selected  on  a  river  or  stream  where 
there  was  either  a  natural  waterfall,  or  where  an  artificial  fall  could 
be  obtained  by  building  a  dam  across  the  stream.  A  difference  in 
level  being  thus  obtained,  the  water  was  lod  to  the  water-wheel,  of 
which  there  are  three  types. 

In  the  over-shot  wheel  (Fig.  315)  water  is  brought  to  the  top  of  the 
wheel  and  there  enters  buckets  fastened  all  round  the  rim.  The 

water  remains  in  these  buckets 
until  the  wheel,  turned  by  the 
extra  weight  of  water  on  one  side, 
has  brought  the  buckets  into  such 
a  position  that  the  water  is  spilled 
out.  The  wheel  is  thus  rotated 
continuously  and  drives  machinery 
by  means  of  toothed  wheel  gearing. 
In  breast-shot  wheels  the  water 
enters  the  buckets  about  half-way 
up,  and  the  action  is  similar  to 
that  in  over-shot  wheels.  In  both 
these  tvpes,  the  attempt  is  to 
utilise  the  potential  energy  of  the 
water  only.  In  under-shot  wheels 
the  wheel  is  furnished  with  blades, 
and  the  water  is  caused  to  impinge  on  these  near  the  bottom  of  the 
wheel.  The  water  entering  the  wheel  must  have  considerable  speed, 
and  its  kinetic  energy  is  utilised. 

Water-wheels  are  seldom  constructed  now ;  they  waste  a  large 
amount  of  the  available  energy  and  are  not  suitable  for  developing 
large  powers. 

Water-turbines. — The  modern  system  of  utilising  the  energy  of 
elevated  water  is  by  the  employment  of  turbines.  In  these  machines 
the  water  passes  through  a  wheel  furnished  with  blades.  The  action 
consists  in  causing  the  water  to  whirl  before  entering  the  wheel ;  in 
this  condition  it  possesses  angular  momentum,  and  the  function  of 
the  wheel  blades  is  to  abstract  the  angular  momentum  and  to  dis- 
charge the  water  with  no  whirl.  A  couple  will  thus  act  on  the  wheel 
(p.  206),  and  will  cause  it  to  rotate,  thus  performing  mechanical  work. 


FiO.  315.— Over-shot  water-wheel. 
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In  impulse  turbines  arrangements  are  made  so  as  to  convert  the 
whole  of  the  available  energy  of  the  water  into  the  kinetic  form 
before  it  enters  the  wheel.  In  reaction  turbines  the  energy  is  partly 
in  the  kinetic  form  and  partly  in  the  form  of  pressure  energy. 

The  action  m  the  Girard  impulse  turbine  may  be  understood  by 
reference  to  Fig.  316.  Water  is  supplied  from  A  and  passes  through 
a  ring  of  guide  passages  B,  B,  having  blades  so  shaped  as  to  cause 
the  water  to  whirl.  Immediately  under  the  guide  passages  is  a  hori- 
zontal wheel  C,  which  is  fixed  to  a  vertical  shaft  DD.  This  wheel 
has  a  ring  of  blades  round  its  rim  bent  contrary  to  the  blades  in  the 
guide  passages.  If  the  wheel  were  prevented  from  rotating,  the 
action  of  the  wheel  blades  would  be  to  direct  the  water  backwards. 


FIG  316  —Action  of  a  (Jirurcl  impulse  turbine. 

The  wheel  actually  revolves  in  the  direction  shown  by  the  arrow, 
and  the  effect  is  to  cause  the  water  to  be  discharged  vertically 
downwards  from  the  wheel ;  the  whirl  is  thus  eliminated.  The  water 
leaves  the  guide  blades  B,  B  in  a  ring  of  jets  under  atmospheric 
pressure;  hence  the  potential  energy — represented  by  (H-h)  units 
per  unit  mass  of  water — has  been  converted  into  kinetic  energy  in 
the  jets.  The  water  passes  in  fchin  layers  over  the  wheel  blades  C,  C, 
and  the  pressure  in  the  whoel  passages  is  kept  equal  to  that  of  the 
atmosphere  by  means  of  side  openings  in  the  rim  of  the  wheel,  one 
at  the  back  of  each  blade.  It  will  be  noted  that  the  wheel  is  situated 
above  the  level  of  the  discharged  water  in  the  tail-race  E,  E  ;  the 
water  is  therefore  discharged  at  atmospheric  pressure  from  the  wheel 
into  the  atmosphere. 

In  Fig.  317  is  shown  in  outline  a  Jonval  reaction  turbine.  The 
arrangement  is  similar  to  the  Girard  turbine.  Water  is  supplied 
from  A  and  passes  through  a  ring  of  orifices  B,  B,  having  guide  blades 
so  as  to  whirl  the  water.  The  wheel  C,  C  has  blades  so  shaped  as  to 
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eliminate  the  whirl.  The  difference  between  the  two  types  is  that 
in  the  Jonval  turbine  the  water  passing  through  the  wheel  fills  com- 
pletely the  passages  in  the  wheel,  and  may  therefore  have  a  pressure 
not  equal  to  that  of  the  atmosphere.  In  the  example  illustrated 


Fio  317  — Action  in  a  Jonval  Fraction  turbine. 

the  wheel  is  below  the  level  of  the  water  in  the  tail-race  E,  E,  and 

the  pressure  m  the  wheel  passages  is  therefore  greater  than  that 

of  the  atmosphere. 

The  difference  in  free  surface  levels  of  the  supply  water  in  A.  A 

and  of  the  discharged  water  m  E,  E  is  H  ,   hence  H  units  of  potential 

energy  per  unit  mass  of  water  are  avail- 
able for  conversion  into  work. 

Pelton  wheel.— To  obtain  efficient 
conditions  of  working  in  water  turbines, 
the  wheel  blades  must  be  so  formed  that 
the  water  slides  on  to  them  without 
impact.  Impact,  or  shock,  always 
produces  waste  of  energy  (p.  235). 
Further,  t/he  water  must  be  discharged 
from  the  wheel  with  as  small  a  velocity 
as  possible.  Both  of  these  conditions 
will  be  readily  understood  by  reference 
to  Fig.  318  showing  a  Pelton  wheel.  A  jet  of  water  is  discharged  into 
buckets  which  are  fixed  to  the  rim  of  a  revolving  wheel.  In  the 
plan  the  buckets  are  made  double,  having  a  sharpened  dividing 
edge  ;  the  jet  enters  the  buckets  at  this  edge  and  divides,  part 
flowing  round  one  bucket  and  part  flowing  round  the  other.  There 


Fio   318  — Action  m  a  Pelton  wheel 


XXI 


CENTRIFUGAL  PUMPS 


295 


is  thus  no  shock  produced  by  the  entering  water,  which  slides  tan- 
gentially  into  the  buckets.  If  the  wheel  were  at  rest,  the  water 
leaving  the  buckets  would  have  a  velocity  in  the  direction  opposite 
to  that  of  the  water  in  the  jet.  Owing,  however,  to  the  velocity  of 
the  bucket,  the  water  leaving  the  bucket  has  very  little  velocity 
relative  to  the  earth.  If  the  velocities  of  the  jet  and  the  bucket 
are  i\  and  V  respectively,  and  if  V  is  equal  to  \v^  then  the  velocity 
of  the  leaving  water  relative  to  the  earth  will 
be  zero,  and  the  whole  of  the  kinetic  energy 
of  the  water  in  the  jet  is  available  for  con- 
version into  work.  If  m  be  the  mass  of 
water1  per  second  delivered  by  the  jet,  then 

-n  i       i  W"l2 

Jlinergy  supplied  per  sec  =       *- 

& 

In  practice  from  70  to  90  per  cent,  of  this 
appears  as  useful  work  done  on  the  wheel. 

Centrifugal  pumps.  -  Water  may  be  raised 
from  a  lower  to  a  higher  level  by  means  of  a 
centrifugal  pump.  In  Fig.  319  the  water  in  A 
flows  up  a  vertical  pipe,  and  reaches  a  wheel 
B  where  additional  kinetic  energy  is  imparted 
to  it.  The  wheel  is  driven  by  some  source 
of  power  and  whirls  the  water,  giving  it  a 
higher  speed.  This  speed  is  reduced  gradually 
in  the  casing  which  surrounds  the,  wheel,  and 
hence  the  kinetic  energy  added  by  the  action 
of  the  wheel  is  converted  into  pressure  energy 
in  the  discharge  pipe  at  C.  The  resulting 
pressure  is  sufficient  to  overcome  the  head  ~  ^— "•* 
of  water  in  the  pipe  CD,  hence  flow  is  main-  Flo<a3c1en^u"aiTpumpnt  °f 
tamed  upwards,  and  the  pressure  energy  is 

converted  finally  into  potential  energy  in  the  upper  tank  E.  If  H 
is  the  difference  in  free  surface  levels,  then  (/H  units  of  useful  work 
have  been  done  per  unit  mass  of  water. 
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EXEECISES  ON  CHAPTER  XXI. 

1.  Describe  what  is  meant  by  steady  and  unsteady  motion  in  fluids. 
Explain  what  is  meant  by  a  stream  line. 

2.  Describe  briefly  Osborne  Reynolds's  colour  band  experiment.     What 
is  meant  by  the  critical  velocity  ? 
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3.  Water  is  traveling  through  a  bent  pipe  (Fig.  .320),  and  it  is  found 
that  the  fluid  pressure  on  the  wall  at  A  is  greater  than  that  at  B.     Explain 
this  clearly 

4.  Water  is  flowing  steadily  along  a  pipe.  Calculate 
the  total  energy  possessed  by  one  pound  of  the  water  at 
a  point  where  the  pressure  is  .'JO  lb.  wt.  per  square  inch,  the 
velocity  is  4  feet  per  second  and  the  height  is  16  feet  above 
ground  level. 

y      3>0  5.  State   Bernoulli's   theorem.      When   a  liquid   flows 

along  a  horizontal  pipe  having  a  gradual  constriction,  the 
pressure  at  the  constriction  is  less  than  that  at  the  laiger  parts  of  the 
pipe.  Explain  this,  and  describe  briefly  an  experiment  for  demon- 
strating it. 

6.  Water  flows  up  a  vertical  pipe  from  ground  level  to  a  point  40  feet 
above  the  ground.     The  speed  is  constant  and  is  6  feet  per  second.     The 
top  of  the  pipe  is  open  to  the  atmosphere.     Find  the  potential,  pressure 
and  kinetic  energies  of  one  pound  of  the  water  at  points  (ft)  at  the  top  of 
the  pipe,  (b)  at  0  feet  above  ground  level. 

7.  Water  is  flowing  steadily  along  a  hoii/ontal  pipe  of  varying  section. 
At  a  place  where  the  pressure  is  20  lb.  wt.  per  square  inch  the  speed  js 
4  feet  per  second.      At  another  place  the  speed  is  40  feet  per   second. 
What  is  the  pressure  at  this  place  ? 

8.  If  a  liquid  flows  steadily  through  a  pipe  of  varying  circular  cross 
section,  show  that  the  speed  is  inversely  proportional  to  the  square  of 
the  diameter  of  the  pipe  provided  that  the  liquid  fills  the  pipe  completely. 

9.  A  horizontal  pipe  of  circular  section  is  4  inches  in  internal  diameter 
at  a  section  A  and  contracts  to  1  inch  diameter  at  another  section  B.     Water 
flows  steadily  along  the  pipe,  filling  it  completely,  and  has  a  speed  of  4  feet 
per  second  at  A.     If  the  pressure  at  A  is  40  lb.  wt.  per  square  inch,  find 
the  pressure  at  B,  neglecting  friction. 

10.  Give  a  brief  general  account  of  the  changes  in  energy  which  occur 
when  one  pound  ot  water  passes  from  the  free  surface  level  in  a  tank, 
through  the  tank  and  is  finally  discharged  through  an  orifice  in  the  side 
of  the  tank. 

11.  A  tank  containing  water  lias  an  orifice  in  one  vertical  side.     If  the 
centre  of  the  orifice  is  9  feet  below  the  free  surface  level  in  the  tank,  find 
the  velocity  of  discharge,  assuming  that  there  is  no  wasted  energy.     The 
actual  velocity  is  97  per  cent,  of  the  value  calculated  above  ;    find  the 
actual  velocity. 

12.  A  'circular  jet  of  water  is  0  4  inch  in  diameter,  and  has  a  speed  of 
30  feet  per  second.     Calculate  the  quantity  m  cubic  feet  which  passes  any 
given  section  in  one  second. 

13.  A  tank  contains  water  of  which  the  free  surface  level  is  maintained 
constantly  at  4  feet  above  the  centre  of  a  sharp-edged  orifice  in  the  side 
of  the  tank.     The  orifice  is  1  inch  in  diameter.     Take  the  usual  values 
for  the  various  coefficients  (p.  291)  and  calculate  (a)  the  actual  velocity 
of  the  jet  at  the  section  where  contraction  is  complete,  (b)  the  diameter 
of  the  jet  there,  (c)  the  volume  discharged  per  second  in  cubic  feet. 
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14.  A  stream  of  water  supplies  an  overshot  water-wheel  which  is  20  foot 
in  diameter.     The  stream  is  4  feet  wide  and  6  inches  deep,  and  flows  at 
6  feet  per  second.     Calculate  the  weight  of  water  supplied  per  minute. 
If  65  per  cent,  of  the  potential  energy  of  the  water  alone  is  converted  into 
useful  work,  find  the  horse-power  developed  by  the  wheel. 

15.  Distinguish  between  impulse  and  reaction  water  turbines.      Give 
clear  sketches  and  a  very  brief  description  of  the  action  in  a  turbine  of 
each  of  these  types. 

Ifi.  A  Pel  ton  wheel  is  supplied  by  a  jet  of  water  4  inches  in  diameter 
and  having  a  speed  of  120  feet  per  second.  How  much  energy  is  supplied 
per  second  ?  If  the  efficiency  is  80  per  cent.,  what  horse-power  can  the 
wheel  develop  ? 

17.  Describe  briefly,  by  reference  to  a  sketch,  the  action  of  a  centrifugal 
pump. 

18.  Describe  the  action  of  a  siphon.     Give  any  practical  application 
you  may  have  observed  of  the  use  of  a  siphon. 


CHAPTER  XXII 

SURFACE   TENSFON       DIFFUSION.     OSMOSIS 

Surface  tension. — It  is  a  matter  of  common  observation  that  a 
drop  of  liquid,  e  g,  water,  can  cling  to  the  lower  side  of  a  horizontal 
glass  plate.  This  fact  illustrates  two  properties  :  the  liquid  can 
adhere  to  the  p;lass  by  reason  of  molecular  attraction  between  the 
substances,  and  the  liquid  behaves  as  though  it  were  enclosed  in  an 
elastic  bag,  having  a  constant  tendency  to  contract,  and  forming  a 
boundary  between  the  liquid  and  the  atmosphere  which  surrounds 
the  drop.  Water  or  other  liquid  in  an  open  vessel  has  a  horizontal 
free  surface,  and  this  surface  shows  properties  similar  to  those  of  a 
stretched  elastic  film  Thus  a  clean,  dry  needle  may  float  on  the 
surface  of  water,  and  is  supported  by  the  action  of  the  surface  film 
which  bends  under  the  weight  of  the  needle 

The  portions  of  the  free  surface  of  any  liquid  in  an  open  vessel 
lying  on  opposite  sides  of  any  straight  line,  drawn  in  the  surface, 
tend  to  separate,  showing  the  existence  of  tension  in  the  surface. 
The  surface  tension  is  measured  by  the  force  in  dynes  exerted  across 
a  portion  of  the  line  one  centimetre  m  length. 

EXPT.  52.— Surface  tension  of  water.  Make  a  rectangular  frame  of 
platinum  wire  (Fig.  321)  about  3  cm.  long  and  1  5  cm.  high.  Clean  the 
frame  by  heating  it  in  a  Bunsen  flame  and  hang  it 
from  one  arm  of  a  balance,  and  let  the  top  be 
about  3  mm.  above  the  surface  of  water  in  a 
beaker.  Add  weights  to  the  balance  so  as  to 
restore  equilibrium.  Depress  the  arm  of  the 
balance  from  which  the  frame  hangs  so  as  to 
immerse  the  frame.  On  allowing  the  frame  to 

rise  aSain»  Jt  wil1  be  found  that  Jt  ha*  taken  UP 
a  film  of  water,  and   that  more  weights  are 

required  in  order  to  restore  equilibrium.      By  taking  the  difference  in 
weights,  obtain  the  total  pull  of  the  film,  P  grams  weight,  say.     The 
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film  of  water  has  two  surfaces,  front  and  back ;  hence  the  surface  tension 
T  is  calculated  from  pg 

T  =  ^  dynes  per  centimetre, 

where  b  is  the  breadth  of  the  frame  m  centimetres. 

The  surface  tension  of  water  is  75  8  dynes  per  centimetre  at  0°  C..  and 
decreases  by  0  152  dyne  per  cm.  for  each  degree  rise  of  temperature. 
Take  the  temperature  of  the  water  in  the  beaker  at  the  time  of  performing 
the  experiment ;  estimate  the  surface  tension,  and  compare  the  result  with 
that  obtained  in  the  experiment. 

Capillary  elevation.—  If  a  glass  tube  of  fine  bore,  open  at  both 
ends,  be  dipped  vertically  into  water  it  will  be  observed  that  some 
of  the  water  rises  in  the  tube  to  a  level 
higher  than  the  free  surface  outside  the 
tube,  and  that  the  surface  of  the  water  m  •-^^J-^-  -__ 

f " 

of  the  atmosphere  is  shaped  like  a  cup 
(Fig.  322).  This  cup  is  termed  the  meniscus. 
The  elevation  of  the  water  inside  the  tube 
appears  to  controvert  the  laws  of  fluid  „  „„„  _  .,,  .  ,. 

11  t  Fio.  322. — Capillary  elevation. 

pressure   and    is    attributable    to    surface 

tension.  Water  wets  glass  and  tends  to  spread  over  its  surface  ; 
the  tendency  of  the  surface  skin  to  contract  is  resisted  by  the 
weight  of  the  water  in  the  glass  tube. 

The  shape  of  the  surface  may  be  explained  by  considering  that 
the  elastic  surface  skin  is  subjected  on  the  upper  side  to  the  pressure 
of  the  atmosphere  pa.  and,  on  the  lower  side,  to  a  pressure  p  which 
is  less  than  pa  by  an  amount  corresponding  to  the  difference  in 
head  h.  The  superior  pressure  pa  therefore  causes  the  skin  to  bulge 
downwards.  If  d  be  the  density  of  the  liquid,  then  the  difference 
in  the  pressures  on  the  opposite  sides  of  the  skin  is  Mg  dynes  per 
square  centimetre.  If  the  tube  has  a  radius  r  centimetres,  then  the 
area  over  which  the  pressure  is  distributed  is  Try2,  and  the  resultant 
vertical  force  acting  on  the  surface  skin  is  given  by 

P-hdg7rr2 (1) 

This  force  is  balanced  by  the  surface  tension  T  distributed  round 
the  inner  boundary  of  the  tube,  of  length  2rrr,  and  since  the  liquid 
wets  the  tube,  the  surface  tensions  at  this  boundary  are  upward 
vertical  forces.  Hence 

T  x  2flT = P  =  hdgxr*, 
or  J~Mgr/2 < (2) 


300 


DYNAMICS 


CHAP. 


T/ 


FIG  323-  Capillary  depression 
of  mercury 


If  the  tube  is  of  small  diameter,  the  surface  of  the  meniscus  is  very 
nearly  hemispherical.  The  volume  of  water  above  a  horizontal 
plane  which  touches  the  meniscus  at  its  lowest  point  will  be  the 
difference  between  the  volume  of  a  cylinder  x>f  radius  r  and  height  r, 
viz.  Trr3,  and  the  volume  of  a  hemisphere  olrradius  r,  viz.  ^r3,  and 

is  therefore  \7i-r3.  The  error  in  measuring 
h  to  the  bottom  of  the  meniscus  may 
therefore  be  corrected  in  tubes  of  small 
bore  by  adding  V  to  the  height  h. 

If  a  similar  experiment  be  tried  with 
mercury,  it  will  be  found  that  the  sur- 
face of  the  mercury  inside  the  tube  is 
depressed  below  the  level  of  the  free 
surface  outside  the  tube  (Fig.  323) 
Mercury  does  not  wet  glass,  and  m  this 
case  the  skin  is  bulged  upwards  by  reason 
)f  the  pressure  p  on  the  lower  side  of  the 
skin  being  greater  than  the  atmospheric  pressure  pa  on  the  upper 
side.  Mercury  has  a  definite  angle  of  contact  a  with  glass  (about 
50J),  and  hence  it  is  necessary  in  this  case  to  take  the  vertical  com- 
ponents of  T  round  the  boundary.  Thus 

T  cos  a  x  ZTrr  =  P  =  M/Trr2, 

T  =  hdgr/2  cos  a (3) 

The  surface  tension  of  mercury  is  517  dynes  per  cm.  at  17-5°  C., 
and  diminishes  by  0-379  dyne  per  cm.  for  each  degree  C.  rise  in  tem- 
perature. The  angle  of  contact  varies  considerably,  depending  on 
the  freshness  of  the  surfaces  ;  it  is  41°  5'  in  a  freshly  formed  drop 
on  glass,  and  may  increase  to  52°  40'  for  surfaces  which  are  not 
fresh.  Fouling  of  the  glass  in  mercurial  barometers  accounts  for 
the  fact  that  the  shape  of  the  meniscus  m  a  rising  barometer  differs 
from  that  when  the  barometer  is  falling. 

EXPT.  53.— Measurement  of  the  surface  tension  of  water  by  the  capillary 
tube  method.  Clean  the  tubes  supplied  by  drawing  through  them  strong 
sulphuric  acid  and  then  washing  with  distilled  water.  Point  one  end  of 
a  piece  of  wire,  bend  it  twice  at  right  angles  and  secure  it  to  one  of  the 
tubes  by  moans  of  rubber  bands  (Fig.  324).  Fix  the  tube  vertically  and 
lot  the  lower  end  dip  into  a  beaker  of  water ;  the  beaker  should  rest  on  a 
support  so  that  it  may  be  removed  easily  without  disturbing  the  tube. 
Adjust  the  height  of  the  tube  until  the  point  of  the  wire  lies  exactly 
in  the  surface  of  the  water ;  the  point  should  not  bo  too  close  to  the 
tube  or  the  side  of  the  beaker.  Attach  a  piece  of  rubber  tubing  to 
the  top  of  the  glass  tube,  and  draw  water  up  the  tube  so  as  to  wet 
the  interior. 
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Focus  a  vernier  microscope  on  tho  liquid  in  the  tube,  and  take  the 
reading  corresponding  to  the  bottom  of  the  meniscus.  Remove  the  beaker, 
and  by  means  of  the  microscope  obtain  die 
reading  corresponding  to  the  point  of  the 
wire.  The  difference  in  these  readings  will 
give  the  elevation  of  the  water  in  the  tube 
above  the  free  surface  level  in  the  beaker. 

Repeat  the  experiment  with  several  tubes 
of  different  diameter ;  in  each  case  measure 
tho  diameter  of  the  tube  (Expt.  7,  p.  20), 
and  note  the  temperature  of  the  water  in  the 
beaker. 

Calculate  the  value  of  the  surface  tension 
in  each  experiment,  using  equation  (2),  p.  299. 
Apply  the  correction  for  the  shape  of  the 
meniscus. 

Liquids  which  do  not  mix. — In  Fig.  325 
is  shown  a  vessel  containing  two  liquids 
which  do  not  mix.  Suppose  AGKB  to  be 
the  surface  of  separation  of  the  liquids, 
and  consider  two  points  E  and  F  in  the 
same  horizontal  plane.  Let  i(\  and  w2  be  the  weights  per  unit  volume 
of  the  upper  and  lower  liquids  respectively.  The  pressures  at  E  and 
F  must  be  equal  ;  hence 


FIG.  324. — Surface  tension  of 
water  by  capillary  tube  method 


Also, 


(wl  x  HG)  4-  (w%  x  GE)  -  («'j  x  LK)  +  (*/'2  x  KF)  ; 

.'.   w1(HG-LK)=w2(KF-GE) 

HG-fGE  =  LK4-KF; 
.'.   HG-LK-KF-GE 


.(1) 


H 


(2) 

For  (1)  and  (2)  to  be  true  simultaneously,  either  wl  and  w2  must 
be  equal,  in  which  case  both  liquids  have 
the  same  specific  gravity,  or  if  u\  and  w% 
be  unequal,  then  the  result  of  (2)  must 
be  zero,  i.e. 

HG  =  LK,     and     KF=GE. 

Hence  the  surface  of  separation  must  be 
Fm.  325.— surface  of  sppara-    parallel  to  the  free  surface  CD,  and  must 

tiou  in  non-mixing  liquids.       *",        r        i          ,  ,11 

therefore  be  a  horizontal  plane. 

In  Fig.  326  (a)  the  heavief^liquid  A  is  supposed  to  occupy  the  upper 
part  of  the  vessel.  That  the  equilibrium  is  unstable  may  be  shown 
as  follows  :  Let  the  surface  of  separation  be  disturbed  as  shown  in 
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Fig.  326  (b)  and  consider  a  small  area  on  this  surface  at  E. 
pressure  pL  on  the  upper  side  is  given  by 


The 


Take  another  point  F  in  the  same  horizontal  plane  as  E 
pressures  yv2  at  E  and  F  are  equal,  and  are  given  by 


...(1) 
The 


.(2) 


B 


(a) 


(*) 


FIG  326 


-The  heavier  liquid  must  occupy  the 
lower  part 


Also,  y  =  /y1  +  ?/2  , 

•m  pl  =  iv^jj}  -M/;Ay2  (from  (1)) (3) 

Comparing  (2)  and  (3),  and  remembering  that  WA  is  greater  than 
3,  we  see  that  pi  is  greater  than  pv     Hence  on  the  small  area  at  E 

there  is  a  resultant  downward 
pressure  (/^-^2).  Therefore 
the  disturbance  at  E  will  con- 
tinue  downwards,  and  the 
heavier  liquid  will  occupy 
ultimately  the  lower  part  of 
the  vessel  The  state  of  equi- 
librium shown  in  Fig.  326  (a) 
i&  therefore  unstable. 
The  same  principle  also  applies  to  gases  Carbon  dioxide  has  a 
density  greater  than  that  of  air,  and  therefore  tends  to  occupy  the 
lower  part  of  an  enclosed  space  This  fact  has  been  illustrated  by 
the  death  of  small  animals  in  vats  containing  some  carbon  dioxide, 
while  men  have  been  able  to  breathe  the  superstratum  of  air  Strati- 
fication of  this  kind  is  not  permanent ;  diffusion  takes  place  more  or 
less  quickly,  and  produces  an  atmosphere  in  which  both  gases  are 
distributed  uniformly. 

Diffusion  of  liquids. — In  Fig.  327  is  shown  a  jar  containing  two 
liquids  A  and  B,  A  having  a  greater  density  than  B.  Tf  the  liquids  are 
incapable  of  mixing,  no  alteration  will  take  place  if  the 
jar  is  left  undisturbed  ;  but  if  the  liquids  possess  the 
capability  of  mixing  in  any  proportion,  it  will  be  found 
that  a  process  of  self-mixing  is  goino  on,  A  travelling 
upwards  in  spite  of  its  greater  density,  and  B  travelling 
downwards.  Finally  the  mixture  becomes  uniform 
throughout  the  jar.  This  process  is  called  diffusion. 


FIG.  327  — 
Diffusion  of 
liquids 


Diffusion  in  liquids  takes  a  long  time  to  complete. 
A  demonstration  jar  may  be  prepared  by  introducing 
a  strong  solution  of  copper  sulphate  A,  (Fig.  327),  the  quantity  being 
rather  less  than  half  the  capacity  of  the  jar.  An  equal  quantity  of 
distilled  water  B^§  then  poured  in  carefully  so  as  not  to  disturb  the 
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copper  sulphate.  The  jar  should  be  covered  and  placed  where  it 
will  not  be  disturbed.  Periodic  inspections  will  show  that  the  blue 
colour  of  the  copper  sulphate  is  extending  upwards,  and  that  the 
tint  in  the  lower  part  of  the  vessel  is  becoming  fainter.  At  one 
stage  the  colour  gradation  extends  throughout  the  whole  depth  of 
liquid.  Finally,  uniformity  of  tint  is  attained,  showing  that  diffusion 
is  complete. 

Observations  in  experiments  of  this  kind  show  that  the  time 
required  to  complete  the  diffusion  process  is  proportional  to  the 
square  of  the  total  depth  of  liquid.  Solutions  of  different  substances, 
having  the  same  degree  of  concentration  and  other  conditions  similar, 
have  been  found  to  possess  different  rates  of  diffusion  ;  for  example, 
hydrochloric  acid  diffuses  more  rapidly  than  potassium  bromide. 
Solutions  of  the  same  substance,  having  different  degrees  of  con- 
centration, have  been  found  to  possess  rates  of  diffusion  proportional 
to  the  strength  of  the  solution.  Increase  in  temperature  increases 
considerably  the  rate  of  diffusion. 

Diffusion  can  be  completed  in  a  few  seconds  in  a  jar,  such  as  is 
shown  in  Fig.  327,  by  using  a  piece  of  wire  having  a  loop  bent  at 
right  angles  at  one  end  and  stirring  the  liquids*  vertically.  The 
effect  of  such  stirring  is  two-fold  ;  layers  of  strong  solution  are 
brought  into  juxtaposition  with  layers  of  water,  and  therefore  the 
rate  of  diffusion  is  greatly  increased  ;  further,  the  concentrated 
layers  of  solution  have  now  a  shorter  distance  to  travel 
in  completing  the  diffusion  process. 

The  uniformity  of  distribution  of  the  various  sub- 
stances dissolved  m  sea-water  is  owing  to  diffusion. 
Otherwise  the  ocean  would  consist  of  stratifications  of 
salt  solutions  of  different  densities,  the  heaviest  being 
at  the  bottom. 

Diffusion  of  gases. — Gases  possess  the  property  of 
diffusion,  and  the  process  is  completed  much  more 
rapidly  than  is  the  case  with  liquids. 

EXPT.  54.— Diffusion  of  gases.  Referring  to  Fig.  328,  A  is 
a  flask  charged  with  coal  gas  and  B  is  another  flask  having 
a  capacity  about  eight  times  that  of  A.  The  flasks  are  fitted 
with  rubber  stoppers,  and  are  connected  by  means  of  a  glass 
tube  about  18  inches  along  and  J  inch  bore.  Leave  the 
arrangement  undisturbed  in  a  vertical  position,  as  shown  in  Fig.  328,  for 
two  or  three  hours.  It  will  be  found  that  diffusion  has  taken  place,  the 
heavier  air  in  B  travelling  upwards  and  the  lighter  gas  in  A  downwards. 
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That  the  gases  have  mixed  may  bo  proved  irom  the  fact  that  a  gaseous 
mixture  of  air  and  coal-gas  having  the  stated  proportions  (about  eight  to 
one)  is  explosive.  Wrap  a  piece  of  cloth  round  each  flask  ;  quickly 
remove  the  stoppers,  and  test  each  flask  by  applying  a  lighted  taper. 


)iffusion  in  non-uniform  mixtures  of  gases  takes  place  by  the 
now  of  each  gas  from  places  where  its  density  is  higher  towards 
places  where  its  density  is  lower.  Ultimately  uniformity  of  density 
of  each  gas  throughout  the  whole  space  is  attained  The  rate  of 
diffusion  of  two  given  gases  depends  on  the  kind  of  gases  ;  it  is 
inversely  proportional  to  the  pressure  of  the  mixed  gases,  and 
roughly  is  proportional  to  the  square  of  the  absolute  temperature. 
The  rate  of  diffusion  also  depends  on  the  densities  of  adjacent  layers 
of  the  two  gases  ;  hence  mechanical  mixing  of  the  gases  hastens 
the  process  of  diffusio^  as  is  the  case  also  in  liquids. 

The  property  of  diffusion  in  gases  is  of  great  importance  in  ^he 
prevention  of  accumulations  of  noxious  gases  in  towns  and  confined 
spaces.  Carbon  dioxide  does  not  support  life,  and  a  comparatively 
small  percentage  of  this  gas  in  the  atmosphere  is  dangerous  The 
exhalations  of  animals  consist  largely  of  carbon  dioxide,  which  is 
also  given  off  in  large  volumes  in  many  industrial  processes.  The 
gas  diffuses  rapidly  into  the  atmosphere,  the  process  being  assisted 
by  the  stirring  produced  by  air  currents,  and  thus  a  mixture  is 
attained  which  is  not  dangerous.  Some  idea  of  the  rate  of  diffusion 
of  carbon  dioxide  and  air  may  be  obtained  from  the  observed  fact 
that  in  a  vertical  tube  about  60  cm.  long,  and  having  the  lower 
tenth  of  its  length  charged  with  carbon  dioxide,  the  upper  nine- 
tenths  containing  air,  diffusion  is  completed  in  about  two  hours. 
The  time  taken  is  proportional  to  the  square  of  the  length  of  the 
tube- 
Osmosis. —The  term  osmosis  is  given  to  the  ability  which  some 
liquids  have  to  pass  through  certain  membranes.  For  example, 
water  is  able  to  pass  through  the  membrane  of  a  pig's  bladder,  while 
alcohol  is  unable  to  do  so.  Hence,  if  a  pig's  bladder  be  filled  with 
alcohol,  closed,  and  placed  under  water,  it  will  swell  and  may  burst. 
If  the  bladder  be  filled  with  water  and  placed  under  alcohol,  shrinkage 
occurs.  Dried  currants  placed  under  water  swell  and  become 
spherical  owing  to  the  passage  of  water  through  their  skins. 

EXPT.  55. — Osmosis.  Arrange  apparatus  as  shown  in  Fig.  329.  A  is* a 
glass  vessel  to  which  a  capillary  tube  B  is  attached ;  the  upper  end  of  B 
is  open.  The  lower  end  of  A  is  closed  by  a  piece  of  parchment  paper  (paper 
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treated  with  sulphuric  acid).  Fill  A  with  a  solution  of  sugar  so  that  the 
level  of  the  liquid  is  a  short  distance  up  the  tube,  and  immerse  the  vessel 
in  distilled  water  C,  arranging  that  the  liquid  levels 
inside  and  outside  the  tube  coincide  at  first.  It 
will  be  found  that  the  surface  level  inside  B  moves 
upwards  with  visible  velocity,  showing  that  osmotic 
flow  of  the  water  is  taking  place  through  the 
diaphragm  into  A. 


Graham  divided  substances  into  two  classes, 
crystalloids  and  colloids.  Crystalloids  include 
such  substances  as  glucose,  cane  sugar,  etc.  ; 
when  dissolved  in  water,  crystalloids  can  diffuse 
through  a  parchment,  or  animal  membrane. 
Colloids  include  such  substances  as 


-C 


FIG   320. — Apparatus  for 


starch  and  albumen  ;    these  either  do  not  diffuse  at  all,   or  at  a 
very  slow  rate. 

These  properties  led  Graham  to  devise  a  method  of  separating 
crystalloids  and  colloids  from  a  mixed  solution.  The  method  is 
called  dialysis.  In  Fig.  330,  A  is  a  tube  having  it»  lower  end  closed 
by  a  diaphragm  of  colloidal  substance  such  as  parchment  paper  or 
bladder.  The  mixed  solution  of  crystalloids  and  colloids  is  poured 
into  A,  and  the  tube  is  partially  immersed  in  a 
vessel  of  water  B.  The  crystalloids  diffuse  through 
the  membrane  into  the  water  and  the  'colloids 
remain  in  A.  If  the  water  be  changed  at  intervals, 
and  sufficient  time  allowed,  it  is  possible  to  effect 
nearly  complete  separation  of  the  colloids  from 
the  crystalloids. 

The  separation  produced  by  dialysis  in  this 
way  is  probably  due  to  the  sizes  of  the  constituent 
particles  of  crystalloids  and  of  colloids.  The  view  now  held  is 
that  a  colloid  particle  is  an  aggregate  of  molecules  too  small  to 
be  visible  in  a  solution  to  the  unaided  eye  and  yet  large  enough 
to  affect  light  and  be  seen  by  means  of  the  ultra-microscope. 
Colloidal  solutions  may,  therefore,  be  denned  as  uniform  distri- 
butions of  solids  in  fluids,  which  are  transparent  to  ordinary  light, 
and  not  separable  into  their  constituents  by  the  action  of  gravity 
or  by  nitration.  Ruby  glass  owes  its  colour  to  the  presence  of 
gold  particles  in  a  colloidal  state.  In  the  manufacture  of  the  glass, 
gold  chloride  is  added  when  the  glass  is  in  a  molten  state.  If  the 
glass  be  cooled  quickly,  it  is  colourless,  but  if  it  is  afterwards  heated 
up  to  the  point  of  softening  it  becomes  suddenly  ruby  red.  In  the 


>B 


FIG.  330.— Graham's 
method  of  dialysis 
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coloured  #lass,  the  ultra-micioscope  reveals  tlie  piesence  of  colloidal 
gold  particles,  but  in  the  colourless  glass  none  can  be  seen.  Colloidal 
gold  can  be  obtained  red,  purple,  blue  or  green  in  solutions  contain- 
ing the  same  amount  of  metal,  the  difference  of  colour  being  due  to 
the  difference  in  the  size  of  the  particles,  which  may  vary  from  5/x/x 
to  20/xju  (/x/z  =  10~7  cm  ).  In  recent  years  much  attention  has  been 
given  to  the  subject  of  colloids  both  in  their  scientific;  and  their 
industrial  aspects,  and  Graham's  original  conception  of  them  has 
been  extended  greatly. 

Osmotic  pressure. — In  Expt.  55  if  the  contents  of  the  outer  vessel 
be  examined,  it  will  be  found  that  some  of  the  dissolved  substance 
has  passed  through  the  membrane.     Flow 
has  thus  taken  place   in  both  directions 
through  the  membrane     Parchment  paper 
and  bladder  permit  both  crystalloids  and 
water    to    pass,    but    there    are    certain 
membranes    known,    which    will     permit 
water  to  pass,  and  stop  certain  salt  solu- 
tions.    For  experimental  work  the  most 
convenient    material    is    the    gelatinous 
-A     precipitate  of  copper  ferrocyamde.     This 
-B     material   is  very  weak,  and  Pfeffer  con- 
trived   a    method    of   precipitating    it  in 
the   interior    of    the  walls   of   a   porous 
pot,    thus   producing   a   continuous   film 
-L J  of  sufficient  strength  for  pract'cal  work. 


JL 


Fill.  331  — PfefftT  pot  r      ^  T>,   a 

In  Fig.  331,  A  is  a  Pfeffer  pot  with  its 

internal  film  of  copper  ferrocyamde  B.  Into  the  top  of  the  pot  is 
cemented  a  glass  tubeC,  which  is  considerably  longer  than  is  shown 
in  Fig.  331.  The  pot  is  filled  with  a  dilute  solution  of  salt  D,  and  is 
then  immersed  in  a  vessel  E 'containing  distilled  water  Inward  flow 
of  the  water  takes  place  through  the  pot  and  its  internal  film,  and 
the  increased  bulk  of  liquid  in  the  pot  causes  the  level  to  rise  in  C. 
The  process  goes  on  until  a  definite  pressure  is  attained  in  the  pot, 
as  indicated  by  a  steady  difference  in  levels  in  C  and  E  Inward 
flow  has  then  ceased. 

It  is  evident  that  had  an  artificial  pressure  equal  to  this  final 
pressure  been  applied  to  the  contents  of  the  pot,  no  flow  would  have 
taken  place.  Tfys  pressure,  which  depends  on  the  kind  of  solution 
and  its  strength,  is  called  the  osmotic  pressure  of  the  solution. 

Passage  of  gases  through  porous  diaphragms.— The  mode  by  which 
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a  gas  passes  through  a  porous  obstruction  depends  on  the  size  of  the 
orifices  and  the  thickness  of  the  obstruction.  Thus,  if  the  obstruction 
is  thin  and  the  orifice  is  relatively  large,  the  flow  of  the  gas  resembles 
the  flow  of  a  liquid  through  an  orifice  in  a  thin  plate  (p.  289)  and 
follows  the  same  laws.  If  the  obstruction  is  thick  and  the  passages 
still  fairly  large,  the  flow  of  the  gas  resembles  that  of  a  liquid  through 
a  capillary  tube.  If  the  pores  are  very  fine,  such  as  in  plates  of 
plaster  of  Paris  or  compressed  graphite,  the  phenomena  of  flow  are 
quite  different  from  the  other  two  cases.  The  passages  in  such  a 
plate  are  of  cross  sectional  dimensions  comparable  with  the  size  of 
the  gaseous  molecules,  and  the  flow  through  any  one  pore  may  be 
regarded  as  a  stream  of  single  molecules  following  one  another  in 
succession. 

The  laws  of  flow  in  such  cases  were  discovered  by  Graham,  who 
found  that  the  volume,  measured  at  standard  pressure,  of  a  given 
gas  passing  through  a  porous  plate  was  directly  proportional  to  the 
difference  in  pressure  on  the  two  sides  of  the  plate,  and  inversely 
proportional  to  the  square  rwt  of  the  molecular  weight  of  the  gas. 
The  molecular  weights  of  hydrogen  and  oxygen  are  in  the  proportion 
of  1  to  16  ;  hence,  under  like  conditions  of  pressure  on  the  two  sides 
of  a  porous  plate,  the  rates  of  flow  of  hydrogen  and  oxygen  will  be 
in  the  proportion  of  4  to  1.  It  therefore  follows  that,  if  there  be  a 
mixture  of  stated  proportions  of  hydrogen  and  oxygen 
on  one  side  of  a  porous  plate,  the  mixture  after  passing 
through  the  plate  will  be  found  to  contain  a  greater 
proportion  of  hydrogen. 

EXPT.  56. — Diffusion  of  a  gas  through  a  porous  plug.  In 
Fig.  332,  A  is  a  glass  tube  having  an  enlargement  near  its 
upper  end.  Above  the  enlargement  there  is  a  thin  plate  B 
D£  plaster  of  Paris,  and  above  this  again  a  cork  is  inserted 
temporarily.  The  tube  is  then  filled  with  hydrogen,  and  the 
lower  end  is  inserted  in  a  vessel  of  water  D.  On  with- 
drawing the  cork  C,  diffusion  of  the  hydrogen  outwards  and 
af  the  air  inwards  takes  place  through  the  diaphragm.  The 
rate  of  flow  of  the  hydrogen  through  the  porous  plate  is 
much  greater  than  that  of  the  air,  on  account  of  its  smaller  Diffusion  oTa 

molecular  weight ;    hence  it  will  be  observed  that  the  level     w*  through  a 

„  ,,  r  .  «     .     , »     ,    ,  f  porouH  plug, 

of  the  water  rises  rapidly  in  the  tube. 

Repeat  the  experiment,  using  coal-gas  in  place  of  the  hydrogen.    *This 
gas  is  a  mixture  of  gases,  several  of  which  have  molecular  weights  more 
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nearly  approaching  those  of  the  mixture  of  oxygon  and  nitrogen  of  which 
the  atmosphere  is  composed.  On  the  whole,  however,  the  molecular 
weight  of  the  coal-gas  is  less  than  that  of  the  atmosphere,  and  the  flow 
outwards  is  therefore  greater  than  that  inwards.  Hence  the  level  of  the 
water  rises,  but  the  velocity  is  less  than  when  hydrogen  is  used. 

EXERCISES  ON  CHAPTER  XXII. 

1.  Explain  what  is  meant  by  the  surface  tension  of  a  liquid.     Give 
some  instances  which  illustrate  the  existence  of  surface  tension. 

2.  In  an  experiment  for  determining  the  surface  tension   of  water, 
performed  as  directed  on  p.  298,  the  breadth  of  the  platinum  frame  was 
2  81  cm.     The  force  required  to  balance  the  pull  of  the  film  of  water  was 
found  to  be  0  422  gram  weight.     The  temperature  of  the  water  was  15°  C. 
Find  the  surface  tension  of  water  at  this  temperature. 

3.  A  capillary  tube  having  an  internal  diameter  of  0  5  mm.  dips  verti- 
cally into  a  vessel  of  water.      At  what  height  will  the  water  in  the  tube 
stand  above  the  surface  level  of   the  water  in  the  vessel  ?     Take  the 
surface  tension  of  water  to  be  73  dynes  per  cm. 

4.  Give  a  brief  explanation  of  the  shape  of  the  meniscus  in  tubes 
containing  (a)  water,  (b)  mercury. 

5.  The  limbs  of  a  U  tube  are  vertical,  and  have  internal  diameters  of 
5  and  1  mm.  respectively.    If  the  tube  contains  water,  what  will  be  the 
difference  in  the  surface  levels  in  the  limbs  ?     Take  the  surface  tension  of 
water  to  be  72  dynes  per  cm. 

6.  A  glass  tube,  5  mm.  in  internal  diameter,  is  pushed  vertically  into 
mercury.  .  Take  the  surface  tension  of  mercury  to  be  545  dynes  per  cm. 
and  the  angle  of  contact  to  bo  50°.     Calculate  the  difference  in  level  of 
the  mercury  in  the  tube  and  that  outside  the  tube. 

7.  A  ring  of  glass  is  cut  from  a  tube  7-4  cm.  internal  and  7  8  external 
diameter.    This  ring,  with  its  lower  edge  horizontal,  is  suspended  from 
the  arm  of  a  balance  so  that  the  lower  edge  is  just  immersed  in  a  vessel  of 
water.     It  is  found  that  an  additional  weight  of  3-62  grams  must  be  placed 
on  the  other  scale-pan  to  compensate  for  the  pull  of  surface  tension  on 
the  ring.     Calculate  in  dynes  per  cm.  the  value  of  the  surface  tension. 

Adelaide  University. 

8.  Describe  briefly  the  phenomenon  of  diffusion  in  liquids  and  gases. 
Explain  clearly  why  stirring  hastens  the  process  of  diffusion. 

9.  A  vertical  tube  50  cm.  long  contains  carbon  dioxide  in  the  lower 
5  cm.  and  the  remainder  of  the  tube  contains  air.    Diffusion  is  found  to 
be  completed  in  1  hour  20  minutes.     Supposing  the  proportions  of  the 
gases  to  bo  the  same,  in  what  time  would  diffusion  be  completed  in  a  tube 
10  cm.  long  ? 

10.  Give  a  brief  description  of  the  phenomenon  of  osmosis.    Describe 
an  experiment  for  illustrating  osmosis. 

11.  Describe  Graham's  method  of  dialysis.     Explain  the  modern  con- 
ception of  a  colloidal  solution. 
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12.  What  is  meant  by  the  term,  osmotic  pressure  ?     Describe  how  it 
may  be  found  for  a  given  salt  solution. 

13.  Describe  briefly  the  methods  by  which  a  gas  may  flow  through  a 
porous  substance,  with  reference  to  the  size  of  the  pores. 

14.  Describe  an  experiment  to  demonstrate  that  coal-gas  diffuses  more 
rapidly  than  air. 


PART  II 
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TEMPERATURE 

Temperature.  —  On  touching  in  succession  t.vo  pieces  of  iron,  one 
piece  having  been  exposed  for  some  time  in  the  sun's  rays  and  the 
other  piece  shaded  from  them,  it  will  be  noticed  r  p 
that  the  first  piece  is  hotter  than  the  second. 
Our  sense  of  hotness  is  quite  different  from  the 
sense  of  touch,  which  enables  us  to  distinguish 
roughness  and  smoothness,  hardness,  etc.  Of 
two  bodies,  the  hotter  is  said  to  be  at  a  higher 
temperature.  Take  two  bodies,  A  and  B,  and 
place  them  „  in  contact  ;  if  A  is  at  a  higher 
temperature;  heat  will  flow  from  A  to  B. 

The  sense  of  hotness  is  not  always  to  be  relied 
upon  in  determining  which  of  two  bodies  is  the 
hotter.  If  pieces  of  wood  and  iron,  both  at 
the  temperature  of  the  room,  be  touched  in 
succession,  the  iron  appears  to  be  colder  than 
the  wood.  Hence  the  necessity  for  employing 
an  instrument  in  the  determination  of  tempera- 
tures ;  such  instruments  are  called  thermometers. 

Mercurial  thermometers.  —In  the  commonest 

type  of  thermometer,  reliance  is  placed  upon  the 

JL        .        .          .        '       t-ixi  i  - 

expansion  m  volume   Which   takes  place   W    m 

i  •      ,  ,  T     TV      ooo 

mercury  is  raised  in  temperature.     In  Fig.  333 

two  mercurial  thermometers  are  shown.  These  are  made  by  blowing 
a  bulb  at  the  lower  end  of  a  fine-bore  glass  tube  ;  clean  dry  mercury  is 
introduced  and  heated  to  drive  out  any  air.  The  top  end  of  the  tube 
is  then  sealed  so  that  the  contents  consist  of  mercury  and  vapour  of 
mercury.  The  quantity  of  mefcury  is  adjusted  so  that  the  m 
stands  some  distance  up  the  tube  at  ordinary  temperatures.  If 
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bulb,  which  contains  the  greater  part  of  the  mercury,  is  brought 
into  contact  with  a  hot  body,  the  mercury  is  warmed  and  expands, 
as  is  made  evident  by  its  level  rising  m  the  tube. 

The  glass  walls  of  the  bulb  and  tube  also  expand,  but  to  a  much 
smaller  extent  than  the  mercury.  Elevation  of  the  level  of  the 
mercury  is  due  to  the  difference  in  expansion  of  mercury  and  glass 
when  both  are  heated  through  the  same  range  of  temperature. 
Mercury  has  high  expansive  properties,  and  arrives  quickly  at  the 
temperature  of  any  body  with  which  it  is  brought  into  contact ; 
hence  it  is  a  very  suitable  material  for  the  purpose. 

In  manufacturing  mercurial  thermometers,  it  is  usual 
to  blow  a  small  bulb  at  the  top  of  the  stem  ;  this 
minimises  the  danger  of  the  mercury  expanding  to  an 
extent  which  would  fill  the  whole  tube,  when  a  pressure 
would  be  exerted  which  would  probably  burst  the  thm- 
walled  lower  bulb. 

EXPT.  57. — Expansion  of  water  when  heated.  In  Fig.  334 
is  shown  a  small  glass  flask  fitted  with  a  rubber  stopper  and 
a  glass  tube;  a  paper  scale  is  attached  to  the  tube.  The 
flask  is  filled  with  water,  preferably  coloured,  and  the  stopper 
is  inserted  and  pushed  in  so  that  the  water  level  rises  a  little 
in  the  tube.  Place  the  flask  in  a  vessel  containing  some  hot 
water.  Note  that  the  water  level  falls  slightly  at  first  owing 
to  the  expansion  of  the  glass  (which  becomes  hotter  first), 
and  then  rises  steadily  as  the  water  in  the  flask  rises  in 
temperature  and  expands.  No  further  rise  in  level  takes 
place  when  the  temperature  of  the  water  in  the  flask  becomes  equal  to  that 
of  the  water  in  the  vessel.  The  action  is  similar  to  that  in  a  mercury 
thermometer,  the  only  difference  being  in  the  time  taken. 

EXPT.  58. — Unequal  expansion  of  water  a'nd  alcohol.  Arrange  another 
apparatus  similar  to  that  used  in  Expt.  57.  Tfie  flasks  should  be  equal  in 
size,  and  the  bores  of  the  tubes  should  be  equal.  Charge  the  first  flask  as 
before  with  water  and  the  other  with  alcohol,  and  push  the  stoppers  in 
until  the  water  and  alcohol  stand  at  the  same  height  when  at  me  tem- 
perature of  the  room.  Place  both  flasks  in  the  same  vessel  of  hot  water. 
After  some  time,  the  levels  of  the  liquids  will  cease  rising  and  it  will  be  found 
that  the  final  levels  differ,  showing  that  water  and  alcohol  do  nofc  expand 
to  the  same  extent  when  heated  through  the  same  range  of  temperature. 

Fixed  points  and  graduation  of  thermometers. — If  the  bulb  and 
part  of  the  stem  containing  mercury  be  immersed  in  a  mixture  of 
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clean  ice  and  water,  it  will  be  found  that  the  level  of  the  mercury 
remains  steady  while  the  ice  continues  to  melt.  A  mark  is  made 
on  the  stem  at  this  level  and  is  called  the  freezing  point. 

If  the  bulb  and  part  of  the  stem  containing  mercury  be  immersed 
in  steam  corning  from  water  boiling  under  standard  barometric 
pressure  of  760  mm.,  it  will  be  found  that  the  mercury  level  again 
remains  steady.  Another  mark  is  made  on  the  stem  at  this  le^el 
and  is  called  the  boiling  point. 

The  freezing  and  boiling  points  are  called  the  fixed  points  of  the 
thermometer  ;  other  temperatures  are  measured  by  reference  to 
these  points. 

In  the  Centigrade  thermometer  (Fig.  333)  the  freezing  point  ip 
marked  0  and  the  boiling  point  100.  The  Centigrade  scale  of  tem- 
perature is  constructed  by  dividing  the  stem  between  the  fixed 
points  into  100  equal  parts  or  degrees  (written  100°).  In  the  Fahren- 
heit thermometer  the  fixed  points  are  marked  32  and  212  respectively, 
and  the  stem  between  these  points  is  divided  into  180  degrees. 
These  scales  may  be  extended  above  the  boiling  point  and  below 
the  freezing  point.  Temperatures  lower  than  zero  on  either  scale 
are  denoted  by  a  negative  sign.  Thus  -15°  C.  means  15  Centigrade 
degrees  below  freezing  point,  -15°  F.  means  15  Fahrenheit  degrees 
below  0°  F.,  or  (15  4-32)  =47°  F.  below  freezing  point. 

The  Reaumur  scale  of  temperature  is  not  much  used  ;   in  this  scale 
the  freezing  and  boiling  points  are  marked  0°  and  80°  respectively. 
Other  boiling  points  now  used  in  thermometry  as 
fixed  points   are  :    naphthalene,    218°  C.  ;    sulphur, 
444-6°  C. ;   zinc,  928°  C. 

Conversion  of  temperatures. — To  avoid  risk  of 
error  in  converting  from  one  scale  of  temperature  to 
another,  the  method  used  in  the  following  example  , 

should  be  employed  : 

1    J  324- 

EXAMPLE. — Find  the  temperature  Centigrade  corre- 
sponding to  60°  F.  FIG.  3H5.— Con- 

Sketeh  two  thermometers  side  by  side  (Fig.  335); 
naark  these  F  and  C  respectively  and  place  the  fixed  points 
on  each,  putting  corresponding  marks  opposite  each  other.  Mark  the  given 
temperature  of  60°  F.  on  the  F  thermometer.  Inspection  shows  that  this 
temperature  is  (60  -  32)  =  28  Fahrenheit  degrees  above  freezing  point.  Since 
180  Fahrenheit  degrees  are  equivalent  to  100  Centigrade  degrees,  the  number 
of  Centigrade  degrees  equivalent  to  28  Fahrenheit  degrees  is  given  by 
Centigrade  degrees  =28  x  J gg  =  15-5. 

The  given  temperature  of  60°  F.  therefore  corresponds  to  15 -5°  C, 
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EXPT.  59. — Freezing  point  error  of  a  thermometer.  Arrange  a  funnel  anc 
beaker  on  a  retort  stand  (Fig.  336).  Remove  some  shavings  from  a  blocl 
of  ice  aad  put  them  into  the  funnel.  Insert  the  thermometer  to  be  tested 
and  pack  the  ice  closely  round  the  bulb  and  stem  up  to  the  level  of  th< 
freezing  point  graduation.  Bring  the  eye  to  the  level  of  the  top  of  the 
mercury  column,  and  take  readings  at  intervals.  Note  the  final  steady 
reading  ;  this  may  be  taken  as  the  true  freezing -point.  The  freezing  poinj 
error  of  the  thermometer  is  the  difference  between  the  final  steady  reading 
and  0°  or  32°,  according  as  the  instrument  is  graduated  in  Centigrade  01 


I 


FlO  33C  — Apparatus  for  determining  the 
freezing  point  of  a  thermometer 


FIG  337  —Apparatus  for  determining  the 
boiling  point  of  a  theimometer. 


Fahrenheit  degrees.  The  correction  to  be  applied  is  equal  to  this  difference, 
4-  or  -  according  as  the  observed  temperature  is  lower  or  higher  than  the 
graduation  mark  at  the  fixed  point. 

In  carrying  out  this  experiment,  it  should  be  noted  that  the  temperature, 
as  shown  by  the  thermometer,  remains  steady  during  the  whole  time  that 
the  ice  is  melting. 

EXPT.  60.— Boiling  point  error  of  a  thermometer  In  Fig.  337  is  shown 
a  small  copper  boiler  having  a  double  copper  tube  attached  to  the  cover. 
The  thermometer  used  in  Expt.  59  is  placed  in  the  inner  tube  after  having 
been  pushed  through  a  cork  which  fits  a  hole  in  the  top  cover.  The  watei 
is  brought  to  boiling,  and  the  steam  passes  up  the  inner  tube,  thus  sur- 
rounding the  thermometer,  then  down  the  outer  tube,  and  is  discharged 
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at  the  bottom.  The  object  is  to  steam-jacket  the  inner  tube  containing 
the  thermometer,  and  to  ensure  that  this  tube  shall  be  at  the  same  tem- 
perature as  the  steam.  A  small  glass  U  gauge  contains  water,  and  is  con- 
nected to  the  outer  tube  ;  when  the  water  -stands  at  the  same  level  in  both 
limbs  of  the  gauge,  evidence  is  provided  that  the  pressure  of  the  steam  is 
equal  to  that  of  the  atmosphere.  The  apparatus  is  called  a  hypsometer. 

The  thermometer  should  be  arranged  so  that  the  boiling  point  graduation 
is  just  above  the  level  of  the  cork.  If  tfie  thermometer  has  a  long  stem, 
this  condition  cannot  always  be  complied  with,  sinco  tho  bulb  o£  the  ther- 
mometer must  be  situated  well  above  tho  surface  of  the  boiling  water  in 
order  to  prevent  drops  of  water  being  thrown  on  to  it. 

After  tho  water  has  been  giving  off  steam  freely  during  a  few  minutes, 
take  readings  of  the  thermometer.  Read  also  the  barometer.  The  tem- 
perature of  steam  coming  from  boiling  water  depends  on  tho  pressure, 
which  in  this  case  is  equal  to  that  of  the  atmosphere  as  shown  by  the 
barometer.  By  consulting  the  table  on  p.  533,  the  temperature  of 
steam  at  this  pressure  will  be  found,  and  the  boiling  point  error  of 
the  thermometer  is  equal  to  tho  difference  between  the  observed 
boiling  temperature  and  that  shown  in  tho  table.  The  correction  to  be 
applied  to  tho  thermometer  is  equal  to  this  difference,  +  or  -  according 
as  the  observed  temperature  is  lower  or  higher  than  tho  correct  temperature. 

If  tho  same  thermometer  be  immediately  retested  for  the  freezing  point 
error,  it  will  be  found  probably  that  this  error  has  altered  somewhat. 
This  is  owing  to  the  glass  bulb  and  stem,  which  have  expanded  considerably 
during  tho  boiling-point  test,  failing  to  return  to  the  original  volume.  The 
initial  volume  will  be  recovered  if  sufficient  time  be  given,  some*  months 
probably.  Hard  glass  is  less  liable  to  this  effect  than  soft  glass. 

Tho  hypsometer  is  sometimes  used  instead  of  the  barometer  for  ascer- 
taining the  pressure  of  the  atmosphere.  The  apparatus  is  set  up  at  the 
required  place  (e.g.  up  a  mountain),  the  temperature  of  the  steam  is 
observed,  and  the  table  (p.  533)  gives  the  pressure  of  the  atmosphere. 

EXPT.  61. — Graduation  errors  of  a  thermometer.  Assuming  that  the 
thermometer  stem  has  been  graduated  by  marking  the  freezing  and  boiling 
points,  and  then  dividing  the  distance  between  these  marks  into  the  required 
mimber  of  equal  parts,  and  also  that  the  expansion  of  mercury  is  propor- 
tional to  the  rise  in  temperature  throughout  the  range  of  the  thermometer, 
it  follows  that  tho  effect  of  any  variation  in  the  bore  of  the  stem  will  cause 
incorrect  indications  of  temperature  to  occur  at  different  parts  of  the 
scale. 

If  a  standard  thermometer  is  available,  for  which  the  graduation  errors 
are  known,  the  thermometer  under  test  may  be  examined  for  graduation 
errors  by  comparison.  Suspend  both  thermometers  with  their  bulbs 
immersed  in  a  beaker  containing  water.  Gradually  raise  the  temperature 
of  the  water,  and  take  simultaneous  readings  of  the  thermometers  at 


318 


HEAT 


CHAP. 


intervals  of,  say,  10°,  being  careful  to  stir  the  water  well  before  taking  the 
readings.     Note  these  readings  thus  : 


Stand.ud  thct  momctei 


Obnervod  temp 


Tuio  tump 


Thermometer  under  test 


Olmeived  temp.     I      Correction 


Columns  1  and  3  are  filled  in  from  the  observations ;  column  2  from 
the  known  errors  of  the  standard  thermometer ;  column  4,  obtained  by 
taking  the  differences  of  columns  2  and  3,  shows  the  corrections  to  be 
applied  to  the  thermometer  under  test  at  various  parts  of  the  scale.  Draw 
a  correction  curve  by  plotting  columns  3  and  4. 

EXPT.  62. — Variations  in  the  bore  of  a  thermometer  stem  Detach  a 
thread  of  mercury  having  a  length  of  about  10  scale  divisions  of  the  stem. 
This  may  bo  done  by  directing  a  small  sharp-pointed  flame  at  the  place 
where  the  break  in  the  mercury  thread  is  required.  By  inverting  the 
thermometer  the  detached  thread  may  be  brought  to  any  part  of  the 
stem.  If  the  bore  is  uniform,  then  the  detached  thread  will  have  equal 
lengths  at  all  parts  of  the  stem. 

Assuming  that  a  Centigrade  thermometer  is  being  tested,  shake  the 
thermometer  until  the  detached  thread  occupies  approximately  the  space 
lying  between  0°  and  10° ;  read  the  length  of  the  thread  in  stem  scale 
divisions.  Repeat  the  operation  in  the  spaces  lying  between  10°  and  20°, 
20°  and  30°,  etc.,  throughout  the  range  of  the  scale.  Let  the  thread 
lengths  bo  alt  aa,  «3,  etc.  The  mean  thread  length  A  is  given  by 

A        otj +o?2 +Gt3 +etc. 

"number  of  readings' 

Assuming  meanwhile  that  both  freezing  and  boiling  point  corrections  are 
zero,  the  corrections  C  at  other  parts  of  the  scale  may  be  obtained  in  the 
manner  indicated  in  the  following  table  : 


Range. 

Values  of 
a 

Values  of  C 

Temp 

Corrections 

— 



0° 

C0   -0 

0°~   10° 

ai 

10° 

A          „ 

10  —  *»  ~~  ^*i 

10°-  20° 

a* 

20° 

A         ff        i   f\ 

20    —  r\  ~f*2    i  v^io 

20°-  30° 

«3 

30° 

30°-  40° 

«4 

40° 

C40  -A  -cr4+Cao 

90°  -  100° 

fli. 

100° 

C100-0 
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Plot  temperatures  and  values  of  C.  To  obtain  a  complete  correction 
curve,  plot  on  the  same  diagram  the  known  freezing  and  boiling  point 
corrections,  first  reversing  their  signs,  and  join  these  points  by  a  straight 
line.  The  intercepts  between  this  line  and  the  graph  give  the  true  cor- 
rections for  any  part  of  the  scale. 

Proportions  of  a  thermometer. — The  volume  of  the  bulb  required 
for  a  thermometer  depends  upon  the  length  of  stem  considered  to 
be  suitable  for  the  range  of  temperature  intended  to  be  measured, 
upon  the  bore  of  the  stem,  and  upon  the  kind  of  fluid  to  be  employed 
in  the  thermometer.  The  volume  of  fluid  which  would  fill  the  stem 
between  the  marks  placed  at  the  extreme  temperatures  to  be 
measured,  represents  the  increase  in  volume  of  the  fluid  in  the  bulb 
when  heated  through  this  range  m  temperature.  The  change  in 
volume  of  one  cubic  centimetre  of  the  fluid  when  heated  through 
this  range  being  known,  a  simple  calculation  gives  the  volume  of 
bulb  necessary  to  provide  the  required  expansion. 

Types  of  thermometers. — Alcohol  is  sometimes  used  in  thermometers 
instead  of  mercury.  Mercury  solidifies  at  -39°C.  and  alcohol  at 
— 130°  C.  ;  hence  an  alcohol  thermometer  may  be  used  for  much 
lower  temperatures  than  is  possible  with  a  mercurial  thermometer. 
Alcohol  expands  more  than  mercury  for  a  given  rise  in  temperature  ; 
hence  the  alcohol  thermometer  is  more  sensitive  than  the  mercurial 
thermometer.  Alcohol  wets  glass,  arid  the  thread  of  alcohol  has 
therefore  no  tendency  to  stick  in  the  stem.  Mercury  does, not  wet 
glass  and  is  apt  to  move  with  jerky  action.  Alcohol  boils  at  78°  C. 
approximately,  and  is  not  suitable  for  temperatures  above  50°  or  60°  C. 
For  the  same  reason,  the  upper  fixed  point  cannot  be  found  in  the 
manner  described  on  p.  315,  and  the  stem  of  an  alcohol  thermometer 
must  be  graduated  by  comparison  with  a  standard  thermometer. 


95 10Q 105 110 

Fio.  338. — A  clinical  thermometer 

Clinical  thermometers  are  specially  adapted  for  measuring  the  tem- 
perature of  the  human  body.  The  body  of  a  person  in  health  varied 
only  slightly  from  98-4°  F.,  and  the  stem  of  a  clinical  thermometer 
is  graduated  from  about  95°  to  110°  F.  The  bulb  of  the  instrument 
is  placed  in  the  mouth  or  under  the  armpit  of  the  patient  for  a 
minute  or  two,  and  then  withdrawn  in  order  that  the  temperature 
may  be  read.  There  is  a  constriction  in  the  stem  near  the  bulb 
(Fig.  338)  which  prevents  the  mercury  returning  to  the  bulb ;  hence 
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FIO.  339 — Maximum  and 
minimum  thermometer 


the  reading  may  be  taken  at  leisure.  The  broken  thread 
of  mercury  is  then  reunited  by  jerking  the  instrument 
so  as  to  drive  the  mercury  downwards. 

Maximum  and  minimum  thermometers  register  the  highest 
and  lowest  temperatures  occurring  during  the  interval 
elapsing  between  successive  settings  of  the  instrument. 
In  Six's  thermometer  (Fig.  339)  a 
long  bulb  A  is  filled  with  alcohol 
and  is  connected  to  another  bulb 
D  by  a  bent  tube ;  the  bulb 
D  also  contains  alcohol,  which, 
however,  does  not  fill  the  bulb 
completely,  a  space  being  left  for 
expansion.  The  tube  between  B 
and  C  contains  mercury,  which 
separates  the  alcohol  in  the  tube 
between  A  and  B  from  the  alcohol 
in  the  tube  between  D  and  C. 
The  positions  of  the  ends  of  the 
mercury  thread  at  B  and  C  are 
indicated  by  small  steel  indexes 
having  light  springs  to  prevent 
slipping  due  to  their  weights,  but 
not  strong  enough  to  prevent  the 
indexes  being  pushed  along  the 
tubes  by  the  mercury  thread. 
Change  of  volume  of  the  alcohol 
in  the  bulb  A  will  cause  move- 
ments of  the  mercury  thread. 
The  minimum  temperature  occur- 
ring will  be  indicated  by  the 
position  of  the  index  controlled 
by  B ;  the  maximum  temperature 
is  shown  by  the  index  at  C.  A 
small  magnet  applied  to  the 

outside  of  the  tube  enables  the  indexes  to  be  reset  in 
contact  with  the  mercury. 

Sensitive  thermometers  are  used  for  measuring  small 
differences  in  temperature  in  cases  where  the 'change  in 
temperature  is  important,  and  a  knowledge  of  the  actual 
temperature  is  not  required.  An  example  is  shown  in 
Fig.  340.  The  short  stem  is  graduated  to  show  a  few 
degrees  only,  and  each  degree  is  subdivided  into  tenths. 
The  top  of  the  tube  is  bent  over  so  as  to  form  a  chamber  ™'n^J" 
into  which  some  of  the  mercury  may  be  shaken ;  sufficient  thermometer. 
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mercury  is  left  in  the  bulb  to  enable  the  lower  temperature  to  be 
read,  the  level  being  then  near  the  foot  of  the  scale.  The  higher 
temperature  is  then  read,  and  the  difference  in  the  readings  gives  the 
required  difference  in  temperature.  The  advantage  of  this  plan 
consists  in  greater  sensitiveness  being  obtained  without  the  necessity 
of  employing  a  very  long  stem,  which  would  be  broken  easily. 

Precautions  to  be  observed  in  using  thermometers.  —  Do  not  attempt 
to  force  the  thin  -walled  bulbs  through  corks.  A  thermometer  may 
be  injured  if  subjected  suddenly  to  great  changes  in  temperature. 
No  thermometer  should  be  employed  where  there  is  risk  of  its  being 
exposed  to  temperatures  higher  than  that  to 
which  it  is  graduated,  otherwise  the  bulb  may 
be  burst  by  the  pressure  of  the  expanding 
mercury.  The  bulb  should  not  be  subjected  to 
fluid  pressure  inuch  in  excess  of  that  of  the 
atmosphere  ;  there  is  risk  of  collapse.  Even 
if  collapse  does  not  occur,  the  diminution  of 
volume  of  the  bull)  caused  by  the  external 
pressure  leads  to  false  readings  of  temperature. 
In  Fig.  341  is  shown  a  means  of  obtaining  the 
temperature  of  steam  in  a  pipe  or  other  closed 
vessel.  A  metal  cup  closed  at  the  inner  end  is 
screwed  into  the  pipe  and  is  charged  with  oil  or 
mercury  which  comes  quickly  to  the  tempera- 
ture of  the  steam.  A  thermometer  inserted  in 
the  cup  will  indicate  the  required  temperature 

Differences  in  temperature  at  two  parts  of  a 
metal  pipe  may  be  obtained  by  securing  two 
thermometers  with  their  stems  lying  along  the 
pipe;  flannel  is  then  wrapped,  round  the  pipe 
over  the  bulbs.  Both  thermometers  will  then  be  under  like  condi- 
tions, and  the  difference  in  their  readings  may  be  taken  as  the 
difference  in  temperature  of  the  contents  of  the  pipe  at  the  two 
places. 

Measurement  of  high  temperatures.  —  Under  ordinary  atmospheric 
pressure,  mercury  boils  at  357°  C.  ;  hence  ordinary  mercurial  ther- 
mometers can  be  used  only  for  temperatures  somewhat  lower  than 
this.  High  temperatures  may  be  stated  -sometimes  with  sufficient 
accuracy  by  reference  to  the  known  melting  temperatures  of  certain 
substances.  Thus  we  ma>  say  that  the  temperature  of  a  body  is 
about  that  of  melting  lead  (320°  C.)  if  the  temperature  be  such  that 
a  small  piece  of  lead  in  contact  with  the  body  just  melts.  Naphtha- 
lene, sulphur  and  tin  may  be  used  in  this  way.  The  method  has 


FIG  341.—  Temperature 
m  a  stnmi  plpe' 
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been  employed  for  lough  determinations  of  the  temperature  of 
furnaces.  Substances  used  in  tins  way  are  called  thermoscopes. 

The  temperature  of  a  flue  or  furnace  may  be  estimated  by  inserting 
a  piece  of  platinum,  copper,  or  other  substance,  allowing  it  to  remain 
for  some  time  so  as  to  come  to  the  temperature  of  the  furnace,  then 
removing  and  plunging  it  into  water.  The  calculations  involved  m 
this  method  will  be  found  in  Chapter  XXVI 

The  electrical  resistance  of  platinum  wire  varies  regularly  with  the 
temperature  of  the  wire.  This  fact  enables  high  temperatures  to  be 
measured  by  observation  of  the  electrical  resistance  of  a  platinum 
wire  exposed  to  the  hot  gas  or  liquid.  Instruments  used  for  measur- 
ing high  temperatures  are  called  pyrometers  In  thermo-couple  pyro- 
meters advantage  is  taken  of  the  varying  strength  of  electric  current 
set  up  m  a  circuit  consisting  of  two  dissimilar  metals,  such  as 
platinum  and  indium,  in  contact  with  one  another,  when  the 
junctions  are  at  different  temperatures  Optical  pyrometers  are 
also  used  in  modern  metallurgical  operations 

EXERCISES  ON  CHAPTER  XXIII 

1.  Describe,  with  sketches,  the  construction  of  an  ordinary  mercurial 
thermometer. 

2.  A  small  spherical  glass  vessel  having  a  fine  stem  contains  cold  water 
which  stands  about  half-way  up  the  stem.     If  the  bulb  is  plunged  into 
hot  water,  state  what  will  happen  to  the  water  level  HI  the  stem ;   give  a 
full  explanation. 

3.  Define  the  terms  (a)  freezing  point,  (6)  boiling  point  of  a  thermometer. 
What  is  meant  by  the  scale  of  temperature  of  a  mercury  thermometer  ? 

4.  Convert  the  following  temperatures:    (a)  140°  C.  to  F.  ;    (b)   -5°  0. 
to  F.  ;   (c)    -  273°  0.  to  F. 

5.  Convert  the  following  temperatures  :    (a)  100°  F.  to  C.  ;    (b)  10°  F. 
toC. ;  (c)  ~60°F.  toC. 

6.  There  is  a  certain  temperature  which  has  the  same  reading  on  both 
the  Centigrade  and  Fahrenheit  thermometers.    Find  this  temperature. 

7.  Give  sketches  of  the  apparatus  required,  and  explain  how  to  deter- 
mine the  freezing  point  error  of  a  thermometer. 

8.  Answer  Question  7  for  the  boiling  point  error  of  a  thermometer. 

9.  In  testing  the  boiling  point  error  of  a  Fahrenheit  thermometer,  the 
observed  reading  was  211-6  degrees.     The  barometer  at  the  same  time 
reads  76-2  cm.  of  mercury.     Find  the  boiling  point  error.     (See  the  table, 
p.  533,  for  any  quantities  required  ) 

10.  What  precautions  should  be  observed  in  using  a  mercury- in-glass 
thermometer  ? 
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11.  What  is  meant  by  a  thormoscope  ?     Give  some  examples  of  sub- 
stances which  may  bo  used  as  thermoscopes. 

12.  An  accurate  Centigrade  thermometer  registers  15-5°,  while  a  faulty 
Fahrenheit  thermometer,  hanging  beside  it,  registers  61  5°  ;    what  is  the 
correction  to  be  applied  to  this  latter  reading  ?  ISen.  Cam.  Loc. 

13.  Explain  what  is  meant  by  a  scale  of  temperature.     What  properties 
would  guide  you  in  the  selection  of  a  liquid  for  use  in  a  thermometer  ? 
What  would  determine  the  dimensions  you  would  give  to  the  parts  of 
the  thermometer  ? 

14.  Describe  and  give  a  sketch  of  a  sensitive  mercurial  thermometer. 
Describe  how  to  graduate  such  a  thermometer  with  a  Centigrade  scale. 

15.  Describe,  with  reference  to  a  sketch,  the  construction  of  a  maximum 
and  minimum  thermometer. 

16.  You  are  supplied  with  a  thermometer  and  its  corrections  at  freezing 
point    and    boiling    point.     Describe    how  to  obtain   the    corrections  at 
other  parts  of  the  scale,  and  how  to  plot  a  complete  correction  graph. 

17.  A  Fahrenheit  and  a  Centigrade  thermometer,  hanging  side  by  side, 
indicate  110°  and  45°  respectively.     Describe  how  you  would  tiiid  out 
which  thermometer  was  wrong,  and  what  was  wrong  with  it. 


CHAPTER  XXIV 


EXPANSION  OF  SOLIDS 

Expansion. — Most  substances  expand  when  the  temperature  i^ 
raised,  and  contract  when  cooled.  Numerous  practical  examples 
may  be  cited.  Wheel  tyres  of  iron  are  made  a  little  smaller  in 
diameter  than  the  wooden  wheel  ;  expansion  occurs  when  the  tyre 
is  heated,  and  it  may  then  be  slipped  on  to  the  wheel  ,  the  wheel  is 
then  submerged  m  water,  and  the  contraction  of  the  cooling  tyre 
binds  the  whole  firmly  together.  Steam  pipes  become  longer  when 
steam  enters  them,  as  may  be  demonstrated  by  the  following  experi- 
ment : 

EXPT.  63.— Expansion  of  a  steam  pipe.  A  small  boiler  A  (Fig.  342)  is 
connected  by  rubber  tubing  B  to  a  copper  tube  C.  This  tube  is  about 


FIG  342. — Apparatus  for  showing  the  expansion  of  a  metal  tube. 


3  feet  long  and  is  plugged  at  both  ends.  Branches  are  soldered  near  each 
end  on  opposite  sides  of  the  tube ;  the  steam  enters  the  tube  through  B 
and  is  discharged  freely  through  K.  Brass  plates  D  and  F  are  soldered  to 
the  ends  of  the  tube.  D  rests  on  a  block  and  is  held  down  by  a  weight  E  ; 
F  rests  on  a  small  roller  made  from  a  portion  of  a  steel  knitting  needle. 
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The  roller  is  supported  by  a  brass  plate  H,  which  is  fixed  to  a  block  G  ;  a 
light  pointer  J  is  attached  to  the  roller  and  travels  over  a  graduated  scale. 
On  permitting  steam  to  flow  through  the  pipe,  expansion  takes  place  and 
will  be  evidenced  by  the  pointer  moving  over  the  scale. 

EXPT.  64.  —  Unequal  expansion  of  metals.  Take  two  flat  bars  of  equal 
size,  say  12  inches  by  0-75  inch  by  0-125  inch,  one  of  iron  and  the  other  of 
copper,  and  rivet  them  together,  flat  to  flat.  The  composite  bar  so  formed 
should  bo  straightened  at  the  temperature  of  the  room.  On  heating  the 
bar  it  will  be  found  to  have  become  bent  in  the  process,  the  copper  being 
on  the  convex  side,  showing  that  copper  expands  more  than  iron  when 
both  are  heated  through  the  same  range  of  temperature. 

Coefficient  of  linear  expansion.  —  The  coefficient  of  linear  expansion  of  a 
substance  may  be  defined  as  the  increase  m  length  which  a  bar  of  unit 
length  undergoes  when  its  temperature  is  raised  through  one  degree. 
Let  a  =  the  coefficient  of  linear  expansion. 

L  =  the  original  length  of  the  bar. 
t  —  iL.e  elevation  of  temperature. 

Assuming  that  the  expansion  per  degree  is  uniform  throughout 
the  range  of  temperature,  we  have 

Increase  in  a  bar  of  unit  length  =  at. 
Increase  in  a  bar  of  length  L  =  Lat. 

Final  length  of  the  bar  =  L  -t-  Lat 

•'  ......  (1) 


COEFFICIENTS  OF  LINEAR  EXPANSION* 
(per  degree  Cent,  at  ordinary  atmospheric  temperatures). 


Material 

M,vte>  i  il 

a. 

Lead  - 

-  !  27-6xKr6 

Nickel 

_ 

12-8  x  10-6 

Zinc  - 

-     26-0       , 

Wrought  iron 

\ 

1  1  -Q 

Aluminium 

-     25-5       „ 

Mild  steel 

1 

11    J          ., 

Tin    - 

-     214       „ 

Cast  iron    - 

- 

10-2       „ 

Brass 

-      18-9       „ 

;  Platinum    - 

- 

8-9 

Gunmetal  - 

-     18-1       „ 

i  Glass 

- 

7  -8  to  9  -7,, 

Copper 
Nickel  steel, 

-  ,  16-7       „ 

Masonry 
!  Timber*      - 

: 

4  to  7        „ 
3  to  5       „ 

10  per  cent.  Ni 

J    '                " 

Nickel  steel, 

} 

(Invar) 

r 

0-9 

30  per  cent.  Ni 

1 

*  See  Physical  and  Chemical  Constant*,  by  Kayo  and  Laby  (Longmans). 
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Coefficient  of  superficial  expansion.—  This  coefficient  may  be  defined 
as  the  increase  in  area  which  a  plate  of  unit  area  undergoes  when  its 
temperature  is  raised  through  one  degree. 

Consider  a  square  plate  having  edges  of  unit  length.  Using  the 
same  symbols  as  before,  we  have 

Final  length  of  each  edge  =  l  +  u/, 
Final  area  of  the  plate  -=(1  -fa/)2 


Now  a  is  always  very  small  ,   hence  the  term  containing  the  square 
of  a  may  be  neglected,  giving 

Final  area  of  the  plate  =  1  +'2at  ; 
.".   Change  in  area  of  the  plate  =  (1  +2at)  -  1 

=  2<rf  ..............  (2) 

Hence  we  may  infer  that  the  numerical  value  of  the  coefficient  of 
superficial  expansion  for  a  given  substance  is  double  that  of  the 
coefficient  of  linear  expansion  for  the  same  substance. 

Coefficient  of  cubical  expansion.—  The  coefficient  of  cubical  expansion 
of  a  substance  is  the  increase  in  volume  which  unit  volume  undergoes 
when  the  temperature  is  raised  through  one  degree 

Consider  a  cube  of  unit  edge,  and  use  symbols  as  before. 

Final  length  of  each  edge  =  1  +  at 
Final  volume  of  the  cube  =  (l  -fa/)3 


Neglect  the  terms  containing  the  square  and  cube  of  a,  giving 

Final  volume  of  the  cube  -  1  +3at  ; 
.".   Change  in  volume  of  the  cube  =  (1  +  3ctf)  -  1 

=  3erf  ............................  (3) 

Hence  the  coefficient  of  cubical  expansion  is  three  times  the 
coefficient  of  linear  expansion  of  the  same  substance 

EXPT.  65.  —  Coefficient  of  linear  expansion  of  metal  rods.  The  modification 
of  an  apparatus  designed  originally  by  Weedon  and  illustrated  in  Fig.  343 
has  been  found  to  give  good  results.  A  is  a  double  copper  trough  having 
the  space  between  the  outer  and  inner  boxes  packed  with  asbestos.  A 
large  hole  is  cut  in  each  end  of  the  inner  box,  and  circular  discs  B,  B, 
made  of  thin  copper  slightly  corrugated,  are  soldered  over  the  holes.  A 
smaller  hole,  coaxial  with  the  large  one,  is  cut  in  each  end  of  the  outer 
box.  C  is  the  rod  under  test,  and  is  made  of  such  a  length  as  to  require 
a  little  pressure  to  get  it  into  position,  when  its  ends  bear  against  the 
centres  of  the  corrugated  discs  B,  B.  Two  metal  stools  D,  D  assist  in 
supporting  the  rod.  Any  expansion  in  the  rod  will  push  the  discs  out- 
wards. The  disc  at  the  left-hand  end  bears  against  a  fixed  stop  E,  made 
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of  glass  rod.  The  expansion  of  the  rod  C  is  measured  at  the  right-hand 
end  by  means  of  a  micrometer  F,  having  a  glass  rod  G  fixed  to  its  point  and 
bearing  against  the  corrugated  disc  when  the  micrometer  is  advanced. 

The  trough  is  supported  on  two  rods,  and  arrangements  are  provided 
which  enable  it  to  slide  easily.  The  trough  is  pushed  towards  the  left  by 
means  of  a  spring,  and  thus  the  left-hand  corrugated  disc  is  kept  bearing 
firmly  against  the  fixed  stop  E. 

The  tank  is  filled  with  cold  water  up  to  the  level  of  an  overflow  outlet 
M.  The  temperature  of  the  water  is  taken  by  means  of  three  thermometers 
T,  T,  T  ;  steam  for  heating  the  water  is  supplied  through  a  copper  pipe  U, 
which  is  fitted  with  a  stop  valve. 


¥ia.  343.— Apparatus  for  determining  the  coefficient  of  expatibion  of  rods. 

Rods  of  iron,  steel,  copper,  brass,  etc.,  are  supplied.  Select  one  and 
measure  its  length  as  accurately  as  possible.  Place  it  in  position  in  the 
trough,  having  first  screwed  the  micrometer  out  of  contact  with  the  disc. 
Reduce  the  temperature  of  the  water  to  0°  C.  by  adding  ice  shavings  until 
some  remain  unmelted,  or  melt  very  slowly.  Advance  the  micrometer 
until  contact  with  the  disc  is  obtained,  and  take  the  reading ;  read  also 
the  three  thermometers,  and  take  the  mean  as  the  temperature  of  the 
water.  Screw  back  the  micrometer  (care  must  always  be  taken  to  do  this 
before  raising  the  temperature  of  the  bath).  Admit  steam  and  raise  the 
temperature  to  about  10°  C.  ;  stir  the  water,  and  take  the  micrometer  and 
thermometer  readings  as  before.  Repeat  this  operation  for  every  10°  up 
to  100°  C.  Tabulate  the  readings  as  follows  : 

EXPT.  ON  THE  LINEAR  EXPANSION  OF  A  (name  of  material)  ROD. 
Length  of  rod  =  L  mm. 


Temp. 
Cent. 


etc 


Micrometer  reading, 
mm. 


etc. 


Expansion  from  0°C. 
mm. 


etc. 
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Plot  columns  1  and  3.    A  straight-line  graph  indicates  uniform  expansion 
and  constant  value  of  the  coefficient  of  expansion.    Select  a  point  on  the 
graph,  and  read  the  temperature  t  and  the  expansion  I  for  this  point. 
Calculate  the  coefficient  of  expansion  a  from  : 
Expansion  =1  =  Lat ; 
I 


or 


-ct 


Compensated  pendulums. — The  time  of  vibration  of  a  simple  pen- 
dulum is  given  by  t  =  2-n"\/l/g  (p.  224),  and  it  is  essential  that  I  should 
not  alter  m  any  pendulum,  otherwise  the  clock - 
J  under  its  control  will  lose  or  gain  time.     If  a 

simple  metal  rod  is  used  for  supporting  the 
pendulum  bob,  variations  in  temperature  will 
cause  the  pendulum  to  become  longer  or  shorter. 
For  this  reason  the  pendulum  rod  is  sometimes 
made  of  wood,  which  expands  but  little  when 
the  temperature  is  raised.  There  are  several 
methods  of  compensating  the  pendulum  rod 
for  change  in  temperature,  probably  the  best 
known  being  Harrison's  gridiron  pendulum,  shown 
in  outline  in  Fig.  344.  The  pendulum  is  sus- 
pended at  A,  and  the  bob  B  is  supported  by 
five  iron  rods  C1?  C2,  C3,  and  four  brass  rods 
^*^.  D1?  D2.  These  rods  are  attached  to  cross  bars 

(       jB  in  such  a  way  that  the  expansion  of  all  the 

v^_x  iron    rods    tends    to   lower  the  bob,   and   the 

FIG  344  — Harrison's       expansion  of  all  the  brass  rods  terfds  to  raise 
gridiron  pendulum  *  ^ 

the  bob. 

The  coefficient  of  linear  expansion  of  brass  is  about  1-5  times  that 
of  iron  ;  hence  two  rods,  one  of  brass  and  one  of  iron,  will  expand 
equal  amounts  for  the  same  rise  in  temperature  if  the  brass  rod  has 
a  length  of  |rds  that  of  the  iron  rod.  Referring  to  Fig.  344  the 
downward  movement  of  the  bob  is  equal  to  the  expansion  of  three 
iron  rods,  and  upward  movement  is  equal  to  the  expansion  of 
two  brass  rods,  and  the  total  lengths  of  iron  and  brass  boar  an 
approximate  ratio  of  3  to  2.  Hence  the  length  of  the  pendulum 
remains  practically  constant 

In  the  Graham  compensated  pendulum  (Fig.  345)  an  iron  rod  is 
suspended  at  its  upper  end,  and  has  a  closed  cast-iron  vessel 
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attached  to  its  lower  end  and  containing  mercury.  Expansion  of 
the  rod  lowers  the  cup.  and  hence  the  centre  of  gravity  of  the 
whole  pendulum.  Expansion  of  the  mercury  takes  n 

place  upwards  in  the  cup,  and  hence  raises  the 
centre  of  gravity  of  the  pendulum.  By  suitably 
adjusting  the  quantity  of  mercury,  the  centre  of 
gravity  of  the  pendulum  will  remain  at  a  constant 
distance  from  the  point  of  suspension. 

Tn  chronometer  escapements,  the  vibrating  balance 
wheel  which  controls  the  instrument  is  compensated 
for  expansion  due  to  changes  of  temperature.  The 
arrangement  is  illustrated  in  Fig.  346.  Each  spoke 
supports  a  separate  portion  of  the  rim  of  the  wheel ; 
expansion  of  these  spokes  will  cause  the  points  A 
to  recede  from  the  centre  of  the  wheel.  The  seg- 
ments of  the  rim  are  constructed  of  two  strips  of 
different  metal,  that  having  the  higher  coefficient 
of  linear  expansion  being  placed  on  the  outer 
circumference.  Expansion  will  therefore  cause  the  KIO  345 —Graham's 
segments  to  take  a  smaller  radius  of  curvature,  and  mercurial  P™luh™- 
will  diminish  the  radius  at  which  the  small  loads  B  revolve.  When 
in  proper^  adjustment,  the  effect  of  the  expansion  of  the  spokes  in 
increasing  the  radius  is  nullified  by  the  expansion  of  the  rim  segments. 


FIG  346  — Balance  wheel  of  a 
chronometer 


FIG  347. — Expansion  loops  for 
pipes. 


Expansion  of  pipes  and  rails. — In  the  case  of  long  metal  pipes  for 
convey  ing^gas,  increase  in  length  due  to  alterations  in  atmospheric 
temperature  may  be  provided  for  by  making  a  loop,  or  circle  at 
intervals  in  the  pipe  (Fig.  347).  The  elasticity  of  the  metal  permits 
the  loop  to  bend  $asily,  and  thus  to  take  up  the  expansion  of  the 
straight  portions  of  the  pipe. 

In  long  steam  pipes  which  are  liable  to  contain  water  due  to  the 
condensation  of  some  of  the  steam,  a  better  plan  is  to  cut  the  pipe 
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348 — Expansion  joint  tor  a 
steam  pipe 


and  introduce  a  stuffing  box  and  gland.    In  Fig.  348  one  portion  of 
the  pipe  has  an  enlarged  part  in  which  the  other  portion  of  the  pipe 

may  slide.  There  is  a  stuffing  box 
packed  with  asbestos,  or  other  material 
which  is  squeezed  in  by  means  of  a 
gland,  and  thus  prevents  leakage  of 
steam 

On  railways  the  separate  portions  of 
rail  do  not  butt  closely  end  to  end,  but 
are  laid  with  a  small  interval  between 
so  as  to  permit  of  expansion  (Fig.  349)  The  joint  is  made  by 
means  of  two  fish-plates,  A,  A,  one  on  each  side  of  the  rails,  and  four 
bolts.  The  holes  in  the  rail  are  slotted  as  shown  on  the  right-hand 
rail  so  that  the  bolts  will  not  interfere  with  the  rail  sliding  between 
the  fish-plates.  The  fish-plates  bear  on  the  top  and  bottom  of  the 
rails,  as  shown  in  the  section,  thus  preserving  level  the  top  surface 
on  which  the  wheels  run. 

Lines  of  rail  on  which  electric  tramways  run  are  used  for  electrical 
conductors  and  are  generally  welded  end  to  end,  thus  forming  a 


11 

EDA 

IP]  y  0 

CD 

II                  \ 

FIG  349  —Expansion  joint  for  rails. 

continuous  rail.  Such  a  procedure  is  rendered  possible  "by  the  fact 
that  only  the  top  surface  of  the  rail  is  exposed  to  atmospheric  altera- 
tions in  temperature.  The  bulk  of  the  rail  is  underground,  and  its 
temperature  varies  to  a  comparatively  small  extent. 

Stresses  produced  by  change  in  temperature. — Suppose  an  elastic 
rod  having  a  length  L  to  be  raised  in  temperature  t°  C  ,  and  that 
free  expansion  is  permitted.  The  rod  will  extend  by  an  amount 
Lat,  where  a  is  the  coefficient  of  linear  expansion.  Let  the  ends  of 
the  hot  rod  be  held  rigidly,  and  let  the  rod  be  cooled  again  to  the 
initial  temperature.  It  is  evident  that  the  forces  required  to  hold 
the  rod  extended  will  have  the  same  value  as  those  required  to 
produce  an  extension  Lat  at  constant  temperature. 

Let  P=  the  pull  required. 

A  =the  cross-sectional  area  of  the  rod. 
E  =  Young's  modulus. 
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Then 


stress 


and     strain  =  -  -  =  at, 


stress 
strain 


P 
=Aa*' 


^. 

U          h 


or  P  =  EAcrt  ......................................................  (1) 

Supposing  the  rod  to  be  heated  and  at  the  same  time  held  rigidly 
between  abutments  which  prevent  entirely  any  change  in  length. 
These  conditions  may  be  imagined  to  take  place  as  follows  :  first 
allow  the  bar  to  expand  freely  on  heating  ;  then,  maintaining  con- 
stant the  temperature,  apply  forces  to  the  ends,  and  let  these  be 
sufficient  to  compress  the  bar  back  to  its  original  length. 

Length  of  bar  before  applying  the  forces  =  L(l  +  at). 
Change  in  length  produced  by  P  =  Lat. 


XT 
Now 


QA     . 
Stram 


stress      P/l  +  at\ 


at 
l+at 


strain 

EAat 

=  l+aV 


- 

at   J 


.(2) 


EXERCISES  ON  CHAPTER  XXIV. 

(Values  of  the  coefficients  of  expansion  required  in  the  following  questions 
are  to  be  taken  from  the  Table  on  p.  325.) 

1.  Give  any  two  examples  you  may  have  noticed  of  the  expansion  of 
metals,  and  explain,  with  sketches,  how  the  effects  of  the  expansion  were 
eliminated. 

2.  A  bridge  constructed  of  mild  steel  is  250  feet  in  length.     If  the 
temperature  ranges  from   - 10  to  45  deg.  Cent.,  find  the  alteration  in  the 
length  of  the  bridge. 

3.  The  following  record  relates  to  an  experiment  made  in  the  apparatus 
described  in  Expt.  65  (p.  326).     The  rod  was  of  mild  steel  20  inches  in 
length. 


Temp.  C.  - 

10-2  j  25-0  j  35-0 

47-0 

57-5  j  650 

75-5 

85-5 

100 

Micrometer 
reading, 
inches 

1 
0-1502  0-153  0-1552 

:      l 

0-158 

I 

0-160  0-1612 

i 

0-1635 

0-165 

0-1681 

Plot  a  graph  showing  temperatures  and  micrometer  readings.    Choose 
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two  points  on  the  graph,  and  from  the  readings  at  these  points  deduce  the 
average  value  of  the  coefficient  of  linear  expansion  of  the  rod. 

4.  The  pendulum  rod  of  a  clock  is  made  of  wrought  iron  and  the  pen- 
dulum swings  once  per  second.     If  the  range  in  temperature  is  30  deg. 
Cent.,  find  the  alteration  in  length  of  the  pendulum. 

5.  Calculate  the  length  of  a  brass  rod  which  will  expand  in  length  to 
the  same  extent  as  an  iron  rod  3  metres  in  length  when  both  are  ideated 
through  the  same  range  of  temperature. 

6.  A  sheet  of  lead  has  an  area  of  12  square  feet  at  15°  C.     Find  the 
area  when  the  temperature  is  raised  to  30°  C. 

7.  A  circular  flat  sheet  of  thin  wrought  iron  is  coated  thickly  with  tin 
on  one  side  only,  and  is  then  heated.    Describe  and  explain  any  effect 
which  may  be  observed. 

8.  A  tape  used  for  measuring  distances  is  made  of  steel  and  is  correct 
at  the  temperature  of  15°  C.     If  the  tape  is  used  for  measuring  a  distance 
of  2000  feet  when  the  temperature  is  10°  C.,  what  will  be  the  total  error 
on  the  measured  distance  due  to  the  expansion  of  the  tape  ? 

9.  A  tube  made  of  thin  aluminium  has  a  mean  diameter  of  40  cm.  at 
15°  C.     Find  the  mean  diameter  when  the  temperature  is  raised  to  100°  C. 

10.  Platinum  wire  can  be  fused  into  glass  without  the  glass  cracking, 
or  the  wire  becoming  loose   during  cooling  and  subsequent  changes  in 
temperature.    Explain  why  this  is  possible.  * 

11.  A  rod  of  iron,  12  feet  long  and  1  inch  in  diameter,  is  heated  from 
15°  to  165°  C.     The  rod  is  held  forcibly  at  its  new  length  and  is  cooled 
again  to  15°  C.     Find  the  pull  in  the  rod.     Take  E  ^30  x  10°  Ib.  per  square 
inch. 

12.  Using  the  same  rod  and  temperatures  as  m  Question  11,  the  rod  is 
prevented  from  expanding  in  length  during  heating.     Find  the  push  exerted 
by  the  rod  when  the  temperature  of  165°  C.  is  reached. 

13.  A  ball  of  cast  iron  has  a  volume  of  120  cubic  inches  at  20°  C.     Find 
the  change  in  volume  when  the  temperature  is  raised  to  110°  C. 

14.  Describe  and  give  sketches  of  any  apparatus  you  have  used  for 
finding  the  coefficient  of  linear  expansion  of  a  metal.    Show  how  the 
results  would  be  calculated. 


CHAPTER  XXV 
EXPANSION  OF  SOLIDS  AND  LIQUIDS 

Change  of  density  caused  by  expansion.  —  During  expansion  the 
mass  of  a  given  body  remains  constant  and  the  volume  increases. 
Hence  the  density,  i.e.  the  mass  per  unit  volume,  diminishes.  The 
following  applies  more  particularly  to  solids  and  liquids  ;  applications 
to  gases  will  be  found  in  Chapters  XXX.  and  XXXI. 

Let        fZ|_  =  the  density  of  a  substance  at  a  given  temperature, 

grams  per  c.c. 
^2~the  density  when  the  temperature  is  raised  through 

t  degrees  C. 

/3  =  the  coefficient  of  cubical  expansion. 
Then,  taking  an  initial  volume  of  i\  cubic  centimetres, 
Volume  occupied  at  the  higher  temperature  =  vz  =  ^ 
Mass  of  the  body  at  the  higher  temperature  =  v2d2  = 


If  d^  and  ft  are  known,  the  density  at  the  higher  temperature  may 
be  calculated  from  this   equation.     Equation   (1)   may  be   written 

thus: 


This  result  indicates  that  the  value  of  p  may  be  found  by  deter- 
mining the  densities  of  the  substance  at  two  different  temperatures. 
The  method  is  specially  applicable  to  li  quids. 

Expansion  of  a  vessel.  —  When  a  vessel  containing  a  liquid  is  heated, 
both  vessel  and  liquid  expand.  The  observed  or  apparent  change 
of  volume  of  the  liquid  is  the  difference  between  the  actual  change 
in  volume  of  the  liquid  and  the  change  in  volume  of  the  vessel.  If 
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these  happened  to  be  equal,  no  change  in  volume  of  the  liquid  would 
be  observed.  * 

Suppose  that  a  vessel  of  thin  glass  is  used,  and  that  the  coefficient 
of  cubical  expansion  of  the  glass  is  G.  Imagine  the  vessel  to  contain 
a  piece  of  glass  which  fills  it  completely,  so  that  the  outer  shell, 
which  constitutes  the  vessel,  fits  closely  at  all  places.  If  the  volume 
of  this  piece  of  glass  is  v9  and  if  the  temperature  is  raised  through 
t  degrees,  the  volume  becomes  v(l+Gt)  ' 

As  the  piece  of  glass  and  the  vessel  form  practically  one  piece  of 
glass,  it  is  clear  that  the  shell  will  still  fit  closely  at  the  higher  tem- 
perature, i.e  the  expansion  of  the  piece  of  glass  contained  in  the 
vessel  is  the  same  as  the  expansion  of  the  volume  contained  by  the 
empty  shell.  Hence 

Change  in  volume  of  the  vessel  —  vGA (1) 

The  coefficient  of  apparent  cubical  expansion  of  a  liquid  is  the 
coefficient  of  the  expansion  of  the  liquid  relative  to  the  vessel.  The 
coefficient  of  absolute  expansion  of  the  liquid 
refers  to  the  expansion  of  the  liquid  which 
would  be  observed  if  the  liquid  were  con- 
tained in  a  vessel  incapable  of  expansion. 

Relation  of  the  apparent  and  absolute 
coefficients  of  expansion. — In  Fig.  350 
volumes  are  plotted  as  ordi  nates  and  tem- 
peratures as  abscissae.  Let  a  glass  vessel 
full  of  liquid  have  a  volume  vt  at  0°  C. 
The  volume  of  the  liquid  at  any  other 
temperature  t  is  represented  by  the  ordi- 
nate  EB,  and  the  volume  of  the  vessel  at  the  same  temperature  by 
the  ordinate  EC.  The  apparent  change  in  volume  of  the  liquid  is 
the  difference  of  these  ordmates,  viz.  BC.  Draw  the  horizontal  line 
AD  ;  then  DB  is  tho  absolute  expansion  of  the  liquid,  and  DC  is  the 
absolute  expansion  of  the  vessel. 

Let       /3a  =the  coefficient  of  absolute  expansion  of  the  liquid. 
/2  =  the  coefficient  of  apparent  expansion  of  the  liquid. 
G  =  the  coefficient  of  absolute  expansion  <*f  the  glass. 
Then  Volume  of  liquid  =  BE  =  ^(1  +  fiat). 

Volume  oftvessel  =CE  =  i>1(l  -f  GO 
Difference  in  thfese  volumes  =  ^(1  +  /3at)  - ^( 

-V(#,-G) (1) 


Temp. 


Fio.  350.  —Apparent  and 
absolute  expansion 
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The  same  difference  may  be  expressed  by  employing  the  coefficient 
of  apparent  expansion  ;  thus  : 

Difference  in  volumes  •=  rv  fit (2) 


or  G  =  j8«-/3 (3) 

Hence  the  'coefficient  of  absolute  expansion  of  the  vessel  is  the 
di  fference  between  the  coefficients  of  absolute  and  apparent  expansion 
of  the  contained  liquid. 

Coefficient  of  absolute  expansion  by  balancing  two  columns  of 
liquid. — The  principle  of  this  method  is  illustrated 
in  Fig.  351.  A  bent  tube  having  both  limbs  open 
to  the  atmosphere  contains  the  liquid  under  test. 
Jackets  round  the  tubes  (not  shown  in  Fig.  351) 
provide  the  means  of  preserving  the  temperature 
of  the  column  AC  at  tly  and  for  maintaining  BD 
at  a  higher  temperature  £2.  A  and  B  are  sections 
at  the  same  level ;  the  liquid  in  the  tube  between 
AB  may  be  assumed  to  be  at  constant  temperature, 
and  therefore  to  have  uniform  density.  Hence 
the  fluid  pressures  at  A  and  B  are  equal. 

Let  r/j  =the  densitv  of  the  liquid  in  AC. 

&*=          „         „         »         „         BD. 


FIG.  351.— Coefficient 
of  absolute  expansion. 


/ij  =the  height  of  the  column  AC. 

"2 =  "  "  "  "      "U. 

/3a  =the  coefficient  of  absolute  expansion  of  the  liquid. 
Then  Pressure  at  A  =  Pressure  at  B, 


or 


A 
/;,' 


,(1) 


Also,  from  equation  (1),  p.  333,  we  have 


or 


..(2) 
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The  method  used  by  Regnault  in  the  determination  of  the  coeffi- 
cient of  absolute  expansion  of  mercury  is  shown  in  outline  in 
Fig.  352. 

Two  vertical  tubes  AB  and  CD  are  connected  near  their  tops 
by  a  tube  AC  of  fine  bore  having  a  small  hole  at  L.  These  tubes 
are  connected  at  B  arid  D  to  a  bent  tube  BEFGHD  ;  a  branch  at  K 

is   connected   to    a    pump,    by 
means    of    which    air    may    be 
forced   into   FG.     The   mercury 
occupies  the  tubes  as  shown  in 
Fig.  352  ,    the  free  surfaces  at 
A   and  C  are  subjected  to  the 
pressure  of  the  atmosphere,  and 
the  surfaces  in  the  tubes  EF  and 
GH    are    subjected    to    an    air 
pressure  sufficient  to  maintain 
the  levels  as  shown.     Means  are 
provided    for    maintaining    the 
mercury  in  CDHG  and  in  FE  at  a 
constant  temperature  tlt  and  that 
in  AB  at  a  higher  temperature  t2. 
Let  dl  and  d2  be  the  densities  of  mercury  at  the  temperatures 
^  and  t2  respectively.    Let  p  be  the  pressure  of  the  air  in  FG,  and 
denote  the  pressures  at  other  points  by  suffixes  ;  all  these  pressures 
are  stated  in  excess  of  that  of  the  atmosphere.     The  portions  of 
the  tube  BE  and  HD  are  assumed  to  be  coaxial,  and  the  heads  of  mer- 
'cury  hv  7/2,  7*3,  h±  are  measured  from  this  axis      Then, 


*. 


Flu  3.~>2      Diagram  of  llognault's  apparatus 


Also  j?H 

•"•  h^g—p +  71^1  iff,  (1) 

and  ^4^2ff==P~^^z(hff (2) 

Again,  djd^l+pa^-tj,  (p.  335),  (3) 

*  where  pa  is  the  coefficient  of  absolute  expansion  of  the  mercury. 
Solving  these  equations,  we  obtain 

Pa -£ 

or,  since  A3  and  A4  are  equal, 


Regnault's  mean  value  for  fia  may  be  taken  as  O'OOOISI. 
Taking  the  density  of  mercury  at  0°  C.  as  13-5955,  the  density  at 
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any  other  temperature  t  may  be  calculated  from  equation  (1  ),  p.  333, 
using  Renault's  value  of  fia  =  -000181  .     Thus 

4  13-5955  (. 

1     l+pat     1+0-000181*  ............................  V  ; 

EXAMPLE.  —  Find  the  density  of  mercury  at  100°  C. 

135955 
rfi»  =  l  +0-0181  =  — 

EXPT.  66.  —  Determination  of  the  coefficient  of  absolute  expansion  of  a, 
glass  vessel      A   small   glass   bottle   (sometimes   called   a    "  weight   ther- 
mometer ")  having  a  fine  stem  is  employed  in  this  experiment  (Fig.  353^ 
Determine  the  mass  m  of  the  bottle  by  weighing  it  when  empty.     Fill  it 
with  mercury  by  heating  it  slightly  and  dipping  the  mouth  into 
the  liquid,  some  of  which  will  flow  in  as  the  bottle  cools. 
Repeat  the  process  until  the  bottle  is  quite  full,  taking  care 
to  got  rid  of  air.     Put  the  full  bottle  into  a  beaker  containing 
some  water,  and  let  it  stand  for  some  minutes  to  allow  the 
temperature  to  become  steady.     Add  some  more  mercury  if 
required  in  order  to  fill  the  bottle  to  the  top  of  the  stem. 
Take   the  temperature    of  the  water.    tl   say.      Remove  the 
bottle  carefully,  dry  its  external  surface,  and  determine  the  total  mass 
by  weighing  ;  by  deducting  m  calculate  the  mass  mx  of  the  mercury  filling 
the  bottle.  ^ 

Raise  the  temperature  of  the  water  in  the  beaker  and  repeat  the  experi- 
ment, thus  determining  the  mass  m2  of  mercury  which  fills  the  bottle  at 
the  temperature  t2.  Let  v1  and  v2  denote  the  volumes  of  the  contained 
mercury  at  t^  and  /2  respectively,  and  let  G  be  the  coefficient  of  absolute 
expansion  of  the  glass.  Then 

Change  in  volume  of  the  bottle  -  v2  -rt  ~-Gv,(£2  -tL)  ; 


To  evaluate  vl  and  v2,  we  have 

vn  l  ~  ly/j,     and     m  a  —  vada, 

Wi  i  ni9 

or  vl  -~  ,  ,      and      va  -  ,  > 

«!  tta 

where  d±  and  dz  are  the  densities  of  mercury  at  the  temperatures  <x  and  t-2 
respectively,  and  are  calculated  from  equation  (5)  above.  Inserting  the 
values  in  (1)  above,  we  obtain  the  value  of  G  for  the  material  of  the  bottle. 
Also,  since  the  volume  i\  of  the  bottle  at  ^  is  now  known,  together  with 
the  coefficient  of  absolute  expansion  of  the  glass,  the  volume  V2  °f  th6 
bottle  at  any  other  temperature  fa  can  be  calculated  from  4  \  „ 


338  HEAT  CHAP. 

EXPT.  67.  —  Coefficients  of  expansion  of  a  liquid.  The  bottle  used  in 
Expt.  66  should  be  employed.  Use  it  in  the  same  manner,  and  thus 
determine  the  masses  ml  and  w2  of  the  given  liquid  which  fill  the  bottle 
at  the  temperatures  ^  and  J2  respectively.  Find  by  calculation  the  volumes 
vl  and  v2  of  the  bottle  at  these  temperatures.  The  densities  of  the  liquid 
di  and  (I2  at  the  temperatures  1l  and  t?  are  then  found  from 

i      >n\  T      i      ma 

</,--      ,  and    a  2-      • 
11  j) 

vl  /'2 

Hence,  from  equation  (2),  p.  333,  we  have  for  the  coefficient  of  absolute 
expansion  of  the  liquid  : 


The  values  of  G  and  fin  being  now  known,  the  value  of  /j,  the  coefficient 
of  apparent  expansion  of  the  liquid,  may  be  calculated  from  equation  (3), 
P-  335:  G  -#,-/?, 

or  0  =  0«-G. 

In  this  way,  determine  the  values  of  /3a  and  /3  for  the  liquid  for  ranges 
fioni  10°  to  20°,  20°  to  30°,  etc  ,  up  to  90°  C 

If  the  coefficient  of  apparent  expansion  /;?  only  is  required  in  the  experi- 
ment, the  change  in  volume  of  the  bottle  may  be  disregarded,  when  v± 
and  vz  will  be  equal,  and  equation  (1)  becomes 

J^     .    '  (2) 

..................  V   ' 


Maximum  density  of  water.-  When  water  is  cooled,  it  is  found 
that  a  contraction  occurs  until  a  temperature  of  4°  C.  is  reached. 
Further  cooling  is  accompanied  by  an  expansion  until  freezing 
temperature  is  reached.  During  the  con- 
version into  ice  considerable  expansion 
Q""  occurs.  It  follows  that  water  attains  its 
maximum  density  at  4°  C. 

EXPT.  68.  —  Hope's  experiment  on  the  maximum 
density  of  water.     In  Fig.  354  is  shown  a  metal 
Q  vessel   A   having   a   trough    B   surrounding   the 

r"01         vessel  near  the  middle  of  its  height.    C  and  D 

are  thermometers. 

FIG.  354.—  Hope's  apparatus         Pour  water  into  the  vessel,  and  place  a  freezing 
mixture  consisting  of  broken  ice  and  salt  in  the 
trough.     Bead  the  thermometers  simultaneously  every  minute. 
Suppose  the  water  to  have  an  initial  temperature  of  12°  to  15°  C.    The 
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water  half-way  up  the  vessel  is  cooled  and  contracts?  thus  acquiring  greater 
density,  which  causes  it  to  sink  to  the  lower  part  of  the  vessel ;  this  fact  is 
rendered  evident  by  the  readings  of  the  thermometer  D  being  lower  than 
those  of  C.  As  cooling  goes  on  it  will  be  found  that  the  thermometer 
D  shows  that  the  water  in  the  lower  part  of  the  vessel  has  attained  the 
temperature  of  4°C.  From  this  point  onwards,  the  cooling  below  4°  C. 
of%e  water  near  the  middle  of  the  vessel  results  in  an  increase*  of  volume, 

Grams  per  cc. 
1-00 


•99- 


•97- 


•96- 


•95- 


2CT 


40~  60 

Fio.  355.— -Density  of  water 


80 


100  C. 


and  consequently  a  decrease  in  density,  which  causes  the  colder  water 
to  rise  to  the  top.  This  is  indicated  by  the  thermometer  C  falling  gradually 
to  0°  C.,  and  ultimately  a  layer  of  ice  is  formed  on  the  surface  of  the  water* 
while  the  temperature  shown  by  the  thermometer  D  is  still  at  or  near 
4°C. 

These  facts  are  of  importance  in  the  economy  of  nature.  But  for 
the  expansion  which  occurs  while  the  temperature  is  lowered  from 
4°  to  0°  0.,  the  colder  water  would  remain  at  the  bottom  of  ponds 
and  lakes,  and  freezing  would  start  at  the  bottom  and  proceed 


340 


HEAT 


CHAP. 


-B 


upwards.  Finally  the  lake  would  be  frozen  into  a  solid  mass  of 
ice.  Actually  freezing  occurs  at  the  surface,  and  as  the  layer  of 
ice  conducts  heat  but  slowly,  the  water  underneath  does  not  fall 
much  below  4°  C.  Thus  life  is  preserved  in  such  waters. 

Owing  to  the  lack  of  uniformity  in  the  expansion  of  water,  it  is  not 
correct  to  speak  of  its  density  without  also  stating  the  temperature. 
The  reason  for  taking  unit  mass  m  the  c.o  S.  system  as  the  quantity 
of  matter  in  one  cubic  centimetre  of  water  at  4"  C.  will  be  apparent. 
One  gallon  of  water  at  60°  F.  has  a  mass  of  10  pounds.  A  graph 

showing  the  density  of  water  at  temperatures  from 

0°  to  100°  C.  is  given  m  Fig.  355. 

EXPT.  69. —Expansion  of  water  while  freezing.  Fit  a 
rubber  stopper  to  a  test  tube  A  (Fig.  356),  and  bore  a  hole  m 
it  to  receive  a  tube  B.  Determine  by  filling  the  test  tube 
from  a  burette  the  volume  vl  of  water,  first  well  boiled 
and  then  cooled  nearly  to  freezing,  which  the  test  tube 
can  contain  up  to  the  stopper.  Measure  the  bore  of  the 
tube  B,  and  hence  calculate  its  cross-sectional  area  (Expt.  7, 
p  20).  Fit  the  tube  to  the  stopper  avS  shown  in  Fig.  356, 
and  attach  a  scale  C.  Add  a  little  water  so  that  the 
level  stands  a  short  distance  up  the  tube.  Note  this  level 
on  the  scale. 

Freeze  the  water  from  the  bottom  upwards  by  lowering 
the  test  tube  very  slowly  into  a  freezing  mixture.  If 
attention  be  not  paid  to  this,  the  upper  layer  will  free/e 
FIG.  856.-— Ex-  first,  and  the  tube  will  be  burst  by  the  expansion.  When 
^ite^ziiS;^  freezlng  is  complete  in  A,  read  "the  level  on  the  scale. 
Take  the  difference  in  level,  and  hence  calculate  the 
additional  volume  v  cubic  centimetres.  This  increase  m  volume  has 
occurred  in  an  initial  volume  i\  cubic  centimetres,  assuming  that  the 
water  in  the  tube  B  does  not  freeze.  Evaluate  the  ratio  VK  + v) ;  this 
will  give  the  density  of  the  ice. 

The  density  of  ice  is  about  0-92  grams  per  cubic  centimetre. 
Hence  about  10  per  cent,  of  the  volume  of  a  floating  iceberg  will  be 
above  the  surface  of  sea- water.  Melting  of  the  submerged  portion 
of  the  iceberg  will  proceed  slowly  as  the  iceberg  travels  with  ocean 
currents  into  warmer  waters.  The  melting  will  ultimately  affect 
the  stability  of  flotation  of  some  icebergs  and  such  have  been 
observed  occasionally  m  the  act  of  capsizing. 
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EXERCISES  ON  CHAPTER  XXV. 

1.  The  density  of  a  piece  of  brass  is  8-456  grains  per  c.c.  at  15°  C.,  and 
the  coefficient  of  cubical  expansion  is  57  x  10  °.     Find  the  density  of  the 
brass  at  125°  C. 

2.  The  density  of  a  piece  of  zinc  is  7  124  grams  per  c.c.  at  12°  C.  and 
7-122  at  42°  C.    Find  the  coefficient  of  cubic  expansion  of  the  zinc. 

3.  Describe  an  experiment  for  determining  the  coefficient  of  cubical 
expansion  of  a  solid.     The  density  of  a  piece  of  iron  is  7  81  grams  per  c.c. 
at  0°  0.,  and  its  coefficient  of  linear  expansion  is  11-0  x  10  <;  per  degree 
Centigrade.     What  is  its  density  at  100°  C.  ? 

4.  A  small  glass  vessel  having  a  fine  stem  contains  4-56  c.c.  of  mercury 
which  just  fills  the  vessel  at  15°  C.     The  coefficient  of  linear  expansion  of 
the  glass  is  8-4x10  ('.     What  volume  of  mercury  (measured  at45°C.) 
will  flow  out  of  the  vessel  if  the  temperature  is  raised  to  45°  C.  ?     The 
coefficient  of  absolute  cubical  expansion  of  mercury  is  0-0001 8. 

5.  A  weight  thermometer  contains  24  grams  of  mercury  at  0°  C.     On 
being  heated  to  100°  C.  it  is  found  to  contain  only  23-622  grams.     Calculate 
the  coefficient  of  linear  expansion  of  the  envelope,  the  coefficient  of  absolute 
expansion  of  mercury  being  0-00018.  L.U. 

6.  Describe  how  you  would  determine  the  coefficient  of  apparent  expan- 
sion of  a  given  sample  of  kerosene  in  a  given  glass  envelope. 

7.  A  glass  tube  of  uniform  bore  is  closed  at  the  lower  end  and  is  arranged 
vertically.     Mercury  partly  fills  the  tube  to  a  height  of  76  cm.  at  the 
temperature  of  15°  C.     If  the  temperature  is  raised  to  20°  C.,  find  the 
height  of  the  column  of  mercury.     The  coefficient  of  linear  expansion  of 
the  glass  is  0 '0000085,  and  the  coefficient  of  absolute  expansion  "of  mercury 
is  0-00018. 

8.  A  Centigrade  thermometer  has  a  range  from   -  10°  to  110°  C.  ;   the 
length  of  the  scale  between  these  marks  in  25  cm.     The  bore  of  the  stem 
is  0-5  mm.    Find  the  volume  of  bulb  required.    Take  the  coefficient  of 
linear  expansion  of  the  glass  as  0-000008  and  the  coefficient  of  absolute 
expansion  of  mercury  0-00018. 

9.  Describe  clearly  how  to  find  the  coefficient  expansion  of  a  liquid 
by  using  a  weight  thermometer.     A  weight  thermometer  contains  100 
grams  of  mercury  at  0°  C.  ;    when  the  temperature  is  raised  to  100°  C. 
it  is  found  that  1-72  grams  of  mercury  overflow.     If  the  coefficient  of 
absolute  expansion  of  mercury  is  0  000181,  find  the  coefficient  of  cubical 
expansion  of  the  material  of  the  thermometer. 

10.  Describe  an  experiment  for  finding  the  coefficient  of  absolute  expan- 
sion of  a  liquid  by  balancing  two  columns  of  the  liquid  at  different  tem- 
peratures in  vertical  tubes  connected  by  a  horizontal  tube  at  their  lower 
ends.     The  temperature  of  the  cold  column  is  5°  C.,  and  that  of  the  hot 
05°  C. ;   the  heights  of  the  columns  are  50  cm.  and  50.22  cm.  respectively. 
Find  the  coefficient  of  expansion. 

11.  Describe  any  experimental  evidence  you  are  acquainted  with  which 
proves  that  the  maximum  density  of  water  occurs  at  4°  C.     What  bearing 
has  this  fact  on  the  freezing  of  water  in  lakes  ? 
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12.  Describe  how  to  determine  experimentally  the  change  in  volume 
which  occurs  when  water  freezes. 

13.  If  ice  weighs  57-5  Ib.  per  cubic  loot,  lind  the  volume  of  an  iceberg 
weighing  10,000  tons.     What  volume  of  ice  will  be  above  the  surface  of 
sea- water  weighing  64  Ib.  per  cubic  foot  ? 

14.  Give  a  brief  description  of  Rcgnault's  method  of  determining  the 
coefficient  of  absolute  expansion  of  mercury. 

15.  The  coefficient  of  expansion  of  mercury  is  >rv-><7-    If  the  bulb  of  a 
mercurial  thermometer  is  I  c.c.,  and  the  section  of  the  bore  of  the  tube 
0001  sq.  cm.,  find  the  position  of  the  mercury  at  100   C.,  if  it  just  fills 
the  bulb  at  0J  C.     Neglect  the  expansion  of  the  glass.       Calcutta  Univ. 


CHAPTER  XXVI 

CALORIMETRY 

Quantity  of  heat. — When  a  hot  and  a  cold  body  arc  brought  into 
contact,  a  transference  of  some  kind  is  evidenced  by  both  bodies 
coming  ultimately  to  the  same  temperature,  lying  between  the 
temperatures  originally  possessed  by  the  bodies. 

EXPT.  70. — Distinction  between  heat  and  temperature.  Take  two  vessels, 
one,  A,  containing  about  one  litre  of  water  at  about  15°  C.,  the  other,  B. 
containing  about  0-5  litre  of  water  at  about  80°  C.  Place  a  thermometer 
in  each  vessel,  stir  well,  and  take  the  temperatures.  Pour  the  water  from 
B  into  A,  stir  again,  and  read  the  temperature.  With  the  quantities  men- 
tioned, the  final  temperature  will  be  about  36°  C.  The  water  originally 
in  A  has  been  warmed  about  21°  C.,  that  originally  in  B  has  been  cooled 
about  44°  0. 

As  the  temperature  of  the  water  in  A  has  not  been  increased  to 
the  same  extent  that  the  temperature  of  the  water  in  B  has  been 
lowered,  it  is  evident  that  what  has  been  transferred  has  not  been 
temperature,  but  some  other  quantity  to  which  the  name  of  heat 
is  given. 

The  quantity  of  heat  possessed  by  a  body  depends  on  several 
factors,  of  which  temperature  is  one  only.  For  example,  a  quantity 
of  water  set  to  boil  over  a  bunseri  burner  receives  a  great  quantity 
of  heat,  as  estimated  by  the  time  taken,  while  its  final  temperature 
is  comparatively  low.  A  wire  held  in  the  flame  comes  to  a  very 
high  temperature  almost  immediately,  but  evidently  receives  only 
a  small  quantity  of  heat. 

Heat  is  not  a  material  substance  which  a  body  may  absorb  like 
a  sponge  taking  up  water.  A  body  when  hot  weighs  no  more  than 
the  same  body  when  cold.  We  shall  discuss  afterwards  evidence 
which  proves  that  heat  is  a  form  of  energy,  and  exists  in  a  body  in 
the  form  of  motion  of  the  molecules. 
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Units  Of  heat. — The  unit  of  heat  in  any  system  of  units  is  the 
quantity  of  heat  required  to  raise  the  temperature  of  unit  mass 
of  water  through  1°. 

The  c  o  s.  unit  of  heat  is  the  calorie,  and  is  the  quantity  of  heat 
required  to  raise  the  temperature  of  one  gram  of  water  through  1°  C. 
When  a  larger  heat  unit  is  desirable,  the  major-calorie  is  employed  ; 
this  unit  is  equal  to  1000  calories. 

In  Britain  two  heat  units  besides  the  C.G.S.  units  are  employed. 
These  are  : 

The  Centigrade  unit  of  heat  (Ib  -de<i  -Cent  ),  being  the  heat  required 
to  raise  the  temperature  of  one  pound  of  water  thiough  1°  C. 

The  Fahrenheit  unit  of  heat  (lb.-deg.-Fah.),  or  British  thermal  unit 
(written  B.Th.U.) ;  this  is  the  quantity  of  heat  required  to  raise  the 
temperature  of  one  pound  of  water  through  1°F. 

Since  1  8°  F.  are  equivalent  to  1°C.,  it  follows  that  1  8  B  Th.u. 
are  required  to  raise  the  temperature  of  one  pound  of  water  1°  C  , 
i.e.  1  Centigrade  heat  unit  =  1-8  B  Th.u. 

1  B.Th'.u.  =  J  Centigiade  heat  unit. 

EXAMPLE. — What  factor  must  be  employed  to  convert  a  given  quantity 
of  heat  stated  in  calories  into  B/rh.u  and  into  Centigrade  heat  units  ? 

1  calorie  can  laise  the  temp,  of  1  gram  water  through  1°  C 
453  6  calories        „         „         „     453  0  grams     „         „  1°  C. 

Since  1  pound  =  453  6  grams,  the  latter  statement  may  be  written  . 
453  6  calorics  can  raise  the  temp   of  1  pound  water  through  1°  C 
•'•   (ft*  453-6)         „         „         „         „         „         „         „         „          i°F. 
Hence  I  n/rh.u  =  §  x  453  (>--=252  calories. 

To  convert  from  caloiies  to  B  frh  u ,  multiply  the  calories  by 
2b=0'003968. 

To  convert  from  BT!I  u.  to  calories,  multiply  the  ivrh  u.'s  by  252. 
To  convert  from  Centigrade  heat  units  into  calories,  multiply  the  Centi- 
grade heat  units  by  453  6. 

To  convert  from  calories  to  Centigrade  heat  units,  multiply  the  Centigrade 
heat  units  by  ^-^=0  002205. 

The  Centigrade  heat  unit  has  several  important  advantages  over 
the  B.Th.u.,  and  its  use  in  this  country  is  extending  rapidly. 

Specific  heat. — Experimental  evidence  shows  that  equal  masses 
of  different  substances  require  unequal  quantities  of  heat  to  raise 
their  temperatures  through  the  same  range.  The  specific  heat  of  a 
substance  may  be  defined  as  the  quantity  of  heat  required  to  raise 
the  temperature  of  unit  mass  of  the  substance  through  one  degree. 
Thus  the  specific  heat  of  iron  is  about  J  calorie,  i.e.  -J  calorie  can 
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raise  the  temperature  of  one  gram  of  iron  through  one  degree 
Centigrade,  or  J  Ib.-deg.-Cent.  unit  of  heat  can  raise  the  tempera- 
ture of  one  pound  of  iron  through  one  degree  Centigrade.  The 
number  expressing  the  specific  heat  of  a  substance  is  the  same 
irrespectively  of  the  system  of  units  employed.  The  specific  heat  of 
most  substances  varies  somewhat,  depending  upon  the  temperature. 
Thus,  if  the  specific  heat  of  water  is  taken  as  unity  at  20°  C.,  the 
values  at  40°,  60°  and  100°  are  0-9982,  1  -0000  and  1  -0074  respectively. 
In  many  calculations  the  specific  heat  of  water  can  be  assumed  to 
be  unity  at  all  temperatures. 

SPECIFIC  HEATS.* 

(The  range  in  temperature  is  from  ordinary  atmospheric  tempera- 
tures up  to  100°  C.  unless  otherwise  stated.) 


Specific  lic.it 

Mat  ot  ml. 

Specific  heat 

0-219 

Tin         -     .  - 

0-0552 

0-0936 

Zinc 

0093 

0-119 

Glass,  Crown       ) 

(Mfi 

0-0305 

10"  to  50°  0.    1 

v/   J  U 

0-109 

Glass,  Flint        ) 

0-0324 

10°  to  50'  C.    / 

0-12 

Ice,  -20°  to  -1    0. 

0-502 

Aluminium 
Copper    - 
1  ron 
Lead 
Nickel 
Platinum 


Heat  capacity,  or  water  equivalent  of  a  body.-  The  heat  capacity, 
or  water  equivalent  of  a  given  body  is  the  quantity  of  heat  which  the 
body  absorbs  when  its  temperature  is  raised  through  one  degree. 
The  same  quantity  may  be  defined  as  the  mass  of  water  which 
requires  the  same  quantity  of  heat  to  raise  its  temperature  through 
one  degree  as  the  body  itself  requires.  Thus  the  water  equivalent 
of  9  pounds  of  iron  is  one  pound,  and  of  9  grams  of  iron,  one  gram. 

Let  M  ==  the  mass  of  the  body, 

,9  =  the  specific  heat  of  the  material. 

Then    Heat  capacity,  or  water  equivalent  of  the  body  =  Ms. 

Measurements  of  quantities  of  heat  are  effected  in  vessels  called 
calorimeters.  The  calorimeter  generally  contains  water,  and  the  heat 
undergoing  measurement  is  passed  into  the  water,  thus  causing  a 
rise  in  temperature.  The  temperature  of  the  calorimeter  also  rises, 
and  the  heat  thus  absorbed  is  taken  into  account  by  adding  the 

*For  fuller  tables  of  specific  heats,  sec  Physical  and  Chemical,  Constants,  by 
Kaye  and  Lahy  (Longmans). 


346  HEAT  CHAT 

water  equivalent  of  the  calorimeter  to  the  weight  of  the  contained 
water. 

Calculations  regarding  heat  transference.  —  In  making  calculations 
of  the  ultimate  temperature  attained  when  heat  is  transferred  from 
one  body  to  another,  it  may  be  assumed  in  the  first  instance  that  no 
heat  is  wasted  in  raising  the  temperature  of  any  body  other  than  the 
colder  one  considered.  Corrections  may  then  be  estimated  and 
applied  for  any  heat  known  to  be  wasted.  Calling  the  two  bodies 
A  arid  B,  we  may  state  as  an  approximate  solution  : 
Heat  passing  from  A  —  heat  entering  B. 

EXPT.  71.  —  Final  temperature  in  mixtures  of  water.  Put  some  cold 
water  in  a  copper  calorimeter  A  and  heat  another  quantity  of  water  in  a 
vessel  B.  Obtain  the  masses  of  water  MA  and  MB  by  weighing  and  deduct- 
ing tho  weights  of  the  empty  vessels.  Let  /A  and  /D  be  the  initial  tempera- 
tures in  A  and  B  respectively.  Pour  the  water  from  B  into  A,  stir  well, 
and  observe  the  final  steady  temperature  i.  Calculate  the  final  temperature 
as  follows  : 

Heat  passing  from  B  -  Heat  entering  A. 


Compare  the  result  of  this  calculation  with  the  experimental  value  of  L 
Setting  aside  errors  in  measuring  the  temperatures  accurately,  and  the 
possible'error  due  to  some  ot  the  hot  water  being  left  in  the  vessel  B,  the 
principal  source  of  discrepancy  lies  in  the  fact  that  the  calorimeter  A  has 
been  laised  in  temperature.  Take  account  of  this  by  adding  to  MA  the 
water  equivalent  of  the  calorimeter,  which  may  be  estimated  by  taking 
the  product  of  the  mass  M  of  the  calorimeter  A  and  the  specific  heat  «  of 
its  material.  This  now  gives 

MB(*B-0=(MA+M*)(f-fA), 

from  which  (MA+M*)fA+MB/B  (2] 

.........................  v  ' 


The  result  thus  determined  should  be  in  close  agreement  with  the  experi- 
mental value. 

Tho  masses  used  in  the  above  calculations  should  all  be  in  grams,  or  all 
in  pounds  ;  the  same  scale  of  temperature  must  be  used  throughout. 
If  the  calorimeter  is  made  of  copper,  the  specific  heat  .<?  may  be  taken  as  0  1. 

EXPT.  72.  —  Specific  heat  of  a  solid  by  the  method  of  mixtures.  In  this 
experiment,  a  small  piece  of  iron,  copper,  brass,  or  other  material  is  first 
heated  and  then  lowered  into  a  calorimeter  containing  water.  The  arrange- 
ment for  heating  the  sample  is  shown  in  Fig.  357.  The  sample  A  has  a 
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thread  attached  to  it,  and  is  contained  in  a  copper  tube  B  having  a  plug 
of  cotton-wool  at  its  lower  end.  The  upper  end  is  closed  by  a  stopper  to 
which  a  thermometer  is  fitted.  The  tube  B  is  enclosed  in  another  larger 
tube  having  a  branch  C  for  the  introduction  of  steam  from  a  boiler ;  D  is 
a  discharge  branch.  Steam  is  allowed  to  pass  into  the  heater  for  a  few 
minutes ;  the  temperature  is  then  read,  the  plug  of  cotton-wool  is  with- 
drawn quickly,  and  the  sample  is  lowered  into  the  calorimeter,  which  is 
placed  below  the  heater.  The  arrangement  enables  a  dry,  hot  sample  to 
be  obtained,  and  permits  the  minimum  duration  of  contact  with  the 
atmosphere  between  the  sample  leaving  the  heater  and  entering  the 
calorimeter. 


Fia.  357.  —Arrangement  for  heating 
the  sample 


FlQ.  358. —Section  of  a 
c'lilonmeter. 


The  calorimeter  is  shown  in  Fig.  358.  and  consists  of  an  inner  vessel  G 
and  an  outer  vessel  H,  both  made  of  copper  and  separated  by  a  wooden 
cross  K.  This  arrangement  assists  in  preventing  loss  of  heat  from  the 
calorimeter. 

Weigh  the  sample.  Determine  the  water  equivalent  of  the  inner  vessel 
G.  Find  the  mass  of  the  water  in  the  calorimeter  by  weighing.  Heat  the 
sample,  and  when  it  is  ready  for  transference  to  the  calorimeter,  take  the 
temperatures  of  the  heater  and  of  the  water  in  the  calorimeter.  Lower 
the  sample  into  the  calorimeter,  and  keep  it  moving  in  the  water  until 
the  temperature  of  the  water  becomes  steady.  Note  this  temperature. 
Let  IVL  —  mass  of  the  sample. 

M*.-       „      „      water  in  G. 
MQ5G^  water  equivalent  of  the  calorimeter. 
£s  =  temperature  of  the  hot  sample. 
t1~  initial  temperature  of  the  water. 
t2  —  final  temperature  of  the  water  and  sample. 
s  —  specific  heat  of  the  material  of  the  sample. 
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Assuming  that  the  heat  given  up  by  the  sample  is  equal  to  the.  heat 
taken  up  by  the  water  and  calorimeter, 


IVW/.S    «,) 

Compare  the  value  found  from  this  equation  with  that  given  in  the 
Table,  p.  345. 

In  Expt.  72,  if  the  temperature  of  the  room  be  above  or  below 
that  of  the  calorimeter,  heat  will  pa^s  from  the  atmosphere  into  or 
out  of  the  calorimeter  during  the  experiment  This  interference  may 
be  avoided  partially  by  adjusting  the  initial  temperature  of  the 
water  in  the  calorimeter  so  that  the  temperature  of  the  atmosphere 
in  the  room  is  the  mean  of  the  initial  and  final  temperatures  of  the 
water.  Thus,  if  a  rise  of  4°  C.  is  expected  and  the  temperature  of 
the  room  is  15°  C.,  the  initial  temperature  of  the  water  should  be 
13  C  ;  the  heat  entering  the  calorimeter  will  then  be  balanced 
approximately  by  the  heat  leaving  it. 

Specific  heat  of  a  liquid.—  If  a  sufficient  quantity  of  the  given 
liquid  is  available,  the  specific  heat  may  be  found  by  the  method 
explained  in  Expt.  72.  The  liquid  is  used  in  the  calorimeter  instead 
of  water,  and  a  hot  body  of  known  specific  heat  is  employed. 

EXPT.  73.  —  Specific  heat  of  a  liquid  by  the  method  of  mixtures.  Find  the 
specific  heat  of  the  sample  of  lubricating  oil  supplied,  following  the  method 
explained  in  Expt.  72. 

Let  M  B  =  mass  of  the  hot  body. 

M^       „      „     liquid  in  the  calorimeter. 
M0sG  —water  equivalent  of  the  calorimeter. 
^^temperature  of  the  hot  body. 
*!-  initial  temperature  of  the  liquid. 
t2  -final  temperature  of  the  liquid  and  hot  body. 
SB  —  specific  heat  of  the  hot  body. 

s  =  specific  heat  of  tho  liquid. 
Then 

Heat  entering  liquid  and  calorimeter  --heat  given  up  by  hot  body  ; 


"     M     \i8     ft  /        M 

EXPT.  74.  —  Newton's  law  of  cooling.  Tho  apparatus  employed  for  experi- 
ments on  the  cooling  of  a  liquid  is  illustrated  in  Fig.  359.  The  liquid  is 
contained  in  a  test  tube  A,  fitted  with  a  cork  and  a  thermometer  B.  A 
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wire  stirrer  C  enables  the  liquid  to  be  stirred  prior  to  its  temperature  being 
observed.  D  and  E  are  metal  cans,  one  placed  inside  the  other  and  having 
ice  packed  between  ;  the  test  tube  is  suspended  so  as  not  to  touch  the 
inner  can.  The  temperature  of  the  air  space  in  the  inner  can  will  remain 
practically  constant,  and  may  be  observed  by  the  thermometer  F.  The 
cans  are  closed  at  the  top  by  means  of  a  cover  G.  The  object  of  the  arrange- 
ment is  to  enable  the  surroundings  of  the  liquid  under  test  to  be  preserved 
as  uniform  as  possible. 

Put  a  measured  volume  of  hot  water -in  the  test  tube,  and  complete  the 
arrangement  of  the  apparatus.  Observe  the  temperatures  of  the  water  and 
of  the  air  space  at  one  minute  intervals  during  20  or  30  minutes.  Plot  a 
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FIG.  359.— Experiment  on  cooling. 
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FlG  360. — Cooling  curve 


graph  AB  (Fig.  360),  showing  the  temperatures  of  the  water  as  ordinates  and 
times  as  abscissae.  Show  the  temperature  of  the  air  space  on  the  graph 
as  indicated  by  CD  in  Fig.  360.  )  *  \j  j  ^ 

Select  equal  intervals  of  time  FH  and  HL.  The  fall  in  temperature  of 
the  water  during  the  interval  FH  is  tP,  and  during  H  L  the  fall  is  QQ.  During 
the  interval  FH  the  mean  difference  in  temperature  of  the  water  and  the 
air  space  is  ^(EM  -hQNJ  ;  Curing  the  interval  HL  the  mean  difference  in 
temperature  is  J(GN  -f  rCO;.  Evaluate  the  ratios  of  fall  in  temperature  to 
mean  temperature  difference  for  both  intervals,  viz.  EP  ~  J(EM  +  ON)  and 
GQ  ~  J(GN  -f  KO).  It  will  be  found  that  these  ratios  are  practically  equal, 
showing  that  the  rate  of  cooling  of  the  water  is  proportional  at  any  instant 
to  the  difference  in  temperature  between  the  water  and  its  surroundings. 

Assuming  that  the  fall  in  temperature  of  a  liquid  is  proportional 
to  the  quantity  of  heat  abstracted  from  it,  we  may  infer  from  the 
above  result  that  the  quantity  of  heat  passing  from  a  cooling  liquid 
per  unit  of  time  is  proportional  to  the  temperature  difference  between 
the  liquid  and  its  surroundings,  a  law  which  is  known  as  Newtoa'g 
law  of  cooling. 
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T.  75.  —  Specific  heat  of  a  liquid  by  cooling.  Repeat  Expt.  74,  using 
an  equal  volume  of  some  liquid  other  than  water.  Plot  a  cooling  graph 
for  this  liquid  in  the  same  manner  as  for  the  water  Obtain  from  the 
graphs  the  intervals  of  tune  in  which  the  water  and  the  liquid  cool  through 
the  same  range  of  temperature  from  tl  to  t2.  Ascertain,  by  weighing,  the 
masses  of  both  liquids. 

Let     Tj  =  the  time  in  minutes  for  the  water  to  cool  through  the  given 

temperature  range 

T2     the  corresponding  time  for  the  other  liquid. 
M  t  -  the  mass  of  the  water 
M2    the  mass  of  an  equal  volume  of  the  liquid. 

,s-  -  the  specific  heat  of  the  liquid. 

Then,  since  the  temperatures  are  identical  in  the  two  experiments, 
Heat  lost  by  the  liquid     M2s('i  -  /,)    T2 
Heat  lost  by  the  wafer      M,(/!  -f£)  "T1  ' 


It  will  be  noted  that  equal  volumes  of  water  and  of  the  other  liquid  are 
used  in  order  that  the  area  of  the  wetted  interior  of  the  test  tube  may  be 
the  same  for  both.  This  precaution,  together  with  the  practical  uniformity 
of  the  air-space  temperature,  ensures  that  the  surrounding  conditions  are 
the  same  in  both  experiments. 

EXERCISES  ON  CHAPTER  XXVI. 

1.  Convert  1414  Ib.-deg.-Centigrade  units  of  heat  into  lb.-deg.-Fah. 
heat  units  and  also  into  calories. 

2.  Convert  778  lb,-deg.-Fah.  thermal  units  into  Ib.-deg.-Cent.  units  and 
also  into  calories. 

3.  Define  "  Specific  heat  of  a  substance."     A  copper  calorimeter  weighs 
04  lb.,  and  the  specific  heat  oJP  the  material  is  0-094.     Find  the  quantity  of 
heat  required  to  raise  the  temperature  from  15°  to  55°  C.     What  is  the 
water  equivalent  of  this  calorimeter  ? 

4.  A  steam  boiler  is  made  of  mild  steel  and  weighs  10  tons.    The  specific 
heat  of  the  material  is  0  12.     The  boiler  contains  8  tons  of  water.     Find 
the  quantity  of  heat  required  to  raise  the  temperature  of  the  whole  from 
15°  to  100°  C.,  assuming  no  waste. 

5.  Fifteen  gallons  of  water  at  10°  C.  are  mixed  in  a  tank  with  20  gallons 
of  water  at  65°  C.     Find  the  final  temperature,  assuming  no  waste. 

6.  A  piece  of  zinc  weighing  65  grains  is  at  the  temperature  100°  C.,  and 
is  lowered  into  a  calorimeter  containing  350  grams  of  water  at  15°  C.    The 
water  equivalent  of  the  calorimeter  is  8-5  grams.     The  final  temperature 
is  16-5°  C.    Find  the  specific  heat  of  the  zinc. 
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7.  A  piece  of  iron  weighing  100  grams  is  allowed  to  remain,  in  a  current 
of  hot  gases  m  a  flue  for  a  few  minutes,  and  is  then  lowered  into  a  calori- 
meter containing  500  c.c.  of  water  at  15°  C.     The  water  equivalent  of  the 
calorimeter  is  40  grams.     The  final  steady  temperature  was  observed  to 
be  22 -5°  C.     Calculate  the  temperature  of  the  gases,  assuming  that  the 
average  specific  heat  of  the  iron  is  0-1 1. 

8.  A  sample  of  lubricating  oil  weighing  240  grams  is  contained  in  a 
calorimeter  having  a  water  equivalent  of  12  grams.     The  initial  tempera- 
ture is  14°  C.     A  piece  of  copper  weighing  72  grams,  specific  heat  0-093, 
is  raised  to  100°  C.,  and  then  lowered  into  the  calorimeter.     The  final 
steady  temperature  was  18-2.     Find  the  specific  heat  of  the  oil. 

0.  Fifteen  grams  of  water  contained  in  a  copper  calorimeter  weighing 
22  grams  are  found  to  cool  from  80°  F.  to  70°  F.  in  3  minutes.  An  equal 
volume  of  another  liquid  weighing  14  grams  cools  from  80°  F.  to  70°  F.  in 
the  same  calorimeter  in  110  seconds.  The  specific  heat  of  the  copper  is 
0  00.  Find  the  specific  heat  of  the  liquid. 

10.  Describe  any  experiment  by  which  you  would  find  the  specific  heat 
of  a  sample  of  metal.     Give  sketches  of  the  apparatus  employed. 

11.  Write  an  account  of  the  determination  of  specific  heats  by  the  method 
of  cooling,  and  explain  the  theory  of  the  method.  L.U. 

12.  The  temperatures  of  equal  masses  of  three  different  liquids,  a,  6,  r, 
are  15°,  25°.  and  35°  C.  respectively.     On  mixing  a  and  &,  the  temperature 
of  the  mixture  is  21°  C.,  and  on  mixing  b  and  c,  the  temperature  of  the 
mixture  is  32°  C.     Supposing  a  and  c  were  mixed,  what  would  be  the 
temperature  of  the  mixture  ? 

13.  If  equal  quantities  of  heat  are  applied  to  equal  volumes  of  copper 
and  iron,  compare  the  rises  of  temperature  produced.     Density  of  copper, 
8-9  ;   density  of  iron,  7  8.     Specific  heat  of  copper,  0-094  ;   specific  heat, 
of  iron,  0-12. 

14.  Describe  how  you  would  determine  experimentally  the  water  equi- 
valent of  a  calorimeter.     If  50  grams  of  lead  shot  (specific  heat  =0-031) 
at  97°  C.  are  poured  into  75  grams  of  a  liquid  at  31°  C.,  contained  in  a 
calorimeter  of  water  equivalent  4  5,  and  the  final  temperature  is  33"  C., 
what  is  the  specific  heat  of  the  liquid  ?  Madras  Univ. 


CHAPTER  XXVII 

NATURE  OF  HEAT.     NATURAL  SOURCES  OF  HEAT 

Nature  of  heat.— At  the  beginning  of  the  nineteenth  century  it 
was  believed  that  heat  was  an  elastic  fluid,  capable  of  being  soaked 
in  or  squeezed  out,  as  it  were,  by  a  body.  The  name  caloric  was 
piven  to  this  substance.  This  theory  has  been  rejected  on  the 
evidence  of  experiments,  of  which  the  most  important  were  made 
by  Ruraford,  Davy  and  Joule. 

Count  Rumford  noticed  that  the  metal  chips  removed  by  the 
boring  tool  in  boring  a  cannon  became  hot.  He  arranged  a  cannon 
in  a  bath  of  water,  and  started  boring  with  a  blunt  boring  tool  which 
removed  but  little  material.  It  was  found  that  heat  sufficient  to 
boil  the  water  could  be  obtained  during  a  comparatively  short  run 
of  the  apparatus  As  there  was  evidently  no  limit  to  the  quantity 
of  heat  which  could  be  evolved  from  the  bodies  concerned  in  the 
experiment,  he  concluded  that  it  was  impossible  that  the  heat  pro- 
duced could  be  a  material  substance  contained  in  the  bodies  prior 
to  starting  boring. 

Sir  Humphry  Davy  experimented  by  rubbing  together  two  pieces 
of  ice,  taking  precautions  to  ensure  that  no  heat  could  be  communi- 
cated to  them  from  outside  sources  In  a  short  time  it  was  found 
that  the  ice  melted,  showing  that  heat  had  been  generated  by  the 
rubbing. 

Dr.  Joule,  of  Manchester,  gave  the  most  conclusive  experimental 
proof  that  heat  is  not  a  material  substance.  In  the  experiments  of 
Rumford  and  Davy,  the  bodies  experimented  on  changed  character 
during  the  operations.  In  Joule's  experiments  heat  was  evolved  by 
the  stirring  of  water,  and  the  conditions  at  the  end  of  the  experiment 
were  exactly  the  same  as  at  the  start,  excepting  that  the  temperature 
of  the  water  had  been  raised 

It  is  now  believed  that  heat  is  energy  possessed  by  a  body  by 
virtue  of  the  state  of  motion  of  the  molecules  of  which  it  is 
composed.  The  molecules  of  a  solid  do  not  alter  their  positions 
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leiatively  to  each  other,  but  are  in  a  state  of  vibration  which  is 
increased  by  the  addition  of  heat,  the  energy  of  the  molecules 
being  thus  made  greater.  Heat  imparted  to  a  liquid  may  increase 
the  motion  of  the  molecules  and  at  the  same  time  may  cause 
currents  of  molecules  to  travel  from  one  part  of  the  liquid  to  another 
part.  In  gases  the  molecules  are  in  rapid  motion  ;  collisions  with 
each  other  and  with  the  walls  of  the  vessel  containing  the  gas  are 
frequent.  The  continual  bombardment  produces  pressure  on  the 
walls  of  the  vessel.  Heat  imparted  to  a  gas  increases  the  speed  of 


FIG.  361 .—  Apparatus  used  by  Joule  in  his  experiments  on  the  mechanical  equivalent 

of  heat. 

the  molecules,  thereby  increasing  both  their  kinetic  energy  and  the 
pressure  on  the  walls. 

Mechanical  equivalent  of  heat. — Heat  energy  is  capable  of  being 
converted  into  other  forms  of  energy  and  vice  versa.  There  are 
many  practical  operations  having  for  their  object  the  conversion  of 
heat  into  mechanical  work.  Since  no  energy  can  be  destroyed 
(p.  170),  it  follows  that  a  definite  quantity  of  mechanical  work  is 
equivalent  to  a  given  quantity  of  heat. 

Joule's  experiments,  already  mentioned,  were  projected  for  the 
purpose  of  ascertaining  the  quantity  of  mechanical  work  equivalent 
to  one  thermal  unit.  The  apparatus  employed  is  shown  in  Fig.  561. 
Falling  weights  ee  are  arranged  so  as  to  drive  paddles  revolving  in  a 
calorimeter  AB  containing  water.  The  calorimeter,  shown  separately 
in  Fig.  362,  was  fitted  with  baffle  plates  having  spaces  cut  so  as  to 
permit  the  paddles  to  pass,  the  object  being  thoroughly  to  churn  the. 

P.S.P.  / 
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i  tor     The  weights  were  allowed  to  descend  a  measured  height, 
\nlving  the  paddles  by  means  of  the  cords  wrapped  round  the 
p.iddle  axle  at/  (Fig  361) ,  /  was  then  disconnected  from  the  paddles 
by  means  of  the  pin  jt;,  and  the  weights  were 
wound  up  again  by  means  of  the  handle  at 
the  top  of  /.     It  will  be  noted  that  the 
axrangement  of  two  weights  and  two  cords 
wrapped  round  /  in  opposite  directions 
applied  a  couple  to  the  paddle  axle,  thus 
producing  pure  rotation. 

Corrections  of  various  kinds  were  applied, 
such  as  the  kinetic  energy  of  the  weight- 
on  reaching  the  bottom,  the  fnctional 
resistances  of  the  various  bearings,  the 
heat  capacity  of  the  calorimeter,  etc.  The 
final  result  was  that  about  772  foot-lb.  of 
mechanical  work  were  equivalent  to  one 
British  thermal  unit. 

Subsequent  experiments  by  Rowland  in 
America,  and  Osborne  Reynolds  and 
Griffiths  in  Britain,  give  774  and  778  as 
more  accurate  results.  The  experiments 
of  Osborne  Reynolds  are  of  intei;ewfc  on 
account  of  the  large  scale  of  the  apparatus 
employed.  The  power  developed  by  the 
experimental  steam  engines  at  Owen's 
College  in  Manchester  was  absorbed  by 
the  resistance  provided  by  stirring  water 
in  a  hydraulic  brake.  The  rate  of  flow  of 
the  water  passing  through  the  brake  and 
its  rise  in  temperature  were  measured, 
as  well  as  the  horse-power  absorbed  by 
the  brake,  thus  providing  data  for  calcu- 
lating the  mechanical  equivalent  of  heat. 
Carefully  estimated  corrections  were 
applied. 

At  present  tho  bo^t  authorities  employ  778  foot.-lb  as  equivalent 
to  I  B  Tli  r  Tli (so  numbers  are  called  Joule's  mechanical  equivalent  of 
heat,  and  are  denoted  by  the  symbol  J  In  the  r  <;  s  system  J 
maybe  taken  as  4  18xl07  eigs  of  mechanical  sunk,  equivalent  to 
one  calone  oi  h«\i(  Another  useful  value  for  J  is  1400  foot-lb  of 


FIG  362. —Joule's  c.iloruwter 
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mechanical  work  equivalent  to  one  Centigrade  heat  unit,  i.e.  to  the 
heat  required  to  raise  the  temperature  of  one  pound  of  water 
through  1°  C. 

First  law  of  thermodynamics.  —Thermodynamics  is  the  name  given 
to  the  study  of  the  conversion  of  heat  into  mechanical  work  and 
vice  versa.  The  first  law  may  be  enunciated  as  follows  :  Heat  and 
mechanical  work  are  mutually  convertible,  and  in  any  operation  involving 
such  conversion  4' 18  x  107  ergs  of  mechanical  work  disappear  for  each 
calorie  generated,  or  4-18  x  107  ergs  of  mechanical  work  appear  for  each 
calorie  expended.  In  the  British  system,  substitute  1400  foot-lb.  and 
one  Centigrade  heat  unit  in  the  latter  part  of  the  law. 

The  student  must  be  prepared  for  very  large  waste  in  all  operations 
involving  the  conversion  of  heat  into  mechanical  work.  It  is  very 
difficult  to  prevent  heat  being  dissipated  into  forms  which  are  useless 
for  any  practical  purpose.  The  operation  of  converting  mechanical 
work  into  heat  is  not  accompanied  by  such  excessive  waste,  and 
laboratory  experiments  on  the  value  of  Joule's  equivalent  usually 
follow  this  method. 

EXPT.  76.— Value  of  Joule's  equivalent  by  Calendar's  machine.  The 
Callendar  apparatus  provides  a  very  convenient  laboratory  method  of 
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Fio.  363.— Calorimeter  of  Calendar's  machine. 

determining  J,  and  is  illustrated  in  Fig.  363.  A  brass  drum  A  IB  .fixed  to 
the  end  of  a  shaft  and  can  be  rotated  by  means  of  a  band  passed  over  a 
pulley  B ;  the  band  is  driven  by  a  small  electromotor  not  shown  in  Fig. 
363.  A  revolution  counter  at  D  enables  the  number  of  revolutions  of  the 
drum  to  be  observed.  The  drum  serves  the  purpose  of  a  calorimeter,  and 
contains  a  measured  quantity  of  water ;  a  bent  thermometer  C  passes 
through  a  central  hole  in  the  end  of  the  drum  and  dips  into  the  water.  A 
band  brake,  made  of  three  strips  of  silk  ribbon,  passes  round  the  drum  and 
covers  nearly  the  whole  of  its  external  cylindrical  surface.  The  brake 
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carries  a  dead  load  W  at  one  end  (Fig.  364),  and  has  a  shackle  E  attached 
to  the  other  end  to  which  sm  'ler  weights  w  may  be  added.     A  light  spring 
balance    pulls    the    shackle    E    upwards    and 
enables  the  brake  load  to  be  read  delicately, 
and  also  helps  to  produce  steadier  running. 

Work  is  done  against  the  f notional  resist- 
ances of  the  silk  brake  rubbing  on  the  drum ; 
this  work  is  converted  into  heat,  which  passes 
with  difficulty  outward**  through  the  silk,  but 
passes  very  easily  through  the  metal  drum 
into  the  water.  The  tost  is  made  with  the 
initial  temperature  of  the  water  equal  to  that 
of  the  room ;  tlie  drum  is  revolved  until  the 
thermometer  indicates  a  rif-o  in  temperature 
of  about  5  or  6  degrees  Centigrade. 

The  work  done  against  the  resistance  of  the 
brake  may  be  calculated  cys  follows :  The  load 
W  and  the  pull  P  of  the  spring  balance  both 
resist  the  motion  of  the  drum ;  w  assists 
the  rotation.  Hence  the  net  resistance  is 
(W  -J-P  -w),  and  this  is  overcome  through  a 
distance  equal  to  the  circumference  of  the 
W  drum  during  each  revolution.  If  D  is  the 

diameter    ot    the   drum,  and  if  it  makes  N 

Fio  36£ — Brake  of  Calendar's    revohitions,  then  the  total  work  done  is 
machine.  w 


The  following  record  of  a  test  with  the  Callendar  machine  is  given  in 
order  to  illustrate  the  method  oC  reducing  the  results,  especially  with 
reference  to  the  application  of  cooling  corrections,  which  often  has  to  be 
done  in  calon metric  measurements. 


DETERMINATION  OF  THE  MECHANICAL  EQUIVALENT  OF  HEAT 
BY  CALLENDAR'S  MACHINE. 


Diameter  of  the  drum,  D 
Brake  load,  W 

Load  at  spring  balance  end,  w 
'Pull  of  the  spring  balance,  P  - 
Initial  counter  reading    - 
Final         „  .        . 

Total  revolutions  during  the  test,  N 
Mass  of  water  used,  Mj.   - 
Water  equivalent  of  the  calorimeter,  M  2 


15  2  cm. 

4000  grams  weight. 
300  grams  weight. 
30  grams  weight. 
62,440. 
63,335. 
895. 

250  grams. 
382-65  grams. 
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Time, 
mi  >i 

Observed 
temp   C 

Me.in 
temp, 
dm  ing 
interval  C 

Kate  of  cooling, 
fu>rn  graph  (Fig.  JOb) 
Deg  Cent,  pei  nun 

Con  ection  to  bo  added 
to  the  moan  temp 

Corrected 
mean 
temp  C 

0 
1 

15-1 

l  *\  ^ 

1545 

0-015 

0013 

15465 

2 

16-5 

16  15 

0  035 

0015+0035-0-05 

16  2 

3 

n.i 

16-8 

00(> 

0-05    +  0-06    =0-11 

1691 

17  4 

008 

0  11    +008    =0  19 

17-59 

4 

5 

17-7 
18  4 

18-05 

01 

0-19    +0-1      =0-29 

18-34 

(j 

19  0 

18  7 

0  12 

0-29    +0-12   -0-41 

19-11 

7 

19  6 

193 

0  14 

0-41    +0-14    =0-55 

19  85 

*>n  ni 

19  82 

016 

0  55    +0  16    ^0-71 

20  53 

9 
10 

2006 
19  9 

20-05 
19  98 

0-165 
0162 

0-71    +0-165=0-875 
0-875+0  162-1-037 

20925 
21-017 

1  Q    O 

19  85 

0-16 

1  037+0-16   =1-197 

21-047 

12 

19  7 

19-75 

0  155 

1-197  +0-155  =  1-352 

21-12 

11 

19-4 

19-55 

0-15 

1-352+0-15   =1-502 

21-052 

14 

19  2 

19-3 

0-14 

1-502+0-14   -1-642 

21-082 

The  machine  was  run  for  8  minutes  and  then  stopped.  The  temperature 
was  road  every  minute  for  14  minutes  ;  columns  1  and  2  show  these  readings. 
Column  3  gives  the  mean  temperatures  during  each  interval  of  one  minute  ; 
these  numbers  are  obtained  from  column  2.  Mean  temperatures  and  time 
were  plotted  (Fig.  365),  giving  the  lower  graph.  The  effect  of  cooling  is 
shown  in  this  graph  by  the  curve  drooping  after  the  machine  was  stopped. 
To  obtain  the  cooling  corrections  throughout  the  test,  we  have  from  this 
graph  :  Mcan  temperature  at  1 1  minutes  =  1 9  -76°  C. 

Mean  temperature  at  13  minutes  =  19 -45°  C. 
Fall  in  2  minutes  -   0-31°  C. 
Fall  per  minute  ^  0-155°  C. 

ivr        ,              A        j     •       4t-    *  II     19-76  +  19-45 
Mean  temperature  during  this  fall  -  2  ~ 

=  19  6°C. 

Plot  a  graph  (Fig.  366)  in  which  abscissae  represent  mean  temperatures 
and  ordmates  represent  fall  in  temperature  per  minute.  The  fall  of 
0-155°C.  per  minute  is  plotted  at  19-6°  C.,  and  a  straight  line  drawn 
through  this  point  and  15-1°  C.  (the  temperature  of  the  room)  on  the  OX 
axis ;  at  this  temperature  there  would  be  zero  rate  of  cooling.  The 
cooling  rate  at  any  mean  temperature  shown  in  Fig.  365  can  now  be  obtained 
from  Fig.  366.  Thus,  at  the  mean  temperature  15-45°  C.,  the  rate  of 
cooling  is  0  015°  C.  per  minute;  hence  the  corrected  mean  temperature 
for  the  first  interval  of  one  minute  is  15-45 +0-015  =-15-465°  C.  At  the 
mean  temperature  of  16-15°  C.,  the  rate  of  cooling  is  0-035°  C.  per  minute, 
and  as  the  test  has  now  proceeded  during  two  minutes,  the  correction  for 
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the  first  interval  must  be  added,  giving  a  total  correction  of  0  015  -f  0-035  = 
0-05°  C.    The  corrected  mean  temperature  for  the  second  interval  oi  one 

Deg.  Cent_ 


tO 


12 


Minutes 
FJQ.  305. — Graphs  for  an  experiment  with  Calendar's  machine, 

minute  is  therefore  16-15 +0-05  =  16-2°  C.    The  rates  of  cooling  obtained 
from  Fig.  366  are  shown  m  column  4,  the  corrections  to  be  applied  in 

Fall  per  min. 


0-1 


15' 


16' 


17°  18°  19° 

FIG  366  — Correction  graph. 


20° 


21° 

Cent. 


column  5,  and  the  corrected  mean  temperatures  are  shown  in  the  last 
column. 
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The  upper  graph  (Fig.  365)  shows  the  corrected  mean  temperatures,  and 
represents  what  would  be  obtained  experimentally  if  the  conditions  had 
been  such  that  no  heat  was  dissipated  from  the  apparatus  during  the  test. 
The  final  corrected  temperature  is  21-1°  C.  nearly  ;  the  initial  temperature 
is  15-1°  C.  ;  the  rise  in  temperature  is  therefore  6-0°  C.  We  now  have  : 

Work  done  against  friction  —  (W  -  w  -f  P)  TrD  N#  ergs. 

Heat  developed  =  (Mt  +M2)/  calories, 
whc£e  t  is  the  rise  in  temperature. 


_        ~ 
"  (IVU+Mo)/       g 

_3730  x  22  x  15  2  x  805  x  981 

7x632-65x6 
=4-12  xlO7  ergs. 

Natural  sources  of  heat.—  Heat,  being  a  form  of  energy,  cannot  be 
created  ;  all  heat  is  obtained  from,  natural  stores,  or  is  produced  by 
methods  which  depend  for  their  working  upon  natural  stores?  of  heat. 
The  most  obvious  natural  source  of  heat  is  the  sun.  Direct  heat 
from  the  sun  is  now  being  used  for  the  production  of  mechanical 
work  to  a  small  extent  in  Egypt  and  America.  The  plan  adopted 
is  to  concentrate  the  sun's  rays,  by  use  of  long  parabolic^jnirrors, 
on  a  pipe  containing  water.  The  pipe  serves  as  a  steam  boiler, 
and  supplies  steam  to  an  engine.  The  sun's  heat  is  also  respon- 
sible indirectly  for  the  large  stores  of  energy  available  in  water 
collected  in  elevated  lakes  in  hilly  country.  This  water  comes 
from  rain-clouds  which  owe  their  existence  to  water  evaporated  from 
the  sea  by  the  heat  of  the  sun.  Winds  are  caused  by  unequal  heating 
by  the  sun  of  large  masses  of  air,  and  provide  energy  utilised  in  the 
driving  of  windmills.  Volcanic  heat  is  now  being  utilised  for  power 
production  in  Central  Tuscany,  where  powerfulVjets  of  very  hot 
steam  are  discharged  from  cracks  in  the  ground.  This  steam  is 
employed  instead  of  coal  for  heating  the  water  in  steam  boilers, 
and  the  steam  generated  in  the  boilers  is  used  for  driving  steam 
turbines,  which  provide  motive  power  for  electric  generators.  Three 
large  installations  on  this  system  were  put  .into  operation  in  the 
year  1916. 

The  principal  commercial  sources  of  heat  are  fuels.  A  fuel  is  any 
substance  capable  of  chemical  combination  with  the  oxygen  of  the 
atmosphere,  with  the  evolution  of  heat  and  light  (i.e.  combustion), 
and  existing  in  quantities  sufficient  to  be  of  commercial  value. 


360  HEAT  CHAP. 

Solid  fuels.-— Coal  is  the  fuel  in  most  extensive  use  at  present.  It 
consists  of  mineralised  vegetable  matter,  and  consequently  its  origin 
may  be  traced  to  the  heat  and  light  of  the  sun.  The  vegetation  of 
past  ages  beins*  buried  in  the  earth  undergoes  compression  and  slow 
mineralisation.  The  first  product  is  lignite— a  coal  of  very  poor 
quality.  Anthracite  is  the  most  perfectly  mineralised  coal  and  con- 
sists chiefly  of  carbon.  Bituminous  coal  is  intermediate  in  com- 
position, and  contains  volatile  constituents  composed  of  compounds 
of  hydrogen  and  carbon  called  hydrocarbons.  Over  400,000,000 
tons  of  coal  are  mined  annually  in  Europe.  It  is  estimated  that  the 
European  coal  supply  yet  remaining  is  about  350,000,000,000  tons. 
The  consumption  of  coal  is  increasing  rapidly  every  year. 

The  heat  which  may  be  produced  h}  the  complete  combustion  of 
one  pound  of  good  coal  is  about  8000  Centigrade  heat  units  ,  this 
number  is  called  the  heating  value  of  the  coal. 

Other  solid  fuels  are  coke,  produced  by  distilling  coal  in  closed 
retorts ;  the  volatile  constituents  are  driven  off,  leaving  coke, 
which  consists  of  carbon  and  ash,  the  latter  being  the  incombustible 
material  present  in  the  coal ;  timber ;  charcoal  produced  from  wood  by 
driving  off  the  moisture  and  volatile  matter  by  slow  beating,  leaving 
practically  pure  carbon  ,  peat,  which  is  the  remains  of  comparatively 
recent  vegetation  found  in  bogs. 

Liquid  fuels. —Mineral  oils  suitable  for  fuels  are  obtained  as  (a) 
crude  petroleum,  (b)  paraffin  oil  ;  these  are  both  mixtures  of  various 
hydrocarbons 

Crude.petroleum  is  obtained  by  drilling  wells  in  the  earth's  crust ; 
tlie  bulk  of  the  supply  comes  from  the  United  States  and  Russia. 
The  crude  oil  is  refined  by  distillation,  giving  gasoline,  burning  oils, 
oils  suitable  for  gas  making,  and  other  materials.  Light  gasoline 
oils  are  used  for  driving  motor  vehicles  ;  the  heavier  burning  oils 
are  also  used  for  operating  engines.  Crude  oil  is  also  used  as  fuel. 
The  heating  value  ranges  from  about  10,800  for  the  lighter  oils  to 
about  12,500  for  the  heavier,  both  stated  in  Centigrade  heat  units 
per  pound  of  oil.  The  extent  of  the  world's  store  of  petroleum  is 
unknown  ;  the  consumption  is  enormous — about  60,000,000  tons  per 
annum— and  is  increasing  rapidly, 

Paraffin  oil  is  produced  by  the  distillation  of  bituminous  shales 
and  boghead  coal. 

Gaseous  fuels. — Ordinary  lighting-  gas  is  produced  by  heating  bitu- 
minous coal  in  closed  retorts  ;  coke  is  a  bye-product  of  the  process*. 
The  gases  driven  off  are  purified,  and  are  then  available  for  lighting 
and  heating.  About  50  per  cent,  by  volume  of  the  gas  is  hydrogen, 
the  remainder  consists  of  various  hydrocarbons  and  carbon  monoxide. 
A  ton  of  coal  yields  about' 10,000  cubic  feet  of  gas.  The  average 
heating  value  is  about  300  Centigrade  units  per  cubic  foot  of  gas. 
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Various  oases  are  manufactured  for  power  purposes  on  the  large 
scale.  Among  these  may  be  mentioned  Dowson  gas,  manufactured 
by  blowing  a  mixture  of  air  and  superheated  steam  through  incan- 
descent anthracite  or  coke.  This  gas  has  a  composition  by  volume 
roughly  as  follows  :  Hydrogen,  19  per  cent.  ;  carbon  monoxide, 
25  per  cent.  ;  nitrogen,  49  per  cent.  The  heating  value  is  about 
90  Centigrade  units  per  cubic  foot  of  gas.  Mond  gas  is  another 
power  gas  manufactured  from  cheap  bituminous  small  coal  by 
blowing  air  saturated  with  steam  at  70°  C.  through  the  coal, 
which  is  kept  burning  at  a  dull  red  heat.  The  composition  by 
volume  is  roughly  as  follows  :  Hydrogen,  28  per  cent.  ;  carbon 
monoxide,  12  per  cent. ;  carbon  dioxide,  15  per  cent. ;  nitrogen, 
43  per  cent.  The  heating  value  is  about  the  same  as  that  of 
Dowson  gas. 

Natural  gas  is  discharged  from  wells  bored  into  the  earth's  crust 
in  certain  localities.  The  heating  value  of  American  (Pittsburg) 
natural  gas  is  about  550  Centigrade  units  per  cubic  foot  of  gas.  The 
supply  is  giving  out  rapidly. 

Combustion  of  carbon. — In  burning  carbon  completely  to  carbon 
dioxide,  about  8040  Centigrade  units  are  given  out  per  pound  of 
carbon.  Theoretically  about  12  pounds,  of  air  occupying  a  volume 
of  about  155  cubic  feet  must  be  supplied  ;  in  practice  from  18  to 
24  pounds  of  air  are  required.  ' 

By  limiting  the  supply  of  oxygen,  carbon  may  be  incompletely 
burned,  producing  carbon  monoxide.  In  this  process  about  2470 
Centigrade  units  of  heat  are  given  out  per  pound  of  carbon.  Carbon 
monoxide  is  combustible,  and  when  burned  completely  the  product 
is  carbon  dioxide  ;  it  $ives  out  about  5600  Centigrade  units  of  heat 
per  pound  of  gas. 

Combustion  of  hydrogen.  When  hydrogen  is  burned,  the  product 
is  water  vapour.  About  34,500  Centigrade  units  of  heat  are  given 
out  per  pound  of  hydrogen.  About  35  pounds  of  air,  occupying 
about  450  cubic  feet,  must  be  supplied  per  pound  of  hydrogen. 

Hydrogen  and  other  combustible  gases  and  vapours  may  be 
exploded  with  violence  when  mixed  with  proper  proportions  of  air. 
Carbon  burns  slowly  unless  it  is  powdered  finely  and  mixed  as  a  dust 
with  oxygen,  in  which  case  an  explosion  may  be  produced. 

Some  of  the  practical  methods  used  in  the  determination  of  the 
heating  values  of  fuels  may  now  be  studied. 

Heating  value  of  coal.— In  the  Darling  calorimeter,  the  heat  evolved 
during  the  combustion  of  the  sample  of  coal  passes  into  a  measured 
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quantity  of  water.  The  instrument  is  shown  in  Fig.  367.  The 
sample  of  coal  is  first  finely  powdered  aiitttieated  at  100°  C.  in  an 
oven  in  order  to  get  rid  of  moisture.  About  one  gram  is  then  weighed 

and  introduced  into  a  crucible  C,  which 
is  held  in  clips  at  the  top  of  a  tube  A.  A 
bell-glass  B  encloses  the  crucible,  and  is 
clamped  to  a  plate  R.  A  gentle  stream  of 
oxygen  is  supplied  to  the  bell-jar  through 
a  tube  O..  W,  W  are  wires  passing 
through  the  bell-glass  stopper,  and  are 
connected  at  the  lower  ends  by  a  piece 
of  fine  iron  wire  which  dips  into  the  coal. 
An  electric  current  is  used  for  ignition  ; 
on  passing  the  current  through  the  iron 
wire,  it  is  heated  to  incandescence 
(some  of  it  generally  burns)  and  ignites 
the  coal  The  vessel  S  contains  a 
measured  quantity  of  water,  the  tem- 
perature of  which  is  measured  by  a 
thermometer  T 

The  combustion  is  thus  effected  in  an 
•  atmosphere  of  oxygen ;  the  products  of 
combustion  pass  downwards  through  A 
and  escape    into   the  water   through  a 
number  of  small  holes.      The  resulting 
bubbles  give  up  their  heat  to  the  water 
as  they  pass  upwards. 
Let       Q  =  the  heating  value  in  calories  per  gram  of  coal. 
M  =  the  mass  of  water  used,  in  grams. 
Mc  =  the  water  equivalent  of  the  instrument,  in  grams. 
M/=the  mass  of  coal  burned,  in  grams. 
^  =  the  initial  temperature  of  the  water,  C. 
^2  =  the  final  temperature  of  Ihe  water,  C. 

Then     QJM±Mo)P.-0. 
M, 

Heating  value  of  gaseous  fuels. — In  calorimeters  of  the  Darling 
type,  described  above,  a  definite  quantity  of  water  is  used,  and  the 
temperature  of  the  calorimeter  rises  as  the  test  proceeds.  In  testing 
gaseous  fuels,  calorimeters  are  used  in  which  the  heat  evolved  during 
the  combustion  is  passed  into  water  which  circulates  through  the 
instrument.  Arrangements  are  made  so  as  to  maintain,  as  steady 
as  possible,  both  the  flow  of  gas4to  the  burner  and  the  flow  of  water ; 
hence  the  temperatures  remain  nearly  constant  throughout  the 


Fia  367  — Darling  calorimeter 
for  testing  the  heating  value  of 
coal  or  other  solid  fuel 
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jxperiment.     The   calorimeter   designed   by   Prof.    C.    V.    Boys    is 
illustrated  in  Fig.  368,  and  is  typical  of  this  kind  of  calorimeter. 

The  gas  is  burned  at  jets  B  ;  the  products  of  combustion  pass 
upwards  into  a  bell  H  and  then  downwards  through  E,  in  which  space 
is  a  pipe  coil  M  made  of  motor-car  radiator  tube.  GiKudal^^ 
enters  th&  j)ipc-coil  ut  Q,  where  -ita-touperature  is  measured ^ 
through  the  qiy 


inner     coil-.  M. 

Leaving  M,  the  water  enters  a 
space  K  where  it  is  thoroughly 
mixed  before  being  discharged 
at  P,  where  its  temperature  is 
again  measured.  The  instru- 
ment is-  used  in  conjunction 
with  an  accurate  gas  meter. 
The  quantity  of  water  passed 
through  the  calorimeter  during 
the  test  is  discharged  into 
graduated  jars,  and  is  so 
measured ;  from  this  quantity 
and  the  rise  in  temperature, 
the  heat  evolved  by  the  com- 
bustion of  the  measured 
quantity  of  gas  is  determined. 

Bomb  calorimeter. — The  ori- 
ginal form  of  the  bomb  calori- 
meter is  the  Berth  elot-Ma  hi  er ; 
there  are  now  several  different- 
designs,  one  of  which  is  shown 
in  Fig.  369.  Both  solid  and 
liquid  fuels  can  be  tested  in 
this  instrument,  and  very 
accurate  results  can  be  ob- 
tained on  account  of  the  com- 
pleteness of  the  combustion. 
The  general  principles  are  the  same  as  those  in  the  Darling  type, 
but  the  combustion  is  effected  in  an  atmosphere  of  highly  com- 
pressed oxygen. 

A  is.  the  bomb,  and  consists  of  a  strongly  made  metal  vessel  fitted 
with  a  gas-tight  cover  B.  The  measured  quantity  of  fuel  is  placed 
in  a  platinum  crucible  C  held  in  a  stiff  wire  loop  D.  Ignition  is 
accomplished  electrically  by  means  of  a  fine  iron  wire  F,  supplied 
with  current  through  leads  D  and  E.  After  closing  the  bomb,  oxygen 
under  a  pressure  of  20  atmospheres  is  passed  into  it  through  the  pipe 
G  ;  the  valve  H  is  then  closed  and  the  pipe  Q  is  disconnected.  The 


FIG.  368.— Section  ot  Boys'tf  calorimeter  for 
testing  the  heating  value  of  gas. 
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bomb  is  then  lowered  carefully  into  a  vessel  K  containing  a  measured 
quantity  of  water  and  fitted  with  stirrers  L  which  are  rotated  by 
hand.  The  temperature  is  observed  by  means  of  a  delicate  thermo- 
meter T.  Another  vessel  M  surrounds  K,  the  space  between  forming 


FIG  369  — Section  of  a  bomb  calorimeter. 

an  air  jacket ;  the  vessel  N  surrounds  M,  and  the  spare  between  is 
charged  witK  water  ;  a  flannel  jacket  is  wrapped  round  the  outside 
of  N. 

After  ignition ;  the  stirrers  are  operated  until  the  temperature 
ceases  to  rise.  The  heating  value  of  the  fuel  is  then  calculated  in 
the  same  manner  as  in  the  Darling  calorimeter  (p.  302). 


EXERCISES  ON  CHAPTER  XXVII. 

1.  Find  the  mechanical  energy  given  out  when  one  horse-power  is 
maintained  for  one  hour.     Find  the  heat  equivalent  of  this  energy.     State 
the  result  in  Ib.-deg.-Cent.,  lb.-deg.-Fah.  and  calories. 

2.  Give  a  brief  account  of  the  evidence  that  we  have  for  the  statement 
that  heat  is  a  form  of  energy. 

3.  A  tank  contains  4  gallons  of  water,  and  is  fitted  with  a  stirring 
arrangement  which  takes  0  28  horse-power  to  drive  it.    Supposing  that 
al!  the  work  done  is  converted  into  heat  and  retained  by  the  water,  how 
long  will  it  take  to  raise  the  temperature  of  the  water  from  15°  to  25°  C.  ? 
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4.  A  train  has  a  mass  of  200  tons,  and  reduces  speed  from  40  to  30 
miles  per  hour  by  application  of  the  brakes.     Assume  that  the  whole  of 
the  work  done  against  the  f Fictional  resistance  of  the  brakes  is  converted 
into  heat,  and  find  this  heat.     State  the  result  in  Centigrade  heat  units. 

5.  Give  a  brief  description,  with  sketches,  of  Joule's  water-stirring 
experiment  for  the  determination  of  tho  mechanical  equivalent  of  heat. 

6.  Give  sketches  and  describe  the  Callendar  machine,  or  any  other 
laboratory  appliance  you  are  acquainted  with  for  determining  the  value 
of  J. 

7.  Explain  carefully  how  to  apply  cooling  corrections  in  a  calori metric " 
experiment. 

8.  One  pound  of  coal  has  a  heating  value  of  8000  Ib.-deg.-Ccnt.     By 
means  of  suitable  machinery  500  gallons  of  water  can  be  raised  to  a  height 
of  100  feet  for  each  pound  of  coal  burned.     What  percentage  of  the  heat 
contained  in  the  coal  is  converted  into  useful  work  ? 

0.  Name  the  principal  solid  fuels  used  in  practice,  and  briefly  describe 
each. 

10.  Give  a  list  and  a  brief  description  of  tho  principal  gaseous  fuels. 

11.  One  ton  of  coal  costs  22  shillings  and  has  a  heating  value  of  8000 
Ib.-deg.-Ccnt.  units  per  pound.     One  gallon  of  petrol  costs  2  shillings  and 
has  a  heating  value  of  10,800  Ib.-deg.-Cent.  units  per  pound  ;    a  gallon  of 
petrol  weighs  7  3  Ib.     Lighting  gas  has  a  heating  value  of  300  Ib.-deg.-Cent. 
units  per  cubic  foot  and  costs  3  shillings  per  1000  cubic  feet.     Which  of 
these  fuelft  gives  the  best  heat  value  ?     Answer  this  question  by  finding 
for  each  fuel  the  heat  obtained  for  one  penny 

12.  How  much  heat  is  available  by  the  combustion  of  100  cubic  feet  of 
hydrogen  having  a  heating  value  of  34,500  Ib.-deg.-Cent.  units  pefr  pound  ? 
Take  the  weight  of  one  cubic  foot  of  hydrogen  as  0-0056  Ib. 

13.  Describe  any  experiment  for  the  determination  of  the  heating  value 
of  a  given  sample  of  coal. 

14.  Answer  Question  13  in  relation  to  a  given  combustible  gas. 

15.  Answer  Question  13  in  relation  to  a  sample  of  liquid  fuel.    The 
cajorimeter  described  must  be  different  from  that  chosen  in  answer  to 
Question  13. 

16.  Describe  one  method  of  determining  the  mechanical  equivalent  of 
heat. 

A  calorimeter  of  copper  (specific  heat  0-095)  weighs  122  grams.  It 
contains  1680  grams  of  aniline  oil  (specific  heat  0-5).  The  liquid  is  stirred 
by  a  rotating  paddle  which  requires  a  couple  of  moment  10s  dyne  cm.  to 
drive  it.  The  temperature  of  the  liquid  is  raised  8°  C.  after  450  revolutions. 
Calculate  the  mechanical  equivalent  of  heat.  L.U. 

17.  One  gram  of  coal  was  burned  in  a  Darling  calorimeter  containing 
1400  grams  of  water.     The  water  equivalent  of  the  calorimeter  is  282 
grams.    The  observed  rise  in  temperature  was  4°  C.    Find  the  heating 
value  in  Ib.-deg.-Cent.  units  per  pound  of  coal.  < 
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18.  In  a  test  with  a  bomb  calorimeter,  0  742  gram  of  petroleum  was 
burned.  The  calorimeter  contained  2000  grams  of  water  and  had  a  water 
equivalent  of  720  grams.  The  rise  in  temperature  was  2-98°  C.  Find  the 
heating  value  in  Ib.-deg.-Cent.  units  per  pound  of  petroleum. 


CHAPTER  XXVIII 

TRANSFERENCE  OF  HEAT 

Conduction. — If  heat  be  imparted  to  one  part  of  a  body,  other 
parts  in  its  neighbourhood  have  their  temperatures  raised  owing 
to  heat  being  passed  on  to  them.  Thus  heat  is  passed  through 
the  body  from  layer  to  layer  without  alteration  in  the  relative 
positions  of  the  parts  of  the  body.  The  process  has  not  yet  been 
investigated  thoroughly,  and  is  called  conduction. 

EXPT.  77. — Conduction  of  heat  along1  a  wire.  Coat  the  surface  of  a 
copper  wire  with  paraffin  wax,  and  heat  one  end  of  the  wire  in  a  flame. 
The  conduction  of  heat  along  the  wire  may  be  observed  by  the  melting  of 
the  wax.  If  the  wire  is  short,  the  end  remote  from  the  flame  becomes  in 
a  short  time  too  hot  to  be  held  in  the  hand. 

Convection.— When  heat  is  transferred  from  place  to  place  by 
the  actual  motion  of  the  hot  body,  the  heat  is  said  to  be  conveyed, 
and  the  process  is  called  convection.  In  most  cases,  convection  occurs 
automatically.  Thus,  in  fluids  the  portions  of  the  fluid  adjacent 
to  the  source  of  heat  become  hot.  Expansion  takes  place,  and 
the  density  of  the  hotter  fluid  becomes  smaller  than  that  of  the 
colder  portions  of  the  fluid.  Motion  is  then  set  up  under  the  action 
of  gravity,  and  the  hotter  portions  of  the  fluid  move  away  from 
the  source  of  heat,  thus  permitting  colder  portions  to  approach 
the  source  and  to  become  heated  in  turn.  Thus  heat  is  transmitted 
in  convection  by  reason  of  currents  of  fluid  approaching  and 
receding  from  the  source  of  heat. 

EXPT.  78. — Convection  currents  in  a  liquid.  The  apparatus  shown  in 
Fig.  370  is  intended  to  illustrate  the  convection  currents  in  an  appliance 
sometimes  fitted  to  steam  boilers.  A  is  a  glass  vessel  to  which  is  fitted 
a  glass  tube  B  closed  at  its  lower  end ;  the  upper  end  of  B  is  nearly  flush 
with  the  bottom  of  A.  Another  tube  C  of  smaller  diameter,  open  at  both 
ends,  is  suspended  centrally  in  B,  its  lower  end  being  at  a  small  height 
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above  the  bottom  of  B,  and  its  upper  end  being  a  little  below  the  surface 
of  water  which  is  contained  in  A  and  fills  both  tubes.  On  applying  a 
flame  gently  at  the  lower  end  of  B,  the  water  there  is  warmed  and  expands  ; 
the  density  decreases  and  an  ascending  current  ot  warm  water  is  established 
in  the  inner  tube.  At  the  same  time  a  downward  current  of  colder  water 
passes  from  A  through  the  space  between  the  two  tubes.  Ultimately  the 
whole  of  the  water  becomes  heated  by  a  source  of  heat  applied  at  0110  part 
of  the  vessel  only. 


i! 


FIG  370  — Apparatus  lor  showing  the  <  in  n- 
latiou  of  water  due  to  cou\e<  tion  ciments 


FIG   371  — Convection  current'. 


EXPT.  79. — Convection  currents  in  a  gas.  In  Fig.  371,  A  is  an  oidmary 
incandescent  electric  lamp  ;  B  is  a  cardboard  tube  open  at  both  ends. 
When  the  lamp  is  lighted,  the  air  inside  the  tube  near  the  lamp  becomes 
heated  arid  expands.  Its  density  is  thus  diminished  and  an  ascending 
current  of  air  is  established  in  the  tube.  The  convection  currents  of  air 
approaching  the  lower  end  of  the  tube  and  discharging  from  the  upper  end 
may  be  rendered  visible  by  holding  smouldering  brown  paper  near  the 
lower  end  of  the  tube.  This  experiment  illustrates  the  action  of  an  ordinary 
chimney,  in  which  the  upward  draught  is  caused  by  the  diminished  density 
of  the  hotter  air  inside  the  chimney  as  compared  with  that  of  the  colder 
air  outside. 

Radiation. —In  radiation,  heat  is  transferred  from  a  source  of  heat 
to  other  bodies  by  a  kind  of  wave  motion  in  the  ether,  a  medium 
which  is  assumed  to  fill  all  interstellar  space  as  well  as  the  spaces 
between  the  molecules  of  material  bodies.  The  heat  waves  travel 
at  very  high  speed  ;  on  arrival  at  a  body  they  become  absorbed,  thus 
producing  the  ordinary  effects  of  heat. 

EXPT.  80. — Radiation  of  heat  distinguished  from  conduction  and  convection. 
Hold  the  hand  a  few  inches  below  a  lighted  incandescent  electric  lamp. 
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The  sensation  of  warmth  perceived  cannot  be  due  to  either  conduction  or 
convection,  since  there  are  ascending  currents  of  air  in  the  neighbourhood 
of  the  heated  lamp  (Expt.  79).  The  hand  is  thus  surrounded  by  colder 
air  streaming  towards  the  lamp,  and  hence  cannot  be  affected  thermally 
either  by  conduction  or  convection.  Radiation  alone  can  account  for  the 
sensation  of  warmth. 

Thermal  equilibrium.— A  body  is  said  to  be  in  thermal  equilibrium 
when  it  receives  and  gives  out  equal  quantities  of  heat  in  the  same 
interval  of  time.  Any  heat  leaving  the  body  is  balanced  immediately 
by  the  entrance  of  an  equal  quantity  of  heat,  and  the  temperature 
of  the  bod^  remains  constant.  It  does  not  follow  that  a  body  at 
constant  temperature  is  not  exchanging  heat  with  other  bodies,  but 
only  that  the  exchanges  are  equal. 

Temperature  is  the  condition  of  matter  which  determines  the  direction 
in  which  the  resultant  flow  of  heat  takes  place.  If  a  body  A  can 
exchange  heat  with  another  body  B  at  a  lower  temperature, 
then  the  resultant  heat  flow  always  takes  place  from  the  body  A 
at  higher  temperature  to  the  body  B.  A  certain  quantity  of  heat 
passes  per  second  from  A  to  B,  and  a  lesser  quantity  passes  per 
second  from  B  to  A ;  ultimately  both  bodies  arrive  at  the  same  tem- 
perature, when  the  exchanges  of  heat  become  equal. 

The  theory  Of  exchanges  may  be  explained  by  considering  a  body 
surrounded  by  an  envelope.  According  to  this  theory,  the  body 
continually  gives  out  heat  at  a  rate  which  is 
independent  of  the  temperature  of  the  enve- 
lope, and  depends  solely  upon  the  temperature 
of  the  body.  Similarly  the  rate  at  which  the 
envelope  gives  out  heat  depends  upon  its  tem- 
perature and  is  independent  of  that  of  the 
body.  Thermal  equilibrium  in  both  body  and 
envelope  is  attained  when  the  temperature 
of  the  body  is  equal  to  the  temperature  of 
the  envelope. 

Thermal  conductivity. — Consider  a  large 
plate  of  a  substance,  having  parallel  faces 
ABCD  and  EFGH  (Fig.  372).  If  the  face  ABCD 
be  maintained  at  a  temperature  higher  than  that  of  EFGH,  heat  will 
flow  by  conduction  through  the  plate  in  the  sense  from  A  towards  E. 
The  plate  is  supposed  to  be.  very  large,  so  tfcat  the  locaj  effects  of 
D.S.P.  2  A 


FIG.  372 —Conduction  of 
heat  through  a  plate. 
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heat  escaping  from  the  edges  may  be  disregarded,  and  it  may  be 
assumed  that  sections  of  the  plate  taken  parallel  to  the  face  ABCD 
have  uniform  temperature  throughout. 

Let  all  the  conditions  be  steady,  and  consider  a  cube  K  (Fig.  372) 
of  one  centimetre  edge,  embedded  in  the  plate  and  having  two  faces 
parallel  to  ABCD.  The  coefficient  of  conductivity,  or  the  conductivity 
of  the  substance  is  defined  as  the  quantity  of  heat  flowing  through 
the  unit  cube  per  second  per  degree  difference  in  temperature  of  its 
opposite  edges. 

Let       Q  =  the  quantity  of  heat  flowing  per  second  through  the 

unit  cube. 
Z  — the  difference  in  temperature  of  the  opposite  faces  of 

the  cube. 
C=the  conductivity  of  the  substance. 

Then  c  =  ~ 

Heat  flow  along  an  insulated  bar.—  In  FIL*.  373  is  shown  a  metal 
bar  AC,  one  end  of  which  is  heated  by  a  bunsen  burner.  The  portion 

Temp. 


E  Length 


Q 


FIG.  373. — Conduction  of  heat  along  an  insulated  bar 

BC  is  surrounded  by  non-conducting  material,  so  that  no  heat  entering 
this  portion  across  the  section  at  B  can  leave  it  otherwise  than  through 
the  end  C.  Hence,  if  Q,  units  of  heat  enter  the  bar  at  B,  an  equal 
quantity  will  leave  it  at  C.  Under  these  ideal  conditions,  the  tem- 
perature will  fall  uniformly  from  B  to  C.  The  graph  in  Fig.  373 
is  drawn  by  taking  DF  to  be  the  temperature  of  the  bar  at  B,  and 
EO  the  temperature  at  C.  The  straight  line  FG  is  drawn,  and  shows 
the  temperaturVof  the  bar  at  any  point  in  its  length.  The  fall  in 
temperature  per  unit  length  is  called  the  temperature  gradient. 
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Let       Q  =  the  heat  flowing  along  the  bar  and  discharged  per 

second,  in  calories. 

a  =  the  sectional  area  of  the  bar,  in  sq.  cm. 
Z  =  the  length  of  the  bar,  in  cm. 
^  =  the  temperature  at  B,  deg.  Cent. 


C  =  the  conductivity  of  the  material. 
Temperature  gradient  =G  =  l  .-  2  deg. 
Also,       Heat  flow  per  second  per  sq.  cm.  of  section  =  * 


Then     Temperature  gradient  =G  =  l  .-  2  deg.  Cent,  per  cm. 

Q 

a 


....(i) 


I        aG' 


..(2) 


or 


..(3) 


Equation  (3)  may  be  employed  in  calculating  the  heat  transmitted 
through  a  plate,  provided  the  temperatures  ^  and  t2  are  known.  It 
should  be  noted  that  there  is  difficulty  in  measuring  the  temperatures 
of  the  surfaces  of  a  plate.  Equation  (2)  indicates  that  experiments 
might  be  devised  for  determining  the  value  of  C  for  the  material  of 
a  bar,  but  the  difficulty  of  procuring  a  perfect  heat  insulator  for 
surrounding  the  bar  prevents  the  practical  application  of  this  method. 
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FIG.  374. — Conduction  of  heat  along  a  bare  bar. 

Heat  flow  along  a  bare  metal  bar.— In  Forbes's  method  of  deter- 
mining conductivity  a  bare  metal  bar  AB  is  used  (Fig.  374).  The 
portion  near  the  end  A  is  maintained  at  constant  temperature  by  being 
immersed  in  a  bath  of  molten  solder,  and  a  screen  C  protects  the 
remainder  of  the  bar  from  being  influenced  by  heat  effects  from  the 
bath.  The  bar  has  a  number  of  pockets,  equally  spaced,  containing 
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mercury  and  fitted  with  thermometers.  The  temperature  of  the  bar 
is  raised  above  that  of  the  atmosphere  by  the  heat  conducted  along 
the  bar  towards  the  end  B,  and  radiation  takes  place  from  the  bare 
surfaces.  The  dissipation  of  heat  which  thus  takes  place  is  assisted 
by  convection  currents  of  air.  The  fall  in  temperature  along  measured 
lengths  of  the  bar  is  thus  greater  than  in  the  insulated  bar  discussed 
above.  Ultimately,  when  conditions  have  become  steady,  and  if  the 
liar  is  long  enough,  there  will  be  a  section  H  at  which  the  whole  of 
the  heat  entering  the  bar  at  A  has  been  dissipated  into  the  sur- 
rounding atmosphere.  The  temperature 
B  of  the  bar  between  H  and  B  will  then  be 

==*    equal  to  that  of  the  atmosphere. 

===>        The  temperature  gradient  may  be  shown 
•  =*=3    by  plotting  the  temperatures  indicated  by 
__    the  thermometers   (Fig.   374)  ;    the  hori- 
zontal line  DE  represents  the  temperature 
==:3    of  the  atmosphere.     The  fall  is  more  rapid 
_^     than  in  Fig.  373,  and  atmospheric  tem- 
perature is  attained  at  G  (Fig.  374). 

A  separate  experiment  is  made  on  the 
Fl°  c3o7nd^ti°vZsratlVe         rate  of  cooling  of  a  short  bar  made  of 
the  same  kind  of  material,  thus  determining 

the  heat  dissipated  at  any  temperature  per  square  centimetre  of 
exposed  surface  of  the  longer  bar.  From  this  information  and  from 
the  temperature  gradient  graph  in  Fig.  '374,  the  conductivity  of  the 
material  is  determined. 

Comparative  conductivities. — The  following  experiment  enables  a 
comparison  to  be  made  between  the  conductivities  of  various 
metals : 

EXPT.  81. — Comparative  conductivities  by  Ingen-Hausz's  method.  Several 
rods  of  different  metals  are  supplied.  The  rods  are  all  of  equal  diameters 
and  lengths,  and  their  surfaces  should  be  in  the  same  state  as  regards 
polish.  A  trough  A,  shown  in  plan  in  Fig.  375.  is  also  supplied  ;  one  end 
of  each  rod  can  be  inserted  through  a  hole  in  the  side  of  the  trough  ;  the 
trough  contains  water  which  is  brought  to  boiling,  and  a  screen  B  protects 
the  rods  from  the  action  of  the  bunsen  flames. 

Coat  each  rod  by  dipping  it  into  a  bath  of  melted  paraffin  wax  ;  when 
the  coating  has  solidified,  insert  the  rods  in  the  trough.  Bring  the  water 
to  boiling ;  melting  of  the  wax  will  take  place  over  lengths  of  the  rods 
which  will  depend  upon  their  conductivities.  When  the  water  has  been 
boiling  for  15  minutes,  measure  the  length  of  each  rod  from  which  the 
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wax  has  melted ;    the  conductivities  are  proportional  to  the  squares  of 
these  lengths.     Tims 

d  :  C2 :  C3,  etc.  =lf  :  7^  :  732,  etc. 

Express  the  conductivities  ot  the  rods  in  terms  of  the  conductivity  of 
the  copper  rod. 

The  relative  value  of  different  heat  insulators  may  be  examined 
by  means  of  the  following  experiment :  ^ -  -  -- ~'" 

EXPT.  82. — Comparative  value  of  heat  insulators.  A  number  of  copper 
or  aluminium  vessels  about  500  c.c.  in  capacity  are  prepared  by  fixing 
short  pieces  of  metal  tube  about  2  cm.  in  bore  to  the  centres  of  the  top 
covers.  This  permits  of  thermometers  being  inserted.  The  vessels  are 
completely  covered,  one  with  flannel,  another  with  cotton-wool,  another 
with  felt,  a  fourth  with  asbestos,  or  any  other  heat  insulator  available. 
It  is  an  advantage  to  have  two  other  similar  vessels,  one  having  its  bare 
surface  brightly  polished,  and  the  other  having  its  surface  coated  with 
lampblack.  Arrange  all  these  vessels  on  the  bench  in  a  place  free  from 
draughts,  pour  equal  quantities  of  hot  water  into  each  through  the  top 
tube,  using  a  funnel  and  being  careful  that  no  water  is  spilled  over  the 
insulating  material.  Insert  thermometers,  and  read  the  temperatures  at 
intervals  of  5  minutes. 

Plot  temperatures  and  time  for  each  vessel  on  a  single  sheet  of  squared 
paper.  The  resulting  graphs  will  indicate  the  relative  values  of  the  various 
heat  insulators  employed,  those  which  have  the  steeper  curves  being  the 
poorer  heat  insulators.  Make  a  list  of  the  dfobstances  arranged  in.  order 
of  merit. 

The  vessels  having  polished  and  blackened  sxirfaces  should  be  specially 
noted ;  these  are  cases  of  radiation,  and  the  results  for  them  indicate  that 
a  polished  surface  provides  a  better  heat  insulator  than  a  blackened  one. 

Conductivity  of  liquids. — The  conductivity  of  liquids  has  been 
determined  by  a  modification  of  the  method  of  Ingen-Hausz.  Ex- 
periments on  liquids  present  some  difficulty  on  account  of  the  con- 
vection currents  which  may  be  set  up,  thus  preventing  conduction 
alone  from  being  examined.  That  water  is  a  poor  conductor  of  heat 
is  rendered  evident  by  the  following  experiment : 

EXPT.  83. — Illustration  of  the  poor  thermal  conductivity  of  water.  Tie  a 
weight  to  a  small  piece  of  ice  and  sink  it  to  the  bottom  of  water  contained 
in  a  test  tube.  Incline  the  tube,  and  apply  a  small  bunsen  flame  near  the 
surface  of  the  water,  thus  preventing  to  a  large  extent  the  setting  up  of 
convection  currents.  It  will  be  found  possible  to  have  the  water  boiling 
near  the  top  of  the  tube  whilst  the  ice  is  still  unmelted  at*the  bottom, 
thus  showing  that  but  little  heat  is  conducted  through  the  water. 
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Conduction  of  heat  through  a  plate. — Consider  the  Keating  of  water 
in  a  kettle  or  other  metal  vessel.  One  side  of  the  bottom  of  the 
vessel  is  exposed  to  the  flfme,  and  the  other  side  is  in  contact  with 
the  water.  No  part  of  the  metal  bottom,  however,  has  a  temperature 
anywhere  approaching  that  of  the  flame.  This  may  be  shown  by 
sticking  a  strip  of  paper  on  the  outside  of  the  bottom,  when  it  will 
be  found  that  the  water  may  be  boiled  without  charring  the  paper. 
The  experiment  indicates  the  existence  of  a  thin  film  of  comparatively 
cold  gas  in  contact  with  the  metal  plate  and  practically  at  rest.  It 
has  been  shown  that  the  thickness  of  this  film  is  approximately 
41G  inch.*  Its  existence  may  be  further  confirmed  by  the  experiment 
of  boiling  water  in  a  paper  bag. 

We  may  therefore  conclude  that  the  temperature  of  the  plate 
nowhere  greatly  exceeds  the  temperature  of  the  water.  A  large 
drop  in  temperature  occurs  in  the  film  of  gas  in  contact  with  the 
plate.  Gases  are  very  poor  thermal  conductors,  and  this  drop  in 
temperature  is  necessary  in  order  to  cause  the  heat  to  be  conducted 
through  the  film. 

On  the  water  side  of  the  plate  there  is  a  similar  film  of  water  in 
contact  with  the  plate  and  adhering  thereto.  The  bulk  of  the  water 
is  heated  by  convection  currents,  but  no  such  currents  exist  in  this 
film.  Heat  is  transmitted  across  it  by  conduction,  but,  as  water  is 
a  better  conductor  of  heat  than  gases,  the  drop  in  temperature  is 
much  less  than  in  the  gas  film. 

The  transmission  of  heat  from  the  flame  into  the  water  therefore 
involves  a  very  large  fall  in  temperature  in  the  gas  film,  and  com- 
paratively trifling  falls  in  the  plate  and  the  water  film.  In  fact, 
the  transmission  is  affected  to  a  small  degree  only  by  the  lack  of 
perfect  conductivity  in  the  metal  plate. 

Methods  of  increasing  the  transmission  of  heat  through  a  plate. — It 

will  be  evident — and  practical  experience  and  experiment  confirm  the 
impression — that  a  much  larger  quantity  of  heat  may  be  transmitted 
if  the  mass  of  hot  gases  be  projected  forcibly  as  a  strong  current 
against  the  plate.  The  effect  is  partially  to  remove  the  film  of  gas 
adhering  to  the  plate.  Thus  this  surface  of  the  plate  becomes  raised 
to  a  higher  temperature,  and  more  heat  is  conducted.  Rapid  circu- 
lation of  the  water  by  artificial  means  on  the  water  side  will  also 
assist  the  heat  transmission  by  partially  removing  the  adhering  film 
of  water.  Thus  we  infer  that  in  steam  boilers  the  quantity  of  heat 

*  "Heat  Transmission,"  Prof.  W.  E.  Dalby,  Proc.  Imt,  Mech.  Eiia.  1909. 
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transmitted  per  square  unit  of  plate  surface  will  be  increased  very 
largely  by  scrubbing  both  the  hot  gases  and  the  water  vigorously 
against  the  surfaces  of  the  plate. 

The  student  will  now  understand  the  impossibility  of  arranging 
experiments  on  the  determination  of  the  conductivity  of  a  metal 
by  having  a  plate  with,  say,  boiling  water  on  one  side  and  ice  on 
the  other.  It  is  quite  impossible  to  state  the  real  temperatures  of 
the  plate  surfaces,  and  without  this  information  the  conductivity 
cannot  be  estimated. 

Effects  of  oil  and  scale  on  heat  transmission. — If  one  side  of  a  thin 
plate  be  exposed  to  a  flame  and  the  other  side  coated  with  a  poor 
thermal  conductor,  the  temperature  of  the  plate  may  approach  more 
nearly  to  the  temperature  of  the  flame.  An  illustration  of  this 
occurs  in  an  ordinary  frying-pan  The  oil  used  for  frying  is  a  very 
poor  conductor,  and  the  bottom  of  the  pan  is  raised  to  a  much  higher 
temperature  than  would  be  the  case  if^  water  were  in  the  pan.  The 
fact  is  evidenced  by  the  comparatively 
rapid  burning  of  the  metal  and  the 
consequent  formation  of  holes  in  the 
pan.  For  this  reason  oil  must  on  no 
account  enter  a  steam  boiler. 

Many  waters  contain  solids  in  solution, 
and  when  the  water  is  evaporated  the 
solids  remain  in  the  vessel  and  adhere  to 
the  plates,  forming  scale.  Such  scales 
are  often  very  hard  and  are  very  poor 
thermal  conductors,  leading  to  burning  of 
the  plates.  Steam  boilers  require  periodic 
cleaning  in  order  to  remove  the  scale. 

Hot  water  supply. — In  Fig.  376  is  illus- 
trated the  method  in  general    use   for 
supplying  hot  water  to  lavatory  taps. ,  A    iriG-  376<~^°™pjylc  hot  water 
is  an  open  cold  water  tank  from  which 

the  general  supply  of  cold  water  is  obtained,  and  is  connected  to  a 
closed  hot  water  storage  tank  C  by  a  pipe  B,  which  enters  C  near 
the  bottom.  The  tank  C  is  connected  by  a  pipe  D  to  a  boiler  E, 
which  is  usually  placed  at  the  back  of  the  kitchen  fireplace.  The 
pipe  D  is  connected  to  both  C  and  E  as  low  down  as  possible. 
Another  pipe  F  is  connected  to  the  boiler  near  the  top,  and  leads 
to  the  top  of  the  storage  tank  C.  The  pipes  D  and  F  are  called 
circulating  pipes.  Another  pipe  G  leads  from  the  upper  part  of 
C  to  the  bath  tap  at  H,  and  may  have  branches  leading*  to  other 
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taps  at  different  parts  of  the  house.  K  is  a  pipe  for  returning  to  A 
any  water  which  may  be  thrown  upwards  from  C  by  reason  of  ebul- 
lition or  other  causes,  and  also  to  jict  rid  of  air  from  the  system. 

In  working,  the  water  in  the  boiler  becomes  heated,  and  its  density 
is  lowered.  Convection  currents  are  set  up  and  warmed  water 
leaves  the  boiler,  ascends  the  pipo  F  and  enters  C  ;  meanwhile  a 
further  supply  of  cold  water  travels  downwards  from  C  through  D, 
and  enters  the  boiler  to  be  heated  in  turn.  After  a  time  it  will 
be  found  that  the  water  in  the  upper  part  of  C  has  become  hot. 
The  colder,  heavier  water  accumulate  at  the  bottom  of  C  ;  hence 

the  reason  for  the  cold  water  supply 
pipe  B  being  connected  to  the  lower 
part  of  C,  and  also  for  the  tap 
supply  pipe  being  connected  near 
the  top  ot  C  If  the  tap  at  H  be 
opened,  hot  water  will  be  drawn 
from  the  upper  part  of  C.  and  an 
equal  quantity  of  cold  water  will 
flow  from  A  through  B  into  the 
lower  part  of  C. 

Heating  buildings  by  hot  water 
circulation. — The  arrangement  is 
shown  in  outline  in  Fig  377.  A  is 
a  boiler  completely  filled  with  water 
and  generally  situated  in  the  base- 
ment of  the  building.  A  pipe  B 
leads  the  heated  water  into  the 
room  or  rooms  to  be  heated,  where  it  travels  along  the  pipe  CD,  then 
back  along  EF,  giving  up  part  of  its  heat  to  the  air  in  the  room  The 
transference  of  heat  from  the  hot  water  to  the  room  is  effected  by 
conduction  of  heat  through  the  metal  of  the  pipes,  then  principally 
by  convection  currents  induced  in  the  air  in  the  neighbourhood  of 
the  pipes  ;  radiation  of  heat  from  the  surfaces  of  the  pipes  plays  a 
comparatively  small  pa/t.  The  water  is  returned  to  the  lower  colder 
part  of  the  boiler  at  G.  H  is  an  air  pipe  leading  up  to  the  roof,  and 
allows  air  to  escape  from  the  system ;  a  small  automatic  air,valve  is 
often  substituted  for  this  pipe,  and  closes  when  the  pipe  CO  becomes 
hot.  Further  supplies  of  cold  water  may  te  admitted  as  required 
into  the  boiler  by  means  of  the  valve  at  K.  Cold  air  may  be  brought 
into  the  room  through  openings  in  the  walls  behind  the  pipes  CD 
and  EF,  and  is  carried  by  convection  currents  throughout  the  room. 


FIG.  377  — Arrangement  for  heating  a 
building  by  hot  water 
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The  heating  surface  may  be  made  greater  by  connecting  to  CD,  at 
intervals,  groups  of  short  vertical  pipes ;  these  are  called  radiators, 
although  their  action  is  principally  due  to  the  increase  in  surface 
from  which  convection  cm  rents  arise. 

The  system  described  above  is  employed  also  for  heating  green- 
houses. Since  it  is  possible  to  maintain  the  temperature  of  a  glass 
house  in  the  neighbourhood  of  15°  C.,  it  may  be  inferred  that  glass 
is  not  a  very  good  conductor  of  heat,  nor  does  it  permit  radiant  heat 
to  pass  easily.  This  fact  is  further  confirmed  by  the  possibility  of 
holding  in  the  hand  an  ordinary  drinking  glass  containing  liquid  hot 
enough  to  scald  the  hand 

Atmospheric  circulation.— Circulation  of  the  atmosphere — 
evidenced  by  winds  -is  caused  by  the  air  at  one  place  being  at  a 
higher  temperature,  and  thus  having  a  lower  density,  than  the  air 
at  adjacent  places.  Convection  currents  are  set  up  by  the  warmed 
air  ascending  and  colder  air  taking  its  place.  The  circulation  of  the 
atmosphere  on  the  large  scale  is  produced  by  reason  of  the  higher 
temperature  in  equatorial  reuions.  Lower  currents  of  colder  air 
flow  from  the  temperate  regions  towards  the  equator,  and  upper 
currents  of  heated  air  travel  away  from  the  equator  When  very 
large  bodies  of  air  are  in  motion,  the  directions  of  the  currents  are 
modified  by  the  rotation  ot  the  earth.  A  current  of  air  which  would 
otherwise  flow  from  the  north  to  the  equator  along  a  meridian  will 
reach  a  point  on  the  equator  westwards  of  the  place  over  which  it 
would  have  passed  had  the  earth  been  at  rest.  This  is  owing  to  the 
motion  of  the  earth's  surface  from  the  west  towards  the  east,  and 
also  to  the  fact  that  the  whirling  velocity  of  the  air  accompanying 
the  earth  is  lower  at  higher  latitudes  than  the  velocity  at  the  equator. 
The  result  is  a  wind  coming  from  the  north-east  instead  of  from  duo 
north  in  the  northern  hemisphere,  and  from  the  south-east  in  the 
southern  hemisphere  instead  of  from  due  south.  These  motions  of 
the  air  towards  hot  equatorial  regions  are  known  as  the  trade 
winds. 

Land  and  sea  breezes  occur  with  great  regularity  in  hot  countries, 
and  are  caused  bv  the  greater  specific  heat  of  the  sea  compared  with 
that  of  the  land.  During  a  hot  day  the  land  acquires  a  temperature 
considerably  higher  than  that  of  the  sea,  but  falls  in  temperature 
much  more  rapidly  at  night.  The  effect  is  to  cause  ascending 
currents  of  hot  air  from  the  land  during  the  day,  while  cooler  air 
comes  from  the  sea  to  take  its  place,  producing  a  sea  breeze. 
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eftect  is  reversed  at  night,  when  the  land  cools  quickly  to  a  tempera- 
ture lower  than  the  ?ea,  and  a  land  breeze  blows.  Winds,  such  as 
the  monsoons  in  the  Indian  Ocean,  may  he  produced  in  this  way, 
and  extend  in  one  direction  or  the  other  for  definite  seasons.  The 
conditions  required  are  a  hot  continent  and  a  cooler  ocean  for  sea 
breezes,  produced  in  summer ;  and  a  cool  continent  and  a  hotter 
ocean  for  land  breezes,  which  predominate  in  winter. 

Owin<4  to  heating  of  small  portions  of  the  earth's  surface,  local 
ascending  cunents  are  often  set  up.  It  is  difficult  to  make  observa- 
tions of  these  currents  ;  in  India  the  presence  of  such  currents  may 
be  detected  at  certain  times  during;  the  day  by  the  circling  and 
soaring  flight  of  birds.  The  bird  finds  an  ascending  current  and 
keeps  circling  in  it  without  flapping  its  wings,  with  the  result  that 
it  gradually  ascends  without  an\  apparent  expenditure  of  energy  on 
its  part. 

EXERCISES  ON  CHAPTER  XXVIII. 

1.  State  the  three  ways  m  which  heat  may  be  transferred  from  one 
point  to  another,  and  give  examples  of  each. 

2.  Give  a  sketch  and  explain  the  working  of  the  ordinary  household 
system  for  the  supply  of  hot  water  to  lavatory  taps. 

3.  Describe  briefly  a  method  of  heating  a  building  by  means  of  hot 
water.     Give  a  sketch  of  the  arrangement. 

4.  Give  a  brief  account  of  the  cause  of  winds.     Explain  the  phenomena 
of  trade  winds,  land  and  sea  breezes  and  monsoons. 

5.  Define  "  thermal  equilibrium  "  ;  state  clearly  what  is  meant  by  '*  the 
temperature  of  a  body."     One  end  of  a  long  bare  copper  bar  is  maintained 
at  a  temperature  10°  C.  higher  than  that  of  the  surrounding  atmosphere, 
Describe  clearly  what  is  occurring  at  various  points  along  the  length  of 
the  bar. 

6.  Mention  two  cases  in  which  it  is  advantageous  to  employ  good 
thermal  conductors,  and  other  two  cases  in  which  it  is  advisable  to  employ 
poor  thermal  conductors.     Give  reasons  for  the  fitting  of  a  copper  bottom 
to  an  ordinary  kettle.    The  bottom  of  a  steel  frying-pan  burns  very  readily  ; 
explain  the  reason  for  this. 

7.  Calculate  the  quantity  of  heat  which  will  flow  per  hour  through  an 
iron  plate  1  -25  era.  thick.     State  the  result  in  calories  per  square  metre  of 
plate.     The  coefficient  of  conductivity  is  0-14,  and  one  face  of  the  plate 
is  at  a  temperature  of  10°  C.  higher  than  that  of  the  opposite  face. 

8.  Answer  Question  7  in  the  case  of  a  copper  plate  of  the  same  thickness. 
The  coefficient  of  conductivity  is  0-91. 

9.  A  current  of  gases  at  a  temperature  of  500°  C.  flows  along  one  face 
of  a  wrought-iron  plate  04  inch  thick,  and  there  is  water  at  100°  C.  in 
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contact  with  the  opposite  face.  It  is  found  that  5000  Centigrade  heat 
units  pass  through  each  square  foot  of  the  plate  per  hour.  If  the  coefficient 
of  conductivity  is  0  14,  find  the  temperature  of  the  face  of  the  plate  which 
is  exposed  to  the  hot  gases.  Account  for  this  temperature  being  much 
lower  than  that  of  the  hot  gases. 

10.  Describe  how  the  conductivity  of  a  metal  bar  may  be  determined 
by  Forbes' s  method. 

11.  Describe   experiments   by   means   of  which   the   comparative   con- 
ductivities of  a  number  of  metal  rods  may  be  found. 

12.  Describe  briefly  the  passage  of  heat  through  the  plates  of  a  boiler ; 
what  must  be  done  in  order  to  obtain  and  maintain  the  best  efficiency  of 
transmission  ? 

13.  A  room  has  a  glass  window  2  metres  high,  I  metre  wide  and  7  mm. 
thick.     The  room  is  kept  at  a  temperature  of  15°  C..  and  the  temperature 
outside  is  0°  C.     Assume  that  the  temperatures  of  the  two  surfaces  of 
the  glass  are  10°  and  2°  C.  respectively,  and  calculate  the  quantity  of 
heat  which  will  pass  through  the  glass  per  hour.     The  thermal  conductivity 
of  the  glass  is  0  0005. 

14.  Define  thermal  conductivity,  and  explain  how  its  value  may  be 
determined  in  the  case  of  copper.  L.U. 

15.  Why  is  it  difficult  to  make  accurate  measurements  of  the  conduction 
of  Ii3at  in  liquids  ?     Describe  two  experiments  to  illustrate  the  low  thermal 
conductivity  of  water.  Sen.  Cam.  Loc. 

16.  Heat  is  conducted  through  a  slab  composed  of  parallel  layers  of  two 
different  materials,  of  conductivities  0-32  and  0-14,  and  of  thicknesses 
3 -6  cm.  and  4-2  cm.  respectively.     The  temperatures  of  the  outer  faces  of 
the  slab  are  96°  C.  and  8°  C.     Find  the  temperature  gradient  in  each 
portion.  L.U. 


CHAPTER  XXIX 
TRANSFERENCE  OF  HEAT—  CONTINUED 

Thermal  radiations. — Radiation  waves  are  given  out  by  all  bodies 
at  all  temperatures  If  a  piece  of  metal  be  heated  in  a  darkened 
room,  the  waves  at  first  are  comparatively  long  and  the  periods  of 
vibration  great ;  the  eye  is  unable  to  detect  such  waves  and  the 
body  is  invisible  As  the  temperature  of  the  body  is  raised,  the 
waves  become  shorter  and  the  vibrations  more  rapid,  and  a  point 
is  reached  at  which  the  eye  is  able  to  detect  the  effects  ;  the  body  is 
then  luminous.  The  only  difference  between  the  phenomena  of 
light  and  radiant  heat  is  that  the  eye  is  unable  to  perceive  any  effect 
until  the  temperature  of  the  body  has  been  raised  sufficiently  ;  the 
laws  of  transmission  are  the  same. 

The  laws  of  transmission  of  light  will  be  found  in  a  later  section 
of  this  book.  A  brief  statement  of  some  of  the  laws  of  radiant  heat 
is  given  here  in  order  that  reference  may  be  made  to  the  special 
methods  of  examining  thermal  radiations  which  may  or  may  not  be 
luminous. 

No  material  substance  is  necessary  for  the  transmission  of  thermal 
radiations. — This  fact  is  evident  from  the  consideration  that  heat  is 
transmitted  from  the  sun  to  the  earth  through  space  containing  no 
ponderable  matter.  On  a  smaller  scale,  it  has  been  illustrated  by 
Sir  Humphry  Davy,  who  found  that  a  platinum  wire  heated  in  a 
vessel  from  which  the  air  had  been  extracted  was  capable  of  influ- 
encing thermometers  placed  outside  the  vessel.  Another  illustration 
is  provided  by  the  heating  of  the  glass  bulb  of  an  incandescent 
electric  lamp.  An  ordinary  mercurial  thermometer  is  not  a  very 
delicate  instrument  for  the  detection  of  thermal  radiations,  but  may 
be  made  more  sensitive  to  them  by  coating  the  bulb  with  dull  black 
paint.  As  we  shall  see  presently,  a  blackened  body  absorbs  thermal 
radiations  better  than  one  having  a  polished  surface, 
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Thermal  radiations  are  transmitted  with  the  same  velocity  as  light.— 

This  fact  has  been  proved  by  observations  taken  during  total  eclipses 
of  the  sun.  Both  the  light  and  heat  radiations  from  the  sun  are 
cut  off  simultaneously;  hence  the  velocity  of  pro- 
pagation of  heat  radiations  is  the  same  as  that  of 
lightj  viz.  about  186,000  miles  per  second.  That  the 
heat  radiations  from  the  sun  are  arrested  during  an 
eclipse  also  affords  evidence  that  thermal  radiations 
take  place  in  straight  lines.  The  heat  rays  are  unable 
to  bend  round  the  moon,  and  a  heat  shadow  is 
produced,  corresponding  to  and  coinciding  with  the 
light  shadow  (Chap.  XLI). 

Ether  thermoscope. — The  ether  therrnoscope  (Fig. 
378)  afTords  a  simple  means  of  detecting  thermal 
radiations.  Two  glass  bulbs,  A  and  B,  are  connected 
by  means  of  a  bent  glass  tube.  Air  is  withdrawn 
entirely  and  some  ether  is  introduced  ;  the  apparatus 
thus  contains  ether  and  ether  vapour  only.  The  bulb 
A  is  coated  with  dull  black  paint.  Ether  is  a  very 
volatile  liquid,  and  any  thermal  radiations  falling^n  FlG 
and  being  absorbed  by  the  Uulb  A  will  be  rendered 
evident  by  an  increase  in  the  pressure  of  the  vapour  contained  in 
this  bulb.  Consequently  the  level  of  the  liquid  ether  at  C  will  fall 
and  that  at  D  will  rise. 

Thermopile. — This  instrument  afjprds  a  sufficiently  delicate  means 
of  indicating  thermal  radiations  in  many  laboratory  experiments. 

It  consists  of  a  number  of 
bismuth  and  antimony  bars 
arranged  as  shown  in  Pig, 
379,  in  which  bismuth  and 
antimony  bars  are  marked  B 
and  A  respectively.  The  bars 
Bj  and  Ax  are  soldered  together 
at  their  front  ends,  and  are 
otherwise  insulated  by  mica 
sheets.  At  and  B2  are  soldered 
together  at  their  back  ends, 
and  are  insulated  elsewhere, 
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FIG.  379. — Arrangement  of  bars  in  a  thermopile. 


The  other  bars  are  connected  in  similar  fashion,  thick  lines  repre- 
senting insulation.  A2  and  B3  are  soldered  together  at  their  back 
ends,  as  are  also  A4  and  B5,  also  A.  and  B7 .  An  external  electric 
circuit  containing  a  galvanometer  B  completed  by  connecting  wires 
to  C  and  D  (bars  Bl  and  A8).  If  the  front  ends  of  the  bars  be 
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heated,  an  electric  current  will  flow  at  the  front  junctions  from  each 

bismuth  bar  to  each  antimony  bar,  and  at  the  colder  junctions  at 
the  back  end  the  current  will  flow  from  the 
antimony  bars  to  the  bismuth  bars.  Thus 
a  current  flows  from  C  down  the  first 
pile  of  bars  ,  then  from  A2  to  B3  and  up 
the  second  pile  ,  passing  from  A4  to  B5  the 
current  passes  downwards  through  the 
third  pile,  then  upwards  through  the  left- 
hand  pile  and  makes  its  exit  at  D.  The 
arrangement  gives  a  cumulative  effect  to 
the  electromotive  force,  and  makes  it 
much  greater  than  could  be  secured  by 
the  use  of  a  single  pair  of  bismuth  and 
antimony  bars.  Thus  lor  a  given  differ 
ence  in  temperature  between  the  two  ends 
of  the  thermopile,  the  current  is  greater 
than  could  be  obtained  by  use  of  a  single 
pair  of  bars.  The  ends  of  the  bars  are 
blackened  so  as  to  absorb  radiant  heat 

more  readily.     For  a  fuller  discussion  of  the  theory  of  the  thermo- 
pile, the  student  is  referred  to  the  Fart  of  the  volume  devoted  to 

Electricity. 

The  pile  is  mounted  as  shown  in  Fig.  380. 

to  a  stand  which  can  be  adjusted  in  height. 

can  be  covered  by  a 

brass   cap   so  as   to 

prevent  radiant  heat 

reaching  it.    A  metal 

cone  C   can    be  at- 
tached to  one  end  of 

the  pile  ;    this  cone 

screens   the   end   of 

'the  pile  from  radiant 

heat     coming    from 

bodies    other    than 

that    being    tested, 

and  also  shields  it 

from  air  currents. 


AB  is  the  pile  clamped 
Each  end  of  the  pile 


FIG  381  —  Kectilinear  transmission  of  thermal  radiations. 


EXPT.  84. — Thermal 
radiations  are  trans- 
mitted in  straight  lines.  In  Fig.  381,  A  is  a  source  of  radiant  heat,  such  as 
an  iron  ball  heated  to  whitene&a,  or  an  electric  lamp.  B,  C  and  D  are 
bright  tin  screens,  each  pierced  with  a  hole.  E  is  a  thermopile.  Arrange 
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the  screens  so  that  the  holes  are  in  a  straight  line.  Thermal  radiations 
can  then  pass  from  A  to  the  thermopile,  and  are  indicated  by  the  gal- 
vanometer. If  any  one  of  the  screens  be  displaced  somewhat  so  as  to 
put  the  holes  out  of  line,  it  will  be  found  that  the  galvanometer  no  longer 
indicates  the  reception  of  radiant  heat  by  the  thermopile. 

Reflection  of  radiant  heat. — The  law  of  reflection  of  radiant  heat 
from  a  plane  surface  is  the  same  as  the  law  of  reflection  of  light,  viz. 
the  angle  of  incidence  is  equal 
to  the  angle  of  reflection  (Chap. 
XLIII),  This  may  be  proved  by 
the  following  experiment : 


FIG.  382. — Reflection  of  radiant  heat. 


EXPT.  85. — Reflection  of  radiant 
heat.  ^  In  Fig.  382,  A  is  a  source  of 
heat  and  B  and  D  are  tin  tubes 
arranged  in  plan  as  shown.  E  is  a 
thermop'ie,  and  C  is  a  polished  tin 
reflector.  Remove  the  reflector, 
when  it  will  be  found  that  no  indication  of  thermal  radiation  is  given  by 
the  thermopile.  Replace  the  reflector,  and  adjust  it  so  that  the  thermopile 
gives  maximum  indication.  It  will  then  be  found  that  the  reflector  is  so 
situated  that  the  angle  of  incidence  ACN  (CN  is  normal  to  the  reflector)  is 
equal  to  the  angle  of  reflection  ECN. 

Refraction  of  radiant  heat. — Radiant  heat  rays  passing  from  one 
medium  to  another,  e.g.  from  air  to  glass,  change  direction  unless  the 
incident  ray  is  normal  to  the  surface  of  the  medium 
which  the  ray  is  about  to  enter.     The  law  followed 
is  the  same  as  that  of  light  rays,  viz.  the  ray  after 
entering  the  medium  is  inclined  at  a  smaller  angle 
to  the  normal  (Chap.  XLV).     This  action  is  called 
refractiofc,  and  becomes  evident  in  the  case  of  heat 
rays  by  the  well-known  application  of  the  burning 
glass.     An  ordinary  lens  refracts  sun  rays  to  a 
FIG.  383.— Refraction    point  called  the  focus,  and  a  piece  of  paper  placed 
of  heat  rays.  ^  ^Q  focus  becomes  scorched,  showing  that  heat 

rays  have  been  refracted.  Window  curtains  have  sometimes  been 
ignited  by  refraction  of  radiant  heat  rays  passing  through  a  globe 
of  water  placed  near  the  window. 

If  the  solar  spectrum,  obtained  by  the  refraction  and  dispersion 
of  light  through  a  prism,  be  examined  by  means  of  the  thermopile, 
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it  is  found  that  the  heating  effect  increases  greatly  as  the  red  end  of 
the  spectrum  is  approached.  But  little  heat  is  indicated  at  the  violet 
end.  Beyond  the  red  end  of  the  spectrum,  where  no  light  is  visible, 
the  greatest  heating  effect  is  obtained  (Chap.  XLIX).  Since  red  rays 
have  a  much  longer  wave-length  than  violet  rays,  it  may  be  inferred 
that  non-luminous  thermal  radiations  are  of  very  long  wave-length. 

The  inverse  square  law. — The  quantity  of  heat  transmitted  by 
thermal  radiations  from  a  source  of  radiant  energy  and  received 
by  a  surface  of  given  area  is  inversely  proportional  to  the  square  of 
the  distance  between  the  source  and  the  surface 

EXPT.  86. — Proof  of  the  inverse  square  law.  In  Fig.  384,  A  is  a  large 
Leslie's  j?ube»  consisting  of  a  copper  box  containing  water  which  may  be 
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FIG  384.— Leslie's  cube. 


FIG  385  —The  inverse  square  law 


maintained  at  boiling  point  by  means  of  a  bunsen  burner.  B  is  a  thermo- 
pile arranged  to  receive  heat  radiated  from  one  of  the  sides  of  the  cube, 
and  fitted  with  a  conical  hood.  There  is  thus  a  cone  of  heat  rays  having 
its  apex  at  the  thermopile,  and  its  base  falh  entirely  on  the  side  of  the 
cube  provided  that  the  distance  of  the  thermopile  from  this  side  is  not 
too  great.  On  varying  the  distance  of  the  thermopile  fiom  the  side 
of  the  cube,  it  will  be  found  that  the  galvanometer  readings  remain 
constant,  showing  that  the  quantity  of  heat  received  by  the  thermopile 
does  not  vary. 

With  the  thermopile  at  Bj  (Fig.  385),  the  diameter  of  the  base  of  the 
cone  of  rays  is  CD  ;  on  moving  the  thermopile  to  B2,  the  diameter  is  EF. 
The  action  of  the  conical  hood  is  to  make  the  cones  B^D  and  B2EF 
similar ;  hence  the  areas  of  their  bases  are  in  the  ratio  of  OB^/OBg2,  and 
therefore  the  heating  surface  emitting  rayj  which  reach  the  thermopile 
varies  as  the  square  of  the  distance  ;  hence  we  infer  that  the  quantity  of 
heat  reaching  the  thermopile  from  any  unit  area  of  the  side  of  the  cube 
varies  inversely  as  the  square  of  the  distance* 
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Radiating  power  of  a  source  of  heat—It  is  found  that  different 
surfaces  maintained  at  the  same  temperature  have  varying  powers 
of  radiation.  The  radiating  power  of  a  given  surface  depends  upon 
the  nature  of  the  surface  and  also  upon  the  temperature,  and  is 
generally  expressed  in  terms  of  a  surface  coated  with  lampblack, 
which  is  taken  as  KX). 

EXPT.  87. — Radiating  powers  of  different  surfaces.  Use  a  Leslie's  cube 
having  one  side  lamp  blacked,  another  side  polished,  another  side  dull 
copper  and  the  last  side  papered.  Water  is  kept  boiling  gently  in  the 
cube  A,  and  each  side  is 
presented  in  turn  at  the 
same  distance  from  a 
thermopile  B  (Fig.  386). 
A  delicate  reflecting  gal- 
vanometer C  should  be 
used,  and  a  resistance  box 
D  should  be  inserted  in  the 
circuit. 

With  the  cube  removed 
or  screened  from  the  thermopile,  adjust  the  galvanometer  and  scale  so 
that  the  reading  is  zero.  Then  present  the  lampblacked  surface  to  the 
thermopile,  and  adjust  the  resistance  so  as  to  obtain  as  large  a  galvano- 
meter deflection  as  possible.  Wait  until  the  scale  reading  is  steady  arid 
note  it.  Make  similar  observations  with  the  other  surfaces  of  the  cube, 
taking  care  in  each  case  that  the  base  of  the  cone  of  rays  falls  entirely 
on  the  surface,  and  to  preserve  unaltered  the  resistance  of  the  circuit. 
The  deflections  of  the  galvanometer  so  obtained  are  proportional  to  the 
radiating  power  of  the  surfaces. 

The  following  experimental  record  indicates  how  the  observations  may 
be  entered  and  reduced  : 

EXPERIMENT  ON  KADTATINC  POWERS. 


FIG.  386. — Determination  of  the  radiating  powers  ot 
different  surfac*es 


Surface.                        C 

lalvanometei 
deflections. 

Radiating  powei. 

Lampblacked        - 

442 

100 

Polished        -         -   | 

212 

JJg  x  100  -47  9 

Dull  copper  - 

348 

iftgx  100  -78-7 

Papered       -        -  | 

395 

IP  x  100  -89-2 

The  emlssivity  of  a  given  surface  is  generally  defined  as  the  quantity 
of  heat  given  out  per  unit  area  in  one  second  per  unit  temperature 
excess  between  the  surface  and  its  surroundings.  It  will  be  noted 
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from  the  above  experiment  that  polished  surfaces  emit  much  less 
radiant  heat  than  blackened  surfaces.  Advantage  is  taken  of  this 
fact  in  the  construction  of  the  vacuum  vessel  devised  by  Dewar  for 
storing  liquid  air  and  other  very  cold  liquids,  and  in  thermos  flasks. 
A  double-walled  glass  vessel  has  the  space  between  the  walls 
exhausted  of  air,  and  the  walls  are  silvered.  The  vacuum  minimises 
conduction  effects,  and  the  mirror  surface  reduces  radiation  to  a 
minimum  ;  hence  such  vessels  keep  practically  constant  the  tem- 
perature of  hot  or  cold  liquids  for  a  considerable  period  of  time. 

Diathermancy. — When  thermal  radiations  pass  into  a  substance,, 
some  of  the  heat  may  be  absorbed,  as  is  evidenced  by  the  temperature 
of  the  substance  rising  ;  the  remainder  of  the  heat  passes  through 
the  substance  and  emerges  in  the  form  of  thermal  radiations.  The 
quantities  of  heat  respectively  absorbed  and  transmitted  depend  on 
the  nature  of  the  substance  and  on  the  wave-length  of  the  thermal 
radiations.  Substances  which  can  transmit  thermal  radiations  of  a 
given  wave-length  are  said  to  be  diathermanous  for  those  radiations. 
Substances  which  are  unable  to  transmit  thermal  radiations  of  a 
given  wave-length,  but  absorb  them,  are  said  to  be  atherxnanous  for 
these  thermal  radiations. 

Glass  affords  an  example  of  a  substance  which  is  diathermanous 
to  one  kind  of  thermal  radiations  and  athermanous  to  another  kind. 
Radiations  from  the  sun  pass  through  glass  with  but  little  reduction, 
and  the  glass  remains  cool ;  hence  the  high  temperature  inside  a 
green-house  exposed  to  the  sun's  rays.  On  the  other  hand,  thermal 
radiations  from  an  ordinary  fire  are  not  well  transmitted  bv  glass, 
a  fact  which  makes  glass  a  valuable  material  for  fire-screens.  A 
glass  fire-screen  placed  in  front  of  a  fire  absorbs  most  of  the  thermal 
radiations  and  becomes  very  hot.  Rock-salt  ib  diathermanous  to 
most  non-luminous  thermal  radiations. 

In  making  experiments  on  diathermancy,  care  must  be  taken  to 
state  the  character  of  the  thermal  radiations  ;  in  particular,  the 
wave-length  should  be  known,  otherwise  it  is  impossible  to  interpret 
the  results. 

A  substance  which  shows  considerable  absorbing  powers  for  a 
given  kind  of  thermal  radiations  also  exhibits  correspondingly  great 
powers  of  radiating  the  same  kind  of  radiations.  Thus  a  blackened 
surface  both  emits  and  absorbs  radiant  heat  freely.  A  china  plate 
having  a  white  ground  and  a  dark  pattern  has  this  appearance  to 
'  the  eye  because  the  darker  portions  absorb  light  radiations  and  the 
white  portions  scatter  them.  If  the  plate  be  heated  to  a  high  tem- 
perature, it  will  be  found  that  the  initially  dark  portions  have 
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become  bright,  and  the  formerly  white  portions  are  now  dark, 
showing  that  those  portions  which  are  good  absorbers  are  also  good 
radiators. 

The  transmitting  power  for  thermal  radiations  of  a  given  substance 
is  the  ratio  of  the  thermal  radiations  transmitted  through  a  unit 
cube  of  the  substance  to  the  thermal  radiations  incident  normally 
on  one  face  of  the  cube.  Thus  : 

m  .,,.  _.     radiation  transmitted 

transmitting  power  ==T—       ~r-r- • — -~i     .L    • 

&  r  radiation  incident 

EXPT.  88. — Transmitting  powers  of  different  substances.  Use  the  Leslie's 
cube  and  a  thermopile  arranged  as  in  Expt.  87  (p.  385).  Observe  the 
galvanometer  deflection  and  let  this  bo  (\.  Clamp  one  of  the  substances 
to  be  tested  between  the  cube  and  the  thermopile  so  as  to  intercept  the 
thermal  radiations.  Again  read  the  galvanometer  deflection,  #2»  say- 
Measure  the  thickness  t  cm.  of  the  substance.  Then 


/  f)  \~1 
Transmitting  power  —  T  =  (  ^  ) 


In  this  manner  determine  the  transmitting  powers  of  colourless,  blue 
and  red  glass. 

The  above  equation  may  be  obtained  as  follows :  Suppose  that  the 
galvanometer  deflection  is  0  when  no  substance  is  interposed  between  the 
source  of  thermal  radiation  and  the  thermopile,  and  that  the  deflection 
is  0i  when  a  plate  1  cm.  thick  is  interposed.  Then 

T=|. 

If  the  quantity  of  heat  incident  on  the  plate  is  Q,  then  the  quantity 
transmitted  will  be  #. 

QT  -:Q    / ' 


Suppose  that  the  heat  emerging  from  this  plate  is 
received  by  a  second  plate  of  unit  thickness  in  contact 
with  the  first  plate  (Fig.  387),  then  the  heat  transmitted  by 
the  second  plate  will  be 

QTxT=QT°.  F10M7- 

If  the  galvanometer  now  gives  a  deflection  of  #2,  the  heat  transmitted 
will  be  Q,    f .     Hence  Qja  =  Q,  ~2- , 

V  0 


or 


T  .... 
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In  the  same  way,  if  three  plates  of  unit  thickness  be  employed,  and  if 
the  galvanometer  deflection  is  6B,  then 


T=Vr 

Hence,  in  general,  if  the  thickness  of  the  plate  be  t  cm.,  and  the  galvano- 
meter deflection  fr,  i 

-(»' 

Diathermancy  of  liquids  and  gases. — By  substituting  a  cell  charged 
with  a  given  liquid  for  the  plate  in  Expt.  88,  the  absorbing  pro- 
perties of  the  liquid  may  be  examined  Experiments  show  that 
pure  water  is  very  opaque  to  radiant  heat,  and  salt  water  almost 
equally  so.  i 

Tyndall,  in  his  experiments  on  the  diathermancy  of  gases  and 
vapours,  used  a  tube  which  could  be  charged  with  the  gases  to  be 
examined  ,  the  ends  of  the  tube  were  closed  with  plates  ol  rock  salt, 
which  absorbed  but  little  of  the  thermal  radiations.  The  source  of 
heat  was  placed  at  one  end  of  the  tube  and  a  thermopile  at  the  other 
end.  The  apparatus  was  rendered  more  delicate  by  having  the 
thermopile  fitted  with  a  funnel  at  each  end,  one  directed  towards 
the  experimental  tube  and  the  other  towards  a  second  source  of 
heat  which  could  be  adjusted  so  as  to  nullify  the  thermal  effects  on 
the  thermopile  of  the  rays  emerging  Irom  the  experimental  tube 
The  tube  was  first  exhausted  and  the  second  source  of  heat  arranged 
so  as  to  bring  the  galvanometer  needle  to  zero.  The  tube  was^then 
charged  with  gas  and  any  deflection  noted. 

In  this  way  it  was  shown  that  pure  dry  air,  oxygen,  nitrogen  and 
hydrogen  absorb  but  little  radiant  heat  ,  olefiant  gas  and  ammonia 
absorb  a  large  quantity.  If  the  heat  absorbed  by  air  is  denoted  by 
unity,  that  absorbed  by  ammonia  is  nearly  1200. 

EXERCISES  ON  CHAPTER  XXIX. 

1.  Give  a  brief  explanation  of  the  transmission  of  heat  by  radiation. 
Give  any  evidence  you  know  of  for  the  statement  that  no  material  sub- 
stance is  required  in  this  method  of  heat  transmission. 

2.  What  evidence  have  we  foi  stating  that  heat  is  radiated  with  the 
same  speed  as  light  ? 

3.  Give  sketches  and  describe  the  construction  and  action  of  a  thermo- 
pile. 

4.  Describe  an  experiment  showing  that  thermal  radiations  are  trans- 
mitted in  straight  lines. 

5.  How  would  you  show  that  the  law  of  reflection  of  thermal  radiations 
is  the  same  as  that  of  the  reflection  of  light  ? 
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6.  Explain  how  you  would  show  that  solar  heat  rays  can  bo  refracted. 

7.  Show  how  to  prove  experimentally  that  the  radiant  heat  received  by 
a  given  surface  is  inversely  proportional  to  the  square  of  the  distance  of 
the  surface  from  the  source  of  heat. 

8.  Describe  how  you  would  compare  the  thermal  radiating  powers  of 
different  surfaces. 

9.  Describe  the  construction  and  explain  the  principles  involved  in  a 
Dewa,r  flask. 

10.  Explain  briefly  the  meaning  of  the  term  diathermancy.     Give  some 
illustrations.     Describe  how  to  compare   the  absorbing  powers  of  two 
partially  transparent  substances  for  radiant  heat. 

11.  What  evidence  have  we  for  stating  that  good  radiators  are  also 
good  absorbers  of  heat  ? 

12.  Describe  how  you   would  determine   the   transmitting  power  for 
thermal  Radiations  of  a  given  substance. 

13.  State  the  ways  in  which  a  hot  body  loses  heat.     Give  some  practical 
examples  showing  how  these  losses  are  made  as  small  as  possible. 

14.  Explain  the  heating  of  a  green-house  by  the  sun.    Why  are  fire 
screen?  sometimes  made  of  glass  ? 

15.  A  beam  of  radiant  heat  of  a  definite  wave-length  loses  0-12  of  its 
energy  in  passing  through  1  mm.  of  glass.     WThat  is  the  intensity  of  the 
beam  after  it  has  passed  through  2-5  mm.  of  glass  ? 

16.  Mention  three  facts  bearing  upon  the  similarity  in  character  between 
light  and  radiant  heat. 

Describe  generally  the  changes  in  character  of  the  radiation  from  a  body 
as  it  is  raised  from  the  ordinary  temperature  to  white  heat.  L.U. 
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Distinction  between  vapours  and  gases. — Substances  in  the  gaseous 
state  may  exist  either  as  vapours,  or  as  permanent  gases.  The  permanent 
gas  was  supposed  at  one  time  to  remain  in  the  gaseous  state  under 
all  conditions  of  pressure  and  temperature  ,  it  is  now  known  that 
all  gases  may  be  liquefied  by  means  of  increasing  the  pressure  and 
diminishing  the  temperature.  A  vapour  may  be  condensed  by 
increase  of  pressure  without  reduction  of  temperature.  The  same 
substance,  when  far  removed  from  the  conditions  ot  easy  lique- 
faction, may  be  described  as  a  permanent  gas.  Oxygen,  hydrogen, 
nitrogen,  air  and  several  other  gases  are  examples  of  permanent 
gases  when  under  ordinary  atmospheric  conditions  of  pressure  and 
temperature.  Steam  in  an  ordinary  kettle  containing  some  boiling 
water  can  be  condensed  by  pressure  alone,  and  is  an  example  of  a 
vapour. 

Pressure  of  a  gas. — As  has  been  noted  already  (p.  353),  the  mole- 
cules of  a  substance  in  the  gaseous  state  are  in  rapid  motion  and 
move  about  in  all  directions  inside  the  vessel  containing  the  gas. 
The  continual  bombardment  by  the  molecules  produces  forces  dis- 
tributed over  the  walls,  and  the  total  force  exerted  on  unit  area  is 
called  the  pressure  of  the  gas.  The  pressure  of  the  atmosphere 
is  rendered  evident  by  the  barometer,  an  experiment  on  which  is 
described  on  p.  259. 

The  height  of  the  mercury  column  in  a  barometer  at  any  given 
time  depends  on  the  atmospheric  conditions  then  existing  ;  76  cm. 
at  0°  C.  is  taken  as  a  standard.  The  weight  of  mercury  is  about 
13-59  grams  per  cubic  centimetre  ;  hence  the  standard  height  corre- 
sponds to  a  pressure  of  76  x  13 -59  =  1032 -8  grams  wt.  per  square 
centimetre,  or  to  1-0328  kilograms  wt.  per  square  centimetre.  In 
reading  the  barometer  it  is  customary  to  state  the  height  of  the 
mercury  column  only ;  the  pressure  is  proportional  to  this  height;. 
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One  atmosphere  is  often  taken  as  a  unit  of  gaseous  pressure ;  it 
is  the  pressure  produced  by  a  mercury  column  76  cm.  in  height 
at  0°  C.     From   the   above   calculation  it  will   be 
seen     that     a    pressure     of     one     atmosphere    is 
equivalent   roughly   to   one   kilogram   per  square 
centimetre.     In  the  British  system  one  atmosphere 
of  gaseous  pressure  is  generally  taken  as  equiva- 
lent to  30  inches  of  mercury  (76-2  cm.),  which  is 
equivalent   to   a   pressure   of   nearly   14-7  Ib.    per 
square  inch. 

In  meteorology,  the  unit  of  pressure  is  the 
megabar,  and  is  equivalent  to  a  mercury  column 
750  mm.  in  height,  at  0°  C.,  at  sea  level  in  latitude 
45°.  One  bar^l  dyne  per  sq.  cm. 

As  has  been  explained  on  p.  268,  the  pressure  of 
a  gas  may  be  stated  as  so  much  above  or  below  the 
pressure  of  the  atmosphere  as  shown  by  a  barometer 
at  the  time  of  observation  ;  pressures  so  stated  are 
called  gauge  pressures.  The  absolute  pressure  of  a  gas 
is  measured  from  perfect  vacuum,  i.e.  a  space  con- 
taining no  gas  and  therefore  having  absolute  zero 
of  pressure.  The  absolute  pressure  may  be  calcu- 
lated by  adding  the  pressure  of  the  atmosphere  to 
the  observed  gauge  pressure. 

Forms  of  barometer. —In  Fortin's  standard  baro- 
meter (Fig.  388)  a  screw  A  is  fitted  to  the  mercury 
cup  so  as  to  enable  the  level  of  the  mercury  in  the 
cup  R  to  be  brought  into  coincidence  with  a  fixed 
point  P  before  taking  the  reading.     The  upper  part 
of  the  case  is  furnished  with  a  scale,  the  zero  of 
which  is  at  the  same  level  as  P,  and  a  sliding  vernier      H  jSHBfclR 
operated  by  means  of  a  thumb-screw  B.     Mirrors 
are  fitted  behind  the  cup  R  and  the  scale  S.     To 
read  the  instrument,  first  adjust  the  level  of  the 
mercury  in  the  cup  R ;  bring  the  eye  to  the  level  of 
the  top  of  the  mercury  column  (the  mirror  aids  this), 
and  operate  the  screw  B  until  the  top  of  the  vernier 
coincides  with  the  top   of  the  mercury  column. 
Readings  of  the  scale  and  vernier  are  then  taken.    FIG.  388.— Fortm's 
The  thermometer  fitted  in  the  case  should  also  be          a  °m 
read ;  a  knowledge  of  the  temperature  permits  of  a  correction  being 
applied  for  the  altered  density  of  the  mercury  due  to  expansion 
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In  the  aneroid  barometer  (Fig.  389)  the  action  depends  on  the 
movements  of  the  flexible  top  and  bottom  of  a  circular  closed  box 
A  tinder  the  changes  of  atmospheric  pressure.  A  is  fixed  to  the 
base-plate  of  the  instrument,  and  is  exhausted  of  air  as  thoroughly 
as  possible  ;  its  top  side  is  connected  at  B  to  a  powerful  spring  C. 
C  is  held  in  a  bracket  which  is  secured  to  the  base-plate  at  D,  and 
has  two  bearing  screws  at  E  and  F.  A  rod  GH,  fixed  to  the  spring 
at  G,  communicates  any  rise  or  fall  of  the  spring  through  the  lever 
system  HK,  KL,  LM  to  a  fine  chain  MN,  which  is  wrapped  round  the 
spindle  carrying  a  pointer  P.  P  moves  over  a  graduated  dial  divided 


FIG  380  — Arrangement  in  an  aneroid  barometer 

to  show  centimetres,  or  inches,  of  barometric  height  corresponding  to 
the  readings  of  a  mercurial  barometer.  A  hair-spring  at  R  keeps 
the  fine  chain  taut.  Q,  is  an  adjusting  screw  whereby  the  effective 
length  of  the  lever  arm  KL  may  be  altered.  E  and  F  also  serve -as 
adjusting  screws. 

Aneroid  barometers  are  liable  to  changes  by  reason  of  alterations 
in  the  elastic  qualities  of  the  metal  of  which  the  box  A  and  the  spring 
C  are  made.  It  is  necessary  to  check  them  at  frequent  intervals  by 
comparison  with  a  mercurial  barometer.  A  recording  barometer  or 
barograph  may  be  constructed  by  connecting  a  lever  carrying  a  pen 
to  the  rod  GH  ;  the  yen  draws  a  curve  on  a  piece  of  paper  wrapped 
round  a  drum  which  is  driven  by  a  clock.  Ordinates  on  the  resulting 
chart  show  barometric  heights  and  the  abscissae  show  time. 
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Errors  in  a  standard  metcury  barometer.— The  standard  barometric 
height  with  which  other  barometric  readings  are  compared  is  76  cm. 
of  mercury  at  0°  C.,  the  instrument  being  at  sea-level  at  latitude  45°. 
The  observed  barometric  height  is  corrected  as  follows  : 

1.  Correction  for  the  altered  density  of  the  mercury  due  to  expansion 

(Pig.  390). 
Let        A  =  the  observed  height  in  cm.  at  t°  C. 

//0  =  the   height   in   cm.   which  would   produce   the  same 

pressure  at  0°  C. 

f/  =  the  density  of  the  mercury  at  t°  C. 
d0  =  the  density  of  the  mercury  at  0°  C. 
/3rt  =  the    coefficient    of    cubical    expansion    of    mercury 

-0-000181. 

Then  hd  —  h0dQ. 

Also  d;  =  d(l  +  jM,  (P-333); 

/.  *0  =  A(1-/M-    • • (1) 

The  correction  for  the  altered  density  of  the  mercury  is  therefore 
effected  by  multiplying  the  observed  height  by  (1  -  f3at). 


FIG  300 


FIG  391 


2.  Correction  for  the  expansion  of  the  scale.  In  the  Fortin  barometer 
the  scale  is  carried  by  a  brass  tube  A  (Fig.  391).  On  the  temperature 
being  raised,  the  length  of  this  tube  increases  ;  hence  the  heighfras 
shown  by  the  scale  will  be  too  small  at  all  temperatures  higher  than 
O'C. 

Let         7?  —  the  observed  height  in  cm.  at  t°  C. 

7i0^the  height  in  cm.  which  would  be  observed  if  the  scale 

were  at  0°  C. 
a  =  the  coefficient  of  linear  expansion  of  brass  =  0-00001 9. 
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The  change  in  length  of  the  tube  A  due  to  a  fall  in  temperature 
from  t°  to  0°  C.  is  hat ;  hence 

h0  =  h  +  hat  =  h(l+al) (2) 

Therefore  the  observed  height  must  be  multiplied  by  (l  +  ctf)  in 
order  to  obtain  the  height  free  from  errors  due  to  the  expansion  of 
the  scale. 

The  height  hQ  corrected  for  the  expansion  of  both  mercury  and 
scale  may  be  obtained  in  one  calculation  Let  h  be  the  observed 
height,  then  h0  =  h(l  -f3at)(l+at) 

=  h(l+at-pat-pa<*P). 

The  term  involving  /J,,a  may  be  neglected,  as  both  /3a  and  a  are 
very  small  quantities.  Hence  we  may  write 

A0-A{l+l(a-A,)} 

=  A{1'+<((MXXX)19-  0-000181)} 

=  #(1  -00001620 (3) 

3.  Correction  for  the  variations  of  gravitational  effort  on  the  mercury. 
The  value  of  the  acceleration  g  due  to  gravity  depends  upon  the 
latitude  and  upon  the  elevation  above  sea-level  (p   35)  ;   therefore 
the  weight  of  the  mercury  per  cubic  centimetre  is  not  constant.     If 
the  barometer  is  situated  at  a  height  H  metres  above  sea-level  at  a 
place  in  latitude  A,  then  the  observed  height  may  be  corrected  for 
latitude  45°  by  multiplying  it  by 

1  -0-0026  cos  2A-0-0000002H (4) 

This  correction  amounts  to  0*13  mm.  per  1000  metres  above 
sea-level,  to  be  deducted  from  the  observed  height. 

4.  Correction  for  the  vapour  pressure  of  the  mercury.     The  pressure 
of  the  vapour  of  mercury  in  the  tube  above  the  column  tends  to 
depress  the  column.     The  correction  is  very  small  and  amounts  to 
an  addition  of  0-0002*  cm.,  where  t  is  the  temperature  Centigrade. 

5.  Correction  for  capillarity.     Surface  tension  tends  to  depress  the 
mercury  column  ;    the  effect  is  more  marked  in  a  tube  of  narrow 
bore.     The  method  of  cleaning  the  inside  of  the  tube  also  influences 
the  amount  of  depression.    The  correction  is  constant  for  a  given 
instrument,  and  is  best  obtained  by  comparison  with  a  standard 
barometer ;   it  is  usually  of  the  order  of  0-002  cm.,  to  be  added  to 
the  observed  reading. 

Types  of  pressure  gauges. — A  pressure  gauge  is  an  appliance  for 
measuring  the  gaseous  pressure  inside  a  closed  vessel.  In  general, 
pressure  gauges  indicate  the  difference  between  the  gaseous  pressure 
inside  the  vessel  and  the  pressure  of  the  atmosphere.  If  the  difference 
is  small,  such  as  would  be  the  case  in  a  pipe  conveying  illuminating 
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Kio.  392.— U  pressure  gauge. 


gas,  or  in  a  boiler  chimney,  a  simple  form  of  U  gauge  suffices.  A 
chimney  gauge  is  shown  in  Fig.  392,  and  consists  of  a  glass  U  tube 
A  containing  some  water  and  having  a  scale  attached  by  means  of 
which  differences  in  water  level  in  the 
two  limbs  may  be  read.  The  tube  is 
connected  to  an  iron  pipe  BC,  which 
passes  into  the  interior  of  the  chimney ; 
the  other  limb  of  the  tube  is  open.  In 
action  the  superior  pressure  of  the 
atmosphere  causes  a  change  in  the  sur- 
face levels  of  the  water  as  shown.  The  difference  in  levels  h  is  called 
the  chimney  draught,  and  is  stated  usually  in  Inches  of  water.  If 
the  difference  in  levels  is  considerable,  mercury  may  be.  used.  The 
absolute  pressure  inside  the  vessel  may  be  calculated  by  adding 
algebraically  the  barometer  reading  to  the  reading  of  the  pressure 

gauge,  first  dividing  the  latter 
by  13-59  if  water  has  been 
used  in  the  gauge. 

Pressure  gauges  for  indicat- 
ing high  pressures,  such  as 
that  in  a  steam  boiler,  are 
usually  of  the  Bourdon  type. 
The  action  in  these  gauges 
depends  on  the  tendency 
which  a  curved,  partially 
flattened  tube  has  to  become 
straight  when  subjected  to 
internal  pressure. 

EXPT.  89. — Bourdon  action, 
Attach  a  piece  of  rubber  tube 
about  a  yard  long  to  a  water 
tap ;  close  the  outer  end  by  a 
clip,  or  a  piece  of  glass  rod ; 
bead  the  tube  into  a  curve  lying 
on  the  table.  Quickly  open  the  water  tap,  when  it  will  be  found  thai 
the  rubber  tube,  which  has  been  slightly  flattened  by  the  bending,  will 
distinctly  show  movement  in  the  attempt  to  become  straight. 

The  interior  parts  of  a  Bourdon  pressure  gauge  are  shown  in  Kg, 
393.    A  is  a  flattened  tube  of  hard,  solid-drawn  phosphor  bronze 


FIG.  393.— Interior  parts  of  a  steam  pressure 
gauge.  ^ 
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secured  to  a  bracket  B,  which  has  passages  in  it  forming  the  steam 
inlet  to  the  tube.  The  free  end  of  the  tube  is  closed,  and  is  connected 
by  means  of  a  short  link  C  to  a  small-toothed  sector  D.  The  sector 
gears  with  a  puuon  on  the  spindle  E,  which  carries  a  pointer  travelling 
over  a  scale  of  pressures  marked  on  the  outside  of  the  case. 

Bourdon  gauges  show  the  difference  between  the  pressure  inside 
the  vessel  and  the  pressure  of  the  atmosphere.  If  the  pressure 
inside  the  vessel  is  lower  than  that  of  the  atmosphere,  the  gauge  is 
called  a  vacuum  gauge,  and  the  dial  is  graduated  in  inches  or  centi- 
metres of  mercury  so  as  to  facilitate  the  process  of  calculating  the 
absolute  pressure.  The  absolute  pressure  is  obtained  by  deducting 
the  vacuum  gauge  reading  from  the  observed  barometric  height. 
For  example,  if  a  vacuum  gauge  reads  72  cm.  at  a  time  when  the 
barometer  stands  at  75-8  cm.,  the  absolute  pressure  inside  the 
vessel  is  3-8  cm  of  mercury. 

Boyle's  law.—  This  law  has  already  been  enunciated  (p.  269),  and 
is  stated  again  for  convenience  of  reference.  The  absolute  pressure  of 
a  given  mass  of  any  gas  varies  inversely  as  the  volume,  provided  the 
temperature  remains  constant.  Taking  a  given  mass  of  gas  under 
conditions  of  absolute  pressure  and  volume,  j^  and  vl9  let  these  be 
changed,  at  constant  temperature,  to  any  other  conditions,  />2  and 


or 
The  law  may  be  written       ;w  —  a  constant. 

Boyle's  law  is  not  followed  by  vapours,  but  is  very  closely  obeyed 
by  the  permanent  gases.  A  perfect  gas  is  an  ideal  gas  which  is 
imagined  to  obey  Boyle's  law. 

EXPT.  90.—  Verification  of  Boyle's  law.  Reference  is  made  to  Fig.  394. 
A  graduated  burette  A,  of  100  c.c.  capacity,  is  closed  by  a  well-fitted  tap 
at  the  top,  and  is  connected  to  a  reservoir  of  mercury  B  by  means  of  a  long 
piece  of  thick  rubber  tubing  C.  The  burette  scale  is  assumed  to  be  so 
constructed  as  to  show  the  volume  of  the  gas  enclosed  between  the  tap 
and  the  surface  of  the  mercury.  The  100  c.c.  scale  division  is  near  the 
lower  end  of  the  burette.  If  the  scale  is  arranged  otherwise,  a  preliminary 
experiment  must  be  made  in  order  to  determine  the  volume  between  the 
highest  scale  division  and  the  tap.  The  reservoir  B  may  be  clamped  to  a 
support  at  any  convenient  height,  and  has  a  small  side  branch  D  which 
travels  vertically  in  close  proximity  to  a  scale  E  when  B  is  raised  or 
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lowered.  The  device  enables  the  level  of  the  mercury  in  the  reservoir  to 
be  read  on  the  scale.  The  level  of  the  mercury  in  the  burette  may  be  read 
on  the  scale  by  employing  a  U  tube  containing  some  mercury  and  having 
both  limbs  open.  The  mercury  levels  F  and  G  (Fig.  394)  are  in  the  same 
horizontal  plane ;  the  tube  is  held  so  that  one  limb  is  close  to  the  burette 
and  raised  or  lowered  so  as  to  obtain  coincidence  of  mercury  levels  in  this 
limb  and  the  burette  ;  the  other  limb  is  held  close  to  the  scale,  and  the  scale 
reading  at  the  mercury  level  in  this  limb  gives 
the  level  of  the  mercury  in  the  burette. 

The  burette  is  charged  with  dry  air  at 
atmospheric  pressure  in  the  following  manner. 
Open  the  tap  and  raise  B  ;  the  mercury  level 
will  rise  m  A,  expelling  the  contents  of  the 
burette.  Stop  raising  B  when  the  mercury 
level  in  A  is  just  below  the  tap.  Now  lower 
B  slowly,  when  the  mercury  level  in  A  will  fall 
again,  and  air  will  be  drawn  through  calcium 
chloride  contained  in  the  tube  above  the  tap ; 
the  calcium  chloride  abstracts  moisture  from 
the  entering  air.  Adjust  the  height  of  B  and 
clamp  it  so  that  the  level  of  the  mercury  in  A 
is  at  the  100  c.c.  mark ;  since  the  mercury  is 
at  the  same  level  in  both  A  and  B,  it  follows 
that  the  air  in  A  is  at  the  same  pressure  as 
that  of  the  atmosphere,  (lose  the  tap,  thus 
isolating  the  contents  of  the  burette. 

The  initial  volume  of  the  inclosed  air  is 
100  c.c.  arid  its  absolute  pressure  may  be 
obtained  by  reading  the  barometer ;  let  this 
be  H!  cm.  of  mercury.  The  volume  of  the  air 
in  the  burette  may  be  diminished  by  raising  B. 
The  compression  of  the  air  may  be  accompanied 
by  a  rise  m  temperature,  and  the  volume 
should  not  be  read  until  two  or  three  minutes 
have  elapsed ;  the  interval  permits  of  the  temperature  of  the  air  in  the 
burette  to  fall  again  to  the  temperature  of  the  room,  it  is  advisable  to 
have  a  thermometer  attached  to  the  burette ;  this  will  enable  any  altera- 
tion in  the  atmospheric  temperature  m  the  neighbourhood  of  the  burette 
to  be  observed.  Let  v  be  the  observed  volume  of  the  enclosed  air  in  cubic 
centimetres. 

The  level  of  the  mercury  in  B  is  now  higher  than  that  in  A.  Read  each 
level  on  the  scale  and  take  the  difference ;  let  this  be  I  cm.  Since  the 
pressure  on  the  surface  of  the  mercury  in  B  is  7^  cm.  of  mercury,  the 
pressure  on  the  surface  of  that  in  B  will  be  (^  +  I)  cm.  of  mercury. 


FIG.  394.- Apparatus  for  veri- 
fying Boylo'u  law. 
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If  Boyle's  law  is  being  followed  by  the  enclosed  air,  the  product  (ht  +  l}v 
will  be  equal  to  the  product  of  the  initial  pressure  and  volume,  viz.  ^  x  100. 
Make  eight  or  ten  experiments,  increasing  the  height  of  B  progressively. 
Take  readings  also  when  the  height  of  B  is  decreased  through  the  same 
steps.  Tabulate  the  readings  and  results  as  follows  : 

EXPERIMENT  ON  BOYLE'S  LAW  FOR  DRY  AIR. 
Height  of  barometer  =  —  cm.  (h^. 


Temp   of  loom 
Cent 

PRESSURE   JNCHBASINO 

Vol    of  .ur 
v  c  c 

Difference  in 
levels,  I  cm 

Pressure  (t+hi) 
em  of  mcicury 

Products 
(l+hjr 


A  similar  table  should  be  made  for  diminishing  pressures.  The  products 
in  the  last  columns  will  be  found  to  be  equal,  or  nearly  so. 

Plot  a  graph  in  which  the  pressures  (I  +  hj)  are  plotted  as  ordmates,  and 
the  volumes  v  as  abscissae. 

Graphs  for  illustrating  Boyle's  law.— The  graph  of  the  equation 
pv  —  ^,  constant,  represents  Boyle's  law,  and  is?  a  rectangular  hyper- 
bola. It  may  be  plotted  from  experimental  data  as  in  Expt.  90, 
or  initial  conditions  of  pressure  and  volume  may  be  assumed,  and 
values  of  p  corresponding  to  a  sufficient  number  of  other  values  of  v 
may  be  calculated,  The  following  method  is  useful. 
Let  pv  =  c. 

Take  logarithms  of  both  sides,  giving 

log  p  4-  log  v  —  log  r, 
or  log  p  ~  —  log  v  +  log  c. 

The  graph  for  this  equation  is  a  straight  line, 
is  so  by  plotting  the  logarithms  of  (Z-f  h})  and  of  i 

mental   data   obtained 
Expt,  90. 

B  O  The  following  geometrical  method  of 

drawing  a  rectangular  hyperbola  is 
useful.  In  Fig.  395  set  off  OA  along 
OY  to  represent  pv  and  OC  along  OX 
to  represent  vl  to  convenient  scales  of 
pressure  and  volume.  Make  OE  =  t?2, 
and  complete  the  rectangles  OABC  and 
C  E  X  OADE.  Join  OD  cutting  CB  in  F,  and 

Pro.  395.     .  *  draw  FG  parallel  to  OX.     Then  EG  is 


Ascertain  if  this 
from  the  experi- 
in  carrying  out 
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equal  to  p2,  and  G  is  a  point  on  the  rectangular  hyperbola,    The  proof 
is  as  follows :  Since  the 
triangles   OCF   and  OED    Pressure 
are  similar,  we  have 

FC:OC=DE:OE, 
EG:OC  =  BC:OE. 
But     OC  =  v,, 


and 


01  EG      v2     — 

Other  points  may  be 
found  in  a  similar  manner 
giving  the  complete  curve 
shown  in  Fig.  396. 

Such  curves,  represent- 
ing    operations     carried 
out  at  constant  tempera-  . 
ture,  are  called  isothermal  curves;  the  operations  of  expansion  or 
compression  are  called  isothermal  operations. 


volume 


FIG.  396  —Boyle's  law  cui  ve  diawn  by  means  of  a 
geometrical  const-motion 


EXERCISES  ON  CHAPTER  XXX. 

1.  Distinguish  a  vapour  from  a  perfect  gas.     What  is  the  pressure  of 
a  substance  in  the  gaseous  state  duo  to  V 

2.  If  the  barometer  reads  74-32  cm.  of  mercury,  what  is  the  pressure 
of  the  atmosphere  in  grams  wt.  per  square  centimetre  ? 

3.  An  oxygen  cylinder  is  charged  to  a  pressure  of  120  atmospheres. 
What  is  the  pressure  in  Ib.  wt.  per  square  inch  ? 

4.  Give  a  sketch  and  description  of  a  standard  mercury  barometer. 

5.  Describe,  with  sketches,  the  construction  of  an  aneroid  barometer. 
Criticize  the  accuracy  of  this  type  of  barometer. 

6.  A  standard  mercury  barometer  reads  76-21  cm.  at  15°  C.     Correct 
this  reading  for  expansion  of  the  mercury  and  scale.    This  barometer  is 
situated  at  a  height  of  500  metres  above  sea-level  in  latitude  50°.     Obtain 
the  constant  gravitational  correction  for  this  station. 

7.  A  U  gauge  attached  to  a  boiler  chimney  reads  0-8  inch  of  water. 
The  barometer  reads  29-45  inches  of  mercury.     What  is  the  absolute 
pressure  inside  the  chimney  ? 

8.  Describe  the  construction  and  action  of  a  Bourdon  pressure  gauge. 
Give  a  sketch. 
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9.  State  Boyle's  law  for  ga*ses.    How  would  you  prove  it  experi- 
mentally ? 

10.  A  volume  of  t  cubic  foot  of  gas  at  an  absolute  pressure  of  150  Ib. 
wt.  per  square  inch  expands  at  constant  temperature.     Find  the  pressure 
when  the  volume  is  2,  3,  4,  5,  6  cubic  feet.     Plot  a  graph  showing  the 
relation  of  pressure  and  volume. 

11.  Take  the  numbers  obtained  in  answer  to  Question  10  and  draw  a 
graph  by  plotting  the  logarithms  of  the  pressures  and  volumes. 

12.  Use  a  graphical  method  for  drawing  an  isothermal  curve  for  a  gas 
expanding  from  a  volume  of  2000  c.c.  at  an  absolute  pressure  of  15  atmo- 
spheres down  to  a  pressure  of  3  atmospheres. 

13.  An  aneroid  barometer  reads  30  15  inches  at  ground  level.     When 
taken  to  the  top  of  a  tower,  the  barometer  reads  30-06  inches.     Calculate 
the  height  of  the  tower  if  the  density  ot  the  air  at  the  time  was  0  00125 
gram  per  c.c.  and  that  of  mercury  13  6. 

14.  Describe  carefully  an  experiment  to  determine  the  relation  between 
the  pressure  and  the  volume  of  a  given  mass  of  gas  at  constant  temperature. 

Tasmania  Univ. 

15.  The  cross-sectional  area  of  the  mercury  column  in  a  barometer  is 
1-2  sq.  cm.  ;   the  length  of  the  vacuum  at  the  top  is  8  cm.  when  the  baro- 
meter reads  764  ftim.     Calculate  the  volume  of  external  air  which  must 
be  introduced  into  the  tube  in  order  to  cause  the  height  of  the  column  of 
mercury  to  become  382  mm. 

16.  Describe  the  principle  of  the  mercury  barometer. 

A  mercury  barometer  is  in  the  receiver  of  an  ordinary  air  pump,  and  at 
first  its  height  is  76  cm.  After  two  strokes  the  height  is  72  cm.  What  will 
it  be  after  10  strokes  ?  (Volume  of  barometer  is  insignificant  compared 
with  volume  of  receiver.)  Tasmania  Univ. 
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PROPERTIES  OF  GASES-  CONTINUED 

Charles's  law.— This  law,  first  enunciated  by  Charles  and  Gay 
Lussac,  states  that  a  given  mass  of  any  gas  expands  by  a  constant  fraction 
of  its  volume  at  0°  G.  when  its  temperature  is  raised  one  degree,  provided 
its  pressure  is  kept  constant.  Experimental  evidence  shows  that  the 
value  of  the  fraction  is  ^l-A  for  a  rise  in  temperature  of  1°  0.  This 
fraction  may  be  termed  the  coefficient  of  expansion  of  a  gas  at  constant 
pressure. 

Let        ^0  =  1  he  volume  of  the  given  mass  of  gas  at  0"  C. 


Then     Increase  in  volume  for  a  rise  in  temp,  of  I    0.  =  9, 


Hence 


t 
273 


.(1) 


This  equation  is  not  suitable  for  use  in  calculations,  since  the  given 
initial  volume  would  usually  be  at  some  temperature  other  than  0°  C., 
and  it  would  be  necessary 
to  evaluate  VQ  prior  to 
making  any  attempt  to 
solve  the  problem. 

Absolute  scale  of  tern- 
perature. — Fig.  397  shows 
a  graph  (not  drawn  to 
scale)  illustrating  Charles's 
law  in  which  volumes  are 
plotted  as  ord mates  and 
temperatures  as  abscissae. 

DA  represents  the  volume         FIG,'  397.— Graph  illustrating  Charles's  law. 
p.s.v.  2c 
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at  0°  C. ;  abscissae  measured  to  the  right  of  O  represent  tempera- 
tures above  freezing  point,  those  measured  to  the  left  of  O  are 
negative  and  represent  temperature  below  freezing  point.  AB  repre- 
sents a  rise  in  temperature  from  0°  to  1°  C ,  and  BC  represents  the 
corresponding  increase  in  volume.  Other  similar  steps  are  shown 
in  Fig.  397,  and  since  the  rises  in  temperature  are  all  1°  C.  and 
the  increments  in  volume  are  all  equal,  it  follows  that  a  straight 
line  CD  may  be  drawn  through  the  tops  of  all  the  steps.  CD  is 
therefore  a  graph  illustrating  the  expansion  of  a  gas  obeying 
Charles's  law. 

Bach  of  the  increments,  such  as  BC,  is  equal  to  OA/273.  Produce 
DC  until  it  cuts  the  temperature  axis  at  E.  Then,  from  the  similar 
triangles  CBA  and  AOE,  CB  AO 

BA=OE' 

AO     AO 
or,  since  BA  =  J ,  ^73  =  o^  ' 

/.  OE  =  273. 

Therefore  DC  cuts  the  temperature  axis  at  -  273°  C.  At  E  the 
volume  of  the  gas  as  shown  in  the  diagram  is  zero.  This  would  not 
actually  be  the  case,  but  we  may  say  that  the  volume  and  tempera- 
ture of  a  gas  at  constant  pressure  behave  in  such  a  manner 
that,  if  the  law  connecting  them  did  not  change,  the  volume  would 
disappear  at  -  273°  C. 

A  scale  of  temperatures  having  very  useful  properties  may  be 
illustrated  m  Fig.  397  by  placing  0°  at  E  and  273°  at  0  ;  other 
temperatures  may  be  marked  along  the  temperature  axis  to  corre- 
spond with  the  new  marking  of  E  and  O  This  scale  is  called  the 
gas  thermometer  scale  of  temperatures,  and  is  practically  the  same  as 
a  scale  derived  from  considerations  of  energy,  called  the  absolute 
scale  of  temperature  (Chap.  XXXVIII.).  Temperatures  on  the  absolute 
scale  will  be  denoted  by  the  letter  T. 

Another  statement  of  Charles's  law.— In  Fig.  397  take  any  two 
points  F  and  H  on  the  temperature  axis,  and  draw  the  ordinates  FG 
and  HO.  FG^v,  is  the  volume  of  the  gas  at  an  absolute  temperature 
EF  =  TJ  ;  HD  =  v2  is  the  volume  when  the  absolute  temperature  is 
equal  to  EH  =T2.  From  the  similar  triangles  GFE  and  DHE,  we  have 
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or 


T2 


.  .......................................... 

h     T2 

Hence  Charles's  law  leads  to  the  following  statement  :  The  volumes 
of  a  given  jnass  of  a  gas  at  constant  pressure  are  proportional  to  the 
absolute  temperatures. 

Temperatures  stated  in  the  Centigrade  scale  may  be  converted  to 
the  absolute  scale  by  adding  273.  Thus  : 


Absolute  zero  on  the  Fahrenheit  scale  is  (273  x  ^)  =  491°  F.  below 
freezing  point,  or  (491  -  32)  =  459°  F.  below  zero  Fahrenheit.  Hence 
temperatures  stated  in  the  Fahrenheit  scale  may  be  converted  to  the 
appropriate  absolute  scale  by  adding  459.  Thus 

T-r  F.  +  159. 

EXAMPLE.  —  A  room  measures  50  feet  x  30  feet  x  25  feet.  If  the  tem- 
perature of  the  air  in  it  be  raised  from  10°  C.  to  15°  C.,  what  percentage 
of  the  initial  volume  of  ^tir  will  be  expelled  ?  The  pressure  is  assumed 
to  remain  constant. 

v1  rr50  x  30  x  25  ^37,500  cubic  feet. 
T!  =273  +  10-283°  absolute  (C.). 
T2  =273  +  15  -288°  absolute  (C.). 

Let  v2  be  the  volume  of  the  air  originally  in  the  room  if  heated  to  15°  C., 
then  _"iTa_  37500x288 

^--77-      283 

-38,160  cubic  feet. 

Volume  of  air  expelled  =  38160  -  37500 
=-660  cubic  feet. 

This  volume  of  660  cubic  feet  has  been  measured  at  15°  C.,  hence 
Percentage  of  air  expelled  =  ^Ij-f  {f(T  x  100  » 

=  1-73. 

Isothermal  lines  of  a  gas.  —  Suppose  we  have  a  given  mass 
of  gas  under  initial  conditions  of  pressure  and  volume,  i\  and  vv 
and  at  a  temperature  of  273°  absolute  (C.).  In  Fig.  398  ordinates 
and  abscissae  represent  pressure  and  volume  respectively,  and  the 
initial  conditions  are  plotted  at  A.  If  the  gas  expands  following 
Boyle's  law,  the  isothermal  line  A$  results.  The  temperature 
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everywhere  on  A B  is  273°  absolute.  Suppose,  when  the  gas  is 
under  the  conditions  represented  by  the  point  A,  that  its  tempera- 
ture be  raised  to  T°  absolute  (C.)  at  constant  pressure.  Applying 
Charles's  law,  we  have  for  the  new  volume  v%, 

v*~  T       •     __I_ 

^     273'     •'•  "2~273ri 

Plotting  the  new  conditions,  viz.  pressure  p^  and  volflme  i>2>  we 
obtain  the  point  C.     Now  let  the  gas  expand  at  constant  temperature1 

Pressuie 


O  ?',        7'2         V  7'2  Vol. 

FIG.  398.— -Isothermal  lines  of  a  gas. 

T.  Boyle's  law  will  be  followed,  and  the  isothermal  line  for  the 
temperature  T  will  be  CD  As  many  points  as  may  be  necessary 
for  plotting  CD  mav  be  found  from  points  such  as  E  on  AB.  Thus, 
at  E  the  pressure  is  p  and  the  volume  is  v ;  the  temperatuie  at  E 
is  273°  and  at  F  is  T  degrees  ,  the  volume  at  F  is  r3. 

v*      T  T 


273  : 


"273' 


The  factor  T/273  for  converting  horizontally  any  point  on  AB  to  the 
corresponding  point  on  CD  is  a  constant.  In  this  way  a  series  of 
isothermal  lines  may  be  drawn  for  273,  274,  275,  ,etc.,  degrees 
absolute  ;  some  of  these  are  shown  in  Fig.  398. 

Tn  Fig.  399  ordinates  and  abscissae  represent  volumes  and  absolute 
temperatures  respectively.  The  point  A  represents  a  given  mass  of 
gas  at  273°  absolute  (C.),  and  having  a  volume  of,  say,  4  cubic  units 
and  a  pressure  of,  say,  76  cm.  of  mercury.  AOC  represents  changes 
going  on  in  obedience  to  Charles's  law,  i.e.  the  pressure  at  any  point 
in  this  line  is  76  cm.  of  mercuiy,  and  the  line  may  be  called  a  line 
of  constant  pressure. 
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Let  the  conditions  indicated  at  A  be  changed  at  constant  tem- 
perature 273°  absolute  to  3  cubic  units,  say.  The  pressure  p% 
will  be  obtained  by  applying  Boyle's  law,  thus 

P^VI  — JP2^2  9     •*•  76  x  4  —pg  x  ^  9 
•"•  ^2=  .I  x  76  =  101  -33  cm.  of  mercury. 

The  point  E  will  represent  these  new  conditions.  OEH  now  repre- 
sents changes  in  obedience  to  Charles's  law  under  a  constant  pressure 
of  101 :33  cm.  of  mercury. 
Similarly,  by  reducing  the 
initial  volume  to  2  and  1 
cubic  unit,  the  constant 
pressure  lines  OFK  and 
OGL  are  obtained. 

The  change  in  volume    3. 
taking  place  in  the  given 
mass  of  gas  when  raised 
in  temperature  from  273° 
to  373°  at  constant  pres- 
sure 76  cm.  of  mercury  is 
represented  by  (DC-BA). 
The  corresponding  change 
in  volume  at  a  pressure          FIG.  399 
of  304-  cm.  of  mercury  is 
represented  by  (DL-BG).     It  is  clear,  by  inspection  of  Fig.  399,  that 
the  change  of  volume  for  the  given  rise  in  temperature  is  much 

greater  if  the  pressure  is  low 
than  if  the  pressure  is  high. 

Combination   of  Boyle's  and 
Charles's    laws. — If    the    given 

v»  u  r         mass     of     gas     is     undergoing 

Tr  -r.  z         simultaneous   changes   in   pres- 

sure, volume  and  temperature, 

^                 £  the  law  followed  may  be  found 

-Diagram  showing  changes  oc-  ,          ,       following    process      In 

he  pressure,  volume  and  tern-  oy     ine    louowiiig    piuteeb.     xn 

perature  of  n  HIS.  ^ig    4QQ  ^  ft  gjven  magg  Qf  gas 

is  enclosed  in  a  cylinder  fitted  with  a  piston,  and  is  under  initial 
conditions  ply  v±  and  Tv  Suppose,  first,  that  p±  and  vl  are  changed 
at  constant  temperature  T3  until  a  pressure  p.z  and  a  volume  v  are 
obtained.  Applying  Boyle's  law,  we  have 


273  373     T 

-Constant  pressure  lines  of  a  gas. 


a 


•• 
The  gas  will  now  be  as  shown  in  Fig.  400  (6). 
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Now  change  the  temperature  from  Tt  to  T2,  keeping  the  pressure 
constant  at  p2  The  volume  will  change  from  v  to  v2  as  shown  in 
Fig.  -iOO  (c).  Applying  Charles's  law, 

v      TT         .          v2T  /0v 

-  -=l  ;     .'.  v=-*-  .........................  (2) 

''2       T2  T2 

Hence,  from  (1)  and  (2),  we  have 


or  -^     .......................................  (3) 

W'2       T2 

We  should  have  obtained  the  same  result  had  the  conditions  varied 
simultaneously  instead  of  by  the  step  by  step  process  adopted  above. 
The  result  obtained  in  equation  (3)  indicates  that  when  a  given 
mass  of  a  perfect  gas  is  undergoing  changes  in  pressure,  volume  and 
temperature,  the  product  of  the  absolute  pressure  and  volume  is  propor- 
tional to  the  absolute  temperature,  or 

fV  oc  T  ...........................................  (4) 

The  characteristic  equation  for  a  perfect  gas  is  obtained  from  (4)  by 
taking  v  as  the  volume  occupied  by  unit  mass  of  the  given  gas  at 
freezing  temperature  (T  =  273°  absolute)  and  under  standard  pres- 
sure of  76  cm.  of  mercury.  By  introducing  a  coefficient  R,  we  have 

;w=RT,  ..........................................  (5) 

in  which  R  has  a  value  which  depends  upon  the  kind  of  gas  con 
aider  ed. 

Relation  of  pressure  and  temperature  at  constant  volume  in  a 
perfect  gas.  —  Take  equation  (3)  above,  and  put  i\  =  v2,  thus  causing 
the  pressure  and  temperature  of  the  gas  to  vary  at  constant  volume. 

Thus  T 

J  i 


Hence,  if  we  have  a  closed  vessel  containing  a  given  mass  of  perfect 
gas  at  constant  volume,  the  absolute  pressure  is  proportional  to  the 
absolute  temperature.  / 

Suppose  that  p1  is  the  pressure  of  the  given  mass  of  gas  at  0°  C., 
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or  273°  absolute,  and  that  the  temperature  be  raised  at  constant 
volume  to  274°  absolute.     We  have 

/'i     273 . 


1 


274 


The  increase  in  pressure  per  degree  Centigrade  is  therefore  T,  Itf  of 
the  pressure  at  0°  C.  Similarly,  if  the  temperature  be  laised  to 
t°  C.  above  freezing  point,  the  pressure  p  is  given  by 

£1=    273 

The  fraction  ^} -s  may  be  called  the  coefficient  of  increase  of  pressure 
of  a  gas  at  constant  volume.  It  is  evident  that  the  value  of  this 
coefficient  is  the  same  as  the  coefficient  of  expansion  of  a  #as  at 
constant  pressure. 

Verification  of  Charles's  law.— Direct  experiments  for  the  purpose 
of  verifying  Charles's  law  are  difficult  to  carry  out  accurately.  The 
relation  of  pressure  and  temperature 
at  constant  volume  enables  Charles's 
law  to  be  proved  by  means  of  an 
experiment  which  may  be  carried 
out  easily. 

EXPT.  91. — Relation  of  pressure  and 
temperature  of  air  at  constant  volume ; 
indirect  proof  of  Charles's  law.  Arrange 
apparatus  as  shown  in  Fig.  401.  A  is  a 
large  bulb  containing  dry  air  and  con- 
nected by  a  long  rubber  tube  to  an 
open  cistern  of  mercury  at  B.  The  bulb 
is  immersed  in  water  contained  in  a 
vessel  E ;  the  water  may  be  heated  by 
a  coiled  pipe  F  through  which  steam 
can  be  passed ;  the  temperature  is 
measured  by  a  thermometer  Q  placed  close  to  the  bulb.  The  mercury 
cistern  may  be  moved  vertically  along  a  scale  H  and  may  be  clamped  at 
any  height  in  the  same  way  as  in  the  Boyle's  law  apparatus  (p.  397).  The 
zero  of  the  scale  H  is  arranged*so  as  to  be  at  the  same  level  as  c,  mark  C 


-Zero 


FIG.  401.— Apparatus  for  determining 
the  relation  of  p  and  T. 
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on  the  neck  of  the  bulb;  this  may  be  checkeu  uy  use  of  the  U  tube 
mercury  level  descnbed  on  p.  397. 

Begin  with  cold  water  in  E.  Adjust  the  height  of  B  so  that  the  mercury 
level  in  the  neck  of  the  bulb  coincides  with  the  mark  C.  Wait  a  minute 
or  two  to  make  sure  that  the  temperature  of  the  air  in  the  bulb  is  the  same 
as  that  of  the  water ;  readjust  the  level  if  necessary.  Note  the  height  of 
the  mercury  level  in  B,  say  h  cm.,  arid  the  temperature  of  the  water,  say 
t°  C.  Read  the  barometer  ;  let  this  be  A0  cm.  of  mercury. 

Raise  the  temperature  of  the  water,  say  5°  0.  ;  this  will  cause  the 
mercury  level  at  C  to  be  depressed.  Restore  the  level  by  raising  B,  taking 
the  same  precautions  as  before  prior  to  reading  the  scale  H  and  the  thermo- 
meter G.  Repeat  the  experiment  several  times,  increasing  the  temperature 
each  tune  by  about  5°  C. 

If  the  law  p  or  T  is  being  complied  with,  we  have 

p=rcT,     or     c=L-r-> 

where  c  is  a  constant.  Try  if  this  is  so  by  dividing  the  experimental 
values  of  the  absolute  pressure  p  —  (h  +  h{})  by  T— ( -1-273.  Plot  a  graph 
showing  the  relation  of  p  and  T. 

The  results  may  be  tabulated  as  follows  : 

EXPERIMENT  ON  THE  RELATION  OF  p  AND  T  FOR  AIR  AT 

CONSTANT  VOLUME 
Barometer  reading  ~(A0)  cm. 

Tempei  aim  c. 


TO       ,  h    t>m 

I        r 


ff  eight  of  mcicury 


Pi  essurc  in  bulb 


Deduce  from  the  graph  the  pressures  at  0°  and  100°  C.,  and  calculate 
the  coefficient  ot  increase  of  pressure. 

Air  thermometer.  -In  Fio.  402  is  shown  a  modified  form  of  the 
apparatus  used  in  the-above  experiment.  The  bulb  A  contains  dry 
air,  and  is  connected  by  a  tube  of  finf  sbore  to  tubes  BD  and  EC,  which 
may  be  raised  or  lowered  along  a  scale.  This  instrument  constitutes 
an  air  thermometer.  The  bulb  A  is  introduced  into  the  spare  in  which 
the  temperature  has  to  be  measured,  and  the  sliding  tubes  are 
adjusted  until  the  mercury  level  is  restored  to  a  fixed  mark  at  B. 
The  absolute  pressure  in  the  bulb  is  determined  in  the  manner 
explained  in  Expt.  91,  and  the  temperature  is  calculated  from  the 
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pressure.  The  instrument  may  be  calibrated  by  immersing  the  bulb 
A  first  in  melting  ice  and  then  in  the  steam  given  pj?  by  water- 
boiling  under  standard  pressure,  taking  the  same  precautions  as 
in  the  calibration  of  mercurial  thermometers  (p.  316).  The  pressures 
corresponding  to  0°  and  100°  C.  are  thus  found,  and  intermediate 
graduations  may  be  determined  by  permitting  the  bath  of  hot  water 
to  cool  slowly  and  taking  readings  of  the  pressure  at  intervals. 
Used  in  the  manner  described,  the  instrument  is  a  constant  volume  air 
thermometer. 


Pia.  40-2.—- Constant  volume  air 
thermometer. 


FIG.  403  —Constant  pressure 
air  thprraomptei . 


A  simple  form  of  constant  pressure  ah*  thermometer  is  shown  in 
Fig.  403,  and  consists  of  a  piece  of  thermometer  tubing  about  1  mm. 
in  bore  and  20  cm.  long.  The  tube  is  carefully  cleaned  and  dried, 
and  one  end  is  sealed.  By  slightly  warming  the  tube,  some  air  is 
expelled,  and  a  pellet  of  mercuiy  is  sucked  in  as  the  tube  cools. 
When  placed  vertically  with  the  closed  end  at  the  bottom,  the  mercury 
pellet  should  be  about  14  cm.  from  the  lower  end  at  ordinary  atmo- 
spheric temperature.  Since  the  upper  surface  of  the  pellet  of  mercury 
is  exposed  to  the  pressure  of  the  atmosphere,  the  pressure  of  the 
enclosed  air  remains  practically  constant  during  an  experiment. 
The  tube  is  tied  to  a  thermometer,  and  the  scale  of  the  thermometer 


410  HEAT  CHAP. 

serves  to  indicate  the  position  of  the  pellet.  Assuming  that  the 
bore  of  the  air  thermometer  tube  is  uniform,  the  length  occupied  by 
the  enclosed  air  is  proportional  to  the  volume  The  scale  readings 
corresponding  to  0°  and  100°  C.  may  be  found  as  before.  These 
scale  readings  correspond  to  273  J  and  373°  absolute  '(C.)  respectively, 
and  intermediate  scale  readings,  obtained  when  the  instrument 
is  at  other  temperatures,  are  converted  into  absolute  degrees  by 
simple  proportion  This  type  of  constant  pressure  air  thermometer 
is  not  very  satisfactory  on  account  of  the  sticking  of  the  mercury 
piston. 

Mixture  of  two  different  gases.—  If  a  closed  vessel  contains  a 
mixture  of  two  different  gases  which  have  no  chemical  action  on 
each  other,  then  the  total  pressure  is  the  sum  of  the  pressures 
which  the  quantity  present  of  each  gas  would  exert  if  it  alone 
occupied  the  vessel.     The  proof  is  as  follows  * 

Suppose  at  first   that  the  two  gases  occupy  separate 
vessels  A  and  B  (Fig.  404).     Let  the  pressure  and  volume 
404       0£  faG  ^as  m  A  bejj^  and  Vv  ancl  of  that  in  B  p%  and  v2. 

The  whole  is  supposed  to  be  at  the  same  temperature,  which  is 
preserved  constant  throughout  the  following  operations 

Let  the  capacity  of  B  be  changed  until  the  pressure  in  this  vessel 
is  ]>!,  and  let  the  volume  be  now  v.  Applying  Boyle's  law,  we  have 

Pt»*=PiV,     or     y  =  ^  .....  ......  (I) 

Pi 

Now  let  a  hole  be  made  in  the  partition  separating  A  and  B  ;  both 
gases  being  at  the  same  pressure,  quiet  mingling  will  ensue,  on  the 
assumption  that  no  chemical  action  occurs,  and  the  mixed  gases  will 
exert  a  pressure^,  and  will  occupy  a  total  volume  (t^-t-v). 

Let  the  portion  B  now  resume  its  original  volume,  when  the  total 
volume  occupied  by  the  mixed  gases  will  be  (vj_  +  v2).  and  the  pressure 
will  be  p,  say.  Again  applying  Boyle's  law,  we  have 


«  =-iii  I  ft"  . 

•rl       <,,.  _i_*,_       ^-f.^ 


Substituting  for  v  from  (1),  we  obtain  : 
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Had  the  gas  originally  in  A  alone  filled  the  volume  (Vi  +  v2),  the 
pressure  would  have  been  />',  say,  and 


---      ....................................  (3) 

L       VI  +  DI 

Similarly,  had  the  gas  originally  in  B  occupied  tlie  final  volume 
(vl  +  v2),  the  pressure  would  have  beeny,  say.  and 


or  p  =-'-*—*  ^ij 

Hence,  from  (2),  (3)  and  (4), 

jf'=y+/, (5) 

thus  proving  the  proposition. 

Density  of  a  gas.  -The  density  of  a  gas  at  given  temperature  and 
pressure  is  the  mass  in  grams  per  cubic  centimetre.  Let  the  initial 
conditions  of  a  given  mass  of  gas  be  pv  vl  and  Tl ;  let  the  initial 
density  be  dv  and  let  the  final  conditions  be^>2>  *'2>  ^"2  ar|d  d».  Let 
m  be  the  constant  mass  of  the  gas,  then 

/.  ^-^ (I) 

2       ^1 

A   1  ?^1  *'1  '/ItoVil 

Also  ^l1^7^; 

'l  '2 


Hence,  from  (1),  * (2) 

^2      Jfy2Tl 

If  the  temperature  is  constant,  this  reduces  to 


If  the  pressure  is  constant,  the  result  becomes 

^It (4) 

4     Tt 

If  d0  is  the  density  of  the  gas  at  normal  pressure  and  temperature 
of  76  cm.  of  mercury  and  0°  Centigrade,  the  density  d  at  any  other 
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pressure  p  cm.  of  mercury  and  temperature  t  degrees  Centigrade 
is  obtained  from  (2),  giving 


7 
d=   7«<r+273) 


EXPT.  92.  —  Density  of  air.  Reference  is  made  to  Fig.  405,  in  which  A 
is  a  glass  globe  furnished  with  a  tap.  The  globe  is  connected  by  means 
of  a  piece  of  thick  rubber  tube  to  a  manometer  BC.  The  manometer 
contains  mercury,  and  the  closed  space  above  C  is  a  Torricellian  vacuum  ; 
hence  the  gaseous  pressure  acting  on  the  mercury  surface  at  B  is  given  by 
the  difference  in  levels  of  the  mercury  in  the  two  limbs  of  the  manometer, 


FIG   4(T>  — Apparatus  for  determining  the  density  of  air 

provided  that  the  closed  lnrib  at  C  is  not  completely  filled  with  mercury. 
There  is  another  connection,  having  a  tap  at  E,  and  leading  to  two  drying 
tubes  containing  phosphorus  pcntoxide ;  this  substance  removes  any 
moisture  from  the  air  before  it  enters  the  globe.  The  tube  at  D  is  open 
to  the  atmosphere.  An  exhausting  air  pump  is  connected  to  the  apparatus, 
the  connecting  rubber  tube  being  furnished  with  a  clip  at  F  ;  air  may  thus 
be  withdrawn  from  the  globe  A. 

Close  the  tap  E  and  exhaust  the  globe  ;  close  the  clip  F  and  open  E, 
thus  permitting  air  to  flow  through  the  drying  tubes  and  thence  into  the 
globe.  Repeat  the  operation  several  times  so  as  to  ensure  that  the  globe 
contains  dry  air  only.  Since  the  globe  is  in  communication  with  the 
atmosphere,  the  pressure  and  temperature  of  the  air  it  contains  may  be 
obtained  by  reading  the  barometer  and  a  thermometer  placed  near  the 
globe  A.  Close  the  tap  on  the  globe  ;  remove  the  globe  and  weigh  it,  thus 
obtaining  the  mass  of  the  globe  when  full  of  dry  air. 

Connect  the  gtobe  again  to  the  apparatus  and  open  its  tap.     Close  the 
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tap  E  and  exhaust  the  globe  as  thoroughly  as  possible,  The  pressure  of  any 
residual  air  is  now  shown  by  the  manometer  reading  ;  it  is  best  to  read 
the  levels  at  B  and  C  by  means  of  a  cathetometer.  Close  the  tap  on  the 
globe  ;  remove  the  globe  and  weigh  it,  thus  obtaining  the  mass  of  the 
globe  when  filled  with  residual  air.  Place  the  neck  of  the  globe  under 
water  at  the  temperature  of  the  room  and  open  the  tap,  thus  filling  the 
globe  with  water  ;  see  that  the  water  level  reaches  the  tap,  adding  some 
water  if  necessary.  Weigh  again,  thus  obtaining  the  weight  of  the  globe 
when  full  of  water. 

Let  u\  -the  weight  of  the  globe  in  grams  when  full  of  dry  air  at  h(t  and  /. 
wa=the  weight  of  the  globe  m  grains  when  full  of  residual  air  at 

Jim  and  /. 

wa  —  the  weight  of  the  globe  in  grams  when  full  of  water. 
ha  -  the  barometric  pressure,  cm.  of  mercury. 
h,,,=the  pressure  of  the  residual  air,  as  shown  by  the  manometer, 

cm.  of  mercury. 

t  —  the  constant  temperature  of  the  room,  deg.  Cent. 
Since  the  temperature  of  the  room  has  remained  constant,  the  fraction 
hm/ha  of  the  air  originally  in  the  globe  remains  after  exhaustion.  The 
difference  in  weights  (wl  -  w2)  therefore  represents  the  weight  of  the  air 
withdrawn,  viz.  (1  -hm/ha)  of  the  original  quantity  of  air.  Therefore  the 
weight  w  of  dry  air  originally  in  the  globe  is  given  by 

w  1      _     ha 

2vl  -  w2     ,     hm     ha  -hm  ' 


Jh  grams  ............................  (!) 

Further,  (wz  -Wi  +  w)  gives  the  weight  in  grams  of  the  water  which  fills 
the  globe,  and  the  same  quantity  gives  the  volume  of  the  globe  in  cubic 
centimetres.  Hence,  at  the  pressure  h(l  and  temperature  /, 

T^       -j.      r    •        7 
Density  of  air  =  d  ~ 

' 

Wi—Wd  /0. 

—  T  ---  -ry  --  ~~  ----  TT—  grams  per  c.c.  ...(2) 

(  W»  -  Wjka  ~  (  W>3  -  W,  )HHI  6  *  V    ' 

The  density  at  normal  pressure  and  temperature  may  now  be  obtained 
from  (5)  (p.  412). 


2T3h(t 


=  _  .  gramsperc.0  .......  (3) 

273          (w3  -  w2)ha  -  (wt  -  w^hm  6          f  v  ; 

Influence  of  height  on  the  pressure  and  density  of  the  atmosphere.  — 

It  is  well  known  that  the  pressure  of  the  atmosphere  decreases  as 
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the  height  above  sea-level  is  increased.  If  a  barometer  be  taken 
up  a  mountain,  the  level  of  the  mercury  falls  gradually  during  the 
journey.  Water  boils  at  a  lower  temperature  at  the  top  of  a 
mountain  than  at  sea-level,  owing  to  the  diminished  pressure  of  the 
atmosphere.  The  following  approximate  method  enables  the  law 
governing  these  changes  to  be  understood. 

Consider  a  column  of  air  (Fig.  406)  having  a  cross-sectional  area 
of  one  square  centimetre  and  reaching  upwards  to  the 
limit  of  the  atmosphere.  Let  the  temperature  throughout 
the  column  be  0°  C.,  and  let  the  pressure  at  sea-level  A 
be  ,76  cm.  of  mercury.  This  pressure  is  produced  by  the 
total  weight  of  the  column,  and  is  equivalent  to  1033 
grams  weight  per  square  centimetre  nearly.  The  density 
of  air  at  this  pressure  and  0°  C  is  1  -2928  grams  per 
lOOOcc. ;  assuming  that  the  density  does  not  change 
appreciably  on  ascending  a  few  metres,  the  height  of  a 
column  AB  weighing  one  gram  will  be  10— 1-2928  =  7-735 
metres.  The  pressure  at  B  is  less  than  that  at  A  by  the 

FIG  406  weight  of  AB,  and  is  therefore  1032  «rams  weight  per 
square  centimetre. 

The  density  at  this  pressure  and  at  0°  C.  is  given  by 

d      =  1032     ( 
f -2928     1033     (l 

d=  1-2915  grams  per  1000  c.c. 

Assuming  that  this  density  remains  constant  for  another  few 
metres  above  B,  the  height  of  a  column  BC  weighing  one  gram  is 
10--1 -2915  =  7*743  metres  nearly.  The  pressure  at  C  will  then  be 
1031  grams  weight  per  square  centimetre.  BC  is  greater  than  AB, 
and  we  conclude  that  the  intervals  to  produce  a  constant  pressure 
difference  of  one  gram  weight  per  square  centimetre  increase  as  we 
ascend.  * 

Increase  in  temperature  increases  the  heights  AB  and  BC  in  Fig. 
406 ;  the  effect  of  the  change  in  temperature  is  to  increase  the 
volume,  and  thus  to  diminish  the  density. 

Heights  may  be  measured  approximately  by  means  of  the  baro- 
meter. An  elevation  of  900  feet  corresponds  nearly  to  one  inch 
fall  in  the  mercury  column.  The  aneroid  barometer  (p.  392)  is 
used  generally  by  surveyors,  and  has  two  scales  on  its  dial,  one 
indicating  the  height  of  the  mercury  column  and  the  other  showing 
elevations  in  feet.  The  method  is  approximate  only,  since,  for 
stability  in  the  atmosphere,  the  temperature  must  fall  as  the 
altitude  increases. 
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Flotation  of  balloons.™ If  a.  balloon  is  floating  at  rest  in  a  still 
atmosphere,  the  law  governing  its  equilibrium  is  the  same  as  that 
for  a  body  floating  at  rest  in  a  still  liquid  (p.  274).  Thus,  in  Fig. 
407,  Wx  is  the  weight  of  the  balloon,  including  all  material  and  the 
car  ;  W2  is  the  weight  of  the  gas  contained  in  the  envelope  ;  W3  is 
the  weight  of  air  displaced  by  the  balloon,  and  is  equal  to  the 
buoyancy,  i.e.  the  air  surrounding  the  balloon 
exerts  a  resultant  force  equal  to  W3.  For 
equilibrium  vvx  +  W2  =  W3, 

It  is  evident  that  the  total  weight  which 
can  be  raised,  viz.  W1?  can  be  increased  by 
increasing  the  difference,  between  W3  and  W2. 
For  a  given  volume  of  envelope,  and  at 
normal  pressure  and  temperature,  W3  is  a 
definite  quantity,  and  the  difference  (W3  -  W2) 
can  be  increased  only  by  choosing  as  light  a 
gas  as  possible  for  filling  the  envelope.  Hydro- 
gen is  the  gas  generally  emploved.  At  0°  C.  ,FIO.  407.— Flotation  of  a 

i    i       4.  iT  i.'j  •   u  balloon. 

and  1  atmosphere  pressure,  hydrogen  weighs 
0-00559  Ib.  per  cubic  foot,  and  air  under  like  conditions  weighs 
0-0807  Ib.    Hence,  at  normal  pressure  and  temperature,  the  weight 
which  can  be  raised  per  cubic  foot  of  balloon  is  (0-0807-0-00559), 
or  0-07511  Ib.  weight. 

The  best  lifting  effect  would,  of  course,  be  obtained  by  having 
a  vacuum  inside  the  envelope,  but  this  is  impossible  owing  to 
the  collapsing  pressure  of  the  atmosphere  ;  an  envelope  strong 
enough  to  withstand  this  pressure  would  be  much  too  heavy  to 
be  lifted.  It  is  best  to  have  the  pressure  of  the  internal  gas 
equal,  or  nearly  equal,  to  that  of  the  external  air,  thus  calling  for 
but  little  strength  in  the  material  of  the  envelope,  and  enabling  a 
very  light  envelope  to  be  employed. 

A  balloon  will  ascend  if  (NA^  +  Wg)  is  less  than  W3  (Fig.  407) ; 
since  the  density  of  the  air  diminishes  with  height  of  ascent,  a  height 
will  be  attained  at  which  W3  becomes  equal  to  (Wx  +  W2),  and  the 
balloon  will  remain  at  this  elevation.  But  the  pressure  of  the  air 
has  also  decreased  (p.  414) ;  hence,  if  the  pressure  of  the  contained 
gas  has  not  altered  during  the  ascent,  there  will  be  a  tendency  to 
burst  the  envelope.  This  tendency  may  be  reduced  by  permitting 
some  of  the  gas  to  escape  through  a  valve  at  the  top  of  the  balloon, 
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In  modern  air-ships  the  internal  pressure  can  be  adjusted  by 
means  of  ballonets.  These  are  small  balloons  placed  inside  the 
envelope  and  containing  air.  Air  can  be  pumped  into  or  withdrawn 
from  the  ballonets,  which  will  then  occupy  a  greater  or  lesser 
volume,  and  will  cause  the  light  gas  in  the  balloon  to  occupy  a  lesser 
or  greater  volume,  and  thus  to  exert  a  greater  or  smaller  pressure. 
The  device  enables  the  envelope  to  be  maintained  at  practically 
constant  tension  without  the  necessity  for  permitting  any  ot  the 
light  gas  to  escape  from  the  balloon. 

Ordinary  balloons  carry  ballast  m  the  form  of  bags  of  sand.  If 
greater  elevation  is  required,  some  of  the  sand  is  scattered  over- 
board, thus  diminishing  the  total  weight  to  be  carried.  Air  ships 
having  engines  and  propellers  for  propulsion  may  secure  greater 
elevation  by  the  use  of  rudders  pivoted  on  horizontal  axes.  The 
use  of  these  introduces  greater  resistance  to  the  passage  of  the  vessel 
through  the  air,  and  leads  to  a  decrease  in  speed  if  the  greater  eleva- 
tion is  maintained  by  use  of  the  rudders 

EXERCISES  ON  CHAPTER  XXXI. 

1.  State   Charles's   law   for   perfect   gases.     Define   absolute    zero    of 
temperature  by  reference  to  the  contraction  of  a  perfect  gas.    What 
temperature   on   the   absolute   scale    (Cent.)    corresponds    to  20°  on  the 
ordinary  Fahrenheit  scale  ? 

2.  A  chimney  is  120  feet  high  and  is  3  feet  in  internal  diameter.     The 
average  temperature  of  the  gases  inside  the  chimney  is  280°  C.     What 
volume  would  the  contents  of  the  chimney  occupy  if  the  temperature  were 
reduced  to  15°  C.  without  change  in  pressure  ? 

3.  A  glass  bulb  having  a  fine  stem  weighs  19  24  grams  when  empty 
and  74-85  grams  when  full  of  water.     When  full  of  air,  the  bulb  was  placed 
for  a  few  minutes  m  a  hot  oven  at  atmospheric  pressure  and  the  stem  was 
sealed.     The  bulb  was  then  immersed  m  a  bath  of  water  at  15°  C.,  stem 
downwards  and  the  stem  was  unsealed.     It  was  found,  on  adjusting  the 
pressure  to  that  of  the  atmosphere,  that  35  68  grains  of  water  had  entered 
the  bulb.     Find  the  temperature  of  the  oven. 

4.  Draw  the  isothermal  line  for  one  cubic  foot  of  air  at  15°  C.  and 
absolute  pressure  10  atmospheres  when  it  expands  to  5  cubic  feet.    On  the 
same  drawing,  show  the  isothermal  line  for  the  same  mass  of  gas  at  50°  C. 

5.  Assuming  the  truth  of  the  laws  of  Boyle  and  Charles  for  perfect 
gases,  prove  the  law  pv  —  RT. 

6.  Find  the  values  of  R  in  the  equation  pv  ~  RT  for  air  and  hydrogen, 
given  that  the  mass  of  one  cubic  foot  of  air  at  0°  C.  and  14  7  Ib.  wt.  per 
square  inch  is  0-0807  pound,  and  one  cubic  foot  of  hydrogen  under  the 
same  conditions  has  a  mass  of  0-00559  pound. 

7.  In  the  C.G.S.  system,  1000  c.c.  of  air  at  0°  C.  has  a  mass  of  1-2928 
grams,  under  a  pressure  of  1  -0132  x  10°  dynes  per  sq.  cm.    Find  the  value 
of  R  m  the  equation  pv  =  RT, 
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8.  A  cylinder  fitted  with  a  piston  contains  at  a  certain  instant  6  cubic 
feet  of  gas  at  15  Ib.  wt.  per  square  inch  absolute  and  20°  C.     The  weight  of 
the  gas  in  the  cylinder  is  kept  constant,  and  the  piston  is  pushed  in.     At 
another  instant,  the  pressure  is  found  to  bo  150  Ib.  wt.  per  square  inch 
absolute  and  the  volume  2  5  cubic  feet.     Calculate  the  temperature  at  this 
instant. 

9.  Given  that  one  gram  of  hydrogen  at  a  temperature  of  0°  C.  and  a 
pressure  of  70  cm.  of  mercury  occupied   a  volume  of  11-16  litres,  what 
volume  will  be  occupied  by  3-85  grams  at  a  temperature  of  23°  C.  and  a 
pressure  of  74-6  cm.  ?  Adelaide  Univ. 

10.  How  would  you  determine  the  coefficient  of  expansion  of  a  gas  at 
constant  pressure  ?     What  is  meant  by  the  absolute  zero  of  the  air  thermo 
meter,  and  how  is  it  calculated  ?  Sen.  Cam.  Loc. 

11.  A  chimney  is  50  metres  in  height ;   a  water  pressure  gauge  (p.  ,395) 
connected  to  the  base  of  the  chimney  indicates  2  cm.  of  water.     The 
temperature  of  the  atmosphere  is  0°  C.,  and  the  barometer  reads  76  cm. 
(density  of  air  under  these  conditions -1-29  >  grains  per  litre).     Find  the 
average  temperature  of  the  gases  in  the  chimney.     The  density  of  mercury 
=  13-6  grams  per  c.c. 

12.  State  the  two  fundamental  laws  of  change  of  pressure,  volume,  and 
temperature  of  gases,  and  show  that  they  may  be  expressed  in  the  form  of 
a  single  equation  containing  one  constant.     What  is  the  value  of  the 
constant  in  the  case  of  hydrogen  if  the  mass  of  one  litre  at  0°  C.  and  760  mm. 
pressure  is  0-0896  gram  ?     (Density  of  mercury  =  13-6.)  L.U. 

13.  The  density  of  oxygen  at  0°  C.  under  a  pressure  of  760  mm.  of  mercury 
is  1  429  grams  per  litre.     A  certain  mass  of  the  gas  is  enclosed  in  a  cylinder 
whose  volume  is  2-5  litres,  under  a  pressure  of  780  mm.  at  a  temperature  of 
12°  C .     What  is  the  mass  of  gas  in  the  cylinder  ?  L.U. 

14.  Calculate  the  weight  of  dry  air  in  a  room  30  x  18  x  15  Teet  in  dimen- 
sions, the  barometer  reading  752   mm.,  the  thermometer  30°  C.     (The 
weight  of  one  cubic  foot  of  air  at  760  mm.  pressure  and  0°  C.  is  0-0801  Ib.) 

Explain  also  the  theory  of  your  calculation.  Adelaide  Univ. 

15.  Two  different  gases  which  have  n     chemical  action  on  each  other 
are  mixed  in  the  same  vessel.     State  and  prove  the  law  for  the  total 
pressure. 

16.  Describe  how  you  would  find  the  density  of  dry  air.     The  results 
of  an  experiment  are  as  follows  :   The  weight  of  the  globe  when  full  of  dry 
air  was  35-375  £rr,mjs,  and  when  full  of  residual  air,  35-198  grams,  both 
at  14°  C. ;    the  globe,  when  full  of  water,  weighed  179-95  grams.    The 
barometer  read  77-19  cm.,  and  the  pressure  of  the  residual  air  as  shown 
by  the  manometer  was  1-19  cm.  of  mercury.     Find  the  density  of  the  air 
in  grams  per  c.c.  at  0°  C.  and  76  cm.  of  mercury. 

17.  An  airship  500  feet  long  has  an  average  diameter  of  50  feet  and  is 
charged  with  aydrogen.     If  the  total  weight  of  the  structure,  envelope, 
engines,  etc.,  is  26  tons,  find  the  total  weight  of  stores  (petrol,  explosives, 
etc.)  and  crew  which  may  be  carried. 

18.  Two  vessels,  A  and  B,  are  connected  by  a  pipe  furnished  with  a  tap. 
The  tap  i»  closed,  and  A  and  B  are  charged  with  air  at  pressures  of  360 
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and  240  cm.  of  mercury  respectively.  The  volume  of  A  is  800  c.e.,  and 
that  of  B  600  c.c.  If  the  tap  is  opened,  find  tho  final  pressure  in  each 
vessel.  The  temperature  is  constant  throughout. 

19.  A  steel  vessel  for  storing  compressed  air  has  a  volume  of  6  cubic  feet, 
and  has  a  salety  valve  which  opens  and  permits  air  to  escape  when  the 
pressure  is  100  Ib.  wt.  per  square  inch  above  that  of  the  atmosphere, 
which  may  be  taken  as  15  Ib.  wt.  per  square  inch  absolute.  The  vessel 
contains  air  at  a  pressure  of  110  Ib.  wt.  per  square  inch  absolute  and  at 
15°  C.  If  the  vessel  be  heated,  at  what  temperature  will  the  safety 
valve  open  ? 


CHAPTER  XXXII 

KINETIC  THEORY  OF  GASES.     WORK  DONE  BY  A  GAS 

Pressure  of  gaseous  molecules  moving  in  parallel  directions. — Let 

a  hollow  cube  of  one  centimetre  edge,  internal  dimensions,  contain 
one  molecule  only.  Let  the  mass  of  the  uolecule  be  m  gram,  and 
let  it  travel  constantly  in  a  line  db  perpen- 
dicular to  two  opposite  faces  of  the  cube 
(Fig.  408).  It  is  assumed  that  the  velocity 
u  is  simply  reversed  each  time  the  molecule 
strikes  a  face  of  the  cube.  The  change  in 
momentum  during  each  impact  is  2mu  (p.  68), 
and  the  time  taken  to  travel  from  a  to  b  is  I/ u 
second.  There  will  therefore  be  u  impacts  per 
second,  and  the  change  of  momentum  per  second  is  2mu2.  Half  of 
the  total  number  of  impacts  take  place  at  one  face,  and  the  other 
half  at  the  opposite  face  ;  hence  the  change  of  momentum  per 
second  at  one  face  is  muz.  This  is  a  measure  of  the  force  exerted 
on  the  face  (p.  68),  therefore 

Force  =  mu?  dynes. 

If  the  centimetre  cube  contains  n  molecules,  all  moving  in  paths 
parallel  to  ab  and  having  the  same  velocity  u,  the  total  force  exerted 
on  one  face  is  nmu*  ;  this  force  is  distributed  over  an  area  of  one 
square  centimetre,  and  is  therefore  the  pressure  on  one  face  of  the 
cube.  .*.  Pressure  —p  —  nmu*  dynes  per  sq.  cm. 

If  the  molecules  have  velocities  differing  in  magnitude,  and  if  u2 
is  the  mean  of  the  squares  of  all  the  speeds,  then 

p=*nmu2  dynes  per  sq.  cm (1) 

Pressure  of  a  gas.-— If  the  cube  contains  a  gas,  the  molecules  are 
moving  in  every  conceivable  direction.  Let  V  (Fig.  409)  be  the 
velocity  of  one  molecule,  and  let  OX,  OY  and  OZ  be  axes  parallel  to 
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the  edges  of  the  cube  in  Fig.  408.    Resolve  V  into  components 

along  these  axes  ,   this  may  be  done  by  first  resolving  V  into  com- 

ponents OM  and  OK,  the  latter  being  in  the  plane  containing  OX  and 

OZ.    OK  is  then  resolved  into  velocities  OL  and  ON  along  OX  and  OZ 

respectively.     The  components  are  thus  u  along  OX, 

and  w2  al°ng  OZ.     From  the  geometry  of  the  figure, 

OA2=OK2  +  KA2  -OL1  +  LK2  +OM2 

-OL2-i-ON2+OM2  , 


KI  along  OY 


The  velocities  of  the  other  molecules  have  different  directions,  but 

all  can  be  resolved  into  com- 
ponents parallel  to  the  edges 
of  the  cube.  If  u-f  and  u£ 
have  the  same  relation  to  u-f 
and  u22  respectively  that  u2 
has  to  u2,  as  explained  above, 
and  if  V2  has  the  same  relation 
to  V2,  i.e.  V2  is  the  mean  of 
the  squares  of  the  actual  velo- 


cities, then  we  may  write 


0 

FIG    409 


'u    L  X 

Component  velocities  of  a  molecule 


Since  there  is  no  tendency 
for  molecules  to  accumulate  in  any  part  of  the  cube,  it  is  reasonable 
to  suppose  that  the  velocities  te,  %  and  u2  are  equal ;  hence 

Hence,  in  the  case  of  a  centimetre  cube  containing  n  molecules  of 
a  gas  moving  in  all  directions,  we  have  from  (1)  and  (2) 

p  —  ^nm\fz  dynes  per  sq.  cm (3) 

If  the  cube  has  a  volume  v,  each  cubic  centimetre  containing  n 
molecules,  then  pv  =  lnmv\/2 (4) 

Now  nm  is  the  total  mass  of  the  molecules  in  one  cubic  centimetre, 
i.e.  nm  is  the  density  d  of  the  gas,  and  d  x  v  is  the  total  mass  M  in  a 
volumes;  •  ^y—ijyjv2  (5) 

If  the  cube  contains  unit  mass  of  gas,  M  is  unity,  and 

pv^^\/2 (6) 
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Some  important  relations.— It  is  known  from  Boyle's  law  that  the 
product  of  the  pressure  and  volume  of  a  given  mass  of  gas  is  constant, 
provided  the  temperature  is  constant,  and  it  has  just  been  shown 
that  this  product  depends  upon  V2,  since  M  in  (5)  above  is  constant. 
Hence  it  may  be  inferred  that  V2  is  constant  if  the  temperature  of 
the  gas  does  not  alter. 

Again,  at  constant  volume,  the  pressure  of  a  given  mass  of  gas  is 
proportional  to  the  absolute  temperature  (p.  406).  Writing  v  con- 
stant in  equation  (5)  gives  the  result  that  y  varies  as  V2  ;  hence  we 
may  infer  that  the  absolute  temperature  T  and  the  mean  of  the 
squares  of  the  velocities  of  the  molecules  are  proportional,  and  any 
increase  in  T  is  accompanied  by  a  corresponding  increase  in  V2. 
Both  V2  and  T  should  become  zero  simultaneously,  and  we  may 
define  absolute  zero  of  temperature  as  the  temperature  at  which  the 
molecules  of  a  gas  have  been  reduced  to  rest. 

lip  be  constant  in  (5)  above,  then  v  varies  as  V2.  From  Charles's 
law  we  know  that  in  a  given  mass  of  gas  the  volume  v  is  proportional 
to  the  absolute  temperature  T,  provided  the  pressure  is  constant. 
Hence  again  we  infer  that  V2  is  proportional  to  T. 

Further,  the  kinetic  energy  of  one  molecule  having  a  mass  m  and 
velocity  V  is  |»?V2,  and  the  total  kinetic  energy  of  a  mass  M  of  gas, 
in  which  the  mean  of  the  squares  of  the  velocities  is  V2,  is  ^MV2. 
It  therefore  follows,  since  V2  varies  as  T,  that  the  total  kinetic  energy 
of  the  molecules  is  proportional  to  T.  Suppose  that  a  given  mass 
of  gas  is  maintained  at  constant  volume,  a  definite  quantity  of  heat 
must  be  added  in  order  to  produce  a  stated  rise  in  temperature,  and 
the  result  is  a  definite  increase  in  the  total  kinetic  energy  of  the 
molecules.  We  may  therefore  infer  that  the  heat  added  has  been 
converted  into  kinetic  energy,  and  exists  in  the  gas  in  the  form  of 
molecular  motions.  Abstraction  of  heat  from  the  gas  would  produce 
a  corresponding  reduction  in  the  molecular  kinetic  energy,  and  the 
energy  would  become  zero  at  absolute  zero  of  temperature. 

Avogadro's  law. — Consider  two  vessels  of  equal  capacities,  one  con- 
taining a  gas  A  and  the  other  containing  a  different  gas  B.  Both 
gases  are  supposed  to  be  at  the  same  pressure  and  temperature.  It 
is  assumed  that  single  molecules  of  each  gas  have  equal  kinetic 
energies,  on  the  average,  when  the  temperatures  are  the  same,  i.e. 

KV-KV- 

Since  the  product  of  pressure  and  volume  is  the  same  for  both 
vessels,  we  have,  from  equation  (4),  p.  420, 
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This  result  indicates  that  in  all  perfect  gases  under  the  same  con- 
ditions of  pressure  and  temperature,  there  is  the  same  number  of 
molecules  per  cubic  centimetre.  This  is  known  as  Avogadro's  law. 

If  the  gas  A  has  a  density  greater  than  that  of  B,  it  follows  that  a 
molecule  of  A  possesses  a  mass  greater  than  that  of  a  molecule  of  B. 
Hence,  if  the  average  kinetic  energies  of  molecules  of  each  gas  are 
equal  when  the  temperatures  are  the  same,  it  follows  that  VA2  must 
be  less  than  V82.  Air  has  a  density  14  times  that  of  hydrogen,  arid 
the  mean  speed  of  the  molecules  in  hydrogen  at  normal  temperature 
is  1800  metres  per  second,  while  the  mean  speed  of  the  molecules  of 
air  at  normal  temperature  is  450  metres  per  second. 

Internal  energy  of  a  gas.—  The  internal  energy  of  a  gas  is  the  total 
heat  energy  stored  in  unit  mass  of  the  gas  by  virtue  of  the  motion 
and  position  of  the  molecules.  Internal  energy  should  be  measured 
from  absolute  zero  of  temperature,  but,  generally  speaking,  there 
are  no  means  available  for  making  this  estimation.  It  is  convenient 
to  select  some  arbitrary  temperature — generally  0°  C. — and  to  esti- 
mate the  internal  energy  in  excess  of  that  possessed  by  the  substance 
when  at  this  temperature.  The  motion  of  the  molecules  depends 
upon  the  temperature  only  ;  hence  if  there  is  no  change  in  the 
temperature  of  a  gas  undergoing  changes  of  pressure  and  volume, 
there  is  no  change  in  the  internal  energy  of  molecular  motion. 

Joule's  experiment. — Joule  made  an  experiment  in  which  two 
vessels  were  connected  by  a  pipe  furnished  with  a  tap.  The  tap 
was  closed,  and  one  of  the  vessels  was  exhausted  as  completely  as 
possible,  while  the  other  vessel  was  charged  with  air.  Both  vessels 
were  immersed  in  water  and  the  temperature  of  the  water  was  noted. 
On  opening  the  tap,  thus  permitting  the  air  to  expand  freely  and 
fill  both  vessels,  the  temperature  of  the  water  after  stirring  was 
found  to  be  the  same  as  at  first.  It  was  thus  inferred  that  no  drop 
in  temperature  occurs  when  a  gas  is  undergoing  unresisted  expansion, 

m^i^Hm      and  hence  there  is  no  change  in 
B    internal  energy.     This  law  is  very 

-<- —        nearly,  but  not  quite  true,  as  will 

^^^      be  explained  later. 


FIG.  410.  * 


. 

pressure.  —  In  Fig.  410  is  shown  a 
cylinder  fitted  with  a  piston  C.  Gas  under  constant  pressure  p  is 
admitted  at  A  and  pushes  the  piston  through  a  distance  L  against  a 
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resistance  R.  P  is  the  total  force  exerted  by  the  gas  on  the  piston, 
and  is  equal  to  the  product  of  p  and  the  area  of  the  piston,  a  say ; 
since  P  is  constant,  the  work  done  is  given  by 

Work  done  by  P  =  PL=j;aL 

Now  aL  is  the  volume  of  gas  which  must  be  admitted  in  order  to 
maintain  constant  the  pressure  />,  and  this  is  also  the  volume 
through  which  the  piston  sweeps  in  travelling  a  distance  L. 
Writing  v  for  this  volume,  we  have 

Work  done  by  P=pv (1) 

This  result  will  be  in  foot-lb.  if,  as  is  customary  in  engineering 
practice,  p  is  in  Ib.  wt.  per  square  foot  and  v  in  cubic  feet,  and  in 
centimetre-kilograms  if  p  is  in  kilograms  wt.  per  square  centimetre 
and  v  is  in  cubic  centimetres.  In  c.c.s.  units,  p  is  in  dynes  per 
square  cm,  and  v  in  c.c.  ;  the  result  is  then  in  ergs. 

We  have  obtained  pv  units  of  work  by  admitting  v  units  of  volume 
of  gas  ;  had  only  one  unit  of  volume  been  admitted,  the  work  dpne 
would  be  given  by 

Work  done  per  unit  volume  of  gas  =  —  -=p (2) 

The  diagram  of  work  (see  Chapter  XIH.)  done  under  the  above 
conditions  is  shown  in  Fig.  411.    AB  represents  the  volume  v  swept 
by  the  piston  ;    v-^  —  OA  is  the  volume  of 
gas  present  in  the  cylinder  at  the  instant     '  "aot""f0 
the  piston  begins  to  move,  and  v2=OB 
is  the  volume  of  gas  afc  the  end  of  the 
movement.    AC  =  BD  represents  the  con- 
stant pressure  p  of  the  gas.     The  area     ' 
ABDC    represents  the  product   pv,    and 
therefore   represents  the  work  done  by 
the  gas. 

Work  done  during  the  expansion  of  a 
gas. — If  the  supply  of  gas  to  a  cylinder  Fl°-  411<;~^ 
is  cut  off  after  the  piston  has  moved 
through  any  given  distance,  and  if  the  piston  continues  to  move  in 
the  same  direction,  the  pressure  exerted  by  the  gas  will  fall  as  the 
volume  increases.  The  constantly  diminishing  pressure  will  continue 
to  do  work  on  the  piston,  but  to  a  less  amount  in  each  successive 
centimetre  of  movement  of  the  piston.  In  Fig.  412,  06  =  ^  is  the 
volume  of  gas  in  the  cylinder  at  the  instant  that  the  supply  is  cut 
off,  and  BA=j>!  is  the  pressure  at  this  instant.  The  diminishing 
pressure  of  the  gas  during  the  further  movement  of  the  piston  ia 
shown  by  the  curve  AC. 
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00  =  ^2  is  the  volume  to  which  the  gas  has  expanded  when  the 
piston  reaches  D,  the  pressure  being  theny>2,  represented  by  DC. 

Consider  the  instant  at  which  the  pressure  is  EF=j>  and  the  volume 
is  OE  =  v.  If  the  piston  moves  a  further  very  small  distance,  the 
additional  volume  will  be  EG.  Let  this  additional  volume  be  written 
8v.  The  pressure  during  this  small  movement  will  remain  sensibly 
equal  to^,  and  the  work  done  may  be  calculated  from  equation  (1), 
p.  423,  Work  done  during  the  small  movement  ~p  x  fe. 

This  work  is  represented  by  the  area  of  the  shaded  strip  EFHG 
(Fig  412)  The  area  of  similar  strips  will  represent  the  work  done 

during  other  small  movements  of  the 
piston ;  hence  the  total  work  done 
dm mg  the  expansion  from  the  volume 
v±  to  the  volume  ?>2  is  represented  by 
the  are,,  of  the  diagram  BACD.  If  the 
gas  is  following  Boyle's  law  by  expand- 
ing at  constant  temperature,  the  curve 
AC  may  be  plotted,  and  its  area  found 
by  means  of  a  planimeter,  or  by  appli- 
cation of  any  convenient  rule  of 
mensuration.  If  the  area  is  expressed 
in  square  centimetres,  the  result  must 
be  multiplied  by  the  scale  of  pressure, 
say  p  kilograms  wt.  per  square  centimetre  to  a  centimetre  height  of 
the  diagram,  and  also  by  the  scale  of  volume,  say  v  cubic  centimetres 
to  a  centimetre  length  of  the  diagram.  The  final  result  will  then 
give  the  work  done  in  centimetre-kilograms. 

Specific  heat  of  a  gas  at  constant  volume. — If  a  given  mass  of  gas 
be  contained  in  a  closed  vessel  of  constant  volume,  the  addition  of 
heat  will  produce  a  rise  in  temperature,  and  the  heat  energy  supplied 
will  be  stored  completely  by  the  molecules  in  the  form  of  additional 
kinetic  energy.  No  expansion  has  taken  place,  and 
therefore  no  work  has  been  done  against  any  external 
resistance.  Under  these  conditions  the  heat  which  must 
be  supplied  per  unit  mass  of  gas  in  order  to  raise  the 
temperature  one  degree  is  described  as  the  specific  heat  of 
the  gas  at  constant  volume,  and  is  written  CH. 

Specific  heat  of  a  gas  at  constant  pressure.  —In  Fig.  413 
is  shown  a  cylinder  fitted  with  a  piston  carrying  a  constant 
load  and  capable  of  travelling  freely  in  the  cylinder.  The  cylinder 
contains  unit  mass  of  gas  under  the  piston,  and  the  gas  will  be 
subjected  to  a  constant  pressure  px  Let  the  initial  temperature  be 


FIG.  412—  Work  done  by  an  ex 
pauiliug  gas 


fe 
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T!  degrees  absolute,  and  let  the  volume  of  the  gas  under  these 
conditions  be  vv 

Let  the  gas  be  raised  in  temperature  through  one  degree  by  the 
addition  of  heat,  when  two  effects  will  occur  :  (a)  The  volume  will 
increase  to  v2  in  accordance  with  the  law 

^1!        T!_ 


V2     T2     T!  +  !  ...................................... 

(b)  The  temperature  of  the  gas  has  been  raised,  and  therefore  its 
store  of  internal  energy  has  been  increased. 

Suppose  the  operation  to  take  place  in  the  following  manner  : 
Imagine  a  thin  partition  to  be  fitted  to  the  cylinder,  in  contact  with 
the  lower  side  of  the  piston.  This  partition  will  prevent  expansion 
taking  place  when  the  piston  is  xaised.  Let  the  piston  be  raised  by 
application  of  an  external  force  to  such  an  extent  that  the  total 
volume  under  it  is  v2.  Work  will  have  to  be  done  on  the  piston  to 
an  amount  given  by  the  product  of  pv  and  the  volume  swept  by 
the  piston  (p.  423),  i.e. 

External  work  done  —p^  (^z~vi)  .......................  (2) 

The  space  below  the  partition  B  (Fig.  414)  now  contains  the  gas  ; 
that  between  B  and  the  piston  A  is  a  perfect  vacuum.     Let  a  hole  be 
pierced  in  the  partition  so  as  to  permit  free  expansion 
of  the  gas,  which  will  then  fill  the  whole  space  under  the       \   |   J, 
piston.     This  expansion  will  take  place  without  change 
in  temperature  (p.  422),  and  we  have  now  unit  mass  of 
gas  at  volume  v2  and  temperature  Tr 

Keeping  the   piston    fixed   so  as   to   maintain   the 
volume  constant,  add  sufficient  heat  to  raise  the  tem- 
perature one   degree.     As  the  volume  is  constant,  the       FIO  414 
heat  required  will  be  C,;,  the  specific  heat  at  constant 
volume.      Had  the  entire  operation  taken  place  without  external 
assistance,  we  should  have  required  to  supply  heat  energy  sufficient 
to  perform  the  external  work  (given  in  (2)  above)  in  addition  to  (V 
This  additional  quantity  of  heat  may  be  calculated  from  (2)  by 
dividing  by  J,  the  mechanical  equivalent  of  heat.     Hence 


Total  heat  required  =  Cy  +  ?-1  (- 


This  total  heat  represents  the  specific  heat  of  the  gas  at  constant 
pressure,  C^  say.    Hence 

(3) 
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From(l),  va  =  -4p— »!; 


.*.   Cp  =  Cv  ,    _ 

Tl     J 

Now,  pflt  =  RTj 

.•.c,-c.+-l£.l 

=c,,  +  j (4) 

This  equation  enables  the  value  of  Cj;  for  a  given  gas  to  be  calcu- 
lated, provided  the  other  quantities  are  known.  It  is  of  interest  to 
note  that  Mayer  used  known  values  of  C^,  C,,  and  R  in  order  to  esti- 
mate the  value  of  the  mechanical  equivalent  of  heat.  He  assumed, 
however,  that  the  internal  energy  of  a  gas  docs  not  change  during 
free  or  unresisted  expansion,  an  assumption  which  was  not  valid 
until  it  had  been  confirmed  by  Joule's  experiment  (p.  422). 

EXERCISES  ON  CHAPTER  XXXII. 

1.  Give  a  brief  explanation  of  the  reasons  for  stating  that  the  absolute 
temperature  and  the  mean  of  the  squares  of  the  velocities  of  the  molecules 
in  a  gas  are  proportional. 

2.  The  total  kinetic  energy  of  the  molecules  of  a  gas  and  the  absolute 
temperature  are  related.     State  the  relation  and  explain  it  briefly. 

3.  Make  use  of  the  kinetic  theory  of  gases  to  explain  what  is  meant  by 
absolute  zero  of  temperature. 

4.  Stata  Avogadro's  law.     What  deduction  can  be  made  regarding 
the  relation  of  the  mean  of  the  squares  of  the  speeds  of  the  molecules  of 
different  gases  under  like  conditions  of  pressure  and  temperature. 

6.  What  is  meant  by  the  "  internal  energy  "  of  a  gas,  and  how  is  it 
measured  in  practice  ? 

6.  Describe  Joule's  experiment  on  the  free  expansion  of  a  gas.     State 
the  result  and  the  inference  which  may  bo  mado. 

7.  Work  is  done  on  a  piston  by  air  at  a  constant  absolute  pressure  of 
34-7  Ib.  per  sq.  inch.     How  much  work  is  done  (a)  per  cubic  foot  of  air, 
(6)  per  pound  of  air  admitted  to  the  cylinder  ?    Take  one  pound  of  air 
to  occupy  a  volume  of  12  5  cubic  foot. 

8.  Draw  a  diagram  of  work  done  during  the  expansion  of  500  c.c.  of 
air  at  an  absolute  pressure  of  6  kilograms  wt.  per  square  centimetre.    The 
final  volume  is  3000  c.c.,  and  Boyle's  law  is  followed.    Scale  of  pressure, 
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1  cm.  height  to  1  kilogram  wt.  per  square  cm. ;  scale  of  volume,  1  cm.  to 
600  c.c.  Find  the  area  of  the  diagram,  and  hence  calculate  the  work  done. 
9.  In  heating  a  building,  300,000  cubic  feet  of  air  at  the  temperature 
of  10°  C.  and  1  atmosphere  pressure  enter  the  heating  appliance  per  hour  ; 
the  temperature  is  raised  to  16°  C.,  and  the  pressure  remains  constant. 
Calculate  the  quantity  of  heat  required  per  hour,  given  that  the  specific 
heat  of  air  at  constant  pressure  is  0-237  and  that  OIK*  cubic  foot  of  air  at 
0°  C.  and  1  atmosphere  pressure  has  a  mass  of  0-0807  pound.  • 

10.  In  Question  9,  calculate  the  quantity  of  heat  which  is  used  in  doing 
external  work  while  the  air  is  being  heated. 

11.  The  specific  heat  of  air  at  constant  pressure  is  0-237  and  is  1-4  times 
that  at  constant  volume.     Find  the  heat  required  to  raise  the  temperature 
of  100  kilograms  of  air  from  0°  to  100°  C.  at  constant  volume. 

12.  Explain  why  the  specific  heat  of  a  gas  at  constant  pressure  is  greater 
than  its  specific  heat  at  constant  volume.     Hence  show  that  C,,  -  Cy  =/>/rfJT, 
assuming  that  no  internal  work  is  done  when  a  gas  expands.     (e/=the 
density  of  the  gas  at  pressure  p  and  absolute  temperature  T. )    Calculate  the 
value  of  J,  taking  C,,  =0-238,  Cf,/C»  =  1-41,  and  the  density  of  air  at  normal 
temperature  and  pressure  —  0  001293  gram  per  c.c.  Bombay  Univ. 

13.  The  specific  heat  of  hydrogen  at  constant  pressure  is  3  402  calories 
per  gram,  and  the  density  at  0  C.  and  76  cm.  of  mercury  is  0-08987  gram 
per  1000  c.c.     Take  J  -42,000,000  ergs,  and  calculate  the  specific  heat  at 
constant  volume.     Find  also  the  ratio  of  the  specific  heats. 

14.  Explain  the  meaning  of  the  term  "  mechanical  equivalent  of  heat.'* 
Which  is  the  greater,  the  specific  heat  of  a  gas  at  constant  pressure,  or  the 
specific  heat  at  constant  volume  ;   arid  why  ?  L.U. 

15.  Explain  briefly  the  relation  which  is  supposed  to  exist,  according 
to  the  kinetic  theory  of  matter,  between  the  velocity  of  the  molecules 
of  a  gas,  its  temperature,  and  the  pressure  it  exerts  against  the  walls  of 
a  containing  vessel.     How  is  it  deduced  from  this  theory  that  two  different 
gases  contain  the  same  number  of  molecules  per  unit  volume  at  the  same 
temperature  and  pressure  ?  Madras  Univ. 


CHAPTER  XXXIII 
THE  EXPANSION  AND  COMPRESSION  OF  GASES  IN  PRACTICE 

Isothermal  and  adiabatic  expansion. — In  isothermal  expansion  and 
compression  of  a  gas,  the  operation  takes  place  without  change  in  the 
temperature.  In  adiabatic  expansion  and  compression,  no  heat  is 
allowed  to  enter  or  leave  the  gas  during  the  operation.  Strictly 
speaking,  both  methods  of  expansion  and  compression  must  be 
reversible,  e.g.  if  expansion  is  going  on,  there  may  be  certain  altera- 
tions in  the  conditions  of  pressure,  volume,  temperature  and  internal 
energy  ;  these  conditions  must  be  capable  of  exact  reproduction  in 
the  reverse  order  if  expansion  be  stopped  and  compression  sub- 
stituted. 

Neither  isothermal  nor  adiabatic  operations  in  a  gas  can  be  realised 
perfectly  in  practice  on  account  of  reasons  explained  below,  but  they 
serve  as  useful  standards  for  comparison  with  practical  cases 

Heat  must  be  supplied  during  isothermal  expansion. — It  has  been 
seen  that  no  appreciable  change- in  temperature  occurs  when  a  gas  is 
allowed  to  expand  freely  (p.  422).  In  this  method  of  expansion  no 
external  work  is  done,  and  the  internal  energy  of  thu  gas  remains 
unaltered.  External  work  is  done,  however,  if  a  gas  expands  in  a 
cylinder  driving  a  piston  which  offers  resistance.  This  external  work 
may  be  done  at  the  expense  of  some  of  the  internal  heat  energy  of  the 
gas,  in  which  case  a  fall  in  the  temperature  must  occur  ;  hence  such 
an  operation  cannot  be  isothermal.  If  isothermal  operations  are  to 
be  secured,  there  must  be  no  change  in  the  temperature,  and  therefore 
no  change  in  the  internal  energy.  Hence,  as  none  of  the  internal 
stock  of  energy  is  available  for  doing  the  external  work,  it  follows 
that  heat  must  be  supplied  continuously  to  the  gas  in  quantity 
sufficient  to  perform  the  external  work.  The  total  heat  thus  supplied 
during  the  expansion  must  be  equivalent  to  the  total  external  work 
done. 
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Let  W  =  the  total  external  work  done. 

W 
Then  -~=the  heat  which  must  be  supplied. 

Practical  difficulties  in  isothermal  operations.— The  supplying  of 
the  requisite  quantity  of  heat  during  isothermal  expansion  con- 
stitutes a  practical  difficulty  which  cannot  be  overcome  perfectly. 
There  is  no  material  known  of  which  the  cylinder  might  be  con- 
structed that  will  permit  heat  to  pass  rapidly  enough  into  the  gas 
as  expansion  proceeds.  Further,  heat  will  not  flow  from  the  walls 
of  the  cylinder  into  the  gas  unless  the  walls  are  at  a  temperature 
higher  than  that  of  the  gas,  and  this  heat,  supplied  at  the  boundary, 
has  to  be  distributed  through  the  entire  volume  of  gas.  A  fairly 
close  approximation  to  isothermal  expansion  may  be  obtained  by 
causing  the  piston  to  move  at  a  very  slow  rate,  thus  giving  ample 
time  for  heat  to  enter  through  the  cylinder  walls  and  to  distribute 
itself  throughout  the  gas. 

In  isothermal  compression  external  work  is  done  upon  the  gas, 
and  the  internal  energy  will  be  increased  unless  heat  is  abstracted 
from  the  gas.  Anyone  who  has  used  an  ordinary  tyre  inflator  has 
noticed  the  rise  in  temperature  of  the  discharge  end  of  the  inflator. 
Isothermal  compression  is  the  converse  of  isothermal  expansion,  and 
heat  must  be  removed  from  the  gas  in  quantity  equivalent  to  the 
external  work  done  on  the  gas  during  compression,  i.e.  to  W/J. 

Practical  difficulties  in  adiabatic  operations. — The  principal  diffi- 
culty which  prevents  the  realisation  of  adiabatic  operations  are  due 
to  the  non-existence  of  any  material  which  will  absolutely  prevent 
any  leakage  of  heat,  either  inwards  or  outwards.  The  cylinder 
would  require  to  be  made  of  a  material  having  perfect  non-conducting 
qualities,  and  also  having  no  capacity  for  heat. 

From  what  has  been  said  regarding  isothermal  operations,  it  will 
be  understood  that  the  store  of  internal  energy  will  diminish  during 
adiabatic  expansion,  which  will  therefore  be  accompanied  by  a  fall 
in  temperature.  The  converse  takes  place  during  adiabatic  com- 
pression. Internal  heat  energy  to  an  amount  equal  to  the  external 
work  done  by  the  gas  disappears  from  the  gas  during  adiabatic 
expansion ;  during  adiabatic  compression  the  internal  energy  is  in- 
creased by  an  amount  equal  to  the  external  work  done  on  the  gas. 

In  a  cylinder  made  of  any  ordinary  metal,  the  quantity  of  heat 
which  can  flow  into,  or  through  the  walls,  depends  upon  the  time 
allowed  for  the  flow  to  take  place.  An  approximation  to  adiabatic 
expansion  or  compression  can  be  obtained  by  conducting  the  opera- 
tion very  quickly  ;  but  little  heat  will  then  enter  or  escape.  The 
compressions  and  expansions  which  take  place  in  sound  waves  occur 
so  rapidly  that  the  changes  are  adiabatic. 
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Laws  of  expansion. — In  isothermal  operations  performed  on  a 
perfect  gas,  Boyle's  law  is  followed,  viz. 

pv  =  &  constant 
In  adiabatic  operations  it  may  be  shown  that  the  law  followed  is 

pvy  —  &  constant, 

where  y  is  the  ratio  of  the  two  specific  heats  of  the  gas,  viz.  Cp— Cv. 
In  practice  the  law  followed  is  of  the  form 
pvn  =  a  constant, 

where  the  index  n  generally  falls  between  the  values  1  (the  index 
for  isothermal  operations)  and  y.  The  value  of  y  varies  from  1  -67 
for  the  monatomic  gases  such  as  argon,  mercury  vapour,  etc.,  to 
nearly  1  for  gases  having  highly  complex  molecules. 


FlQ.  415  — Expansion  curves  for  a  gas 


FlQ  416  —Compression  curves  for  a  gas 


In  the  pressure-volume  diagram  shown  in  Fig.  415  a  given  mass 
of  gas  has  been  taken  under  initial  conditions  plt  vlt  Tl9  and  the 
point  A  has  been  plotted  to  represent  these  conditions.  The  curve 
AB  represents  isothermal  expansion  at  constant  temperatuie  T1? 
ending  at  B  where  the  conditions  are  ;?2,  v^  and  Tx.  AC  represents 
adiabatic  expansion  ;  this  curve  falls  below  AB,  since  the  temperature 
is  falling  continuously,  and  therefore  the  pressure  will  be  lower  at 
any  volume  corresponding  to  a  selected  point  on  AB.  The  terminal 
conditions  at  C  are  />3,  v%  and  T2.  The  actual  expansion  curve 
obtained  in  any  practical  cylinder  would  generally  fall  between  AB 
and  AC,  as  is  shown  dotted  in  Fig.  415. 

In  compression  operations  (Fig.  416)  and  starting  at  A  with  given 
conditions  of  pressure,  volume  and  temperature,  isothermal  com- 
pression is  represented  by  AB  and  adiabatic  compression  by  AC. 
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Since  the  temperature  is  rising  along  AC,  it  follows  that  the  pressure 
at  corresponding  volumes  will  be  higher  than  in  isothermal  com- 
pression ;  hence  AC  lies  above  AB.  The  practical  compression 
curve  would  generally  fall  between 
AB  and  AC,  as  is  shown  by  the 
dotted  line  in  Fig.  416. 

Air-exhausting  pumps. — Pumps 
of  this  type  are  used  for  with- 
drawing air  or  oth^r  gases  from 
closed  vessels.  A  laboratory  pump 
is  shown  in  Fig.  417.  The  cylinder 
A  is  fitted  with  a  piston  B,  which  is 
rendered  tight  against  air  leakage 
by  means  of  a  leather  ring.  The 
piston  has  a  valve  which  opens 
upwards,  permitting  the  gas  to 
pass  from  the  lower  to  the  upper 
side  of  the  piston,  but  not  vice 
versa.  A  similar  valve  is  fitted  at 
C.  The  piston  rod  D  is  worked  by 
a  lever  (not  shown)  attached  to 
the  top  end.  The  vessel  to  be 
exhausted  is  connected  by  rubber 
tubing  to  E.  The  gases  enter  at  E, 
pass  through  F,  and  may  enter  the 
cylinder  through  a  main  passage  G 
or  through  a  by-pass  H.  The  exit 
orifice  to  the  atmosphere  is  at  K. 

Starting  with  the  piston  at  the 
bottom  of  the  stroke,  the  vessel 
to  be  exhausted  is  in  communi- 
cation with  both  sides  of  the  piston 


PSSSSS^sSS^^ 

FIG.  417.—  Air-exJiaiifeting  pump. 


through  G  and  H  ;  the  pressures  on  the  top  and  bottom  of  the  piston 
are  therefore  equal,  and  the  piston  may  be  moved  easily.  Immedi- 
ately the  piston  passes  the  opening  of  G,  it  begins  to  compress  the  gas 
in  the  space  between  the  valve  C  and  the  piston.  Compression  goes 
on  until  the  pressure  of  the  enclosed  gas  is  equal  to  that  of  the  atmos- 
phere (neglecting  the  weight  of  C),  when  the  valve  C  lifts,  and  the  gas 
is  discharged  through  C  and  K  during  the  remainder  of  the  stroke. 
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The  piston  cannot  quite  arrive  at  the  top  of  the  cylinder,  and 
hence  all  the  gas  will  not  be  discharged  Complete  discharge  can 
be  obtained  by  introducing  some  oil,  which  lies  on  the  top  of  the 
piston.  As  the  piston  approaches  the  top  of  the  stroke,  the  oil  fills 
ultimately  the  whole  of  the  upper  part  of  the  cylinder,  thus  driving 
the  entire  gaseous  contents  through  C  Some  oil  will  find  its  way 
through  C,  and  will  remain  on  the  top  of  this  valve  during  the  next 
downward  stroke. 

During  the  upward  stroke  just  described,  more  gas  has  been 
flowing  into  the  lower  part  of  A  through  G  and  H.  The  piston  now 
descends,  C  closes  and  the  space  above  B  becomes  more  rarefied 
than  that  below  ;  hence  the  valve  in  the  piston  opens,  and  the 
descent  is  completed  with  equal  pressures  on  both  top  and  bottom 
On  the  piston  passing  G,  the  function  of  the  by-pass  H  is  to  permit 
the  escape  of  any  gas  or  liquid  which  may  be  trapped  between  the 
piston  and  the  bottom  of  the  cylinder  ;  the  piston  may  thus  be 
pushed  to  the  cylinder  bottom,  and  is  then  ready  to  repeat  the 
action. 

During  each  upward  stroke  the  volume  of  air  removed  is  equal  to 
chat  of  the  portion  of  tlu  cylinder  lying  above  G  ,  this  volume  is  at 
the  pressure  existing  in  the  vessel  under  exhaustion  at  the  beginning 
of  the  stroke  considered. 

Let        V  =  the  volume  of  the  vessel  up  to  the  opening  of  G  into 

the  cylinder  (Fig.  417). 

v=»the  volume  of  the  cylinder  between  B  and  C. 
#!= the  initial  pressure  in  the  vessel,  taken  as  equal  to  that 

of  the  atmosphere. 

Assuming  that  the  temperature  remains  constant,  we  may  find 
the  pressure  after  any  number  of  strokes  by  applying  Boyle's  law. 
Thus,  the  piston  being  at  the  bottom,  the  total  volume  is  (V  +  v)  ; 
during  the  first  upward  stroke,  the  volume  removed  is  v  at  pressure 
Pi.  While  this  stroke  is  proceeding,  the  air  in  the  receiver  expands 
from  V  at  pl  to  (V  +  v)  at  ;;2. 


This  gives  the  pressure  at  the  end  of  the  first  upward  stroke. 
There  is  no  change  in  pressure  during  the  next  downward  stroke  ; 
hence  we  have  the  piston  again  at  the  bottom,  and  the  volume  ia 
(V + v)  at  p2.  During  the  second  upward  stroke  a  volume  v  is  removed 
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at  pressure  p 2,  and  the  air  in  the  vessel  expands  from  V  at  j>>2  to 

v  \       /  v  \2 


(2) 


Similarly,  at  the  end  of  the  nth  upward  stroke  the  pressure  is 


Mercurial  air  pump.  —  The  pump  shown  in  Fig.  418  is  used  for 
exhausting  the  bulb  A.  A  is  connected  at  B  to  an  inverted  U  tube 
CBD,  having  a  bore  of  about  1  mm.  Another 
tube  EF  has  a  funnel  at  its  top  end,  and  is 
connected  by  rubber  tube  FC  to  the  U  tube. 
Mercury  is  poured  into  the  funnel,  and  the  flow 
through  the  tubes  is  regulated  by  means  of  a 
pinch-cock  G.  The  limb  BD  should  be  about 
one  metre  in  length.  In  action  the  mercury 
passing  the  branch  at  B  separates  into  drops, 
and  after  descending  BD  is  discharged  into  a 
beaker.  Air  from  the  bulb  A  fills  the  spaces 
between  the  drops,  and  is  swept  down  the  tube 
by  the  descending  mercury.  As  exhaustion 
proceeds,  the  air  in  A  becomes  rarefied,  the 
spaces  between  the  drops  become  smaller,  and 
finally  the  column  of  mercury  in  BD  is  equal  to 
the  height  of  the  barometer.  The  conditions  in  A 
are  then  similar  to  those  in  a  Torricellian  vacuum. 

Gaede's  molecular  air  pump.*  —  However 
smooth  the  surface  of  any  solid  may  appear  to 
be,  there  are  two  kinds  of  irregularities,  viz., 
mechanical  and  molecular.  The  mechanical 
irregularities  may  be  reduced  by  skilful  work- 
manship, but  the  molecular  irregularities  cannot 
be  so  reduced.  The  formation  of  a  film  of  gas, 
adhering  to  the  surface  of  a  solid  in  contact 
with  the  gas,  is  probably  due  to  these  molecular 
irregularities.  If  the  surface  be  in  motion,  the  adhering  film  moves 
with  it,  and  in  turn  drags  the  adjacent  layers  of  gas. 

*See  Nature,  Vol.  90,  January  23,  1913,  p.  574. 

D.S.P.  2fi 


Fia.  418.~-Mercurial 
air  pump. 
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The  principle  of  the  Gaede  molecular  air  pump  may  be  understood 
by  reference  to  Fig.  419.  A  cylinder  A  rotates  clockwise  in  a  caao  B, 
and  B  has  two  openings  n  and  m  connected  By  a  slot.  The  gas  is 
dragged  by  the  cylinder  from  n  to  m,  and  consequently  a  difference 
of  presstfre  is  established  betw  on  n  and  m.  This  pressure  difference 
is  proportional  to  the  speed  of  rotation  and  also  to  the  internal 

friction  of  the  gas.  The  latter  is  inde- 
pendent of  the  pressure,  and  hence  the 
difference  in  pressure  produced  should 
also  be  independent  of  the  pressure. 
This  is  true  for  relatively  high  pressures, 
but  if  it  continued  to  be  true  down  to  the 
lowest  pressures,  we  should  be  able  to 
create  an  absolute  vacuum  by  exhausting 
initially  with  another  pump  at  n  (Fig.  419) 
to  a  pressure  lower  than  the  constant 
difference  of  pressure  between  n  and  m. 
This  is  no  longer  the  case  for  pressures 
F'°'  4l^SS£?1jSr^.Gaede  lower  than  0-001  mm.  of  mercury.  If  the 

surface  of  the  cylinder  A  had  a  velocity 

greater  than  the  molecular  Jrelocity,  we  would  obtain  an  absolute 
vacuum,  but  such  speeds  are  impossible  in  practice.  However,  at 
these  low  pressures  the  ratio  of  the  pressures  at  m  and  n  remains 
constant  independently  of  the  pressure,  and  it  has  been  found  that 


(b) 

Construction  of  the  Gaccle  molecular  air  pump 

speeds  of  8000  to  12,000  revolutions  per  minute  are  sufficient  to 
give  a  vacuum  better  than  that  produced  by  any  other  typg^of 
pump.  '  ^ 

In  practice  the  pump  is  constructed  as  shown  in  Fig.  420.  The 
cylinder  A  is  grooved,  and  a  tongue  C  projects  from  the  case  into 
tke  groove ;  this  is  equivalent  to  avvery  long  slot  in  the  case.  In 
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order  to  increase  the  efficiency,  several  grooves  are  cut  in  A,  and  are 
connected  with  one  another  so  that  the  low-pressure  side  of  one 
is  'the  high-pressure  side  of  the  next  (Fig.  420  6) ;  there  is  thus  a 
number  of  pumps  in  series.  A  preliminary  pump  is  used,  in  order 
to  reduce  the  initial  pressure  to  a  few  millimetres  of  mercury.  The 
Gaede  pump  deals  effectively  with  t  vapours  as  well  as  gases,  since 
there  is  no  compression  during 
the  removal  and  therefore  no  cwi- 
densation  of  the  vapours.  An 
external  view  of  the  pump  is  given 
in  Fig.  421. 

Very  low  pressures  can  be  ob- 
tained by  first  exhausting  the 
vessel  as  thoroughly  as  possible 
-by  means  of  a  pump.  A  tube 
containing  coconut  charcoal,  and 
in  communication  with  the  vessel, 
is  immersed  in  a  bath  of  liquid 
air.  The  remainder  of  the  gas  in 
the  apparatus  condenses  in,  and 
is  absorbed  by,  the  charcoal,  thus 
producing  a  very  low  pressure.  • 

M'Leod's  pressure  gauge.— The 

pressure  gauge  illustrated  in  Fig. 
422  is  suitable  for  measuring  low 
pressures.  A  vertical  tube  ABCD  is  sealed  at  its  top  end ;  the  portion 
AB  is  of  small  bore  and  there  is  a  large  bulb  between  B  and  C.  The 
lower  end  is  connected  by  flexible  tubing  to  a  mercury  cistern  E 
furnished  with  a  tap.  A  branch  at  C  leads  to  another  tube  FG,  of 
the  same  bore  as  AB  in  order  to  avoid  capillary  effects,  and  thence  to 
the  vessel  in  which  the  pressure  is  to  be  measured. 

With  the  mercury  level  adjusted  so  that'the  branch  at  C  is  just 
closed,  the  volume  V  contained  between  A  and  C  is  known  from  a 

Previous  calibration,  as  are  also  the  volumes  between  A  and  various 
>vels  of  the  mercury  in  AB.     A  scale  of  volumes  is  attached  to  AB, 
zero  of  the  scale  being  at  A. 

In  using  the  gauge,  the  level  of  the  mercury  is  first  adjusted  so  as 
to  be  lower  than  C ;  the  whole  of  the  space  above  the  mercury 
surface  is  filled  with  gas  at  the  same  pressure  as  that  in  the  vessel. 
The  cistern  E  is  then  raised  slowly,  and  the  mercury  level  in  CD 
rises.  On  reaching  C,  the  mercury  seals  the  gas  in  ABC.  Further 


Fia.  421. — Gaede  molecular  air  pump. 
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raising  of  the  cistern  ultimately  produces  the  result  shown  in  Fig.  422, 
in  which  the  mercury  surface  is  at  K,  and  the  entrapped  gas  has 
been  compressed  to  a  volume  V  as  shown  by  the  scale  of  volumes. 
The  mercury  level  in  FG  is  now  at  L,  and  is 
still  subjected  to  the  pressure  which  it  is  in- 
tended to  measure  ;  let  this  pressure  be  p  mm. 
of  mercury,  and  let  h  mm.  be  the  difference  in 
levels  at  K  and  L.  Then  the  pressure  of  the 
volume  V  of  gas  in  AK  is  (p  +  h)  mm.  of  mercury. 
Assuming  that  there  has  been  no  change  in 
the  temperature  of  the  room  while  the  obser- 
vations have  been  made,  and  that  sufficient 
time  has  been  given  to  permit  the  compressed 
gas  in  AK  to  return  to  its  original  temperature, 
we  may  apply  Boyle's  law.  Thus  : 

pV  =  (;p  +  &)  V'=;p 


or, 


-    Y^ 
p    V-V 

EXAMPLE. — In  a  M'Leod  pressure  gauge, 
V  =  50  c.c. ;  in  measuring  the  pressure  m  an 
exhausted  vessel,  h  was  8  mm.  and  V'  was 
0-2  c.c.  Find  the  pressure. 

0-2x8       1-6 
^  =  50~-(72  =  ~49-8 
=0-0321  mm.  of  mercury. 

Action  in  an  air  compressor. — The  use  of  com- 
pressed air  for  operating  certain  machines  has 
become    of   great    importance.     The   principal 
parts  of  an  air  compressor  may  be  understood 
I|D  by  reference  to  Fig.  423.     A  cylinder  A  is  fitted 

I  I  with  a  piston  B,  which  is  driven  up  and  down 

\^/  in  the  cylinder  by  means  of  a  connecting  rod 
CD,  which  is  connected  to  the  piston  by  a  pin 
at  C,  and  to  a  revolving  crank  ED.  The  crank 
is  fixed  to  a  shaft  E,  which  is  driven  by  some  outside  source  of 
power,  such  as  a  steam  engine  or  an  electro  motor. 

At  the  top  of  the  cylinder  is  a  suction  valve  F,  which  opens  when 
the  piston  is  moving  downwards,  and  this  permits  air  from  the 
atmosphere  to  flow  into  the  cylinder.  During  the  upward  move- 
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ment  of  the  piston  the  suction  valve  F  is  closed,  and  the  air  in  the 
cylinder  is  compressed  and  delivered  through  a  discharge  valve  G 
into  a  receiver  not  shown  in  Fig.  423.  The  discharge  valve  opens 
at  the  instant  when  the  rising  pressure  in  the  cylinder  has  reached 
the  pressure  in  the  receiver,  or  a  ^^^^^^^^^^^^^^^^^ 
pressure  slightly  higher.  Pipes  con- 
nect the  receiver  to  the  machines  to 
be  driven. 

The  compression  is  kept  as  nearly 
isothermal  as  possible  by  means  of 
water  circulating  in  a  water  jacket H, 
which  surrounds  the  cylinder.  Cold 
water  enters  the  jacket  at  K  and  is 
discharged  at  L.  The  practical 
objects  of  the  cold-water  jacket  are 
twofold  :  (a)  The  working  parts  of 
the  cylinder  would  otherwise  become 
excessively  hot,  and  damage  would 
probably  result.  (6)  Air  discharged 
hot  into  the  receiver  will  cool  there 
by  conduction  of  heat  through  the 
receiver  walls  into  the  atmosphere  ; 
this  heat  is  wasted,  and  represents 
mechanical  work  done  by  the  source 
of  power  on  the  piston  of  the  com- 
pressor. Less  power  will  be  required 
to  drive  the  machine  if  the  tempera- 
ture in  the  cylinder  is  prevented  from  rising  considerably  during 
compression. 

Of  course  heat  is  carried  away  by  the  water  circulating  in  the 
jacket  and  is  thus  wasted,  but  it  is  more  economical  of  power  to 
abstract  this  heat  from  the  air  while  still  in  the  cylinder  rather  than 
from  the  air  after  it  has  passed  into  the  receiver. 

Diagram  of  work  done  in  an  air  compressor. — A  pressure-volume 
diagram  for  the  air  compressor  is  shown  in  Fig.  424.  Starting  with 
the  piston  at  the  bottom  of  the  stroke,  the  cylinder  is  full  of  air  at 
atmospheric  pressure  p^  the  volume  being  v^ ;  these  conditions  are 
plotted  at  A.  As  the  piston  moves  upwards,  compression  (approxi- 
mately isothermal)  of  the  air  takes  place  along  the  curve  AB.  Both 
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valves  F  and  G  (Fig.  423)  are  closed  during  the  compression.  When 
the  pressure  reaches  the  receiver  pressure,  p&  the  discharge  valve 
G  opens,  and  delivery  into  the  receiver  occurs  at  constant  pressure 
P2  ;  this  is  shown  in  Fig.  424  by  the  horizontal  line  BC. 

Delivery  of  air  stops  when  the  piston  reaches  the  top  end  of  the 
stroke.  Had  the  whole  of  the  contents  of  the  cylinder  been  expelled 
into  the  receiver,  the  pressure  in  the  cylinder  would  drop  instantly 

to  that  of  the  atmosphere 
when  the  piston  starts  to 
move  downwards.  Total  ex- 
pulsion is  not  possible,  since 
practical  conditions  require 
that  there  should  be  a  small 
clearance  volume,  vc,  between 
the  piston  when  at  the  top  of 
the  stroke,  and  the  cover. 
Hence,  at  the  beginning  of 
the  downward  stroke  there 
is  a  volume  of  air  vc  at  a 
pressure  p2.  Expansion  of 
this  air  takes  place  along  the  curve  CD,  and  at  D  the  pressure  has 
fallen  topr  The  suction  valve  now  opens,  permitting  a  fresh  supply 
of  air  to  enter  the  cylinder,  as  shown  by  the  horizontal  line  DA. 

Assuming  isothermal  compression,  and  applying  Boyle's  law,  we 
have  n 


FIG.  424. — Diagram  of  work  done  in  compressing 
air. 


Also,     Air  delivered  into  the  receiver  =  (v2  -  vc),  at  pressure  j?2. 
Let  v  be  the  volume  of  this  air  when  reduced  to  atmospheric 
pressure  Pl,  then  Pjf)  =p^  _  v^ 


Pl 
Thus  a  portion  only  of  the  total  volume  v^  reaches  the  receiver. 

The  total  work  done  on  the  air  during  the  compression  and  delivery 
is  represented  by  the  area  ABCEGA  (Fig.  424).  During  the  downward 
stroke  of  the  piston  the  air  in  the  cylinder  does  work  on  the  piston 
to  an  amount  represented  by  the  area  CfcAGEC.  Therefore  the  net 
work  which  must  be  supplied  to  the  compressor  during  the  two 
strokes  of  the  piston  (one  upwards  and  one  downwards)  is  repre- 
sented by  the  difference  in  these  areas,  viz.  ABCDA. 

Action  in  charging  an  air  receiver.  —  Eeference  is  made  to  Fig. 
425,  in  which  A  is  an  air  compressor  in  which  the  pistcn  travels 
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between  B  and  G.  Air  enters  the  cylinder  from  the  atmosphere 
through  a  valve  C,  and  is  discharged  through  a  valve  D  and  pipe 
DE  into  the  receiver  F,  which  initially  contains  air  at  atmospheric 
pressure  pr  At  the  beginning  of  the  first  compression  stroke,  the 
piston  is  at  B  and  the  cylinder  is  full  of  air  at  atmospheric  pressure. 
In  the  pressure- volume  diagram,  al  is  a  horizontal  line  representing 
pressures  equal  to  pl9  and  b  is  the  point  corresponding  to  the  initial 
conditions  in  the  cylinder.  On  pushing  the  piston  inwards,  the 
discharge  valve  D  opens  practically  at  once,  since  the  pressures  are 
equal  on  both  sides  of  it,  and  air  will  be  delivered  into  the  receiver 
throughout  the  whole  stroke  ;  this  first  compression  stroke  is  repre- 
sented by  the  curve  be,  and  the  piston  comes  to  rest  at  G.  In  this 
stroke  the  initial  volume  v1  is  the  total  volume  of  air  in  the  receiver, 
pipe  and  cylinder  up  to  the 
piston  at  B.  The  final  vol- 


v2  is  the  total  volume 
in  the  receiver,  pipe  and 
cylinder  up  to  the  piston 
at  G.  Assuming  isothermal 
compression,  and  applying 
Boyle's  law,  we  have 

-?!*!. 


Fia.  425. — Action  in  charging  an  air  receiver. 


During  the  early  part  of 
the  first  return  stroke,  the 
air  in  the  clearance  volume  of  the  cylinder,  under  initial  conditions 
represented  by  the  point  c,  expands  down  to  atmospheric  pressure 
along  the  curve  cd.  The  remainder  of  the  return  ^troke  then  takes 
place  along  the  line  db. 

During  the  early  part  of  the  second  compression  stroke  of  the 
piston,  both  valves  C  and  D  are  closed,  since  the  pressure  is  rising, 
but  is  not  yet  equal  to  the  pressure  p%  in  the  receiver.  Hence  the 
initial  volume  being  dealt  with  is  the  volume  in  the  compressor 
cylinder,  only,  and  the  pressure  therefore  rises  at  a  more  rapid  rate, 
as  is  shown  by  the  line  be  (Fig.  425).  At  e,  which  is  at  the  same 
height  (or  pressure)  as  c,  the  discharge  valve  D  opens,  and  the 
remainder  of  the  stroke  is  completed  by  compressing  the  total  volume 
of  air  in  the  receiver,  pipe  and  cylinder.  This  part  of  the  stroke  is 
shown  by  the  curve  ef\  the  rate  of  rise  of  pressure  is  lower  in  this 
stage  than  in  the  earlier  part  of  the  stroke,  owing  to  the  larger 
volume  of  air  being  compressed.  Expansion  from  /  back  to 
atmospheric  pressure  takes  place  along  the  curve  fg,  and  intake 
of  fresh  air  along  gb  follows  as  before.  Other  two  successive 
strokes  are  shown  in  Fig.  425  by  the  curves  bhkmb  and  bnoqb.  The 
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operations  are  repeated  until  the  desired  pressure  is  reached  in  the 
receiver. 

The  action  of  pumping  up  a  bicycle  tyre  is  similar  to  that  described 
above,  with  a  slight  difference  owing  to  the  volume  of  the  receiver 
(the  rubber  tyre)  not  being  constant,  but  increasing  to  some  extent 
as  the  charging  process  goes  on.  The  pressure-volume  diagram  will 
be  altered  in  this  respect  only— the  curves  be,  ef,  hk,  etc.,  will  not 
rise  so  steeply ;  the  other  portions  of  the  diagram  in  Fig.  425  will 
be  unaltered. 

Bell-Coleman  refrigerating  machine. — The  earliest  commercially 
successful  refrigerating  machines  operated  by  taking  advantage  of 

the  heating  and  cooling  that  occurs 
when  a  gas  is  compressed  and  ex- 
panded adiabatically,  or  approxi- 
mately so.  The  action  in  the  Bell- 
Coleman  refrigerating  machine  may 
be  understood  by  reference  to  Fig. 
426.  A  is  the  chamber  which  is  to 
be  kept  at  a  low  temperature.  A 
pump  B  draws  air  from  this  chamber 
and  compresses  it ;  during  this  opera- 
tion the  temperature  of  the  air  rises. 
The  pump  delivers  the  hot  air  at  a 
pressure  of  3-5  to  4  atmospheres  into 
a  pipe  coil  C,  which  is  kept  cool  by 
means  of  cold  water  circulating  round  it.  The  air,  after  cooling  in 
C,  is  fed  into  a  motor  cylinder  D,  where  it  is  allowed  to  expand, 
doing  work  in  driving  a  piston,  and  thus  assisting  the  pump  piston 
in  B.  During  the  expansion  the  air  falls  in  temperature,  and  at  the 
end  of  expansion  the  air  is  delivered  at  low  temperature  into  the 
refrigerator  chamber  A,  where  it  again  takes  in  some  heat  from 
the  walls  of  the  chamber,  and  from  the  mutton  and  other  substances 
being  chilled  A  steam  engine,  or  some  other  source  of  power,  is 
used  to  drive  the  pump. 


FlQ   426 — Arrangement  of  the  Bell- 
Coleman  refrigerating  machine 


EXERCISES  ON  CHAPTER  XXXIII. 

1.  Define  isothermal  and  adiabatic  expansion  of  a  gas.    Explain  how 
these  operations  may  be  realised  approximately. 

2.  Some  gas  is  contained  in  a  cylinder  fitted  with  a  piston,  and  does 
work  on  the  piston  whilst  expanding.    If  the  expansion  is  isothermal,  heat 
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must   be   supplied.      Explain  this,  and  state  what  quantity  of  heat  is 
required  in  order  to  maintain  constant  the  temperature. 

3.  A  metal  syringe  has  a  nozzle  adapted  to  receive  a  small  piece  of 
tinder.     If  the  piston  of  the  syringe  be  pushed  in  very  rapidly,  the  tinder 
may  be  ignited.    Give  a  full  explanation  of  this, 

4.  880  cubic  inches  of  air  at  a  pressure  of  90  Ib.  wt.  per  sq.  inch  absolute 
are  expanded  to  a  volume  of  3520  cubic  inches.     Calculate  the  final  pressure 
(a)  if  tho  expansion  is  isothermal,  (b)  if  the  expansion  follows  the  law 
pv]  4  =a  constant,  (c)  if  tho  law  is  pv}  J  =a  constant. 

5.  In  Question  4  (b),  find  the  final  temperature  of  the  air  if  the  initial 
temperature  is  40°  C. 

6.  Make  an  outline  sketch  of  the  principal  parts  of  a  machine  for 
compressing  air  and  describe  the  action. 

7.  A  bicycle  tyre  has  a  capacity  of  200  cubic  inches  when  fully  inflated, 
the  pressure  being  then  2  5  atmospheres  (absolute).     If  the  tyre  initially 
is  quite  flat,  calculate  the  volume  of  air  at  atmospheric  pressure  required 
to  inflate  it. 

8.  An  air  receiver  has  a  capacity  of  20  cubic  feet,  and  contains  air  at 
one  atmosphere  absolute  pressure.     How  many  cubic  feet  oL  air  at  atmos- 
pheric pressure  must  be  pumped  into  the  receiver  in  order  to  attain  a 
pressure  of  6  atmospheres  (absolute)     Assume  that  the  temperature  does 
not  alter.     Sketch  approximate  pressure- volume  diagrams  for  the  first 
three  strokes  of  the  pump. 

9.  A  vessel  to  be  exhausted  of  air  contains  2400  c.c,  at  a  pressure  of 
76  cm.  of  mercury  absolute.     The  air-pump  is  similar  to  that  shown  in 
Fig.  417  and  removes  160  c.c.  of  nir  during  the  first  upward  stroke.     What 
will  bo  the  pressure  in  the  vessel  at  the  end  of  the  fifth  upward  stroke  ? 

10.  The  cylinder  of  an  air  compressor  is  7  inches  in  diameter,  and  the 
piston  has  a  stroke  of  10  inches.     When  the  piston  is  at  the  end  of  the 
stroke,  the  clearance  volume  is  5  cubic  imhes.     Air  is  taken  in  at  a  pressure 
of  one  atmosphere  and  is  compressed  isotherm  ally  to  6  atmospheres  (both 
absolute  pressures)  before  being  discharged  into  a  rece  ver.    What  volume 
of  air,   measured  at  atmospheric  pressure,  is  discharged  each  stroke  ? 
Sketch  a  diagram  showing  the  action. 

11.  Give  an  outline  sketch  and  explain  the  action  of  a  refrigerating 
machine  using  a.ir. 

12.  What  are  adiabatic  and  isothermal  changes  ?     Explain  why  the 
barrel  of  an  ordinary  bicycle  pump  becomes  heated  when  air  is  pumped 
into  a  tyre.  Allahabad  Univ. 

13.  Give  r,n  account,  with  a  sketch,  of  some  form  of  gas- pump  suitable 
for  the  attainment  of  very  low  pressures  ;  and  of  a  gauge  which  will  measure 
such  low  pressures.  Madras  Univ. 

14.  Explain  the  action  of  a  mercury  air-pump.    Show  how  to  find  the 
pressure  of  tho  air  in  the  receiver  of  a  simple  air-pump  at  the  end  of  ten 
strokes  of  the  piston,  the  volume  of  the  barrel  and  the  receiver  being  50  c.c. 
and  200  c.c.  respectively.     If  the  valve  at  the  bottom  of  the  barrel  is  a 
metal  disc  of  area  10  6561  sq.  inch,  and  its  weight  is  1, 16  oz.,  find  after  how 
many  strokes  maximum  exhaustion  will  l/e  reached,  assuming  the  atmo- 
spheric pressure  to  be  equal  to  144  Ib.  per  sq.  inch.    Presidency  College. 
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15.  In.  a  M'Leod  pressure  gauge  (Fig.  422,  p.  436)*  the  tube  AB  has  a 
bore  of  1  mm.  and  is  graduated  in  mm.     The  total  volume  between  A 
and  C  is  100  c.c.     In  measuring  the  pressure  in  a  vessel  to  which  this 
gauge  is  connected,  the  following  readings  were  taken :  Level  of  the  mercury 
at  K,  56-3  mm.  ;  difference  in  levels  at  K  and  L,  4  6  mm.     Find  the  pressure 
in  the  vessel. 

16.  In  Question  10,  assume  that  the  compressed  air  in  the  clearance 
space  expands  in  accordance  with  Boyle's  law,  and  calculate  tho  distance 
travelled  by  the  piston  during  the  suction  stroke  before  the  suction  valve 
opens. 


CHAPTER   XXXIV 

CHANGE  OF  STATE 

Change  of  state  from  solid  to  liquid. — A  solid  may  be  conceived  as 
a  collection  of  molecules  which  preserve  their  relative  mean  positions 
in  ordinary  circumstances.  Each  molecule  may  vibrate  in  a 
comparatively  small  space,  but  does  not  leave  that  space.  If  heat 
be  imparted  continuously  to  a  solid,  a  temperature  is  reached  at 
which  the  molecular  motions  have 'increased  to  such  an  extent  that 
cohesion  is  no  longer  possible.  At  this  temperature  a  change  of 
state  from  solid  to  liquid  occurs.  That  cohesion  has  broken  down  is 
shown  by  the  ease  with  which  the  blade  of  a  knife  may  be  passed 
through  water  compared  with  the  difficulty  experienced  in  cutting  a 
block  of  ice.  The  molecules  make  extended  excursions  in  a  liquid, 
and  currents  of  molecules  are  set  up  easily. 

Melting  point.— The  melting  point  of  a  substance  is  the  temperature 
at  which  change  of  state  from  solid  to  liquid  occurs.  This  tem- 
perature is  generally  the  same  as  that  at  which  solidification  of  the 
same  substance  takes  place — a  temperature  which  is  called  the 
freezing  point  of  the  substance.  Different  substances  have  different 
melting  points ;  thus,  ice  melts  at  a  temperature  much  lower  than 
paraffin  wax. 

The  melting  points  of  some  substances  are  well  defined,  and  aro 
thus  determined  easily.  Others,  such  as  glass  and  wrought  iron, 
have  an  intermediate  plastic  stage  in  which  the  material  can  be 
worked  into  different  shapes.  Some  substances  expand  when  freez- 
ing, others  contract.  Thus  the  volume  of  a  mass  of  ice  is  greater 
than  that  of  the  water  from  which  it  was  formed  (p.  340).  Cast 
iron  expands  on  solidification,  a  fact  which  enables  sharp,  accurate 
castings  to  be  made  ;  the  molten  metal  is  poured  into  a  mould  and 
fills  it  completely  during  solidification.  Paraffin  wax  is  an  example 
of  a  substance  which  contracts  while  solidifying. 
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Influence  of  pressure  upon  the  melting  point  of  a  substance.  - 

Water  freezes  at  0°  C.  when  the  pressure  is  one  atmosphere.  If  the 
pressure  is  increased,  the  expansion  which  must  take  place  during 
solidification  is  prevented  partially  and  the  freezing  point  is  lowered  ; 
the  substance  thus  remains  liquid  while  the  temperature  is  lowered 
below  0°  C.  In  general,  substances  which  expand  in  solidifying 
have  their  freezing  points  lowered  by  increase  in  pressure  ;  others 
which  show  contraction  in  freezing  have  the  freezing  points  raised 
by  increase  of  pressure.  Thus  the  melting  point  of  ice  is  lowered 
by  about  0-0072°  C.  for  each  increase  in  pressure  of  one  atmosphere. 
Paraffin  wax  melts  at  46-3°  C.  at  a  pressure  of  one  atmosphere,  and 
at  49-9°  C.  at  100  atmospheres. 

That  the  freezing  point  of  water  is  lowered  by  increase  of  pressure 
was  proved  experimentally  by  Lord  Kelvin,  who  applied  piessure 
to  ice  contained  in  a  closed  glass  vessel  by  means  of  a  screw  tapped 
into  a  hole  in  the  cover  of  the  vessel.  The  vessel  contained  a  ther- 
mometer in  a  case  so  as  to  protect  it  from  the  effects  of  the  high 
pressure.  The  following  simple  experiment  illustrates  the  same  fact. 

EXPT.  93. — Tne  freezing  point  of  water  is  lowered  by  pressure.  Let  a 
block  of  ice  rest  on  two  supports  ;  attach  a  heavy  weight  to  a  loop  of  copper 
or  iron  wire  and  pass  the  loop  round  the  ice.  The  pressure  of  the  wire  on 
the  ice  causes  the  freezing  point  to  be  lowered,  and  the  ice  melts  under  the 
wire.  Ultimately  the  wire  passes  completely  through  the  block.  During  the 
passage  of  the  wire,  the  water  formed  on  the  lower  side  of  the  wire  passes 
round  the  wire  to  the  upper  side,  and  being  relieved  of  pressure,  freezes 
again.  Thus  the  block  of  ice  at  the  end  of  the  experiment  is  still  one 
solid  body. 

In  skating  on  ice,  if  the  skates  are  sharp  and  in  good  order,  the  pressure 
on  the  sharp  edge  is  sufficient  to  cause  momentary  melting  of  the  ice  under 
the  edge.  Thus  a  person  may  be  said  to  be  skating  on  water. 

EXPT.  94. — Determination  of  the  melting  point  of  a  substance.  .The 
following  method  may  be  used  for  substances  having  comparatively  low 
melting  points,  such  as  paraffin  wax,  sulphur,  etc.  A  small  quantity  of 
the  substance  is  enclosed  in  a  short  piece  of  thin  glass  tube  of  small  bore  ; 
the  tube  is  then  fastened  to  the  stem  of  a  thermometer,  near  the  bulb 
(Fig.  427).  Both  are  then  placed  in  a  test  tube  fitted  with  a  cork  to  keep 
the  thermometer  steady.  The  test  tube  contains  some  liquid  which  may 
be  warmed,  and  has  a  wire  stirrer  fitted.  The  liquid  chosen  should  have 
a  boiling  point  higher  than  the  melting  point  of  the  substance  under 
examination  ;  water  may  be  used  for  finding  the  melting  point  of  wax,  and 
oil,  or  sulphuric  acid,  in  determining  the  melting  point  of  sulphur. 
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Heat  the  test  tube  gently  and  stir  constantly  until  the  substance  is 
observed  to  melt.  Note  the  temperature  and  allow  the  tube  to  cool.  Note 
the  temperature  at  which  solidification  is  observed  to  occur.  Repeat  the 


FIG.  427. — Apparatus  for  determining 
mi'lting  points. 


FIG.  428.— Melting  point 
by  cooling. 


operations  several  times  and  take  the  mean  temperature  as  the  melting 
point  of  the  substance. 

Ex^r.  95.— Melting  points  by  cooling-  experiments.  Referring  to  Fig.  428, 
a  test  tube  contains  some  paraffin  wax  or  naphthalene,  and  is  fitted  with 
a  cork  and  thermometer.  The  cork  has  a  T^ 
groove  cut  up  one  side,  so  that  it  does  not 
fit  air-tight.  Heat  the  tube  until  the  sub- 
stance is  melted,  and  raise  the  temperature 
about  10°  C.  higher  than  the  melting  point. 
Clamp  tho  "test  tube  at  some  height  above 
the  table,  and  observe  the  temperature  every 
half -m  inute  during  cool  ing.  Continue  until 
the  substance  has  solidified  and  cooled  con- 
siderably below  the  freezing  point.  j ^ 

Plot  temperature  and  time,  giving  a  graph  „     AMk  '          •  '    .   \. 

11.        i—       4f»rt       *«    i  i?     *ii  •      FIG.  420.— Cooling  curve,  showing  the 

resembling  Fig.  429.    AB  shows  the  tall  in        temperature  of  solidification. 
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temperature  of  the  liquid  ;  BC  indicates  steady  temperature  conditions 
while  solidification  is  taking  place,  and  CD  shows  the  further  fall  in  tem- 
perature of  the  solid  substance.  The  melting  point  is  /,  and  is  shown  by 
the  height  of  the  horizontal  line  BC. 

This  method  of  cooling  is  much  employed  in  the  investigation  of  metallic 
alloys,  and  gives  valuable  information  regarding  the  temperatures  at 
which  various  constituents  of  the  alloy  change  into  the  solid  state. 

Latent  heat  of  fusion.  —  -In  testing  the  freezing  point  of  a  ther- 
mometer (p.  316),  it  has  been  observed  that  the  temperature  remained 
steady  whilst  the  ice  was  melting  Expt.  95  illustrates  the  same 
fact  with  other  substances.  Since  melting  and  freezing  take  some 
time  to  complete,  it  is  evident  that  heat  is  entering  the  substance 
during  liquefaction  and  is  leaving  it  during  solidification.  The  latent 
heat  of  fusion  of  a  substance  is  the  quantity  of  heat  which  must  be 
imparted  at  constant  temperature  to  unit  mass  of  the  substance  in 
the  solid  state  in  order  to  effect  the  change  of  state  from  solid  to 
liquid. 

EXPT.  96.  —  Latent  heat  of  fusion  of  ice.  Weigh  a  copper  calorimeter  ; 
pour  in  about  300  c.c.  of  water  ;  weigh  again  and  thus  ascertain  the  mass 
of  the  water.  Take  a  piece  of  ice  weighing  about  50  grams  ;  wrap  it  in 
blotting  paper  in  order  to  remove  moisture.  Take  the  temperature  of  the 
water  in  the  calorimeter  ;  and  drop  the  dry  ice  into  the  water.  Stir 
gently  until  the  ice  has  disappeared  and  note  the  temperature  at  this 
instant.  Weigh  again  in  order  to  find  the  mass  of  ice  used. 
Let  m  -the  mass  of  the  calorimeter,  in  grains. 

s  =the  specific  heat  of  its  material. 
M!  -the  mass  of  water  used,  in  grams. 
m_>  —  the  mass  of  ice  used,  in  grams. 
^  =the  initial  temperature  of  the  water,  deg.  Cent. 
£2  =  the  final  temperature,  deg.  Cent. 
L  =the  latent  heat  of  fusion  of  ice,  in  calories. 

The  ice  has  taken  m  latent  heat  while  melting,  and  the  resulting  water 
has  been  raised  in  temperature  from  0°  to  tz°  C.  Assuming  that  the  heat 
taken  up  by  the  ice  and  resulting  water  is  equal  to  that  given  up  by  the 
water  originally  hi  the  calorimeter  and  by  the  material  of  the  calorimeter, 
we  have  m^L  +^)  =(mi  +ms}(fi  _y  . 


The  latent  heat  of  fusion  of  ice  is  about  80  calories  per  gram.     Compare 
fjaaM  value  with  the  result  of  the  experiment. 
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EXPT.  97.  —  Latent  heat  of  fusion  of  paraffin  wax.  This  experiment 
is  carried  out  in  the  same  manner  as  Expt.  96,  excepting  that  melted 
paraffin  wax  is  substituted  for  the  ice.  The  calculation  differs  somewhat, 
as  account  must  be  taken  of  the  heat  given  up  by  the  liquid  wax 
while  cooling  to  its  freezing  point.  The  latent  heat  given  up  while  solidi- 
fication is  taking  place,  and  the  heat  given  up  by  the  solid  wax  while 
cooling  to  the  final  temperature  of  the  mixture. 

Let  mi  =the  mass  of  water  in  the  calorimeter,  in  grams. 

m2  =  the  water  equivalent  of  the  calorimeter,  in  grains. 
m.i  ~  the  mass  of  wax  used,  in  grams. 
tj_  -the  initial  temperature  of  the  liquid  wax,  deg.  Cent. 
t2-  the  freezing  point  of  the  wax,  deg.  Cent. 
£;{=the  initial  temperature  of  the  water,  deg.  Cent. 
£4  =  the  final  temperature  of  the  mixture,  deg.  Cent. 
sl  =the  specific  heat  of  the  wax  in  the  liquid  state. 
ts2=tho  specific  heat  of  the  wax  in  the  solid  state. 
L  =  the  latent  heat  of  the  wax,  in  calories. 

The  specific  heats  st  and  s2  may  be  obtained  by  application  of  the 
methods  explained  in  Chapter  XXVI.  Assuming  that  the  heat  given  up  by 
the  wax  is  equal  to  the  heat  taken  up  by  the  water  and  by  the  material  of 
the  calorimeter,  we  have  : 


_ 

UI,  L.  — 


Freezing  points  of  solutions.  —  When  a  solid  is  dissolving  in  a 
liquid,  e.g.  common  salt  in  water,  the  solid  takes  in  latent  heat  of 
fusion  ;  this  heat  is  derived  from  the  store  of  heat  in  the  liquid, 
and  hence  a  cooling  effect  is  produced.  If  the  action  is  not  merely 
the  dissolving  of  the  solid  in  the  liquid,  but  includes  chemical  com- 
bination of  the  two  substances,  heat  may  be  generated  by  the  chemical 
process,  and  there  may  be  a  rise  in  temperature.  '  An  example  of  this 
occurs  when  a  stick  of  caustic  potash  is  dropped  into  water,  consider- 
able rise  in  temperature  taking  place. 

The  freezing  point  of  a  solution  is  always  lower  than  that  of  the 
solvent.  Thus,  if  equal  weights  of  ammonium  nitrate  and  water, 
both  at  0°  C.,  be  brought  together,  the  temperature  of  the  resulting 
liquid  will  be  found  to  be  about  -  15°  C.,  a  temperature  which 
renders  the  mixture  useful  in  cooling  operations.  Another  useful 
freezing  mixture  is  produced  by  mixing  equal  weights  of  common 
salt  and  snow  or  pounded  ice. 
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Detennination  of  specific  heats  by  the  Bunsen  ice  calorimeter.—  - 

This  method  is  useful  when  a  small  quantity  of  the  substance  only 
is  available.  The  apparatus  employed  (Fig.  430)  consists  of  a  test 
tube  A  fused  into  a  bulb  B.  A  tube  C  leads  from  the  bottom  of  B 
and  has  an  iron  coupling  D,  which  serves  as  a  connection  for 
another  fine  bore  tube  S.  S  has  a  millimetre  scale  attached  to 
it.  The  part  of  B  surrounding  A  contains  pure  water  which  has 
been  boiled,  and  the  lower  part  of  the  bulb  B  and  the  whole  of  the 
tube  CD  and  part  of  S  contain  pure  mercury.  The  position  of 
the  end  of  the  mercury  in  S  may  be  ad]  usted  by  pushing  the  tube 
to  a  greater  or  less  extent  into  the  collar  D  Some  of  the  water  in 
B  is  frozen  by  a  process  of  circulating  chilled 
alcohol  into  and  out  of  the  test  tube  A,  or  by 
evaporating  ether  in  the  test  tube.  The  whole 
apparatus  is  then  immersed  in  fresh  pure  snow. 
The  shell  of  ice  round  A  may  be  from  6  to  10  mm. 
thick. 

The  apparatus  is  calibrated  by  introducing 
some  pure  water  into  A.    If  the  mass  of  this 
water  is  m  and  its  initial  temperature  t,  then  it 
gives  out  nit  units  of  heat  in  falling  to  0°  C.     In 
consequence  of  this,  some  of  the  surrounding  ice 
melts  and  shrinks  in  volume,  and  the  mercury 
in  S  recedes.     Let  the  recession  amount  to  n 
FIG.    430.—  Diagram     scale  divisions,  then  one  scale  division  of  move- 
of  Bunsen's  ice  cakm-    ment  corresponds  to  mt/n  units  of  heat.     It  will 
be  noted  that  the  principle  relied  upon  for  the 
measurement  is  that  of  the  latent  heat  of  ice~  cqmbined  with  the 
change  of  volume  which  takes  place  when  ice  melts. 

A  fragment  of  the  substanqe  to  be  tested  is  now  heated  in  a  heater 
(p.  347)  and  dropped  into  some  water  already  in  A.  A  plug  of  cotton- 
wool at  the  bottom  of  A  prevents  fracture  of  the  tube.  Let  tml  and 
^  be  the  mass  and  initial  temperature  of  the  substance.  Suppose 
!the  mercury  recedes  %  scale  divisions  while  the  substance  is  cooling 
jto  0°,  and  let  q  be  the  quantity  of  heat  corresponding  to  ]  scale 
division.  Then,  if  5  is  the  specific  heat  of  the  substance, 


The  position  of  the  mercury  in  8  does  not.  remain  constant  when 
the  instrument  is  not  in  use  ;  hence  a  correction  has  to  be  applied. 
Observe  the  movement  of  the  mercury  during  half  an  hour  before 
the  experiment  and  again  for  half  an  hour  after  finishing  the  experi- 
ment. Let  the  movements  be  respectively  u»  scale  divisions  in  t« 
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minutes  and  w3  scale  divisions  in  £3  minutes.    Then  the  average 
movement  is  given  by 

Average  rate  of  variation  =  J  (^4. 

" 


The  correction  to  be  applied  in  the  experiment  is  this  quantity 
multiplied  by  the  duration  of  the  experiment  in  minutes. 

Change  of  state  from  liquid  to  vapour.—  In  liquids,  collisions 
between  the  molecules  will  be  frequent,  as  there  is  but  little  space 
in  which  a  molecule  can  move.  Heat  imparted  to  the  liquid  in- 
creases the  speed  of  the  molecules,  thus  enabling  the  liquid  to  store 
the  additional  energy.  The  surface  film  (p.  298)  prevents  the  escape 
of  most  of  the  molecules,  but  those  molecules  which  happen  to  have 
a  speed  considerably  higher  than  the  mean  speed  when  in  the  neigh- 
bourhood of  the  surface  may  break  through  the  surface  film  and 
escape.  Molecules  which  have  escaped  in  this  manner  mingle  with 
the  gas  over  the  liquid  and  behave  in  the  same  way  as  gas  molecules. 
The  action  is  called  evaporation,  and  the  accumulated  escaped 
molecules  are  called  a  vapour.  If  the  liquid  is  contained  in  an  open 
vessel,  evaporation  would  lead  in  time  to  the  total  disappearance  of 
the  liquid, 

The  process  of  evaporation  may  be  hastened  by  raising  the  tem- 
perature of  the  liquid,  thus  increasing  the  mean  speed  of  the  molecules 
and  so  enabling  them  to  break  more  easily  through  the  surface  film. 

Evaporation  in  a  closed  vessel.  —  Suppose  there  to  be  some  liquid 
in  a  closed  vessel  from  which  air  and  all  gases,  other  than  vapoui 
formed  from  the  liquid,  have  been  extracted.  Molecules  will  be 
escaping  continually  from  the  liquid  ;  other  molecules  in  the  vapoui 
will  occasionally  strike  the  surface  of  the  liquid,  and  will  penetrate 
the  surface  film,  thus  rejoining  the  liquid  ;  the  latter  operation  is 
called  condensation.  Conditions  will  be  attained  ultimately  in  which 
the  number  of  molecules  escaping  from  the  liquid  per  second  i* 
balanced  exactly  by  the  number  of  molecules  returning  per  second 
There  is  then  a  definite  number  of  molecules  per  c.c.  in  the  vapour 
space  of  the  vessel,  and  the  vapour  is  said  to  be  saturated.  A  saturate* 
space  is  one  in  which  no  greater  number  of  molecules  can  be  main 
tained  under  the  existing  conditions. 

Saturated  conditions  are  attained  very  quickly  in  a  closed  vesse 
such  as  has  been  assumed  above.  In  fact,  the  space  available  fc 
vapour  is  always  saturated.  Both  liquid  and  vapour  will  be  at  t^M 
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same  temperature.  Raising  the  temperature  of  the  vessel  and  its 
contents  causes  an  increase  in  the  mean  speed  of  both  liquid  and 
vapour  molecules.  The  effect  of  the  former  is  to  render  easier  the 
escape  of  more  molecules,  and  of  the  latter,  to  increase  the  pressure 
on  the  walls  of  the  vessel  due  to  the  bombardment  of  vapour  mole- 
cules. At  any  stated  temperature,  the  saturated  vapour  space 
contains  a  definite  number  of  molecules  per  unit  volume,  having  a 
definite  mean  speed,  and  hence  producing  a  definite  pressure  on  the 
walls  of  the  vessel.  Hence  the  pressure  of  a  given  saturated  vapour 
at  a  given  temperature  is  constant. 

Saturated  vapour. — Reduction  of  the  capacity  of  the  vapour  space 
available  in  a  closed  vessel  will  not  lead  to  any  increase  in  the  pressure 
of  the  vapour,  provided  the  temperature  of  the  vessel  and  its  contents 
be  maintained  constant.  Saturated  vapour  at  a  given  temperature 
can  have  one  pressure  only,  and  reduction  of  the  capacity  of  the 
vapour  space  will  therefore  produce  condensation  of  some  of  the 
vapour.  If  such  reduction  be  continued,  the  whole  of  the  vapour 
condenses  ultimately,  the  effect  being  completed  when  the  total 
capacity  of  the  vessel  is  sufficient  to  accommodate  only  the  given 
quantity  of  liquid  at  the  given  temperature. 

Saturation  conditions  in  any  space,  of  whatever  capacity,  are 
independent  of  the  volume,  but  there  must  be  sufficient  liquid 
available  to  form  enough  vapour  to  saturate  the  space.  If  the 
quantity  of  liquid  be  insufficient,  the  whole  of  it  will  be  evaporated 
before  saturation  of  the  space  occurs  ;  the  vapour  is  then  said  to  be 
unsaturated. 

Superheated  vapour. — If  saturated  vapour  be  conducted  away  from 
a  closed  vessel  by  means  of  a  pipe,  and  if  heat  be  then  imparted  to 
it  without  the  pressure  being  allowed  to  rise,  the  temperature  will 
increase,  accompanied  by  an  increase  in  the  mean  speed  of  the 
molecules,  and  the  vapour  is  found  to  behave  more  like  a  perfect 
gas,  i.e.  it  obeys  the  laws  of  Boyle  and  Charles.  Such  vapour  is  no 
longer  in  a  condition  in  which  it  may  be  very  easily  converted  into 
the  liquid  state,  and  is  said  to  be  superheated  vapour.  The  term  is 
synonymous  with  the  term  unsaturated  vapour. 

EXTO  «8. — Maximum  vapour  pressure  at  the  temperature  of  the  room. 
Arrange  two  barometer  tubes  A  and  B  (Fig.  431)  as  previously  di  ected 
(p.  259).  Bend  the  point  of  a  small  pipette  C,  and  charge  it  with  the  liquid 
Whose  vapour  pressure  is  to  be  examined.  Put  the  point  of  the  pipette 
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FIG.  431. — Vapour  pres- 
sure at  the  temperature  of 
the  room. 


under  the  open  mouth  of  B,  and  by  blowing  introduce  a  very  small  quantity 
of  the  liquid  ;  this  will  rise  to  the  surface  of  the  mercury  at  D,  and  if  the 
quantity  of  liquid  is  small  enough,  the  whole  of  it  will  be  evaporated. 
The  space  above  the  mercury  in  B  thus  becomes  filled  with  unsaturated 
vapour,  and  the  level  of  the  mercury  at  D  falls  a  little  owing  to  the  pressure 
exerted  by  this  vapour.  Introduce  another  small 
quantity  of  the  liquid,  when  again  the  whole  of 
it  may  be  evaporated,  and  the  level  of  the  mercury 
falls  further,  indicating  an  increase  in  the  pres- 
sure in  B.  Continue  the  process  until  sufficient 
liquid  is  introduced  to  produce  a  very  thin  layer 
of  liquid  lying  on  the  mercury  surface  at  D.  The 
space  in  B  is  then  full  of  saturated  vapour  at  the 
temperature  of  the  room,  which  should  be  noted. 
The  pressure  exerted  by  the  saturated  vapour  is 
obtained  by  measuring  the  difference  in  levels  of 
the  surfaces  of  the  mercury  in  A  and  B. 

Verify  the  fact  that  no  increase  in  pressure 
occurs  when  another  small  quantity  of  the  liquid 
is  introduced  into  B.     The  absence  of  further  fall 
of  the  mercury  level  at  D  shows  that  the  pressure  exerted  by  the  vapour 
when  saturated  at  the  temperature  of  the  room  is  constant. 

The  pressure  exerted  by  a  vapour  when  saturated  at  a  given 
temperature  is  the  maximum  pressure  which  the  vapour  can  exert 
when  at  this  temperature,  and  is  called  the  maximum  vapour  pressure. 

EXPT.  99. — The  maximum  vapour  pressure  is  independent  of  the  volume 
01  the  space  occupied.  In  the  apparatus  shown  in  Fig.  431,  use  a  mercury 
bath  deep  enough  to  permit  the  tube  B  to  be  raised,  or  lowered  a  few 
centimetres.  Having  charged  B  with  sufficient  liquid  to  obtain  saturated 
conditions  and  measured  the  difference  in  mercury  levels,  lower  B  in  thft 
bath.  It  will  be  found  that  the  effect  is  to  diminish  the  volume  of  the 
vapour  space  ;  some  of  the  vapour  condenses  into  the  liquid  state,  and  on 
measuring  the  difference  in  levels  of  the  mercury  in  A  and  B,  this  will  be 
found  to  be  the  same  as  at  first.  Now  elevate  B,  thus  increasing  the  vapour 
space ;  this  should  not  be  carried  to  excess,  or  the  whole  of  the  liquid  will 
be  evaporated  and  the  vapour  will  be  unsaturated.  Again  measure  the 
difference  in  mercury  level  and  compare  with  the  initial  reading.  The 
result  shows  that,  so  long  as  the  vapour  is  saturated,  the  pressure  at  the 
constant  temperature  of  the  room  remains  unaltered. 

EXPT.  100. — Maximum  pressure  of  aqueous  vapour  at  lower  temperatures. 
In  Pig.  432,  ABC  is  a  closed  bent  tube  having  a  bulb  at  (X  The  portion  BD 
and  part  of  the  bulb  contains  mercury  ;  the  portion  AB  is  a  Torricellian 
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vacuum  (p.  259).  The  bulb  contains  some  water  lying  on  the  surface  of 
the  mercury  and  the  remainder  of  the  bulb  contains  vapour  of  water.  A 
scale  is  attached  to  the  straight  part  of  the  tube,  and  the  bulb  and  bent 
part  of  the  tube  are  immersed  in  a  beaker  of  water.  The  water  in  the 
beaker  may  be  heated  by  means  of  a  bunsen  flame,  and  its  temperature 
is  measured  by  a  thermometer  E,  placed  near 
the  bulb.  The  straight  part  of  the  tube 
and  the  scale  are  shielded  from  the  flame  and 
from  the  beaker, 

The  aqueous  vapour  in  the  bulb  is  saturated 
so  long  as  there  is  any  water  in  the  bulb,  and 
its  pressure  is  equivalent  to  the  mercury  head 
between  the  surfaces  in  B  and  C.  The  level  in 
B  is  read  directly  on  the  scale;  that  in  the 
bulb  is  taken  by  means  of  a  metal  rod  20  cm. 
long,  arranged  to  slide  up  and  down  along  the 
scale.  The  lower  end  of  the  rod  is  adjusted  to 
the  mercury  level  in  C,  and  the  top  end  of  the 
rod  is  read  on  the  scale.  The  head  of  mercury 
is  then  equal  to  the  scale  reading  at  B  minus 
scale  reading  at  the  top  end  of  the  rod  plus 
20cm. 

Maintain  steady  the  temperature  of  the  water 
in  the  beaker  for  a  few  minutes  so  as  to 
ensure  that  the  bulb  and  its  contents  are  at 
this  temperature.  Read  the  temperature  and 
the  mercury  head  as  directed  above.  The 
result  gives  approximately  the  maximum 
aqueous  vapour  pressure  at  the  measured 
temperature. 

Since  the  whole  of  the  mercury  column  is 
not  at  the  same  temperature,  a  correction 
should  be  applied.  Measure  the  height  of  the 
gnercury  column  from  B  down  to  the  surface 

^  ^  water  m  the  beaker  (^  m^  ^  ^ 

assist  in  taking  this  measurement)  ;  let  this  be  ha  cm.  Measure  also  the 
difference  in  levels  of  ths  water  surface  in  the  beaker  and  the  mercury 
surface  in  the  bulb  ;  let  this  be  hw  cm.  Let  the  observed  temperature 

of  the  air  in  the  room  be  ta  deg.  Cent.,  and  that  of  the  water  in  the  beaker  tw. 
Let  /?  be  the  coefficient  of  expansion  of  mercury  (0-000181).  Then  the 
corrected  head  h$  is  given  by  : 


FIG.  432.—  Maximum  vapour 

pressare  at  lower  temperatures 


Repeat  the  experiment  at  intervals  of  about  10°  C.  up  to  the  range 
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of  the  instrument.    Plot  a  graph  showing  the  relation  of  the  maximum 
vapour  pressure  and  temperature  of  aqueous  vapour. 

EXPT.  101. — Maximum  pressure  of  aqueous  vapour  at  higher  tempera- 
tures. The  apparatus  employed  is  shown  in  Fig,  433.  The  bent  tube  at  A 
contains  mercury  standing  in  both  limbs,  and  the  space  in  the  closed 
shorter  limb  contains  some  water  and  water  vapour  only.  The  tube  is 
immersed  in  a  beaker  B  containing  glycerine,  the  temperature  of  which 
can  be  raised,  with  care,  considerably  above  100°  C.  The  tube  A  is  con- 
nected to  a  reservoir  C  containing  air,  and  the  reservoir  is  connected  to 
a  U  gauge  D  containing  mercury,  and  also  to  an  air  pump  (not  shown  in 
Fig.  433)  by  means  of  which  air  may  be  forced  into  the  apparatus. 


To  pump 


FIG.  433.—  Maximum  vapour  pressure  at  higher  temperature^, 

The  glycerine  bath  is  brought  to  the  temperature  of  100°  C.,  as  shown 
by  the  thermometer  E,  and  the  mercury  surfaces  in  the  limbs  of  A  are 
brought  to  the  same  level.  During  this  operation  the  pump  is  disconnected 
and  the  connection  is  left  open -to  the  atmosphere ;  hence  the  pressure 
on  both  surfaces  in  A  will  be  that  due  to  the  atmosphere,  and  will  be  found 
by  reading  the  barometer.  Connect  the  pump  again  and  raise  the  tempera- 
ture of  the  bath  to  say  105°  C. ;  pump  in  a  sufficient  quantity  of  air  to 
restore  the  mercury  to  the  same  levels  in  A  ;  this  level  had  been  disturbed 
by  the  increasing  aqueous  vapour  pressure  in  the  shorter  limb.  When 
the  conditions  are  steady,  read  the  difference  in  levels  in  the  gauge  D,  and 
•obtain  the  maximum  vapour  pressure  corresponding  to  the  temperature 
in  the  bath  by  adding  this  difference  to  the  barometer  reading. 

Repeat  the  experiment  at  several  different  temperatures,  and  plot  a 
graph  showing  the  relation  of  maximum  vapour  pressure  and  temperature. 
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Boiling  point  of  a  liquid. — Let  an  open  vessel  contain  some  water, 
and  let  the  pressure  of  the  atmosphere  be  76  cm.  of  mercury.  Let 
heat  be  imparted  continuously  to  the  water,  when  vapour  will  be 
given  off  constantly.  Saturated  aqueous  vapour  under  a  pressure 
of  76  cm.  of  mercury  has  a  temperature  of  100°  C.  Hence,  when 
the  water  reaches  this  temperature,  it  becomes  possible  for  bubbles 
of  saturated  water  vapour  to  form  just  underneath  the  surface  of 
the  water.  The  water  near  the*  bottom  of  the  vessel  is  at  a 

pressure  greater  than  that  of  the  atmo- 
Sphere  by  an  amount  equal  to  the  head 
of  water  in  the  vessel.  Therefore,  if 
'-  the  temperature  of  the  water  be  raised 
slightly  above  100°  C.,  in  fact  to  the 
saturation  temperature  corresponding 
to  the  pressure  near  the  bottom  of  the 
vessel,  bubbles  of  vapour  can  form  at 
the  bottom.  These  ascend  to  the  sur- 
face, enlarging  as  they  travel  owing  to 
the  diminishing  pressure,  arid  disengage 
themselves  from  the  liquid  on  reaching 
the  surface.  The  water  is  then  said  to 
toon,  and  the  formation  of  bubbles  in 
the  water  is  called  ebullition.  The  tem- 
perature at  which  a  liquid  boils  under 
->  standard  atmospheric  pressure  of  76  cm. 

Fia.434.-Bolhngpointofanqul«r     of    mereury    b    ca,jed    ^    ^^   ^ 

of  the  liquid,  and  is  the  temperature  at  which  the  maximum  vapour 
pressure  of  the  substance  is  equal  to  standard  atmospheric  pressure. 

EXPT.  102. — Boiling  points  of  solutions.  Arrange  apparatus  as  shown 
in  Fig.  434.  See  that  the  flask  is  perfectly  clean,  and  introduce  some  tap 
water.  Heat  the  water ;  note  the  ascending  bubbles  of  air  which  are 
liberated  when  the  water  becomes  hot.  When  the  boiling  point  is  nearly 
reached,  some  bubbles  of  vapour  may  form  near  the  bottom  and  collapse 
before  reaching  the  surface  owing  to  the  colder  water  in  tho  neighbourhood 
of  the  surface.  When  ebullition  is  taking  place  freely,  note  the  tempera- 
ture of  the  vapour.  Push  the  thermometer  down  into  the  water,  and 
verify  that  the  temperature  of  the  boiling  water  is  very  nearly  equal  to 
that  of  the  vapour. 

*  BoJiJQffjgifcb  bumping  sometimes  occurs  ;    a  short  quiescent  period  is 
fqUowedby  the  prmation  of  a  very  large  bubble  which  raises  the  mass 
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is,  it  follows  that 
ie  period  of  boiling. 


of  water ;  the  water  falls  ^?V|H^^^^^^^^^^lfcAf  if  this  occurs, 
the  thermometer  will  probably  ^H^^^H|^^lnjj^H|  of  the  water 
has  risen  a  little.  Some  pieces  of  cM^Ra||^IH^^Bjiped  into  the 
vessel  will  remedy  bumping  by  promoting  the  l^^^^^^^psmall  bubbles 
at  many  parts  of  the  liquid.  ^1 

Since  the  bubbles  of  vapour  are  under  saturated^ 
the  temperature  must, remain  steady  throughout  the 

Prepare  a  number  of  solutions  of  common  salt  in  water,  say  2,  4,  6,  etc. 
per  cent,  of  salt.  Introduce  one  of  these  into  the  vessel  (Fig.  434)  and 
have  the  thermometer  in  the  vapour  space.  Bring  the  solution  to  boiling 
and  note  that  the  thermometer  reads  the  same  as  if  pure  water  had  been 
in  the  vessel.  Now  lower  the  thermometer  into  the  liquid,  when  it  will  be 
found* that  the  temperature  of  the  liquid  is  higher  than  the  boiling  point 
of  pure  water.  It  follows  that  the  boiling  point  of  a  solution  should  be 
deternfl$&d  with  the  bulb  of  the  thermometer  immersed  in  the  liquid. 
Find  tfo  boiling  points  of  the  remaining  solutions.  The  temperatures 
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PIG.  435.—  Relation  of  maximum  vapour  pressure  and  temperature  fot 

vapour. 


. 

should  be  noted  immediately  after  the  solution  starts  to  boil,  as  the  pfcpdess 
of  evaporation  obviously  concentrates  the  solution.  Plot  a  graph  shotting 
the  relation  of  boiling  points  and  percentage  of  salt  present. 
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Influence  of  pressure  on  the  temperature  at  which  boiling  occurs.-— 

Since  a  liquid  does  not  boil  until  the  temperature  reaches  the  satura- 
tion temperature  corresponding  to  the  pressure  to  which  the  liquid 
is  subjected,  it  follows  that  increase  in  pressure  will  raise  the  tem- 
perature at  which  boiling  occurs.  Thus  water  under  a  pressure  of 
one  atmosphere  boils  at  100°  C  ;  if  the  pressure  be  raised  to  6 
atmospheres,  the  boiling  point  is  raised  to  about  160°  C.  ;  at  a 
pressure  of  0-1  atmosphere  water  boils  at  a  temperature  of  about 
47°  C.  In  Fig.  435  is  shown  a  graph  indicating  the  boiling  points 
of  water  at  various  pressures. 

EXERCISES  ON  CHAPTER  XXXIV. 

1.  What  is  meant  by  the  melting  point  of  a  substance  ?     Give  some 
instances  of  substances  which  exhibit  different  phenomena  during  the 
process  of  melting,  or  freezing. 

2.  What  are  the  effects  of  increased  pressure  on  the  melting  point  of  a 
substance  ?     Give  instances. 

3.  Describe  experiments  by  means  of  which  the  melting  point  of  a 
given  substance  may  be  determined. 

4.  Define  the  term  "  latent  heat  of  fusion  "  of  a  substance. 

6.  How  would  you  determine  by  experiment  the  latent  heat  of  ice  ? 

6.  A  piece  of  ice  at  0°  C.  weighing  83  2  grams  is  mixed  with  364  c.c.  of 
water  at  20°  C.  in  a  calorimeter  having  a  water  equivalent  of  42  grams. 
Calculate  the  final  temperature.     (The  latent  heat  of  ice  is  80  calories 
per  gram.) 

7.  How  much  heat  must  be  abstracted  from  a  ton  of  water  at  15°  C. 
in  order  to  convert  it  into  ice  at  -  6°  C.  ?    The  specific  heat  of  ice  is  0-502. 

8.  Describe  how  you  would  carry  out  an  experiment  to  determine  the 
latent  heat  of  fusion  of  paraffin  wax.     Explain  how  to  reduce  the  results. 

9.  Certain  solids  when  mixed  with  water  produce  a  rise  in  temperature, 
others  a  fall.     Explain  this,  and  give  examples.     Give  instances  of  freezing 
mixtures. 

10.  Taking  the  data  of  Question  7,  find  the  work  equivalent  to  the 
heat  abstracted.    If  one  ton  of  ice  is  made  per  hour,  what  horse-power 
is  required  theoretically  ? 

11.  Describe  some  method  for  measuring  the  latent  heat  of  ice,  pointing 
out  the  precautions  to  be  taken  to  obtain  an  accurate  result. 

Into  a  copper  calorimeter  weighing  100  grams  and  containing  100  grams 
of  water  at  16°  C..  there  are  placed  20  grams  of  ice  at  - 10°  C.  Will  the 
ice  all  melt,  and,  if  so,  what  will  be  the  final  temperature  of  the  mixture  ? 
(Specific  heat  of  ice  =0-5;  specific  heat  of  copper  -0-094.)  Sen.  Cam.  LOG. 

12.  The  melting  point  of  tin  is  232°  C.,  its  latent  heat  of  fusion  is  14 
calories,  and  its  specific  heat  is  -055.    How  many  units  of  heat  are  required 
to  melt  100  grains  of  tin  originally  at  20°  C.  ? 
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13.  How  would  you  obtain  the  melting  point  of  a  substance  from  an 
inspection  of  its  cooling  curve  ?     Hard  paraffin  wax  melts  at  about  54°  C.; 
draw  a  rough  cooling  curve  for  a  quantity  of  this  wax  cooling  from  80°  C. 
to  30°  C. 

14.  A  mixture  of  crushed  ice  and  water  is  poured  into  a  vessel  containing 
a  thermometer.    What  will  be  the  effect  on  the  reading  of  the  thermometer : 

(a)  when  more  water  is  poured  in  ; 

(b)  when  more  ice  is  put  in  ; 

(c)  when  a  handful  of  salt  is  stirred  in  ? 

Give  reasons  in  each  case  for  your  answer.  Adelaide  University. 

15.  Define  the  terms  water  equivalent,  latent  heat  of  fusion.     Explain 
what  becomes  of  the  heat  absorbed  by  a  body  in  the  process  of  melting. 

In  a  copper  calorimeter  weighing  50  grams  there  are  200  grams  of  water 
at  a  temperature  of  20°  C.  20  grams  of  dry  ice  are  added,  and  stirred  well ; 
the  final  temperature  is  11°  C.  Find  the  latent  heat  of  fusion  of  ice.  The 
specific  heat  of  copper  is  0-095.  Tasmania  Univ. 

16.  Give  a  brief  description  of  the  process  of  evaporation  (a)  in  an  open 
vessel,  (6)  in  a  closed  vessel. 

17.  Distinguish  between  a  saturated  and  unsaturated  vapour.     A  closed 
vessel  containing  initially  no  substance  in  the  gaseous  state  is  maintained 
at  constant  temperature,  and  a  small  quantity  of  liquid  at  the  same  tempera- 
ture is  introduced  into  the  vessel.     Will  the  whole  of  the  liquid  be  evapo- 
rated ?     Give  reasons  for  your  answer. 

18.  Calculate  the  quantity  of  heat  required  to  superheat  one  pound  of 
aqueous  vapour  from  100°  to  1 50°  C.  a/t  the  constant  absolute  pressure  of 
one  atmosphere.     The  specific  heat  is  0-502.     If  the  initial  volume  is 
26-75  cubic  feet,  find  the  final  volume,  assuming  that  the  laws  of  perfect 
gases  are  followed. 

19.  Describe  how  you   would   find  the  maximum  vapour  pressure  of 
alcohol  at  the  temperature  of  the  room.     Does  the  volume  of  the  vapour 
space  provided  in  the  apparatus  make  any  difference  in  the  result  ? 

20.  In  an  experiment  on  the  maximum  pressure  of  aqueous  vapour, 
using  the  apparatus  shown  in  Fig.  432  (p.  452),  the  following  readings  were 
obtained :  Temperature  of  the  water  in  the  beaker,  80°  C.  ;  difference  in 
levels  of  the  mercury  in  the  bulb  and  the  water  in  the  beaker,  5-2  cms. ; 
difference  in  levels  of  the  mercury  in  the  tube  and  the  water  in  the  beaker, 
30-6  cms. ;  temperature  of  the  surrounding  atmosphere,  20°  C.    Find  the 
vapour  pressure.     The  coefficient  of  expansion  of  mercury  is  0  00018. 

21.  Describe  an  experiment  for  determining  the  maximum  vapour 
pressure  of  aqueous  vapour  at  absolute  pressures  from  about  1  to  2  atmo- 
spheres.    State  the  condition  which  must  be  satisfied  if  a  liquid  is  to 
remain  unchanged  in  presence  of  its  vapour. 

22.  Define  the  "  boiling  point  "  of  a  liquid.     Some  tap  water  is  contained 
in  an  open  glass  vessel ;   the  initial  temperature  is  about  15°  C.  and  the 
temperature  is  gradually  raised  to  the  highest  possible  degree.     Describe 
clearly  what  may  be  observed  in  the  vessel.    Supposing  the  water  had 
contained  some  salt  in  solution,  would  this  have  had  any  effect  on  the 
final  temperature  ?     Explain  the  phenomena  of  boiling  with  bumping. 
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23.  Distinguish  carefully  between  saturated  and  unsaturated  vapours. 
Into  a  cylinder  exhausted  of  air  and  provided  with  a  piston  there  is  intro- 
duced just  enough  water  to  saturate  the  space  at  20°  G.    Describe  what 
happens  under  the  following  conditions  : 

(a)  The  volume  of  the  space  is  increased  by  pulling  out  the  piston. 

(b)  The  volume  is  diminished  by  pushing  the  piston  down. 

(c)  The  volume  remaining  as  at  first,  the  temperature  is  increased 

to  30°  C. 

(d)  The  temperature  falls  tb  10°  C.  Calcutta  Univ. 

24.  Taking  the  Density  of  ice  at  0°  C.  to  be  0-917,  find  what  fraction  of 
a  block  of  ice  will  bo  immersed  when  floating  in  (a)  fresh  water  (density  =  1), 
(6)  sea  water  (density  - 1  03). 

25.  If  the  end  of  the  mercury  column  in  a  Bunscn  ice  calorimeter  recedes 
through  a  volume  of  0  2  c.c.  when  a  mass  of  3  5  grams  of  a  substance  at 
98°  C.  is  placed  m  the  test  tube,  find  the  specific  heat  of  the  substance. 
Take  the  density  of  ice  at  0°  C.  to  be  0-917,  and  the  latent  heat  of  water 
to  be  80  calories  per  gram. 

26.  Describe  Bunsen's  ice  calorimeter  and  explain  how  you  would  use 
the  instrument  to  determine  the  specific  heat  of  a  substance.     A  mass 
of  0-96  gram  of  a  substance  was  heated  to  100°  C.  and  dropped  into  the 
calorimeter.     The  thread  of  mercury  retreated  through  a  distance  of 
8-3  mm.  in  the  capillary  tube  of  1  sq.  mm.  section.     If  1  gram  of  water 
expands  by  0-0918  c.c.  on  freezing  and  evolves  80  calories,  calculate  the 
specific  heat  of  the  substance.  Bombay  Umv. 


CHAPTER  XXXV 
PROPERTIES  OF  VAPOURS— Continued 

Pressure  of  a  mixture  of  a  vapour  and  perfect  gas.— Dalton  first 
stated  the  law,  and  Regnault  proved  experimentally,  that  the 
pressure  which  a  vapour  exerts  is  very  nearly  independent  of  the  presence 
of  any  other  gas  or  vapour  present,  provided  there  is  no  chemical  action. 
In  a  space  occupied  by  a  mixture  of  a  vapour  and  perfect  iras  which 
do  not  react  chemically  on  each  other,  each  exerts  the  pressure 
which  it  would  produce  if  it  alone  occupied  the  space,  and  the  total 
pressure  is  equal  to  the  sum  of  these  pressures.  The  law  followed 
is  thus  the  same  as  for  a  mixture  of  two  perfect  gases  (p.  410). 

If  a  closed  vessel  contains  a  perfect  gas  and  also  some  liquid,  the 
whole  being  at  constant  temperature,  steady  conditions  will  be 
attained  in  the  space  above  the  liquid  when  the  space  is  saturated 
with  vapour  evaporated  from  the  liquid.  The  pressure  of  the  vapour 
is  then  that  corresponding  to  the  given  steady  temperature,  and  the 
total  pressure  is  the  sum  of  this  maximum  vapour  pressure  and  the 
pressure  exerted  by  the  perfect  gas.  Increase  in  the  temperature 
will  raise  the  total  pressure,  owing  partly  to  the  increase  in  the 
pressure  exerted  by  the  perfect  gas,  and  partly  to  the  increase  in 
the  saturation  pressure  of  the  vapour. 

Experiments  on  the  pressure  exerted  by  a  given  vapcur  in  a  closed 
vessel  must  always  be  arranged  in  such  a  way  as  to  exclude  from 
the  space  any  air,  or  other  gas  or  vapour,  since  it  is  now  evident 
that  the  presence  of  such  would  lead  to  false  readings  of  vapour 
pressure. 

Isothermal  line  for  a  mixture  of  a  saturated  vapour  and  perfect 
gas. — In  Fig.  436,  AB  is  the  isothermal  line  in  a  pressure- volume 
diagram  for  a  given  quantity  of  a  perfect  gas  at  a  given  tempera- 
ture, and  may  be  drawn  by  applying  Boyle's  law  (p.  398).  The 
isothermal  line  for  the  same  gas  when  mixed  with  a  saturated  vapour 
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FIG.  436 — Isothermal  line  for  a  mix- 
ture of  saturated  vapour  and  gas 


at  the  same  constant  temperature  may  be  deduced  by  adding  verti- 
cally the  constant  pressure  of  the  vapour.  Thus  AC  =  BD  =  EF=the 
_  constant  vapour  pressure,  and  the 

isothermal  line  CD  is  drawn  through 
the  points  C,  F  and  D.  It  will  be 
noted  that,  for  points  corresponding 
to  equal  pressures,  BA  rises  more 
steeply  than  DC.  If  a  perfect  gas 
be  compressed  in  a  cylinder  fitted 
with  a  piston,  no  condensation 
occurs,  and  the  pressure  increases 
at  fairly  rapid  rates.  If  a  mixture 
of  a  perfect  gas  and  a  saturated 
vapour  be  compressed  in  the  same 
cylinder,  some  of  the  vapour  con- 
denses as  compression  proceeds  ;  the  volume  of  the  resulting  liquid 
is  negligible,  and  the  pressure  increases  at  less  rapid  rates  than 
would  be  the  case  if  the  vapour  were  absent. 

Collection  of  gases  over  water.— -When  gases  are  collected  over 
water  (Fig.  437),  the  contents  of  the  graduated  collecting  vessel 
consist  of  a  mixture  of  the  gas  collected  and 
aqueous  vapour  saturated  at  the  temperature 
of  collection.  The  pressure  of  the  gas  collected 
will  be  equal  to  that  of  the  atmosphere,  as 
shown  by  the  barometer,  if  the  collecting 
vessel  be  adjusted  vertically  before  reading  — ; 
the  volume,  so  that  the  water  surfaces  inside 
and  outside  the  vessel  are  at  the  same  level. 

Let  is  v1  =  the  measured  volume  of  the  mix-    FIG  437 —Collection  of  a 


ture,  in  c  c. 


gas  over  water 


I, 


t>2=the  volume  of  dry  gas  collected,  at  standard  tempera- 
ture and  pressure,  in  c.c. 
Aa=the  barometer  reading,  in  cm.  of  mercury. 
'  f  C.  =the  temperature  of  the  water. 

I/   Aj,  =  the  pressure  of  saturated  aqueous  vapour  at  tempera- 
^  ture  f  (from  the  Table,  p.  533),  in  cm.  of  mercury. 

The  sum  of  the  pressures  of  the  gas  and  the  aqueous  vapour  is 
equal  to  ha\  hence 

Pressure  of  the  measured  volume  of  dry  gas  at  t°  =  h(i  -  h^ 
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Applying  the  law^Vj/Tj-jp^a/Tj,  we  have 
(ha  -ho 


__ 
T+273~  ~273f 


°r 


2~  "76(7+  273) 

Vapour  density.—  Strictly  speaking,  the  density  of  a  substance  is 
the  mass  of  unit  volume  (p.  4).  In  dealing  with  substances  in 
the  gaseous  state,  the  density  may  be  measured  as  the  mass  in  grains 
per  litre  (1000  c.c.).  Vapour  density  is  generally  understood  to  mean 
the  ratio  of  the  mass  of  a  given  volume  of  the  substance  in  the  gaseous 
state,  under  stated  conditions  of  pressure  and  temperature,  to  the 
mass  of  an  equal  volume  of  dry  air  at  the  same  pressure  and  tem- 
perature. Sometimes  dry  hydrogen,  or  oxygen,  is  taken  instead  of 
air  in  making  the  comparison.  The  densities  of  these  standard 
gases  at  0°  C.  and  76  cm.  of  mercury  are  as  follows  : 

Dry  air,  0-001293  gram  per  c.c. 

Dry  hydrogen,    0*00008987  gram  per  c.c. 

Dry  oxygen,       0-001429  gram  per  c.c. 

EXPT.  103.  —  Vapour  density  of  an  unsaturated  vapour  by  the  method  of 
Dumas.    A  glass  bulb  having  a  finely  drawn  neck  is  employed  (Fig.  438). 
At  first  the  bulb  contains  ah  only  at  the  temperature  and 
pressure  of  the  room,  and  is  weighed.    This  weight  repre- 
sents the  weight  of  the  material  of  the  bulb  (supposed  to 
be  obtained  by  weighing  iit  vacuo)   diminished  by  the 
buoyancy  of  the  air  displaced  by  the  material  of  the  flask. 

Let  10!=  the  observed  weight  in  air,  in  grams. 
p  ^s~  w  (j—  the  weight  of  the  material  of  the  bulb  which 
f  would  be  obtained  in  wcuo,  in  grams. 

•J    wa=the  buoyancy,  in  grams,  of  the  air  displaced  _ 

by  the  material  of  the  bulb.  m  m__Dumas,8 

t°  C.  =the  temperature  of  the  room.  bulb. 

s    *~"  &a=the  barometer  reading,  cms.  of  mercury. 
'Then,  Wt+wa^wb, 

Or  «>i  ~Wb  -Wa  ............................................  (1) 

About  2  c.c.  of  the  substance  to  be  examined  (alcohol,  say)  is  now 
introduced  into  the  bulb,  which  is  then  placed  in  a  bath  of  water  and  held 
down  by  means  of  a  metal  frame.  The  water  is  boiled  until  the  liquid 
in  the  bulb  has  disappeared  entirely.  The  bulb  is  now  full  of  alcohol 
vapour  only,  at  the  temperature-  of  100°  C.  and  under  a  pressure  ha  cm.  of 
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mercury.  This  temperature  is  considerably  above  the  saturation  tempera- 
ture of  alcohol  vapour  at  ordinary  atmospheric  pressure,  and  the  vapour 
is  therefore  unsaturated.  The  neck  of  the  bulb  is  now  sealed  hermetically, 
and  the  bulb  is  allowed  to  cool  to  the  temperature  of  the  room.  It  is  then 
weighed  again  ;  the  result  represents  the  weight  of  the  material  of  the 
bulb  in  vacuo,  together  with  the  weight  of  the  vapour  which  filled  the 
bulb  at  100°  C.,  diminished  by  the  buoyancy  of  the  air  displaced  by 
the  outside  volume  of  the  whole  bulb. 

Let  W2=the  observed  weight  of  bulb  and  vapour,  m  grams. 

^w^  =  the  buoyancy  in  grams  of  the  air  displaced  by  the  closed  bulb. 

-""'    ww=the  weight  m  grams  of  the  contained  vapour,  or  the  liquid 

?-  condensed  from  the  vapour. 

Then,  w2  +  WA  =wi-\  w?, 

or  w  2  -  wt,+  wv  -WA  ...................................  (2) 

From  (1)  and  (2),  w2  ~w1^u^t)  ~(WA  -wa)  ..................................  (3) 

Now  (w^  -wa)  is  the  weight  of  air  at  t°  C.  and  ha  tTm.  oTmercury  which 
would  occupy  the  interior  volume  of  the  bulb.  The  interior  volume  of 
the  bulb  is  now  determined  by  immersing  the  closed  flask  m  water  and 
breaking  off  the  neck.  When  full  of  water,  the  bulb  is  weighed  again  (the 
piece  of  glass  broken  off  must  be  included). 

Let  _  ~  l£3  -the  observed  weight,  in  grams-  .....  _    £ 

Then,         Weight  of  contained  water  -(w^^w^  grams. 

;.  Volume  of  interior  of  bulb  -(w3  -  w^  c.c  ..........................  (4) 

,  To  obtain  the  weight  of  the  air  contained  by  the  bulb  at  temperature  t 
ancTpressure  ^«»  leTH'  be  the  density  of  air  under  these  conditions,  and  d0' 
Its  density  at  normal  temperature  and  pressure  (p.  461).  Then,  from 
equation  (5)  (p.  412), 

273M.'    . 
"~76~(f  +  273)' 

•.   Weight  of  the  contained  air  =(i0a  -  w,)  _|ZM^-  ............  (5) 

76  (t  -t-  273) 

Substituting  this  for  (iv^  -wa)  in  (3),  we  have 


The  volume  occupied  by  this  mass  of  vapour  being  (uis~Wi)  c.c.  at 
100°  C.  and  ha  cm.  of  mercury,  we  have  for  the  vapour  density  of  alcohol 


under  these  conditions 
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The  density  of  hydrogen    at  •ormal   temperature  and  pressure  is 
0-00008987  gram  per  c.c.,  and  at  100°  C.  and  h«,  cm.  of  mercury  is 
273^ 


=  0-0000008654  hn  grams  per  c.c  ........................  (8) 

Hence  the  vapour  density  of  alcohol  at  100°  C.  and  ha  em.  of  mercury, 
with  hydrogen  as  standard,  is 


____       _____  ..................................... 

100  "0-0000008654^ 

Assuming  that  the  alcohol  vapour  follows  the  laws  of  a  perfect  gas,  the 
density  at  normal  temperature  and  pressure  is  given  by 


and  the  vapour  density  under  these  conditions  with  hydrogen  as  standard 

is  D  _     J*»  ........................  (11) 

0  ""0-00008987  ............ 

EXPT.  104.—  Vapour  density  of  an  unsaturated  vapour  by  Victor  Meyer's 
method.  The  apparatus  employed  is  shown  in  Fig.  439.  A  is  a  glass  tube 
having  a  bulb  at  its  lower  end.  The  upper  end  is  connected  by  a  rubber 
tube  having  a  clip  B  to  a  short  piece  of  glass  tube  which  is  open  to  the 
atmosphere.  A  branch  tube  C,  having  an  enlargement,  connects  A  to  a 
graduated  gas  jar  D,  inverted  over  a  trough  of  water.  A  is  placed  inside 
another  glass  or  copper  vessel  E,  which  contains  some  water  ;  the  water 
is  boiled  and  the  steam  escapes  through  F.  The  bulb  of  A  can  thus  be 
maintained  at  100°  C. 

The  liquid  to  be  tested  (say  alcohol)  is  contained  in  a  small  phial  shown 
enlarged  at  G  ;  the  phial  has  a  ground  glass  stopper  which  can  be  forced 
out  easily  when  the  pressure  in  the  interior  of  the  phial  exceeds  that  of  the 
atmosphere  by  a  small  amount.  The  phial  is  inserted  at  the  top  end  of  A 
after  the  water  in  E  has  been  boiling  quietly  for  a  few  minutes,  and  the 
clip  is  instantly  closed.  The  phial  drops  down  A,  and  its  fall  is  arrested 
by  a  cushion  of  asbestos  fibre  in  the  bulb,  which  prevents  fracture.  The 
stopper  of  the  phial  is  blown  out  almost  immediately  by  the  pressure  of 
the  vapour,  and  the  alcohol  evaporates  rapidly.  The  vapour  formed 
drives  air  out  of  A  through  the  branch  C  into  the  jar  D  ;  the  volume  of  air 
thus  measured  gives,  after  corrections  have  been  applied,  the  volume  of 
the  vapour. 
Let  wl  =the  weight  of  the  phial  and  stopper  when  full  of  air,  in  grams. 

w*  s=  the  same  when  containing  alcohol,  in  grams. 
V  =the  volume  of  air  collected  in  c.c.,  at  ha  and  t. 

ha^the  barometer  reading,,  in  em.  of  mercury. 
t°  C.  =the  temt>erature  of  the  room. 
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The  weight  of  the  vapour  formed  is  equal  to  the  weight  of  alcohol  in  the 
pma  ,  nence  Mass  of  the  vapour  =w2  -wl  grams (ij 


Fl«.  439.— Victor  Meyer's  apparatus  for  vapour  density  determinations. 

The  contents  of  the  graduated  jar  consist  of  a  mixture  of  air  and  saturated 
water  vapour  (p.  460).  Obtain  from  the  Table  (p.  533)  the  pressure  hv  of 
saturated  water  vapour  at  temperature  t.  The  pressure  of  dry  air  at 
temperature  t  which  would  occupy  the  volume  V  if  the  aqueous  vapoui 
were  absent  is  ( ha  -  A-<?)  cm.  of  mercury.  Applying  Boyle's  law  to  obtain 
the  volume  V'  of  this  air  at  pressure  ha  and  temperature  t,  we  have 
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From  (1)  and  (2),  the  density  of  the  alcohol  vapour  at  100°  C.  and  ha  cm, 
of  mercury  is  (w^w^ha  /0, 

(3) 


The  vapour  formed  in  the  tube  A  is  at  a  temperature  considerably  above 
the  saturation  temperature,  and  is  therefore  unsaturated  vapour.   Assuming 
that  it  follows  the  laws  of  perfect  gases,  the  density  at  0°  C.  and  76  cm. 
bf  mercury  may  be  obtained  from  equation  (5),    (p.  412), 
I  i?  _  7605+ 273) 


'     And  the  density  relative  to  hydrogen,  botli  being  at  normal  temperature 

and  pressure,  is  ,/ 

F  -  rf°  (5) 


D°~  0-00008987" 


Specific  volume  of  saturated  vapours. — The  density  of  saturated 
vapours  cannot  be  determined  easily  by  experiment ;    generally 


!t^=d:^j^ 

10       \5      20  ^25      30~    35      4O      45      50      55 

Cubic  ft. 

FIG.  440.— -Relation  of  specific  volume,  pressure  and  temperature  of  saturated 
aqueous  \apour. 

incfirect  methods  are  employed,  ,&y  means  of  which  the  density 
be  calculated  from  other  experimental  data. 

P.8.P.  2  O 
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The  volume  occupied  by  unit  mass  of  a  substance  in  the  gaseous1 
state,  under  given  conditions  of  pressure  and  temperature,  is  called] 
the  specific  volume.  The  specific  volume  of  a  saturated  vapour  i$; 
denned  when  the  temperature  has  been  stated,  since  the  saturated' 
vapour  of  a  given  substance  at  a  stated  temperature  can  exist  at- 
one  pressure  only.  If  d  is  the  density  of  a  saturated  vapour  in' 
grams  per  cubic  centimetre,  the  specific  volume  is  l/d  cubic  centi-' 
metres  per  gram.  > 

The  graph  given  in  Fig.  4 10  shows  the  specific  volume  of  saturated, 
aqueous  vapour  at  various  pressures  and  temperatures. 

Latent  heat  of  vaporisation. — If  a  mass  of  liquid  changes  state 
from  liquid  to  gaseous  at  constant  pressure,  there  is  no  change  in 


777777///7777, 

FIG.  441  — Apparatus  for  determining  the  latert  heat  of  vaporisation  of  water 

temperature.  The  latent  heat  of  vaporisation  of  a  substance  is  tLv 
heat  which  must  be  imparted  at  constant  temperature  to  unit  mass 
of  the  substance  in  the  liquid  state  in  order  to  effect  the  change  of 
state  from  liquid  to  gaseous. 

EXPT.  105. — Latent  heat  of  vaporisation  of  water,  boiling1  under  a  pressure 
of  one  atmosphere.  In  Fig.  44] ,  a  small  copper  boiler  A  contains  some  water 
which  can  be  heated  by  means  of  a  bunsen  flame.  The  resulting  steam 
flows  out  of  the  boiler  through  a  tube  B.  consisting  of  two  parts  connected 
at  C  by  a  short  piece  of  rubber  tube.  B  is  "  lagged,"  i.e.  boat  insulated, 
by  winding  strips  of  flannel  round  the  tube ;  this  helps  to  prevent  con- 
densation of  the  steam  flowing  through  the  tube.  The  tube  B  leads  into  a 
separator  D,  consisting  of  a  short  piece  of  wide  bore  glass  tube  having, 
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rubber  stoppers  at  both  top  and  bottom.  The  tube  B  reaches  nearly  to  the 
bottom  stopper.  Another  tube  E  leads  from  D  into  a  measured  quantity 
of  water  contained  in  a  calorimeter  F.  A  tube  G,  bent  as  shown,  is 
pushed  partly  into  the  lower  stopper  of  D,  and  drains  any  water  from  D 
into  a  beaker  H.  There  will  always  bu  some  water  in  G  which  wll  serve 
to  seal  the  apparatus  and  will  prevent  steam  being  blown  through  G.  The 
arrangement  helps  to  prevent  water  from  entering  the  calorimeter,  and 
renders  the  entering  steam  as  dry  as  possible.  The  temperature  of  the 
water  in  the  calorimeter  is  observed  by  a  thermometer  K. 

Weigh  the  empty  calorimeter  ;  pour  in  some  water  and  weigh  again  ; 
by  differences  find  the  mass  of  the  water.  While  this  is  being  done,  the 
water  in  the  boiler  is  being  heated.  Let  steam  discharge  freely  from  the 
mouth  of  the  tube  E  into  the  atmosphere  for  three  or  four  minutes.  Take 
the  temperature  of  the  water  in  the  calorimeter  ;  put  the  tube  E  into  the 
calorimeter  (the  rubber  joint  at  C  assists  this  operation)  so  that  its  mouth 
is  below  the  surface  of  the  water.  A  crackling  noise  will  bo  heard,  caused 
by  the  collapse  of  steam  bubbles  undergoing  rapid  condensation.  Continue 
until  the  water  in  the  calorimeter  has  risen  in  temperature  about  20  Centi- 
grade degrees.  Remove  the  tube  E  ;  read  the  temperature  of  the  water  ; 
weigh  the  calorimeter  and  its  contents,  and  b}'  differences  find  the  mass  of 
the  steam  which  has  been  condensed. 

Let  m  -the  mass  of  the  empty  calorimeter,  m  grams. 

s  —the  specific  heat  of  its  material. 
mv  ^the  mass  of  the  water  used,  in  grams. 
wi2=the  mass  of  the  stoam  condensed,  in  grams. 
ft°  C.  =the  initial  temperature  of  the  water. 
£2°  C.  —the  final  temperature. 

L  =  the  latent  heat  of  vaporisation  of  saturated  aqueous  vapour  at 
100°  CC 

The  steam  has  given  up  latent  heat  in  condensing  into  water  at  100°  C., 
and  the  resulting  water  has  given  up  additional  heat  in  cooling  from  100°  C. 
to  tp  Assuming  that  the  total  heat  thus  given  up  is  equal  to  the  heat 
taken  up  by  the  mass  mx  of  water  and  the  material  of  the  calorimeter,  we 

have  w,{L  +(100  -/a)}= 


This  result  is  in  calories  per  gram  mass  of  steam. 

Careful  experiments  show  that  one  gram  of  steam  at  a  pressure  of 
one  atmosphere  and  at  100°  C.  has  a  latent  heat  of  539  calories, 
Compare  the  result  of  your  experiment  with  this  number, 
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The  graph  in  Fig.  442  shows  the  latent  Beat  of  saturated  aqueous 
vapour  at  other  temperatures,  ranging  from  0°  C.  to  210°  C.  It 
will  be  noted  that  the  latent  heat  decreases  as  the  temperature  is 
increased. 
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-  Relation  of  latent  heafrand  temperature  of  saturated  aqueous  vapour. 

Ex  FT.  J06. — Freezing  water  by  evaporation  of  ether.  Stand  a  beaker  con- 
taining some  ether  in  a  small  pool  of  water  spilled  on  the  bench.  Use 
a  glass  tube  and  foot-bellows  to  blow  air  through  the  ether.  Rapid  evapo- 
ration of  the  ether  will  take  place  and  the  heat  will  become 
latent  so  quickly  that  the  water  will  freeze. 

Joly's  steam  calorimeter.— In  this  apparatus  (Fig. 
443)  a  pan  A  is  suspended  by  means  of  a  fine  wire  B 
from  one  arm  of  a  delicate  balance.    C  is  a  substance 
whose   specific    heat   is    to   be   determined.      The 
arrangement  is  enclosed  in  a  chamber  D,  which  can 
be  supplied  with  steam  from  a  boiler  through  a  pipe 
E  ;  the  pipe  F  drains  off  the  water  of  condensation. 
A  plug  of  plaster  of  Paris  is  fitted  at  G  in  order 
.  443,— Dia-    to  prevent  water  of  condensation  from  interfering 
f™^  calorimeter*    with  the  free  vertical  movements  of  the  suspending 
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wire  B ;  a  small  coil  of  platinum  wire  heated  electrically  prevents 
condensation  of  steam  on  the  wire  beyond  the  plug. 

EXPT.  107. — Specific  heat  of  a  substance  by  Joly's  method.  With  air  on^ 
in  the  chamber,  place  the  substance  in  the  pan,  and  determine  its  mass  by 
weighing.  Head  the  temperature  as  shown  by  a  thermometer  in  the 
chamber.  Admit  steam  suddenly  so  as  to  fill  the  chamber  quickly  with 
saturated  steam,  then  reduce  the  steam  supply  so  as  to  avoid  steam  currents 
which  would  interfere  with  the  following  weighing.  In  a  few  minutes, 
the  condensation  which  is  taking  place  inside  the  chamber  ceases,  and  the 
substance  arrives  at  the  temperature  of  the  steam.  Weigh  again,  thus 
determining  the  mass  of  steam  which  has  been  condensed  on  the  substance 
and  pan. 
Let  m1  -the  mass  of  the  substance,  in  grams. 

w2  =thc  mass  of  the  steam  condensed,  in  grams. 
t^  C.  —the  initial  temperature  of  the  chamber. 

J2°  C.  -the  temperature  of  the  steam,  obtained  by  reading  the  ther- 
mometer in  the  chamber,  or  by  consulting  the  Table  (p.  533  ). 
L  —  the  latent  heat  of  the  steam,  in  calories. 
6-  =  the  specific  heat  of  the  substance, 
c  =the  capacity  for  heat  of  the  pan  (p.  345). 
Then,         mLs(t2  -ti)  +  c(t2  -tj  ~w2L. 


Make  another  experiment  with  the  pan  empty ;  a  similar  calculation 
will  then  give  the  value  of  the  capacity  for  heat  of  the  pan.  Insert  this 
value  in  the  above  equation  and  calculate  the  value  of  8.  In  accurate 
work,  corrections  are  applied  for  the  buoyancies  of  the  air  and  steam  in 
the  weighing  operations. 

The  differential  Joly  calorimeter  is  used  for  determining  the  specific 
heat  of  gases  at  constant  volume.  The  apparatus  (Fig  444)  is 
arranged  so  as  to  eliminate  corrections  as  far  as  possible.  Two 
equal  copper  globes  are  suspended  from  the  opposite  arms  of  the 
balance,  and  hang  in  the  steam  chamber.  One  globe  is  filled  with 
the  gas  under  test  and  the  other  is  exhausted.  Small  pans  are  fitted 
to  the  globes  in  order  to  catch  the  water  condensed  on  their  surfaces. 
Greater  condensation  takes  place  on  the  globe  containing  gas,  and 
the  excess  gives  the  data  required  in  calculating  the  quantit/'of  heat 
necessary  in  order  to  raise  the  temperature  of  the  enclosed  gas, 
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Let 


1  =  the    mass    of   the    gas 

filling  the  sphere. 

2  =  the  difference  between 

the  masses  of  the 
steam  condensed  on 
the  globes. 

Zj  =  the  initial  temperature. 
/2  =  the  temperature  of  the 
steam. 

7^  =  the  initial    pressure  of 
the  gas. 

^2  =  the  final  pressure  of  the 
gas. 

L  =  the  latent  heat  of  the 
steam. 

5  =  the  specific  heat  of  the 
gas  at  constant  vol- 
ume for  the  tempera- 
ture range  tv  to  £2,  and 
the  pressure  range 


Then 


FIG  444. —Differential  Joly  calorimeter. 

EXERCISES  ON  CHAPTER  XXXV. 

1.  State  Dal  ton's  law  for  the  pressure  of  a  mixed  gas  and  vapour.    A 
closed  vessel  contains  air  saturated  with  aqueous  vapour  ;  the  temperature 
is  70°  C.  and  the  absolute  pressure  inside  the  vessel  is  78  2  cm.  of  mercury. 
Find  the  pressure  exerted  by  the  air  in  the  vessel. 

2.  Draw  the  isothermal  line  for  4  cubic  feet  of  dry  air  at  15  Ib.  wt.  per 
square  inch  absolute  pressure  and  94°  C.  when  compressed  to  a  volume  of 
one  cubic  foot.    If  the  air  is  saturated  with  aqueous  vapour,  draw  the 
isothermal  line  for  the  mixture. 

3.  Some  hydrogen  is  collected  over  water ;   the  measured  volume  is 
245  c.c,  ;    the  temperature  of  the  water  is  16°  C.  ;    the  barometer  reads 
75-43  cm.  of  mercury.    Find  the  volume  of  dry  hydrogen  at  0°  C.  and 
76  om,  of  mercury. 
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4.  In  a  test  on  the  vapour  density  of  alcohol,  using  the  method  of 
Dumas  (p.  461),  the  following  observations  were  made:    Weight  of  bulb, 
9-77  grams  ;  weight  of  the  bulb  and  vapour  tilling  it  at  100°  C.,  9  889  grama  ; 
weight  ot  the  bulb  when  full  of  water,  141-65  grams  ;  temperature  of  the 
room,  15°  (/. ;  barometric  height,  75-1  cm.     Find  the  vapour  density  of 
alcohol  at  100°  C.  and  75-1  cm.  pressure,  using  hydrogen  as  the  standard. 

5.  Describe  an  experiment  for  determining  the  vapour  density  of  a 
given  substance. 

6.  Using  Victor  Meyer's  method  (p.  463),  the  following  readings  were 
taken  in  an  experiment  on  the  vapour  density  of  alcohol :    Weight  of  the 
empty  phial,  1  415  grams;   weight  of  the  plral  containing  alcohol,  1'738 
grams  ;  volume  of  air  collected,  171  2  c.c. ;   barometric  height,  76-29  cm. ; 
temperature  of  air,  15  2°  C.     Find  the  vapour  density  of  alcohol  at  0°  C. 
and  76  cm.     Use  hydrogen  as  the  standard. 

7.  Take  the  required  data  from  the  Table  (p.  534),  and  plot  graphs 
chowing  the  relation  of  specific  volume  and  (a)  pressure,  (I)  temperature 
for  saturated  ajqueous  vapour. 

8.  Define  latent   heat  of  vaporisation.     Describe  an  experiment  for 
determining  the  latent  heat  of  vaporisation  of  water  at  ordinary  boiling 
point. 

9.  Find  the  quantity  of  heat  which  must  be  supplied  to  one  pound  of 
water  at  20°  C.  in  order  to  convert  it  into  dry  saturated  steam  at  a  pressure 
of  146  Ib.  wt.  per  square  inch  absolute.     Take  the  quantities  required  from 
the  Table  on  p.  534. 

10.  A  tank  contains  20  gallons  of  water  at  30 J  C.  which  is  heated  by 
discharging  dry  saturated  steam  at  atmospheric  pressure  into  it.     If  the 
final  temperature  is  80°  C.,  find  the  weight  of  the  steam  used.     Consult 
the  Table  on  p.  534  for  any  quantities  required. 

1 1.  What  is  meant  by  the  statement,  "  The  maximum  pressure  of  aqueous 

vapour  at  15°  C.  is  13  mm."  ? 

Some  nitrogen  is  collected  in  a  tube  over  water  at  15°  C.  and  is  found 
to  occupy  50  c.c.,  the  gaseous  pressure  in  the  tube  being  743  mm.  Calculate 
the  volume  which  the  dry  nitrogen  would  have  at  0°  C.  and  760  mm. 
pressure.  Sen.  Cam.  Loc. 

12.  Explain  the  meaning  of  latent  heat.     How  would  you  determine 
the  latent  heat  of  fusion  of  ice  ?     Explain  the  cooling  effect  of  a  fan. 

Calcutta  Univ. 

13.  Explain  how  you  would  determine  the  latent  heat  of  steam.     Would 
you  expect  it  to  depend  in  any  way  on  the  temperature  at  which  water 
is  boiled  ?     7  grams  of  ice  float  m  water  in  a  calorimeter  of  thermal  capacity 
5  calories.     If,  when  4  5  grams  of  steam  (at  100°  C.)  are  passed  into  the 
calorimeter,  the  final  temperature  becomes  50°  C.,  how  much  water  was 
there  in  the  calorimeter  ?     (Latent  heat  of  steam  at  100°  C.  =540.) 

Calcutta  Univ. 

14.  Define  "  vapour  density."    Describe  how  to  find  the  vapour  density 
of  a  liquid,  using  the  method  of  Dumas.     Prove  the  formula. 

15.  Describe  Victor  Meyer's  method  of  finding  the  vapour  density  of 
a  liquid.    Prove  the  formula,  Bgknbay  Univ. 
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16.  Draw  a  curve  indicating  generally  the  change  in  maximum  vapour 
pressure  of  water  between  0°  and  100°  C. 

Given  that,  at  any  temperature,  the  maximum  vapour  pressure  is  slightly 
diminished  upon  dissolving  a  salt  in  water,  phow  that  the  boiling  point  of 
the  solution  at  any  pressure  is  higher  than  that  of  pure  water.  L.U. 

17.  Describe  the  properties  of  saturated  and  non-saturated  vapours. 

A  barometer  tube  dipping  into  a  mercury  reservoir  contains  a  mixture 
of  air  and  saturated  vapour  above  a  column  of  mercury  which  is  70  centi- 
metres above  the  level  in  the  reservoir,  the  atmospheric  pressure  being 
76  centimetres.  What  is  the  height  of  the  mercury  column  when  the  tube 
is  depressed  so  as  to  reduce  the  volume  occupied  by  the  air  to  one  half  its 
original  value,  the  pressure  of  the  saturated  vapour  being  1  -5  centimetres  ? 

L.U. 

18.  Give  the  definitions  of  the  expressions,  specific  heat,  latent  heat  of 
fusion,  latent  heat  of  vaporisation,  thermal  conductivity. 

Fifty  grams  of  steam  at  100°  C.  are  passed  into  a  mixture  of  100  grams 
of  ice  and  200  grams  of  water  at  0°  C.  Find  the  rise  of  temperature,  the 
latent  heat  of  vaporisation  of  water  at  100°  C.  being  537  and  the  latent  heat 
of  fusion  of  ice  80.  Sydney  Univ. 

19.  Describe  how  the  specific  heat  of  a  body  may  be  found  by  the  Joly 
steam  calorimeter.     Given  the  following  observations,  find  the  specific 
heat  of  the  sample  of  calcite  :  Preliminary  experiment ;   mass  of  the  dry 
pan  in  the  steam  calorimeter,  28-395  grams  ;  mass  of  pan  and  condensed 
steam,  28-505  gram?.    Calcite  experiment ;    mass  of  the  dry  pan  and 
dry  calcite,  41 46  grams ;    mass  of  pan,  calcite  and  condensed  steam, 
42 '016  grams.    Initial  temperatures  m  both  experiments,  24°  C. 

20.  Describe  an  experiment  for  determining  the  specific  heat  of  a  gas 
at  constant  volume. 


CHAPTER  XXXVI 

ATMOSPHERIC  CONDITIONS.     HYGROMETRY 

Evaporation  from  free  surfaces  of  water. — Evaporation  takes 
place  constantly  at  all  temperatures  from  open  surfaces  of  water. 
Molecules  escape  from  the  surface  of  the  liquid  and  may  be  carried 
away  by  currents  of  air,  so  that  there  is  no  chance  of  return  to  the 
liquid.  The  continual  loss  of  liquid  from  open  surfaces  of  water  is 
compensated  by  the  return  of  rain  water  contained  in  rivers  and 
streams.  Increase  in  temperature  of  the  water  will  increase  the 
quantity  evaporated  in  a  given  time.  Increase  in  the  speed  of  the 
wind  also  causes  increased  rates  of  evaporation  by  further  diminishing 
the  opportunities  of  return  to  the  liquid.  A  familiar  illustration  of 
this  fact  occurs  in  the  drying  of  the  wet  interior  of  a  tube  by  blowing 
air  into  it  by  means  of  bellows. 

The  general  result  of  evaporation  from  open  sheets  of  water  is 
that  the  atmosphere  always  contains  aqueous  vapour. 

Different  liquids  contained  in  open  vessels  under  like  conditions 
possess  different  rates  of  evaporation.  Liquids  which  evaporate 
more  easily  are  said  to  be  volatile.  Ether,  alcohol  and  petrol  ore 
examples  of  volatile  liquids. 

Mist,  cloud,  dew. — Our  perceptions  regarding  the  dryness  of  the 
atmosphere  depend  on  its  liygrometric  state,  a  quantity  which  may 
be  expressed  as  the  ratio  of  the  mass  of  water  vapour  present  per 
cubic  centimetre  of  air  to  the  mass  of  water  vapour  which  would  be 
required  to  saturate  one  cubic  centimetre  of  air  if  the  temperature 
remained  unaltered.  If  the  air  be  not  saturated  with  water  vapour 
at  a  given  temperature,  it  may  become  so  if  the  temperature  falls  ; 
less  vapour  is  required  to  produce  saturation  at  low  temperatures. 
Hence  the  presence  of  a  cold  body  in  an  atmosphere  which  has  not 
quite  reached  saturation  point  may  cool  the  air  in  its  immediate 
vicinity  sufficiently  to  produce  saturation  or  over-saturation.  Some 
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of  the  vapour  will  then  condense  on  the  surface  of  the  cold  body, 
producing  the  phenomenon  of  dew. 

If  a  large  body  of  the  atmosphere  be  cooled  slowly,  saturation 
point  will  be  reached  throughout  the  mass  simultaneously.  The 
atmosphere  is  charged  more  or  less  with  particles  of  dust  and  con- 
densation takes  place  on  each  dust  particle,  giving  rise  to  a  mist. 
The  fogs  of  large  towns  are  caused  by  condensation  of  this  kind  on 
soot  particles  floating  in  the  atmosphere. 

Clouds  are  caused  by  similar  condensation  of  water  vapour  in  the 
upper  strata  of  the  atmosphere  ;  heated  air  containing  Water  vapour, 
but  above  the  saturation  point,  becomes  colder  as  it  ascends  and 
expands,  and  the  water  vapour  condenses  to  a  mist  or  cloud  on 
the  saturation  point  being  reached. 

Evaporation  of  snow  and  ice.— Supposing  that  a  solid  exposed  to 
the  atmosphere  is  undergoing  the  process  of  melting,  and  that  the 
maximum  vapour  pressure  of  the  substance  at  the  temperature  of 
the  atmosphere  is  equal  to,  or  greater  than,  the  pressure  of  the  atmo- 
sphere, then  it  is  impossible  that  the  substance  can  remain  in  the 
liquid  state,  and  the  phenomenon  is  presented  of  the  substance 
changing  direct  from  the  solid  to  the  gaseous  state.  The  process  is 
called  sublimation  ,  iodine  among  other  substances  possesses  this 
property.  Snow  and  ice  evaporate  slowly ;  in  Arctic  regions  this 
is  the  only  method  of  evaporation  possible.  There  is  an  appreciable 
vapour  pressure  of  water  substance  below  0°  C  ,  and  consequently 
ice  can  pass  directly  from  the  state  of  solid  to  that  of  vapour  without 
any  intermediate  liquid  state. 

Hoax-frost  is  deposited  instead  of  dew  if  the  temperature  of  the 
slowly-cooling  atmosphere  reaches  the  freezing  point  of  water  before 
saturation  occurs.  The  process  of  formation  of  hoar-frost  and  of 
snow  does  not  consist  in  the  freezing  of  dew,  but  the  direct  change 
of  state  from  aqueous  vapour  into  the  solid  form. 

Ventilation. — The  ordinary  atmosphere  contains  carbonic  acid  gas 
to  the  amount  of  3  or  4  parts  in  10,000  parts  of  air.  Indoors  the 
proportion  is  usually  higher,  especially  if  many  persons  be  present 
in  a  room.  An  adult  person  at  rest  produces  about  0-6  cubic  feet 
of  carbonic  acid  gas  per  hour,  and  the  conditions  in  a  room  become 
objectionable  unless  these  exhalations  are  diluted  largely  by  a 
plentiful  supply  of  air  admitted  to  the  room.  Should  the  proportions 
exceed  10  parts  of  carbonic  acid  gas  in  10,000  of  air,  there  will  be 
discomfort.  In  ventilation  problems  a  limit  of  6  to  7  parts  of 


DEW  POINT  475 


carbonic  acid  gas  in  10,000  of  air  is  aimed  at.  To  dilute  sufficiently 
the  gas  expelled  by  an  adult  requires  from  1 800  to  3600  cubic  feet 
of  air  per  hour,  depending  upon  the  particular  conditions  existing  in 
the  building. 

In  ordinary  houses,  open  doors,  windows,  and  the  chimney  of  open 
fireplaces  generally  suffice.  None  of  these  are  very  effective  ;  and  it 
should  be  noted  that  fireplaces  produce  the  peculiar  condition  that  a 
greater  number  of  persons  in  the  room  will  require  more  energetic  ven- 
tilation, produced  by  urging  the  fire,  despite  the  fact  that  the  peopje 
by  their  presence  are  assisting  to  raise  the  temperature  of  the  room. 

In  mechanical  methods  of  ventilation,  a  fan  is  employed  to  propel 
air  into  the  room,  or  to  withdraw  air  from  it.  Fresh  air  is  led  into 
the  room  by  means  of  properly  arranged  ducts.  The  incoming  air 
may  be  warmed  by  passing  it  over  pipes  through  which  steam  or 
hot  water  circulates,  and  may  be  brought  to  a  proper  hygrometric 
state  by  passing  it  over  water,  or  by  spraying  water  into  it. 

Dew  point. — The  temperature  at  which  dew  begins  to  form  when 
the  atmosphere  undergoes  cooling  is  called  the  dew  point.  Experi- 
ments on  the  determination  of  the  dew  point  are  based  generally  on 
the  principle  of  cooling  artificially  a  portion  of  the  atmosphere  until 
it  is  observed  that  dew  is  commencing  to  form.  The  cooling  is 
carried  out  at  constant  pressure— that  shown  by  the  barometer — 
and  Charles's  law  may  be  assumed  to  be  followed  by  the  vapour 
molecules  until  the  temperature  of  saturation  is  reached. 

The  perception  of  dampness  in  the  atmosphere  is  a  consequence 
of  a  near  approach  to  saturation  conditions,  under  which  evaporation 
goes  on  very  slowly.     The  actual  quantity  of  aqueous  vapour  present 
is  only  one  of  the  factors  to  consider  ;   warm  air  may  contain  much 
more  aqueous  vapour  than  colder  air,   and  yet  may  convey  the 
impression  of  dryness  because  the  atmosphere  is  not  nearly  saturated. 
Relative  humidity  may  be  defined  as  the  ratio  of  the  pressure  of 
the  aqueous  vapour  actually  present  at  the  existing  temperature  to 
the  pressure  of  the  vapour  which  would  be  present  if  the  vapour 
were  saturated  at  the  same  temperature. 
Let  t{  C.  =the  observed  temperature  of  the  atmosphere. 
t%  C.  =the  dew  point. 

jr?!  =  the  pressure  of  aqueous  vapour  when  saturated  at  £, 

(see  Table,  p.  533). 

^2= the  pressure  of  aqueous  vapour  when  saturated  at  t% 
(see  Table). 
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Assuming  that  the  barometric  pressure  has  remained  constant  in 
the  process  of  determining  the  dew  point  by  cooling  a  portion  of  the 
atmosphere,  p2  is  the  pressure  of  the  aqueous  vapour  actually  present 
in  the  atmosphere.  Hence 

n\ 

Relative  humidity  =  —• 
'      Pi 

Inspection  of  the  following  short  Table  shows  that  the  masses  per 
cubic  metre  at  two  given  temperatures  have  nearly  the  same  ratio 
as  the  pressures  corresponding  to  the  same  temperatures.  Hence  it 
is  often  sufficiently  accurate  to  take 

mass  of  water  vapour  per  unit  volume 
of  air  at  observed  temp. 


Relative  humidity  = 


mass  of  water  vapour  per  unit  volume 
of  saturated  air  at  same  temp. 


PROPERTIES  OF  SATURATED  AQUEOUS  VAPOUR. 


Temp.  ;  deg.  Cent. 

0 

5 

10 

15 

20 

Pressure  of  sat.  vapour  ,\ 
mm.  of  mercury           J 

4-58 

6-54 

9-20 

12-78 

17-51 

Mass  of  sat.  vapour  ;       \ 
grams  per  cub.  metre  / 

4-84 

G-7G 

9-33 

12-71 

17-12 

Temp.  ;  deg.  Cent.     - 

25 

30 

35 

40 

Pressure  of  sat.  vapour  'A 
mm.  of  mercury          / 

23-69 

31-71 

42-02 

55-13 

Mass  of  sat.  vapour  ;       ) 
grains  per  cub.  metre  / 

22-80 

30-04 

39-18 

50-7 

Hygrometry  is  the  determination  of  the  state  of  the  atmosphere 
as  regards  the  hygrometric  state,  dew  point,  etc. 

EXPT.  108.— Determination  of  the  dew  point  by  Regnault's  hygrometer. 
A  form  of  Regnault's  apparatus  is  illustrated  in  Fig.  445.  A  brightly 
polished  silver  vessel  A  contains  some  ether  B  and  has  a  tube  C  dipping 
into  the  ether.  Air  may  be  pumped  into  the  ether  through  C  by  means 
of  a  perfume  spray  bulb  D  ;  this  air  accelerates  evaporation  from  the  ether 
and  the  resultant  mixture  of  air  and  vapour  escapes  through  a  tube  E. 
The  evaporation  of  the  ether  cools  the  vessel  and  also  the  atmosphere  in 
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the  immediate  neighbourhood,  and  will  ultimately  cause  saturated  con- 
ditions to  be  attained  by  the  air  near  the  vessel.  A  film  of  dew  will  then 
be  deposited  on  the  bright  surface  of  the  vessel.  The  temperature  at  which 
dew  appears  may  be  read  by  moans  of  the  thermometer  F.  Another 
similar  but  empty  silver  vessel  G  is  mounted  on  the  same  stand  and  aids, 
by  comparison  of  the  surfaces,  the  detection  of  the  first  appearance  of  dew. 


n 


.  G 


FIG,  445. — Regnaiilt's  hygrometer. 

The  temperature  of  the  atmosphere  in  tho  room  is  read  by  another  thermo- 
meter. A  large  sheet  of  glass  should  be  interposed  between  the  observer 
and  the  instrument  in  order  to  prevent  his  breath  temporarily  increasing 
the  amount  of  moisture  present. 

Lower  the  temperature  slowly  and  observe,  the  reading  of  the  thermo- 
meter F  when  dew  appears.  Allow  the  temperature  to  rise  and  note  the 
reading  of  F  when  the  dew  disappears.  Repeat  several  times  and  take  the 
mean  temperature  as  the  dew  point.  Note  the  temperature  of  the  atmos- 
phere in  the  room  in  the  neighbourhood  of  the  apparatus. 

Calculate  the  relative  humidity  of  the  atmosphere  at  the  time  of  the 
experiment  (p.  475). 

EXPT.  109. — Determination  of  the  dew  point  oy  paniell's  hygrometer.  This 
instrument  (Fig.  446)  consists  of  two  glass  bulbs  A  and  D  connected  by 
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a  tttiSe  C,  from  which  all  air  has  been  exhaustedAA  contains  some  ether, 
the  remainder  of  the  interior  contains  ether  vapour  only.     A  thermometer  B 

ia  situated  inside  A,  its  bulb 
dipping  into  the  ether.  The 
internal  surface  of  A  is  blackened, 
or  gtlt,  in  order  to  enable  the 
formation  of  dew  on  the  external 
surface  to  be  observed  easily. 
The  thermometer  E  enables  the 
temperature  of  the  atmosphere 
to  be  observed.  The  bulb  D  is 
covered  with  muslin,  and  is  satu- 
rated with  some  ether.  Rapid 
evaporation  of  this  ether  takes 
place,  and  consequently  the  bulb 
D  is  cooled.  The  ether  vapour 
inside  D  is  thus  cooled  and  con- 
densed, and  more  vapour  is  eva- 
porated from  the  ether  in  A  to 
take  its  place.  Thus  the  bulb  A 


FIG  446.™ Darnell's  hygrometer. 


is  cooled  slowly,  and  presently  dew  appears  on  Jbhe  surface.  Take  similar 
readings  to  those  observed  with  the  Regnault  hygrometer  and  estimate 
the  dew  point  and  the  relative  humidity.  The  sheet  of  glass  should  be 
employed  as  before  between  tho  observer  and  the  instrument. 

Wet  and  dry  bulb  method.  -The  pressure  of  the  aqueous  vapour 
present  in  the  atmosphere,  and  hence  the  dew  point,  may  be  found 
by  the  wet  and  dry  bulb  thermometer  method.  Two  thermometers 
are  arranged  on  a  stand  ;  one  is  an  ordinary  thermometer  and  shows 
the  temperature  of  the  atmosphere.  The  bulb  of  the  other  ther- 
mometer has  a  piece  of  clean  lamp  wick  wrapped  round  it,  which  is 
led  to  a  small  basin  of  water  ;  this  keeps  the  bulb  moistened.  If  there 
be  much  aqueous  vapour  present  in  the  atmosphere,  there  will  be 
but  little  evaporation  from  the  moisture  near  the  bulb  of  the  ther- 
mometer, and  therefore  only  a  small  cooling  effect.  The  difference 
in  reading  of  the  thermometers  will  thus  depend  on  the  hygroscopic 
state  of  the  atmosphere.  Both  thermometers  are  read  when  steady 
conditions  have  been  attained,  and  the  aqueous  vapour  pressure  is 
found  by  use  of  specially  constructed  tables.  The  method  does  not 
give  very  accurate  results. 


T,  110.  —  Chemical  hygrometer.  The  apparatus  required  is  shown  in 
Ftgi,  417.  A  and  B  are  drying  tubes  charged  with  phosphorus  pentoxide  ; 
C  is  also  charged  with  the  same  substance  and  serves  to  seal  the  drying 
the  vessel  P.  D  is  a  large  stone  jar  furnished  with  a  tat)  at  the 
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bottom.  By  tilling  D  with  water  and  then  making  the  connections  as  shown, 
a  volume  of  air  equal  to  the  capacity  of  D  will  be  drawn  through  the 
apparatus,  entering  at  E.  D  is  called  an  aspirator.  Practically  all  moisture 
in  the  entering  air  is  absorbed  in  A  ;  any  escaping  A  will  be  absorbed  in  B. 
C  absorbs  any  moisture  which  might  be  travelling  backwards  from  the 
vessel  D  when  the  flow  of  water  from  the  tap  is  stopped.  The  temperature 
of  the  air  entering  the  apparatus  is  observed  by  the  thermometer  G. 

Pour  water  into  D  until  it  is  quite  full.  Disconnect  A  and  B  at  H  and 
weigh  both  together  in  order  to  determine  the  mass  mx  grams.  Connect 
up  agai^and  run  the  water  entirely  out  of  D  through  the  tap ;  read  the 


FIG  44 7. —Chemical  hygrometer. 

thermometer  G  while  the  water  is  escaping.  Disconnect  at  H  and  again 
weigh  A  and  B  together ;  let  the  mass  be  w2  grams.  Then  the  mass  of 
moisture  absorbed  is  (m2  -wix)  grams. 

Fill  D  again  and  make  the  connections.  KL  is  a  wide  bore  glass  tube 
(Fig.  446)  having  a  rubber  stopper  at  each  end  fitted  with  short  pieces  of 
tube  of  smaller  bore.  The  tube  is  charged  with  broken  pumice  and  water ; 
any  air  passed  through  this  tube  will  become  saturated  with  water  vapour. 
Connect  the  tube  K  to  the  apparatus  at  E  and  repeat  the  operations  de- 
scribed above.  Let  ma  be  the  final  mass  of  A  and  B  together,  then  (w3  -  m2) 
will  be  the  weight  of  saturated  aqueous  vapour  which  can  be  held  by  air 
at  the  existing  temperature. 

Since  the  volume  of  air  passing  through  the  apparatus  is  practically  the, 
same  in  both  experiments,  the  relative  humidity  of  the  atmosphere  y 
(p.  476),  obtained  by  dividing  the  actual  mass  of  vapour  per  cubic  centi- 
metre of  air  by  the  mass  of  vapour  required  to  saturate  one  cubic  centimetre 
Of  *ir,  is  given  by  m2-m1 

-      - * * 
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EXERCISES  ON  CHAPTER  XXXVI. 

1.  State  the  cause  of  the  presence  of  aqueous  vapour  in  the  atmosphere. 
Describe  the  formation  of  dow,  mist,  fog  and  clouds. 

2.  There  are  six  adults  in  a  room  measuring  16  feet  by  12  feet  by 
10  feet,  and  each  requires  2500  cubic  feet  of  air  per  hour.     Find  the  number 
of  times  per  hour  that  the  air  in  the  room  should  be  changed.    Supposing 
each  person  exhales  0  6  cubic  foot  of  carbon  dioxide  gas  per  hour  and  that 
the  air  in  the  room  contains  at  first  4  parts  of  this  gas  per  10,000,  in  what 
time  will  the  proportion  reach  10  parts  per  10,000  if  ventilation  be  absent 
entirely  ? 

3.  Define  the  dew  point.    State  the  conditions  upon  which  it  depends. 
What  is  meant  by  "  relative  humidity  "  ? 

4.  Describe    Regnault's    hygrometer.     In    an    experiment   with   this 
instrument,  the  mean  of  three  tests  gave  the  temperature  of  dew  formation 
9-6°  C.,  and  of  the  disappearance  of  dow  10-5°  C.    The  temperature  of  the 
atmosphere  was  18°  C.    What  is  the  dew  point  ?    Find  also  the  relative 
humidity. 

5.  Describe  the  Darnell   hygrometer.     In  an  experiment  with  this 
instrument,  the  dew  point  was  found  to  be  11  13°  C.  and  the  temperature 
of  the  atmosphere  was  19°  C.     Find  the  relative  humidity. 

6.  Describe  the  wet  and  dry  bulb  method  of  determining  the  hygrometric 
state  of  the  atmosphere. 

7.  Describe  the  method  of  carrying  out  an  experiment  with  a  chemical 
hygrometer.    The  following  readings  were  obtained  with  an  instrument 
01  this  type  :  Weight  of  U  tubes  at  first,  85  48  grams  ;  weight  of  U  tubes 
together  with  water  vapour  from  ordinary  air,  85  61  grams ;   weight  of 
U  tubes  together  with  water  vapour  from  saturated  air,  85  88  grams ; 
temperature  of  air,  18°  C.    Find  the  hygrometric  state  and  the  dew  point. 

8.  Describe  an  experiment  to  determine  the  dew  point.    What  do 
you  understand  by  a  table  of  saturation  pressures  of  aqueous  vapour? 
Explain  how  relative  humidity  of  the  air  can  be  determined  by  the  dew 
point  and  such  a  table.  Panjab  Univ. 

9.  Calculate  the  dew  point  when  the  air  is  ^  saturated  with  water 
vapour,  the  temperature  being  15°  C.,  given  that  for  pressures  of  7,  9,  11, 
13  mm.  of  mercury,  the  corresponding  boiling-points  of  water  are  6°,  10°, 
13°,  and  15°  C.  respectively.  Sen.  Cam.  Loc. 

10.  What  is  meant  by  "  sublimation  "  ?    Explain  how  hoar-frost  is 
formed. 

11.  Calculate  the  mass  of  7  6  litres  of  moist  air  at  27°  C.  given  that  the 
dew  point  is  15°  C.,  and  the  barometric  height  762-75  mm.    Calculate  also 
the  humidity  of  the  air.     Vapour  pressure  of  water  at  27°  C.  and  15°  C* 
=25-5  mm.  and  12-75  mm.  respectively.  Bombay  Univ. 


CHAPTER  LXI 

*, 

MAGNETISATION 

Lodestone. — The  peculiar  properties  of  a  mineral  called  lodestone, 
found  in  the  neighbourhood  of  Magnesia  in  Asia  Minor,  were  known 
n  very  early  times,  and  consist  in  its  jj5wer  of  attracting  fragments 
)!  the  -same  material,  and  of  setting  "'in  one  particular  direction 
Jhen  'suspended.  This  mineral  is  now"  'kntown  as  magnetite,  and  is 
m  dxide  of  iron.  If  a  piece  of  magnetite  be  dipped  into  iron  filings 
it  wiH  be  found  that  they  adhere  to  it,  more  particularly  at  certain 
places.  There  are  in  general  two  such  places  on  any  piece  of  mag- 
netite where  the  filings  adhere  in  greatest  quantity.  On  suspending 
a  piece  of  magnetite  in  a  stirrup  by  means  of  a  piece  of  silk,  it  will 
be  found  that  it  will  not  rest  in  just  any  position,  but  only  in  such 
a  position  that  the  line  joining  the  two  places  where  the  filings 
adhere  in  greatest  quantity,  points  north  .and  south, ' '  '  ' 

Magnets,— One  of  the  most  important  properties  of  these  natural 
magnets  is  that  they  can  communicate  their  properties  to  pieces 
of  steel.  Thus,  if  a  steel  knitting  needle  be  stroked  from  one  end 
to  the  other  with  a  piece  of  magnetite,  using  for  the  place  of  contact 
that  at  which  the  filings  adhere  most  freely,  the  needle  will  now 
possess  the  property  of  attracting  iron  filings,  and  of  setting  north 
and  south  when  suspended.  The  effect  may  be  increased  by  stroking 
the  needle  several  times,  but  always  with  the  same  part  of  the 
magnetite  §nd  in  the  same  direction. 

Such  a  nteedle  is  said  to  be  a  magnet.  Magnets  are  now  made 
jof  bars  of  steel,  which  are  many  times  more  powerful  than  the 
needle  described,  and  their  method  of  manufacture  will  be  considered 
later.  Their  essential  properties,  however,  differ  in  no  *W&y  fjom 
the  magnetised  needle ;  they  are  simply  more  powerful,  and  lot 
this  reason  are  generally  used  in  experimental  work, 
D.S.P.  .  3c 
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KXPT.  161.— Magnetisation  Of  neeaie,  Dip  a  new  knitting  needle  into 
iron  tilings  and  notice  that  they  do  not  adheie  to  it.  Place  it  in  a  thin 
wire  stirrup  S  (Fig.  708)  supported  by  a  single  silk  fihre.  Note  that 
the  needle  will  remain  in  any  direction  in  which  it  is  placed.  Now  remove 

the  needle  and  stioke  it  from  one  end  to  the 
other  with  the  end  of  a  bar  magnet.  Dip 
the  needle  into  iron  filings  ;  it  will  be  found 
that  the  filings  adhere  at  the  ends,  but  not 
to  the  middle  portion.  Replace  it  in  the 
stirrup,  and  notice  that  it  will  no  longer 
icmain  in  just  any  direction,  but  always  sets 
north  and  south 

Magnetic  poles.  -On  dipping  a  bar 
magnet  into  iron  filings  it  is  found 
that  they  adhere  most  freely  at  and 
near  the  ends  These  places  are  called 
poles.  It  was  seen  in  Expt.  161  that  the 
magnetised  needle  has  poles,  one  at  each 
end  If  the  end  which  points  to  the 
Ton  —suspended  magnetised  north  be  now  marked  by  placing  a  piece 

needle 

of  paper  on  it,  it  will   be  observed   that 

this  end  always  points  north  ,  the  other  end  cannot  be  made  to  rest 
pointing  north.  Thus,  one  pole  always  points  north,  and  is  called 
the  north-seeking  or  N  pole  The  other  is  the  south-seeking  or  S  pole 
Force  between  poles.  Magnetic  poles  always  exert  forces  upon 
each  other.  The  force  between  any  pair  of  poles  depends  upon 
their  distance  apait,  becoming  greater  as  they  approach  each  other, 
but  it  is  universally  true  that  N  poles  repel  each  other  and  S  poles 
repel  each  other,  while  a  N  and  a  S  pole  attract  each  other.  Thus 
there  is  a  repulsion  between  poles  of  a  like  kind  and  an  attractior 
between  unlike  poles. 

EXPT,  162. — Forces  between  poles.  Magnetise  two  knitting  needles 
and  suspend  them  in  turn  111  the  stirrup  as  m  Fig.  708  ;  in  each  case  maik 
the  N  pole.  Now,  with  one  of  them  suspended,  bring  a  pole  of  the  other 
near  a  pole  of  the  suspended  needle,  trying  all  the  tour  pans  of  poles  in 
the  same  way  in  turn.  It  will  be  found  that  like  poles  repel  each  othei 
while  unlike  poles  attract  each  other. 

Molecular  theory  of  magnetisation.-  In  early  times  many  theories 
were  suggested  to  account  for  the  facts  described,  but  one  theory 
was  suggested  which  has  been  modified  and  improved  until  at  the 
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present  time  it  is  held  universally.  This  is,  that  every  magnetic 
Substance,  or  substance  capable  of  being  rendered  a  magnet, 
Consists  of  smaller  parts  which  are  themselves  magnets.  These 
tninute  magnets,  which  are  sometimes  called  molecular  magnets, 
are  not  arranged  in  any  one  particular  direction  when  the  substance 
is  unmagnetised,  but  are  orientated  indiscriminately  in  all  directions. 
The  act  of  magnetisation  consists  in  arranging  them  in  one  direction. 
Fig.  709  (a)  represents  diagrammati- 
3ally  the  arrangement  in  an  unmag- 


(a) 


netised    bar    of    iron,    the     strokes 

representing    diagramrnatically    the 

molecular  magnets,  the  arrow-heads 

being  the   N    poles  ;     (b)  represents 

the  same  bar  when  magnetised      It 

Will  be  noticed  that  in  (6)  the  little  ri(,  7()9  _A,aKnetlsa(lon 

n    and    s    poles    of    the    molecular 

magnets  are  close  to   each  other  within  the   material,  but   at  the 

N  end  are  the  free  n  poles  without  any  corresponding  s  poles,  and 

at  the  S  end  we  have  the  free  s  poles      This  explains  very  well  the 

reason  for  the  poles  of  a  bar  magnet  being  situated  at  the  ends  and 

not  in  the  middle  of  the  bar. 

The  term  magnetic  molecule  requires  some  consideration.  We 
do  not  mean  the  chemical  molecule  or  necessarily  the  atom  ;  in 
fact,  at  this  stage  we  must  not  endeavour  to  state  precisely  their 
nature,  but  merely  to  consider  that  they  are  extremely  small  bodies, 
each  having  a  N  and  S  pole,  and  free  to  turn  in  any  direction  into 
which  external  magnets  tend  to  set  them. 

EXPT.  163. — Poles  produced  on  magnetising  a  needle.  Mark  one  end 
of  a  knitting  needle  and  stroke  it  several  times  from  the  unmarked  to  the 
marked  end,  with  the  N  pole  of  a  bar  magnet  Then  suspend  it  and  note 
that  the  unmarked  end  points  north.  Repeat  with  the  S  pole  of  the  bar 
magnet,  and  note  that  the  marked  end  now  points  north.  Repeat,  stroking 
from  the  marked  to  the  unmarked  end.  From  these  results  it  will  be  seen 
that  the  end  at  which  the  applied  pole  of  the  bar  magnet  leaves  the  needle 
has  always  the  opposite  polarity  to  that  by  which  it  is  stroked. 

,  Evidence  for  molecular  theory.-  The  last  experiment  is  easily 
explained  on  the  molecular  theory  of  magnetisation.  For  on 
reference  to  Fig.  709  it  will  be  seen  that  on  stroking  the  bar  from, 
jsay,  left  to  right  with  the  N  pole  of  a  bar  magnet,  the  S  poles  of 
[the  molecular  magnets  will  turn  towards  the  N  pole  of  the  bar 
jmagnet,  and,  since  the  latter  leaves  at  the  right-hand  end,  this 
!end  will  be  a  S  pole. 

Again,  if  a  magnet  be  broken  in  the  middle,  new  poles  will  appear 
at  the  freshly  produced  ends,  as  in  Fig.  710  (b).  This  is  easily 
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explained  ,  for  the  act  of  breaking  leaves  a  set  of  molecular  S  poles 
to  the  left  of  the  gap,  and  of  N  pole*  at  the  nght.  A  further  breaking 
will  produce  additional  polos,  as  in  Fig.  710  (c) 

The  production  of  a  magnet  may  be  imitated  by  placing  a  test- 
tube  of  lte*l  filings  ivrtb  OIK*  end  near  tlio  pole  of  a  strong  bar  magnet. 

On  removing  the  tube  without 
shaking-,  and  testing  it  by  hang- 
ing if  near  a  suspended  magnet 
(Fig  708),  it  will  bo  found  that 
the  ends  of  the  tube  of  filings 
are  poles,  that  which  was  placed 
near  the  pole  ol  the  bar  magnet 
being  opposite  in  kind  to  the 
pole  of  the  bar  magnet  The 
fragments  of  steel  become  permanent  magnets  and  act  like  the 
molecular  magnets  m  the  bar.  On  shaking  the  tube  all  traces  of 
poles  at  the  ends  disappear. 

If  an  un magnetised  bar  of  steel  be  placed  with  one  end  on  the 
pole  of  a  bar  magnet  and  tapped  with  a  hammer,  it  will  be  found  to 
become  a  fairly  strong  permanent  magnet  If  the  bar  be  afterwards 
tapped,  its  magnetism  is  gradually  lost  The  tapping  assists  the 
arrangement  of  the  molecular  magnets  in  the  first  pait  ol  the  experi- 
ment when  the  bar  magnet  is  near,  and  destroys  their  arrangement 
in  the  second  par!  when  the  bar  magnet  is  absent 

Magnetisation  disappears  at  high  temperatures.  This  fact  may  be 
shown  by  heating  a  magnetised  knitting  needle  to  led  heat  by  a 
long  burner  which  will  heat  the  whole  of  it  at  the  same  time,  and 
then  allowing  it  to  cool  in  an  east  and  west  direction  (the  leason  for 
this  will  be  seen  later)  On  testing 
the  needle  with  iron  tilings,  and  by 
brintrmg  it  near  a  suspended  needle, 
it  will  be  found  to  be  unmagnetised. 

The  amounts  of  N  and  of  S  pole 
on  a  magnet  are  equal.  -Perhaps  the 
strongest  evidence  in  favour  of  the 
molecular  theory  of  magnetisation 
lies  in  the  fact  that  on  any  piece  of 
iron  or  steel  the  total  amount  of  N  pole 
La  always  equal  to  the  total  amount  of 
B  pole,  because  the  act  of  magnetisation  does  not  involve  the  putting 
of  pole  on  the  bar  or  needle,  but  merely  the  arrangement  of  the 
molecular  magnets  as  in  Fig.  709  This  may  be  proved  by  floating 
a  bar  magnet  upon  a  piece  of  wood  on  water.  The  magnet  is  then 
free  to  move  upon  the  surface  in  any  direction.  It  will  be  found 
that  the  magnet  rotates  until  it  points  north  and  south,  but  it  does 


FIG   711  — Magnet  floated  on  \\ater 


lot  move  bodily  either  north  or  south.  Thus,  the  forces  on  the. 
>l  and  S  poles  are  equal  and  opposite,  giving  rise  to  a  couple  but 
lot  to  a  resultant  force  of  translation.  This  shows  that  the  total 
imounts  of  N  and  of  S  pole  arc  copal. 

The  phenomenon  of  saturation  also  points  to  the  truth  of  the 
noiecnlar  theory.  It  will  be  seen  later  that  a  piece  of  iron  or  steel 
cannot  be  magnetised  to  more  than  a  certain  amount ,  when  all  the 
nolecular  magnets  have  been  turned  into  the  same  direction  it  is 
>bviously  impossible  to  increase  the  magnetisation  any  further. 

Soft  iron  and  steel. — The  chief  magnetic  difference  between  iron 
ind  steel  is  that  iron  is  easily  magnetised  and  readily  demagnetised, 
ivhile  steel  is  not  so  easily  magnetised,  but  retains  its  magnetisation 
•much  more  than  does  iron. 

Thus,  if  the  pole  of  a  strong  bar  magnet  be  applied  to  one  end 
jf  a  bar  of  soft  iron,  the  bar  of  iron  itself  becomes  a  strong  magnet 
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and  will  pick  up  a  considerable  amount  of  iron  filings.  On  removm 
fche  bar  magnet  the  filings  immediately  o\'op  oil'  the  iron  rod.  Als<, 
if  its  polarity  be  tested  by  bringing  its  p  jles  near  those  of  a  suspende 
needle,  they  will  be  found  to  be  arranged  as  m  Fig.  712. 

On  repeating  this  experiment  with  a  steel  rod  it  will  be  fount 
that  it  is  not  nearly  so  strongly  magnetised  by  contact  with  th 
magnet  as  was  the  iron  rod,  but  on  lemoving  the  magnet  the  stet 
rod  is  found  to  retain  its  magnetisation. 

It  is  thus  seen  that  th-e  presence  of  a  magnet  always  magnetise 
i  piece  of  soft  iron,  and  may  magnetise  a  piece  of  steel  if  the  previoi 
magnetisation  of  the  steel  is  sufficiently  feeble.  Hence,  if  a  piece  c 
joft  iron  be  brought  near  to  the  N  pole  of  a  suspended  magnet,  th 
learer  parts  of  the  iron  become  a  S  pole,  as  would  be  expected  froj 
.he  molecular  theory,  and  there  will  now  be  an  attraction  betwee 
he  iron  and  the  N  pole  of  the  needle.  This  is  characteristic  of  sol 
ron.  The  presence  of  a  magnet  produces  such  poles  in  the  ird 
,hat  there  is  always  an  attraction  between  the  iron  and  the  magne 
[n  the  case  of  steel  which  is  already  magnetised,  and  has  therefoi 
io-called  permanent  magnetisation,  there  may  be  an  attraction  betwee 
t  and  a  magnet,  or  there  m&y  be  repulsion,  as  was  seen  on  p.  77( 


774  MAGNETISM  AND  ELECTRICITY  CHAP. 


Inverse-square  law.  In  all  cases  where  an  effect  is  radially  and 
uniformly  distributed  with  respect  to  a  point,  the  efkct  falls  off 
inversely  as  the  square  of  the  distance  from  the  point  We  have 
already  seen  (p  544)  such  a  distribution  in  the  case  of  haht  radiated 
from  a  point  The  effect  on  a  point  magnetic  pole  due  to  another 
follows  the  same  law  It  is  usual  to  attempt  to  prove  this  inverse- 
square  law  in  the  case  of  each  phenomenon  to  which  it  applies, 
and  on  p  786  we  shall  do  so  for  the  law  of  force  between  magnetic 
poles  For  the  present,  however,  it  will  be  taken  for  granted. 
Thus,  the  force  between  two  point  poles  varies  inversely  as  their  distance 
apart,  or,  expressed  mathematically, 

Foc'"1>>?2 
(P 

That  the  force  between  the  poles  varies  directly  as  the  product 
of  their  strengths  MJ  and  w,2,  follows  from  the  fact  that  it  is  inde- 
pendent of  the  presence  of  other  poles  Thus,  there  is  a  certain 
force  between  two  given  poles  A  and  B  ,  if  a  third  pole.  C,  be  added 
to  A,  we  have  a  force  between  (A+C)  and  B  which  is  equal  to  the 
sum  of  the  separate  forces  between  A  and  B  and  between  C  and  B 
If  the  process  be  continued,  A,  B,  C,  etc  ,  being  all  unit  poles,  we 
see  that  the  force  between  any  two  compound  poles  is  proportional 
to  the  product  of  the  number  of  units  of  pole  in  each 

Unit  pole.  In  the  relation  F  x  ;^t/^2/r/2,  where  F  is  the  force  in 
dynes  between  the  two  polos  wt  and  >n2  situated  d  centimetres  apart, 
let  the  poles  be  chosen  of  such  a  strength  that  when  they  are  equal, 
and  d  is  one  centimetre,  F  is  one  dyne  Each  of  these  is  then  taken 
as  the  unit  of  magnetic  pole,  and,  measuring  »?A  and  )>i2  in  terms  of 
these  units,  we  may  then  write  our  equation, 

,.,  w,  x  w2  , 

jorce=       .2      dynes. 

Thus,  the  unit  magnetic  pole  may  be  defined  as  such  a  one,  that  when 
placed  one  centimetre  from  an  equal  pole,  the  force  between  them  is  one 
dyne,  the  poles  being  situated  in  air. 

EXAMPLE. — Magnetic  N  poles  of  strength  50  and  90  units  are  placed 
at  the  corners  B  and  C  of  an  equilateral  triangle  ABC  of  side  10  cm.  If 
a  S  pole  of  strength  80  be  placed  at  A,  find  the  resultant  force  on  A. 

_  _t/i1/wa 

' 
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50  x  80 
For  poles  A  and  B,     F  ---  ^     -40  dyne'3. 

10      _    80x90    ,. 
„     „      A  and  C,     F=     1Qi 


Since  both  these  forces  arc  attrac 
tions,  draw  AD  to  scale  equal  to  40 
and  AE  equal  to  72.  Complete  the 
parallelogram  ADFE,  and  the  diagonal 
AF  then  represents  the  resultant  force 
on  A.  Its  magnitude  a^  be  calcu- 
-^-eii  irom  the  relation  on  p.  82. 

Thus, 


AF  W(72)-  +  (40Jy  +  (2x72x40xcos60°)     50* 
—  _  B 

=  V5184  4- 1600  +  2880 

=V9b<54  =  98  dynes.  .,,_  -,.,     „         ,   ,  . 

i-  rlG   71 J — torces  between  magnetic  poles. 

EXERCISES  ON  CHAPTER  LXI. 

1.  Describe  how  you  would  magnetise  a  knitting  needle  so  that  one 
particular  end  should  be  a  N  pole.     How  would  you  test  this  when  made  ? 

2.  How  would  you  magnetise  a  needle  so  that  it  should  have  a  N  pole' 
at  each  end,  and  a  S  pole  in  the  middle  ?  i 

3.  What  kinds  of  forces  are  exerted  between  magnetic  poles?    Describe 
how  you  would  demonstrate  the  proof  of  your  statements. 

4.  A  soft  iron  rod  is  held  with  an  end  near  the  south  pole  of  a  bar 
magnet.     Give  a  diagram  illustrating  the  magnetisation  that  the  bar  will 
acquire,  and  explain  why  it  should  become  magnetised  m  this  way. 

5.  A  magnetic    pole  of  strength    180  units  is  situated  m  line  with  a 
magnetised  knitting  needle,  and  at  a  distance  of  30  centimetres  from  its 
middle  point.     If  the  length  of  the  needle  is  20  cm.  and  its  strength  of 
pole  40  units,  find  the  force  on  the  given  pole. 

6.  Find  the  foice  on  a  magnetic  pole  of  strength  40  units,  situated 
at  a  distance  of  30  cm.  from  each  end  of  a  magnetised  needle  whose  lengtl^ 
is  20  cm.  and  strength  of  pole  30  units.  j 

7.  Find  the  force  between  two  magnets  placed  in  the  same  straight 
line  with  a  distance  of  18  cm.  between  their  middle  points,  if  one  has 
length  12  cm.  and  pole  strength  60,  and  the  other,  length  6  cm.  and  pold 
strength  45  units. 

8.  Two   magnetised   knitting    needles,    each    of   mass    4   grams,    arej 
suspended  with  their  two  S  poles  together  and  the  N  pole  ends  hanging 
downwards.     The  magnets  are  free  to  turn  abouf-  the  S  poles,  and  the  (\ 
poles  move  apart  until  the  distance  between   them   is  4  cm.      Find  the 
pole  strength  of  each  needle,  assuming  that  the  N  poles  are  situated  20  cm^ 
below  the  S  poles,  and  the  centres  of  gravity  are  10  cm.  from  the  S  poles. 
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9.  A  knitting  needle  is  magnetised  and  then  broken  into  four  pieces 
equal  in  length.  What  will  be  the  magnetic  condition  ot  the  different 
pieces  ?  What  view  of  the  nature  of  a  magnet  does  such  an  experiment 
suggest  ? 

•    10.  State  the  law  of  action  between  magnet  poles 

Two  north  poles  repel  one  another  with  a  force  of  2  4  chrnes  when  their 
iistance  apart  is  2  cm.     What  will  be  then  distance  apart  \\hen  the  force 

"6  dynes  ?     Find  also  their  repulsive  force  whe 
is 


.    i  **:  tcr  LXI.  certain  effects 

•  •':  ,  .     Thus,  there  is  a  region 

i  •    *v  •  *v,a  its  influence  may  be  detected. 

v '  '<  -l.e  ease  of  powerful  magnets,  and  restricted 
i».  "  'Che  term  mag- 
Somctimes  applied  in  a 
manner  to  this  region,  but 
the  term  has  further  a  definite  and 
more  restricted  meaning. 

At  every  point  near  a  magnet,  or 
system  of  magnets,  a  magnetic  pole 
would  experience  a  force  in  some 
definite  direction,  and  if  the  pol?  is 
free  to  move  it  would  travel  in  this 
direction.  This  direction  is  called  the 
direction  of  the  magnetic  field  at  that 
point.  Although  free  poles  cannot 
be  obtained,  their  effect  may  be  illus- 
trated roughly  by  passing  a  long 
magnetised  needle  through  a  cork  and  floating  it  on  water 
(Fig.  714).  On  bringing  a  bar  magnet  NS  near,  and  on  a  level 
with  the  upper  pole  A,  the  force  on  this  will  be  much  greater  than 
that  acting  upon  the  lower  pole  B.  If  A  be  a  N  pole,  it  will,  on 
starting  near  N  of  the  bar  magnet,  be  driven  along  a  curved  path, 
and  eventually  reach  S.  Thus,  at  each  point  of  its  path  it  ex- 
periences a  force  driving  it  in  the  direction  of  the  magnetic  field  at 
that  point. 

Again,  a  suspended  needle,  or  compass  needle,  expeiienc.es  two 
forces,  one  on  its  N  pole  in  the  direction  of  the  magnetic  field,  and 


L''IG   714  -—Experiment  to  illustrate 
magnetic  fleld. 
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the  other  on  its  S  pole  in  the  opposite  direction  These  in  general 
form  a  couple  (Fig.  723)  tending  to  twist  it  into  the  direction  of  the 
magnetic  field,  but  when  it  attains  this  direction,  the  couple  becomes 
zero  and  it  is  then  in  equilibrium.  Thus,  a  suspended  needle  or 
compass  needle,  if  small  enough,  comes  to  lest  in  the  direction  of 
the  magnetic  field  Of  course,  if  the  needle  is  large,  its  two  poles 
may  be  m  places  where  the  direction  of  the  field  is  not  the  same, 
and  the  finding  of  its  position  of  equilibrium  is  not  then  so  easy. 

Lines  of  force.  A  line  wry-se  direction  at  each  point  is  that 
of  the  magnetic  field  nt  that  point  is  called  a  magnetic  ""m^of  force 
Thus,  the  magnetic  pole  A  (Fig  71  t)  traces  in  its  motion,  a  line  of 
force.  A  line  of  foice  may  also  be  defined  as  the  path  along  which 
a  N  pole,  perfectly  free  to  move,  would  travel  As  a  perfectly  free 
N  pole  cannot  be  obtained  in  practice,  magnetic  lines  </..  force  are 
usually  obtained  by  means  of  a  small  compass  needle,  which,  as  we 
have  seen,  always  comes  to  rest  in  the  dnection  of  the  magnetic  field. 

Ex  FT.  164  — Lines  of  force  of  a  bar  magnet.  Place  a  bar  magnet  on  a 
sheet  of  drawing  paper,  and  draw  in  its  outline.  Divide  up  this  outline 


FIG.  71,")  — Plotting  lines  of  iorce  FlG    716    —Lines  of  force  of  a  bar  magnet 

by  a  number  of  approximately  equidistant  marks  Place  a  small  compass 
needle  with  one  pole  as  nearly  as  possible  upon  one  of  these  marks,  and 
make  a  mark  A  (Fig.  715)  on  the  paper  at  the  other  pole  of  the  compass. 
Now  place  the  lirst  end  of  the  compass  on  A  and  make  another  mark  B, 
and  so  on,  until  the  line  traced  out  reaches  the  edge  of  the  paper  or 
returns  to  the  magnet.  Draw  an  even  curve  through  the  points  obtained, 
and  mark  it  with  an  arrow  to  show  the  direction  in  which  the  compass 
pointed.  Repeat  the  piocess  until  every  mark  upon  the  outline  of  the 
magnet  is  either  the  beginning  or  end  of  a  line  of  force.  The  lines  of 
force  in  Fig.  716  were  obtained  in  this  way. 

Note. — Lines  of  force  arise  on  a  N  pole  and  end  on  a  S  pole  ;  also  no 
two  lines  can  meet  or  eross  each  other,  for  if  they  did  it  would  mean 
that  the  compass  would  have  two  directions  at  the  same  time,  where  the 
lines  cross,  which  is  absurd 
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EXPT.  165. — Lines  of  force  of  two  bar  magnets,  unlike  poles  together 
ace  two  bar  magnets  on  a  sheet  of  drawing  paper  as  in  Fig.  717,  am 
ap  out  the  lines  of  force  as  in  Experiment  16.4.  • 


FIG.  717. — Lines  of  force  of  two  bar 
magnets,  unlike  poles  together. 


Fl'6.  718.     Lines  of  force  of  two  bar 
magnets,  like  poles  together. 


EXPT.    166. — Lines   of  force   of  two   bar   magnets,    like   poles   together. 
Repeat  Experiment  165,  but  with  the  N  poles  together  as  in  Fig.  718. 

EXPT.  167. — Lines  of  force  by  means  of  iron  filings.     Place  a  piece  of 
rawing  paper  over  the  magnets  in  Expts.  164,  165  and  166,  and  sprinkle 


ron  filings 
hemselves 
ield  of  the 
oating  the 
.llowing  it 
hey  have 


FlG.  719. —  Lines  of  force  by  means  of  iron  filings. 

on  the  paper.  Tap  the  paper  gently  until  the  filings  arrange 
in  lines,  as  in  Fig.  719.  Each  filing  becomes  a  magnet  in  the 
bar  magnet,  and  the  filings  then  hang  together  in  chains.  By 
paper  with  molten  paraffin  wax  before  the  experiment  and 
to  cool,  a  smooth  surface  is  presented  to  the  filings.  After 
taken  their  proper  arrangement  the  lines  can  be  rendered 
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permanent  by  pa-wing  a  bunseii  name  over  the  sheet,  which  melts  the  wax 
and  imbeds  the  filings.     Figs  719,  720  and  721  wore  obtained  m  this  way. 


FIG   7UO  -    Linos  of  force  by  means  of  iron  filings 

Strength  of  magnetic  field,  or  magnetic  intensity. — Having  seen 
that  the  magnetic  field  has  a  definite  dnection  at  every  point,  its 


FlG   7-1    -Lino  of  force  by  means  of  iron  filings 

strength  must  now  be  considered  It  is  fairly  obvious  from  Figs.  716- 
721  that  the  field  is  stronger  where  the  lines  of  force  are  packed 
closely  together  rhan  where  they  are  far  apart.  In  order,  however, 
to  define  exactly  the  strength  of  field  at  any  point,  a  unit  pole  must 
be  imagined  to  be  placed  at  the  point  Tins  pole  experiences  a 
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force,  which  force  is  taken  as  the  measure  of  the  strength  of  field. 
Thus,  the  strength  of  field,  or  magnetic  intensity  at  any  point  is  the 
force  that  would  be  exerted  on  a  unit  N  pole  situated  at  this  point 
This  quantity  is  usually  denoted  by  t 

the  letter  H      Thus,  the  force,  on  a  '»H 

pole  M,  situated  in  a  magnetic  field 
of  intensity  H,  is  mH  dynes. 

Magnetic  moment  of  a  magnet. 
Consider  a  magnet   NS   (Fig    722) 
having  a  pole  of  strength  >n  at  either 
end,  to  be  situated  at  right  angles 
to  a  magnetic  field  of  intensity  H 
Then  each  pole  experiences  a  force 
mH    dynes,    these    forces     act     m 


T 

wHY 


itlN 


FIG  722  — Couple  acting  on  a  magnet 


opposite  directions,  and  therefore  constitute  a  couple  (p.  125)  whose 
turning  moment  is  Htnl,  where  I  is  the  length  of  the  magnet  or 
distance  between  the  poles  This  couple  consists  of  two  parts,  the 
field  H  and  the  part  >nl  belonging  to  the  magnet  The  quantity 
nil  is  called  the  magnetic  moment  M  of  the  magnet. 
Hence,  Couple-HM 

As  a  rule  magnets  do  not  have  the  two  poles  situated  exactly  at 
the  ends,  and  hence  both  m  and  /  are  indefinite  quantities.  Htill,  the 
magnetic  moment  M  is  not  indefinite,  for  it 
may  be  measured  by  mechanical  means,  by 
determining  the  couple  necessary  to  hold 
the  magnet  at  right  angles  to  a  given  field. 
Thus,  the  magnetic  moment  may  also  be 
defined  as  the  couple  required  to  hold  a 
magnet  at  right  angles  to  a  field  of  unit  intensity. 

Couple  acting  on  a  magnet  in  any  position. 

-If  the  magnet  be  inclined  at  an  angle  6 
to  the  field  H  (Fig.  723)  the  force  on  each 
pole  is  still  Hw?,  but  the  perpendicular  dis 
tance  between  the  forces  is 

AN  - 1  sin  0  : 
.*.  couple  =Hwl  sin  6 
=  HM  sin  6. 

From  this  it  is  seen  that  when  0  =  90°,  the  couple  is  HM,  as  found 
above,  and  when  0-0°  the  couple  is  zero,  since  smO°  =  0.     Hence, 


FIG  723  --Couple  acting  On 
a  magnet  UK  lined  to  a  mag- 
netic Hold 
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the  only  position  in  wliK  h  a  freely  suspended  magnet  is  in  equilibrium 
m  a  given  field  is  when  its  direction  is  coincident  with  that  of  the 
field 

Field  due  to  a  bar  magnet.— The  general  form  of  the  field  due 
to  a  bar  magnet  is  shown  in  Fig  71 G  The  strength  of  field  at 
certain  points  mav  be  calculated  without  difficulty  Thus,  take 

a  point  P  (Fig  724)  on 
the  line  passing  through 
the  poles  of  the  magnet  of 
pole  st length  m.  Let  I 
be  half  the  length  of  the 
magnet  and  d  the  distance 
of  P  from  its  middle  point. 
Then  the  distance  of  P 
from  N  is  (d  - 1),  and  from 
S  the  distance  is  (d-{-l). 

Imagine    a    unit    N    pole 
placed  at  P 

Force  on  unit  pole 


Force  on  unit  pole 
due  to  8=     m 


Fia    724    --Strength  of  field  duo  to  ,i  bar  magnet    In 
calculation 


Since  these  two  forces  are  in  the  same  hue  but  have  opposite  senses, 
we  have  m  fl> 

Resultant  force  — ,  7     Iv9  -  ,-.     ..„ 

(d  -  I}2     (d  + 1)* 


(d2  -  P? 
d 


This  is  the  force  on  unit  pole,  and  is  therefore  the  strength  of  the 
field  at  P      Also,  since  2nd  is  the  magnetic  moment  M  of  the  magnet, 

Strength  of  field  at  P=  ,  7,2M'L- 

(a  —I  ) 

If  P  is  at  a  considerable  distance   from  the  magnet,  ?2  may  be 
neglected  in  comparison  with  d2,  and  the  strength  of  field  is  then 


At  a  point  Q  on  the  line  bisectmu  the  magnet  at  right  angles 
(Fig.  724),  the  strength  of  field  mav  be  determined  in  a  somewhat 
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similar  manner,  by  placing  a  unit  N  pole  at  Q  and  finding  the  force 
acting  on  it.     Thus,  )n 

Force  due  to  N  = 


o  W* 

"      S     QS2' 

Representing  these  forces  by  QA  and  QB,  the  resultant  force  will 
be  represented  by  QF 

From  the  similarity  of  the  triangles  FBQ  and  NQS, 

FQ^NS 

BQ~QS' 


Now, 


BQ-QS2,     and 


2  >nl 

FQ-=    ---- 


M 


Also,  since 


which  is  therefore  the  strength  of  h'eld  at  Q  due  to  the  magnet. 

If  (1  is  so  great  compared  with  /,  that  /2  may  be  neglected  in  com- 
parison with  d2,  the  strength  of  field  is  M/V/3. 

Neutral  point.  In  plotting  the  lines  of  a  force  of  a  magnet  (Fig  71  6), 
it  is  the  resultant  of  the  fields  due  to  the  magnet  and  the  earth  that 
has  been  found  Near  the  magnet,  tlut  earth's  field  has  little  effect, 
as  it  is  feeble,  in  comparison  with  that  of  the  magnet  At  greater 
distances,  however,  the  earth's  tield  is  more  important,  and  at  very 
groat  distanc.es  from  the  magnet  the  earth's 
field  only  is  of  consequence  It  will  therefore 
happen  that,  at  some  points,  the  fields  of  the 
earth  and  the  magnet  are  equal,  and  if  they 
are  also  opposite  in  direction,  the  resultant  is  /  /  .  p 
zero.  The  compass  needle  would  set  in  any 
direction  at  such  points.  They  are  called 
neutral  points. 

EXPT.  168.  —  Neutral  point.  Place  the  bar  mag- 
net on  a  sheet  of  drawing  paper  with  its  S  pole 
pointing  north.  Plot  the  lines  of  force  diverging 

from  the  S  pole.     It  will  be  found  that  they  are 

,.  ,  ,      f  .  ^        -rtr          ,,  ,  ,l  Fin.  725  —  Neutral  point. 

oi  the  lorm  shown  in  1  ig.  725  in  the  neighbour- 

hood of  some  such  point  as  P,     Draw  the  lines  nearer  and  nearer  to  P 
until  its  position  is  determined.     Measure  the  distance  d  fiom  P  to  the 
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middle  of  the  magnet,  and,  taking  the  earth's  field  strength  as  0  18,  cal- 
culate the  magnetic  moment  of  the  magnet  from  the  relation  2M/e/3  =0-18 ; 
or  use  the  more  exact  relation 

2M1  -0-18. 

(d*-i*r 

The  magnetometer.— It  has  already  been  seen  that  a  suspended 
needle  points  north  and  south,  that  is,  it  sets  in  the  direction  of 
the  earth's  magnetic  field  If,  however,  a  magnet  be  brought 
near  the  needle,  it  may  be  doflected  from  the  true  north  and  south 
position  ,  it  will  set  along  the  resultant  magnetic  field*  due  to  the 
earth  and  the  magnet 


FIG  72ft  —Diagram  ot  the  magnetometer 

Let  the  field  due  to  the  magnet  NS  be  at  right  angles  to  that  due 
to  the  earth,  as  in  Fig.  726.  The  suspended  magnet  will  take  up 
some  such  position  as  shown,  making  an  angle  Q  with  the  earth's 
field 

Hence,  the  couple  due  to  the  earth's  field  is  H»?sm#  (where  m 
is  the  magnetic  moment  of  the  suspended  magnet),  and  tends  to 
rotate  it  into  the  direction  of  the  earth's  field  (p  781)  In  a  similar 
manner  the  deflecting  couple  due  to  the  magnet's  field  F,  is  F/>?  cos  6, 
and  the  suspended  magnet  is  in  equilibrium  when  these  two  couples, 
which  tend  to  rotate  it  in  opposite  directions,  are  equal, 
.*.  Fw  cos  O^Hm  sin  6  ; 


H 


-tan 
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For  the  magnet  NS  in  the  position  shown,  which  is  known  as  the 
"end  on"  position,  F  =  2M/d3  (p.  782),  so  that 


2M 


=  H  tan  0.     or 


M 


If  the  .magnet  is  placed  at  N'S',  then  F^M/W3,  and 

M  M 

^  =  Htan0,    or     ~.==<Ptan0. 

This  is  known  as  the  "broadside"  position. 

The   magnetometer  has  a  variety  of  forms,  a  common  one  being 
shown  in  Fig.  727.     The  magnetic  needle  may  be  supported  on  a 


f- 


FIG.  727.     The  magnetometer. 

needle  point,  or  suspended  by  a  fibre.  It  is  provided  with  a  long 
pointer  pj)',  so  that  its  position  with  respect  to  a  horizontal  circular 
scale  may  be  read  to  half  a  degree  or  less. 

In  Fig.  727  the  magnet  producing  the  deflection  is  shown  in 
the  end  on  position  at  B,  and  is  either  east  or  west  of  the  suspended 
needle.  For  the  broadside  position  the  magnetometer  must  be  turned 
round  so  that  the  magnet  is  either  north  or  south  of  the  suspended 
needle.  Its  distance  may  be  measured  upon  the  linear  scale. 

Use  Of  the  magnetometer.  -The  magnetometer  may  be  used  for 
comparing  magnetic  fields,  magnetic  moments,  or  finding  the  ratio 
of  the  values  of  a  magnetic  moment  and  a  field.  In  all  cases  the 
procedure  is  as  follows  ; 

(i)  The  instrument  is  turned  round,  and  levelled  if  necessary, 
until  both  ends  of  the  pointer  are  at  0°  on  the  scale  when  there 
is  no  deflecting  magnet  near. 

(ii)  The  magnet  B  is  placed  with  its  middle  point  at  a  certain 
distance  d  from  the  needle,  and  the  deflection  indicated  by  both 
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ends  of  the  pointer  observed  This  is  to  correct  for  want  of 
symmetry  of  the  scale  and  pointer 

(in)  If  the  magnet  was  east  of  the  needle  in  the  first  position,  it 
is  now  removed  to  an  equal  distance  west  of  it,  or  vice  veisa,  and 
the  deflection  again  observed 

This  is  to  correct  for  the  fact  that  the  zero  of  the  linear  scale  may 
not  be  exactly  at  the  middle  of  the  suspended  needle 

(iv)  The  magnet  is  now  turned  over  so  that  the  end  which  pointed 
east  now  points  west,  and  all  the  observations  repeated  The 
magnet  may  not  be  symmetrical  in  its  polarity,  but  this  is  corrected 
for  by  this  reversal  of  its  direction 

There  are  now  eight  readings  of  the  deflection,  and  the  mean  of 
the  eight  is  the  deflection,  free  from  the  above  errois.  The  readings 
may  with  advantage  be  recorded  as  follows 


Magnet  E  of  needle,  N  pole  pointing  E  - 

W_ 
,, 

Magnet  W  of  needle,  N  pole  pointing  W  - 


Distance  d~ 


cm 


Mean  deflection  6  — 


EXPT.  169. — To   prove   the   relation 


M 


2d 


for    the    end  on 


position 

Follow  the  above  instructions,  with  the  magnet  at  50  cm.  from  the 
needle  in  the  end  on  position,  and  observe  the  mean  deflection.  Repeat 
at  distances  of  45  cm.,  40  cm.,  and  35  cm.  In  each  case  calculate  the 
value  of  (d2  -  I2)  tan  #,2r/,  and  show  that  this  is  approximately  constant; 
for  each  distance  calculate  the  percentage  error  introduced  in  using 
(d3  tan  0)/2  instead  of  the  more  exact  relation. 

M  '' 

EXPT.  170. — To  prove  the  relation  _=(d24l2)-  tan  0   for    the    broadside 

position. 

Repeat  the  last  experiment,  using  the  magnet  m  the  broadside  instead 
of  the  end  on  position.  Calculate  (d2  + 12)-  tan  0  for  each  distance,  and 
find  the  percentage  error  at  each  distance  if  d5  tan  6  were  used. 

Proof  of  inverse  square  law.—  It  will  have  been  noticed  by  the 
student  that  the  formula  for  the  strength  of  field  due  to  a  magnet 
was  calculated  on  p  782,  by  assuming  the  inverse  square  law  to  be 
true  ;  hence,  the  validity  of  the  results  depends  upon  the  truth  of 
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the  law,  and  the  constancy  of  the  values  for  M/H  in  the  magneto- 
meter experiments  is  a  good  indication  of  the  truth  of  the  law. 

Comparison  of  magnetic  moments.  By  employing  different 
magnets  in  the  magnetometer  experiment,  the  ratio  of  their  magnetic 
moments  may  be  found.  Using  t  he  first  magnel  of  magnetic  moment 
Mt  and  obtaining  the  corresponding  mean  deflection  Ov  as  on  p  786, 
for  distance  flr  ^  ^  3 

t~)     I'tm  ^]) 

+j 

and  for  the  second  magnet, 

MO  (in  n 

H-=5-tanfl,; 

'  '   M2  "  r/23  tan  l92 

If  more  exact  results  are  required,  the  longer  expressions  for  M/H 
must  be  used. 

EXPT.  171. — To  compare  magnetic  moments. — Find  d3  tan  0  for  each 
of  two  magnets  m  turn,  using  three  distances  r/,  m  each  ease,  and  obtain 
the  ratio  Mi/IVL  as  above. 

Comparison  of  magnetic  fields.-  The  strengths  of  magnetic  field 
at  two  places  may  be  compared  by  perfoirning  the  magnetometer 
experiment  with  the  same  magnet  at  both  places.  Thus,  at  the 
first  place  let  Ht  be  the  strength  of  field, 

then,  —  =  (  *  tan  6,. 

At  the  second  place,  where  H2  is  the  magnetic  field, 
~  =* %  tan  0,  ; 


Equivalent  length  of  magnet.  Since  the  poles  of  a  magnet 
are  not  merely  at  its  ends,  but  are  spread  over  an  appreciable  part  of 
the  sides,  it  is  not  strictly  correct  to  take  I  as  half  the  actual  length 
of  the  magnet  in  the  above  cases.  For  every  magnet,  however, 
there  must  be  some  equivalent  length  I,  such  that  2ml  is  the  moment 
of  the  magnet,  and  it  is  this  value  of  /  that  should  be  used  in  the 
above  experiments. 

This  equivalent  length  I  may  be  found  for  any  magnet  by  making 
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observations  and  finding  (r/2  -Z2)2  (t&nO)/k2d  for  two  distances  dl  and 
dz      These  results  should  be  equal,  hence 


and,  since  rZ,,  r72,  tan  Ol  and  tan  #2  are  now  known,  I  may  be  calculated. 
The  following  instructive  method,  due  to  Mr    E    Edser,  may  be 
employed      Using  the  broadside  posit  ion,  we1  have, 

)-'  tan0, 


or 

If  a  series  of  values  of  d  and  6  be  obseived,  r/2  and  cot  l#  may  be 
calculated,  and  if  plotted  in  the  form  of  .1  graph,  will  give  a  straight 

line,   'such    as    AB    (Fig     728) 
Tins    hue    may     be     produced 
backwards  until  it  cuts  the  <72 
axis  in  the  point    C,  ior  which 

point    cot '0=0,  and   therefore 
rf2  + J2~0,  so  th.it  OC  is  nnmeii- 

K      *f  11  1          l  TO 

o 


,<^  cally  equal   to  I2      By  taking 

~~~^  _     ;  „   the  square  root  I  is  found 

Cot  3  0  1 

EXPT.  172  — To  find  the  equiva- 
lent length  of  a  mag-net.     Perform 
FK;  72S— ({mphfor  findmtf  tluMMimvalont     cl  Sot  of  readings  as  m  Kxpf     170, 
length  01  a  miiKiirt  but  plot  rf2  and  oot*fl  as  in  Fig  728 

Produce  ibo  line  AB  to  cut  the  axis  in  C       Note  the  length  of  OC ,  find 
its  square  root  7,  and  double  it  to  obtain  the  equivalent  length  of  the 
magnet.     Measure  its  actual  length  and  evaluate  the  ratio 
equivalent  length  of  magnet 

real  length  of  magnet 

Vibration  of  a  suspended  magnet.  -It  will  have  been  noticed  that 
comparisons  of  magnetic  moments  and  strengths  of  field  may  he 
made  by  means  of  the  magnetometer,  but  that  neither  can  be 
determined  m  absolute  measure.  To  do  this,  some  other  relation 
between  these  quantities  must  be  found.  Tins  relation  IS  given  by 
the  equation  for  the  time  of  oscillation  of  a  suspended  magnet, 
vibrating  with  small  amplitude  in  a  magnetic  field.  This  relation  is 

-i- t) 
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where  T  is  the  time*  of  one  complete  oscillation  and  I  is  the  moment 
of  inertia  (p  fcJ(K))  of  the  magnet  ,  M  and  H  have  the  same  meanings 
as  before.  The  moment  of  inertia  is  related  to  rotational  motion, 
exactly  as  mass  is  to  linear  motion,  and  its  value  tor  a  rectangular 
bar  magnet  about  an  axis  passing  through  the  centre  of  mass  is 
found  to  be  Mass  x  (/2  +  62)/12,  where  /  is  the  length  and  b  the 

breadth  of  the  bar.     For  a  circular  bar  niaunet  I —Mass  x  (-'„  4- 
where  r  is  the  radius  of  the  circle. 

Comparison  of  magnetic  fields.— Since  the  moment  of  inertia  of 
any  body  with  respect  to  a  given  axis  is  constant,  a  knowledge  ot 
the  time  ol  vibration  of  a  magnet  affords  a  good  method  for"  the 
companion  of  field  strengths.  For  if  TL  is  the  time  of  vibration 
at  a  place  where  the  field  strength  is  HI}  and  T2  is  the  time  where 
the  field  strength  is  H0, 

— ,     and     T9  =  2?r 


I,. 

To 


L 

.      /H2 

VH/ 


As  a  rule,  the  numbers  of  vibrations 
are  observed  ,    then  _^          =  lt 


>j  and  n2  in  a  given  time  t 


"     H2        "/ 

where  ??,  and  v2  are  the  numbers  of  vibrations  made  in  the  same 
time  at  two  places  where  the 
field   strengths  are  Hl    and  H2 
respectively. 

EXPT.  173.— Plotting  fields  by 
means  of  vibrations.  Suspend 
a  piece  of  magnetised  knitting 
needle  or  clock-spring  about  2  cm. 
long,  by  means  of  a  silk  fibre, 
protecting  it  from  draughts  by 
means  of  a  boaker,  as  in  Fig.  729. 
Either  north  or  south  of  the 
needle  place  the  bar  magnet  NS, 
pointing  north  and  south,  with 
its  nearest  pole  10  cm.  from  the 
needle.  Count  the  number  of  FlG<  729< 

vibrations  n  made  by  the  needle  in  one  minute.     Repeat  at  distances  of 
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15,  20,  25,  and  30  cm.,  and  again  when  the  magnet  is  taken  away,  so 
that  the  needle  vibrates  m  the  earth's,  field  alone.  Tabulate  the  result 
as  follows  : 


Distance 


n            j            n'            ;    (F-j  H)/  *»- 

i 

F 

0  18 

0 

15 
20 


In  the  fourth  column  is  the  resultant  Held  due  to  magnet  and  earth 
(F-f  H)  ;  the  values  for  this  held  aie,  Kmiid  horn  the  iaet  that  nz  is  pro- 
portional to  the  resultant  held,  and  with  the  magnet  absent  (or  at  infinity) 
the  earth's  field  alone  ih  assumed  to  be  0  18.  The  last  column,  F,  IK  the 
field  due  to  the  magnet  alone,  and  is  obtained  by  taking  0  18  from  each 
of  the  values  of  (F  +  H).  Plot  a  curve  with  distances  from  the  magnet 
as  abscissae  and  F  as  ordmates. 

Repeat  the  experiment  with  the.  magnet  east  or  west  of  the  needle  and 
still  pointing  north  and  south,  measuring  the  distance  from  the  middle  of 
the  magnet. 

Determination  of  earth's  magnetic  field.  From  the  magnetometer 
experiment  (Expt.  169)  we  obtain  the  relation  -  '-  tan  0,  and  from 


Com- 


t2  ' 


the  vibration  experiment  (p  789)  T^TTA/      ,  or  MH  = 

binmg  these  equations  we  obtain  MH  x      -M2,  01  MH  . --  -H2,   and 

H  H 

thus  both  M  and  H  may  be  found  in  absolute  measure 

EXPT.  174. — Determination  of  H.  By  moans  of  the  magnetometer  find 
the  value  of  \d*  tan  0(  =M/H),  as  in  Expt,  160.  Now  suspend  the  bar 
magnet  at  the  place  previously  occupied  by  the  magnetometer  needle, 
employing  a  paper  stirrup  hung  by  a  silk  thread,  or  the  finest  cotton  that 
will  cany  the  weight  of  the  magnet.  Take  the  time  tor  fifty  oscillations 
of  the  magnet  by  means  of  a  stop-watch,  and  so  obtain  T,  the  time  of  one 
oscillation.  Care  should  be  taken  that  the  magnet  oscillates  only  a  few 
degrees  on  either  side  of  ith  equilibrium  position,  and  complete  oscillations 
must  be  taken,  that  is,  the  time  from  passing  any  given  position  to 
next  passing  the  same  position  in  the  same  direction.  Now  weigh  the 
magnet,  measure  its  length  and  breadth,  and  calculate  I,  the  moment  of 
inertia  (p.  789).  47r2I  T2  ( =MH)  should  now  be  found,  and  combining 
this  with  the  result  of  the  magnetometer  experiment,  M  and  H  should  be 
calculated. 


EXERCISES  ON  CHAPTER  LXII. 

1.  Describe  how  the  strengths  of  two  magnetic  fields  may  be  compared 
by  means  of  a  vibrating  magnet. 

2.  Define  the  magnetic  moment  of  a  magnet.     Describe  how  the  mag- 
netic moments  of  two  magnets  may  be  compared  by  a  deflection  method. 

\\.  Show  that  the  magnetic  intensity  due  to  a  short  bar  magnet  of 
moment  M  at  a  distance  d  from  the  mid-point  along  a  line  at  right  angles 
to  the  magnetic  axis  is  approximately  M/</3. 

4.  A  small  magnet  oscillating  in  the  earth's  magnetic  field  makes  20 
vibrations  in  150  seconds.     Tt  is  then  placed  duo  north  of  a  bar  magnet, 
which  is  lyims  in  the  magnetic  meridian  with  its  north  pole  pointing  north, 
and  is  then  found  to  make  20  vibrations  m  80  seconds.     Find  the  strength 
of  magnetic  field,  at  the  position  of  the  oscillating  magnet,  due  to  the  bar 
magnet.     (H   -0  18.) 

5.  A  small  suspended  magnet  makes   10  oscillations  in  35  seconds  in 
the  earth's  field  alone.     On  bringing  a  bar  magnet  with  its  S.  end  pointing 
north  to  a  point  due  east  of  the  suspended  needle,  the  needle  makes  20 
oscillations  in  55  seconds.     Find  the  time  of  oscillation  of  the  suspended 
needle  if  the  bar  magnet  is  now  reversed  pole  for  pole. 

6.  Define  the  magnetic  moment  and  the  magnetic  axis  of  a   magnet, 
and  describe  how  you  would  determine  one  of  them  experimentally. 

7.  Define  the  terms  unit  magnetic  pole  and  xtrvtujlh  of  a  magnetic  field 
at  a  given  potnt. 

Calculate  the  field  due  to  a  bar  magnet,  JO  cm.  long,  and  having  a  pole 
strength  of  100  units,  at  a  point  20  cm.  from  each  pole.  L.U. 

8.  What  factors  determine  the  time  of  oscillation  of  a  magnet  when 
free  to  swing  in  a  horizontal  plane  ? 

Two  bar  magnets  are  bound  together  side  by  side  and  .suspended  so  as 
to  oscillate  in  a  horizontal  plane.  The  time  of  swing  is  12  seconds  when 
like  poles  are  together  and  1(>  seconds  when  the  dnection  of  one  magnet 
is  reversed.  Compare  the  moments  of  the  magnets.  L.U. 

9.  How  would  you  define  (<t)  unit  magnetic  pole,  and  (b)  the  moment 
of  a  magnet  ? 

A  thin  magnet  20  cm.  long,  having  its  north -seeking  end  pointing  south, 
junt  balances  the  earth's  field  (H  =-  0  2  c'.G.s.)  at  distances  of  10  cm.  from 

its  poles.     Find  its  magnetic  moment.  L.U. 

10.  Explain  the  method  of  comparing  the  intensities  of  magnetic  fields 
by  observations  of  the  times  of  oscillation  of  a  magnetic  needle. 

A  small  magnet  vibrating  horizontally  in  the  earth's  firld  has  a  penod 
of  4  seconds.  When  another  magnet  is  brought  near  to  it,  50  swings  take 
160  seconds.  Compare  the  strength  of  the  field  due  to  the  magnet  with 
the  earth's  horizontal  field,  assuming  that  the  two  fields  are  in  the  same 
direction  or  in  opposite  directions.  L.U. 

11.  What  is  the  law  of  force  between  two  magnetic  poles  ?     The  moment 
of  a  magnet  is  200  units,  and  the  poles  are  10  cm.  apart.     Find  the  force 
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which  this  magnet  exerts  upon  a  pole  ot  strength  10  units  placed  upon 
its  axis  at  a  distance  ol  25  cm.  from  the  mid  point  ot  the  magnet 

L.U. 

12  Desenbo  some  method  of  meastinng  the  horizontal  component 
of  the  earth's  magnetic;  held. 

13.  A  bar  magnet  is  8  em.  long,  and  has  its  magnetic  poles  concentrated 
at  its  ends.     Determine  giaphieally  the  direction  of  the  magnetic  field  at 
points  distant  fiom  the  poles  as  follows  .    (a)  4  cm.  from  the  N.  polo  and 
0  cm.  from  the  S.  pole  ;    (h)  0  cm.  fiom  the  N    pole  and  8  cm.  from  the 
S.  pole  ,    (c)  7  cm    from  the  N.  pole  and  5  cm    fiom  the  S    pole. 

Adelaide  Univeisity. 

14.  What  is  the  miynctic  moment  ot  a  magnet  V 

A  short  magnet  is  placed  in  a  hoii/ontal  plane  \\ith  its  axis  parallel  to 
the  meridian  and  its  N-seekmg  pole  pointing  to  the  south  It  is  found 
that  at  a  point  on  the  axis  of  the  magnet  50  cm  to  the  south  oi  its  mid- 
point the  resultant  horizontal  held  is  /m>.  11  the  intensity  ot  the  earth's 
horizontal  field  is  0  20  dyne  pel  unit  pole,  calculate  the  magnetic  moment 
of  the  magnet.  L.U. 

15.  Define  Magnetic  Field,  Strength  of  Field,  Lines  of  Voice,  Magnetic 
Moment,  Unit  Pole. 

What  is  the  eon  pie  acting  on  a  magnet  12  cm  long,  of  pole  strength 
7  units,  placed  at  an  angle  ol  60'  with  the  direction  of  a  field  of  strength 
0  017  unit  ?  Punjab  University. 


CHAPTER  LXIII 

TEKKKSTftlAL,   MA1SNET1SM 

Earth's  resultant  magnetic  field. — In  Chapter  LXII  the  magnetic 
field  has  been  treated  as  though  it  were  horizontal,  because  it  is  only 
the  horizontal  component  of  the  field  that  is  active  in  making  a 
compass  noodle  point  north  and  south.  That  the  needle  itself 
remains  horizontal  is  not  surprising,  for  it  is  always  adjusted  in 
its  stirmp,  or  on  its  needle-point,  until  it  assumes  a  horizontal 
position. 

In  order  to  determine  whether  the  earth's  magnetic  field  is  really 
horizontal,  it  is  necessary  to  balance  the  needle  carefully  before  it 
is  magnetised.  It  is  then  magnetised  and  mounted  so  that  it  is 
free  to  rotate  in  a  vertical  plane  (p  797)  It  will  then  be  found 
that  it  does  not  set  horizontally  ;  in  the  noithern  hemisphere  the  N 
end  of  the  needle  dips  downwards,  and  in  the  southern  hemisphere 
the  S  end  dips  downwards.  The  resultant  magnetic  field  is  therefore 
inclined  to  the  horizontal. 

Again,  if  a  soft  iron  rod  be  placed  north  and  south,  it  will  be  mag- 
netised by  the  earth's  field,  the  end  pointing  north  becoming  a 
N  pole  Also,  if  it  be  placed  vertically,  m  the  northern  hemisphere, 
the  lower  end  will  become  a  N  pole  ;  further,  if  the  rod  be  placed 
parallel  to  the  direction  in  which  the  dip  needle  sets,  it  will 
bo  still  more  strongly  magnetised.  A  slight  tapping  assists  these 
effects.  If  an  unmagnetised  bar  of  steel  be  used,  a  vigorous 
tapping  with  a  hammer  will  be  necessary'  for  it  to  become 
magnetised. 

EXPT.  175. — Magnetisation  of  a  bar  in  the  earth's  field.  Place  a  soft  iron 
bar,  about  18  m.  long  and  J  in.  diameter,  horizontally  north  and  south 
and  tap  it  gently.  Bring  a  compass  needle  near  each  end  jn  turn,  and 
test  its  polarity.  Repeat  with  the  bar  arranged  vertically,  and  test  the 
polarity. 
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Place  the  bar  in  a  vertical  plane  situated  N  and  S,  the  length  of  the 
bar  being  inclined  at  about  GO"  to  the  horizontal  Tap  it  gently  and 
test  the  polarity  of  its  ends  with  a  compass  needle. 

Magnetic  declination  and  dip.  Jt  is  well  known  that  a  compass 
needle  does  not  point  true  geographical  noith  and  south  ,  thus  the 

direction  of  the  earth's  magnetic  field  is 
not  in  general  horizontal,  neither  is  it  in 
the  geographical  meridian  If  the  verti- 
cal plane  AB  (Fig  730)  be  taken  to  repre- 
sent the  geogiaplucal  meridian,  or  plane 
passing  through  the  point  of  observation 
and  containing  the  axis  of  rotation  of 
the  earth,  the  magnetic  meridian,  or  vertical 
plane  containing  the  axis  of  a  freely 
suspended  magnet,  is  inclined  to  AB,  and 
may  be  represented  bv  the  plane  CDEF. 
The  angle  GCD  between  the  geographical 
and  magnetic  meridians  is  called  the 
magnetic  declination,  or  in  nautical  language, 
the  magnetic  variation,  or  the  variation  of 
the  compass 

The  angle  DCE  between  the  resultant 
direction  of  the  earth's  magnetic  field  and  the  horizontal  is  called 
the  magnetic  dip  ,  it  is  the  angle  of  dip  of  a  magnetised  needle  which 
is  free  to  rotate  in  the  plane  of  the  magnetic  meridian 

The  icsultant  magnetic  intensity  CE,  repiesented  by  I,  may  be 
resolved  into  two  components,  H  and  V,  one  of  which  is  horizontal 
and  the  other  vertical  Since  the  triangles  CDE  and  EFC  have  right 
angles  at  D  and  F,  we  have 


-,    and 


These  quantities,  the  declination,  dip,  H,  V  and  I  aie  known  as 
the  magnetic  elements  at  any  point  on  the  earth's  surface,  and  if 
the  declination  and  any  two  of  the  other  elements  are  known,  the 
whole  of  them  may  be  calculated 

The  three  elements  usually  measured  at  any  place  are  the  declina- 
tion, dip,  and  the  horizontal  component  of  the  earth's  field,  H.  The 
measurement  of  H  has  already  been  described. 


FIG    7  .it)  — 


and  dip 
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Measurement  of  declination.  To  determine  the  declination  at 
any  place,  the  position  of  the  geographical  meridian  must  be  found, 
and  also  that  of  the  magnetic  meridian.  The  geographical  mendiaii 
is  found  by  astronomical  means,  by  observing  the  direction  of  the  sun 
at  a  known  time,  its  direction  at  this  particular  time  being  known  in 
terms  of  the  longitude  of  the  place,  from  astiononueal  tables.  To 
determine  the  direction  of  the  magnetic  meiidian,  a  suspended 
needle  or  compass  is  employed,  but  it  must  be  so  arranged  that 
when  the  direction  of  its  axis  has  been  observed,  it  may  be  turned 
over  and  suspended  from  the  other  side  and  a  new  observation 
made.  The  true  direction  ot  the  magnetic  meridian  is  obtained 
by  bisecting  the  angle  between  the  two  observed  positions  of  the 
geometrical  axis  of  the  magnet 

The  reason  tor  this  may  best  be  understood  by  considering  what 
we  mean  by  the  magnetic  axis  of  a  magnet  In  the  ca^e  of  a  thin 
magnetised  needle  there  is  little  doubt  as  to  the  meaning  oi  the 
term,  it  is  a  line  joining  the  poles.  But  magnets  are  not  as  a  rule 


A       -' 
FIG  731.    Magnetic  axis  of  a  magnet 

of  this  simple  form  A  common  type  is  shown  in  Fig.  731.  The 
poles  are  spread  over  the  ends,  and  il  the  position  oi  the  resultant 
point  poles  be  defined  in  a  manner  somewhat  similar  to  that  em- 
ployed in  finding  the  centre  ot  gravitv  (p.  107),  the  line  joining 
these  resultant  poles  is  the  magnetic  axis.  The  magnet,  when 
suspended,  will  then  set  with  the  magnetic  axis  in  the  direct  ion  ot 
the  magnetic  field  The  positions  of  these  resultant  point  poles 
cannot  conveniently  be  found,  but  it  may  be  noticed  that  a  suspended 
magnet  always  sets  with  its  magnetic  axis  in  the  direction  of  the 
magnetic  field.  Hence,  we  may  define  the  magnetic  axis  of  a  magnet 
as  that  line  in  it  which  always  takes  the  direction  of  the  magnetic  field 
when  the  magnet  is  freely  suspended  in  the  field  and  is  allowed  to  come 
to  rest. 

Thus,  if  CD  is  the  magnetic  axis  of  the  magnet  AB  in  Fig.  731 ,  when 
the  magnet  is  suspended  and  comes  to  rest-,  CD  has  the  direction 
of  EF,  the  magnetic  meridian  On  turning  the  nuignet  over  and 
suspending  it  from  the  other  side,  the  magnetic  axis  CD  will  still 
be  in  the  meridian,  but  A'B'  is  the  position  of  the  magnet.  The 
magnetic  meridian  EF  then  bisects  the  angle  between  AB  and  A'B'. 

EXPT.  176. — Determination  of  the  magnetic  meridian  and  axis  of  a 
magnet.  Take  two  equal  discs  of  cardboard  and  paste  them  together  with 
several  parallel  magnetic  needles  between  them.  Select  two  points  on  the 
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e'roii inference  diametrically  opposite  each  other  and  join  them  by  a 
thick  mled  diarnetei  on  eat  h  side-  of  tlie  disc.  Suspend  the  disc  above, 
but  near  to,  a  sheet  of  drawing  paper;  it  comes  to  lest  with  the  ruled 

diameter  in  some  such  position  as 
AB  (Fig.  7:*2)  Marjc  the  position 
of  AB  on  the  papet  Now  suspend 
the  disc  from  the  other  side.  The 
ruled  diameter  comes  to  rest  in  the 
position  A'B'  Bisect  the  angle 
between  AB  and  A'B'  by  the  line 
EF,  which  is  then  the  direction  of 
the  magnetic  mei  idian,  and  may  bo 
( Iieeked  by  suspending  a  magne- 
tised knitting  needle  in  place  oi  the 
disc  Th"  position  of  the  magnetic 
nxis  CD  oi  the  disc  coincides  with 
EF. 

It  should  be  noticed  that,  even 
in  the  extreme  case  of  a  disc  whose 
diiec  tion  of  magnetisation  is  unsus- 
pected, the  magnetic  meudiaji  can 

be  found  by  taking  the  two  positions  of  lest  of  some  arbitral  y  fixed  mark 
on  the  disc,  the  disc  being  suspended  fiorn  its  two  sides  in  turn. 

Measurement  of  magnetic  dip.  The  dip  is  usually  measured  by 
an  instrument  known  as  the  dip  circle  This  consists  of  a  veitical 
circle  (Fig  733)  at  the  centre  of  which  the  dip  needle  is  suspended  by 
a  fine  steel  axle  resting  upon  two  agate  knite-edges  The  circle  and 
supports  carrying  the  ku lie-edges  can  rotate  about  a  vertical  axis, 
the  azimuth  (i  c  the  angle  between  the  pl.me  of  the  circle  and  some 
fixed  plane  of  reference)  being  observed  by  the  horizontal  circular 
scale  and  verniers  The  magnet  can  be  raised  from  the  knife-edges, 
or  lowered  on  to  them,  by  means  of  t\vo  V  supports,  not  shown  in 
Fig.  733,  the  ends  of  the  magnet's  axle  lesting  in  the  V\s.  Jn  this 
way  the  axis  of  the  magnet  may  always  be  brought  back  to  the 
centre  of  the  circle,  and  any  sticking  of  the  axle  on  the  knife-edges 
may  be  prevented. 

To  use  the  dip  circle,  it  is  first  levelled  bv  means  of  the  spirit- 
level  and  the  levelling  screws.  If  is  then  turned  about  its  vertical 
axis  until  the  magnet  sets  vertically,  both  ends  pointing  to  90°  upon 
the  scale.  The  plane  of  the  circle  is  then  at  right  angles  to  the 
magnetic  meridian,  and  by  rotating  the  instrument  through  90°  by 
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;he  horizontal  scale,  the  plane  of  the  vertical  circle  and  of  rotation 


FlO.  7;};i.  --The  dip  circle. 

of  the  needle  is  brought  into  the  magnetic  meridian.     The  reason 
for  this  adjustment  is,  that  when  the  plane  of  V 

rotation  of  the  magnet  is  at  right  angles  to  the  ^ 

magnetic  meridian,  the  horizontal  component  of 
the  earth's  Held  H,  being  parallel  to  the  axis  of 
rotation,  does  not  produce  any  couple  tending 
to  rotate  the  magnet  about  this  axis  (Fig.  731). 
The  vertical  component  V  then  sets  the  magnet 
vertically.  { 

.    In   the   instrument    shown    in    Fig.    733;    the  \ 

points  of  the  needle  are  very  close  to  the  divi- 
sions of  the  vertical  circular  scale,  and  very  small 
error  is   made   in    reading    their    position.      By          H  < 
estimation,  the  readings  can  be  made  to  about  one-  • 

tenth  of  a  degree.    If  greater  accuracy  is  required,  V 

the  points  of  the  needle  are  observed  by  means  of  t        A     e 

i        '  .  •    i  f  i        FIG.  734. — Supports  of 

low-power  microscopes,  carried  on  a  framework       the  dipping  needle 
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winch  rotates  about  an  axis  having  the  same  position  in  space  as 
tho  dipping  needle  The  microscopes  are  provided  with  cross- wires, 
and  their  positions  are  observed  by  means  ot  \erniers  moving  over 
the  vertical  circular  scale 

Having  placed  the  dip  circle  with  its  plane  in  the  magnetic 
meridian,  there  are  four  sources  oi  error  to  be  corrected  ior, 
involving  the  making  of  sixteen  observations 

(i)  The  axis  of  rotation  of  the  magnet  may  not  be  at  the  centre  of  the! 
scale,  as  shown  to  an  exaggerated  extent  in  Fig  735.  Both  ends  oij 
the  pointer  are  therefore  obseived,  and  the  mean  value  of  the  dip- 
is  then  free  fiom  this  error  , 

(ii)  The  zero  line  of  the  circle  may  not  be  truly  horizontal  Thif| 
would  make1  the  dip  appear  to  be  too  great  or  too  small,  as  is  seen 
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for  the  positions  0  O  and  0'  — 0'  respectively  in  Fig.  736.  On 
rotating  the  dip  circle  through  180°  about  its  vertical  axis,  as 
measured  by  the  horizontal  scale  (Fig  733),  this  error  is  reversed 
and  the  readings  oi  (i)  are  repeated 

(in)  The  magnetic  axis  of  the  magnet  may  not  coincide  with  its 
geometric  axis  This  source  of  error  has  been 
discussed  on  p  7%  The  magnet  is  reversed, 
on  its  bearings,  and  the  previous  readings  (i) 
and  (ii)  repeated  ; 

(iv)  The  centre  of  gravity  of  the  needle  ma> 
not  lie  in  the  axis  of  rotation  of  the  magnet 
In  this  case  theie  would  be  a  couple  due  tc 
uravity,  which  would  either  increase  01 
decrease  the  dip  In  Fi£  737  the  end  A 
of  the  magnet  is  the  heavier,  the  centre  oj 
gravity  being  at  G  The  magnet  must  now 
be  remagnetised,  so  that  the  end  B  dip? 
downwards,  and  as  the  previous  readings  all  indicate  too  great 
a  value  for  the  dip,  on  now  repeating  them  they  will  indicate 
too  small  a  value.  Thus,  in  all,  16  readings  are  taken,  and 
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may  be  tabulated  as  follows,  the  mean  being  taken  as  the  true 
dip  : 


Heidi  UK  <>f 
LIppei  end 

Kfulnitf  of 
Lo\\ei  end 

Circle  facing  E  - 

j 

End  A 
dipping 

„     W          - 
Magnet  reversed  on  bearings 
Circle  facing  W 

„      E  - 

Circle  facing  E  - 

End  B 
dipping 

,,     W                   -         - 
Magnet  reversed  on  bearings 
Circle  facing  W 

„      E  - 

Total  - 

Mean  value  of  dip  = 


EXPT.  177. — To  measure  the  magnetic  dip.  JBy  means  of  the  dip  circle, 
follow  the  instructions  given  above,  and  determine  the  angle  of  dip. 

Magnetic  maps.  -Obseivalions  of  the  magnetic  declination,  dip, 
and  horizontal  intensity  have  been  made  at  a  great  number  of 
places  on  the  earth's  surface,  and  the  results  represented  for  con- 
venience upon  maps  This  may  be  done  in  a  variety  of  ways,  but 
the  commonest  is  to  draw  lines  through  points  upon  the  map  for 
which  the  value  of  any  particular  element  is  the  same. 

Isogonals. — Isogonals  are  lines  passing  through  points  for  which  the 
magnetic  declination  has  the  same  value  In  Fig  738  the  isogonals 
(shown  in  full  and  heavy  dotted  lines)  all  pass  through  the  geogra- 
phical north  and  south  poles  There  are  also  two  other  points 
through  which  they  pass.  One  is  situated  in  latitude  about 
73°  31'  N.,  longitude  96°  43'  W.,  and  is  called  the  magnetic  north 
pole,  and  the  other  in  latitude  about  72°  21 '  8.,  longitude  155°  16'  E., 
and  is  called  the  magnetic  south  pole. 

One  agonic  line,  or  line  at  every  point  of  which  the  declination 
is  zero,  or  the  compass  points  due  north,  runs  through  the  American 
Continent,  and  the  other  through  Europe,  Arabia,  the  Indian  Ocean 
and  Australia.  At  all  points  in  the  "  Atlantic  "  space  between 
these  two  agonic  lines  the  decimation  is  westerly  (full  line),  that  is, 
the  compass  points  west  of  geographical  north.  In  the  "  Pacific  " 
space  the  declination  is  easterly  (heavy  dotted  line),  except  within 
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an  oval  agonic  line  passing  through  China  and  Siberia,  called  the 
Siberian  Oval,  within  which  the  declination  is  westerly. 

It  will  thus  be  seen  that  the  isogonal  lines  have  somewhat  the 
character  of  lines  of  longitude,  in  that  their  general  tendency  is 
to  run  from  north  to  south.  The  irregularities,  however,  are  very 
great. 

Isoclinals.  -Lines  for  which  the  dip  has  the  same  value  at  every 
point  are  called  isoclmals.  These  are  shown  in  light  dotted  lines  in 
Fig  738.  The  line  of  no  dip,  or  the  magnetic  equator,  follows  the 
general  course  of  the  geographical  equator,  [t  is,  however,  south  of 
the  geographical  equator  in  America,  and  north  in  Africa  At  all 
points  upon  this  line,  the  dip-needle  remains  horizontal  The 
isoclinals  resemble  the  parallels  of  latitude,  and  form  closed  curves 
about  the  magnetic  poles  At  the  magnetic  poles  the  dip-needle 
sets  vertically,  with  the  N  pole  downwards  at  the  north  pole  and 
the  8  pole  downwards  at  the  south  po)'\ 

Isodynamic  lines.— Lines  passing  through  points  for  which   the 
horizontal  intensity  of  the  earth's  magnetic  field  ^  the  same  are 
called  isodynamic  lines.      The  hori- 
zontal   intensity    is    zeio   at   the  \  f 
magnetic  poles,  and  increases  to 
a    maximum     at     the     magnetic 
equator       Thus    the    isodynamic 
lines  have  a  similar  shape  to  the 
isoclinals,  but  must  not  be  con- 
fused with  them. 


The  earth  as  a  magnet. — The 

cause  of  the  earth's  magnetisation 
has  been  the  subject  of  a  great 
deal  of  speculation.  We  shall 
here  content  ourselves  with  say- 
ing that  the  magnetisation  is  not 

.•IT         vi        i      '    >          i  llli(*.  739 — Magnetic  condition  of  the  earth 

entirely  due  either  to  internal,  or 

to  external  causes,  but  to  both.  However,  the  general  character  of 
the  earth's  magnetic  field  may  IK;  represented  roughly  by  imagining 
a  large  internal  magnet.  In  order  to  represent  the  earth  with 
correct  magnetic  polarity,  the  S  pole  S'  of  this  internal  magnet 
N'S'  (Fig  73(.))  must  be  situated  under  the  magnetic  N  pole  of  the 
earth.  The  lines  of  force  due  to  such  an  interna/  magnet  are  shown 
in  the  figure.  This  state  of  magnetisation  may  be  imitated  by 
taking  a  disc  of  cardboard  to  represent  the  earth  and  laying  upon 
it  a  bar  magnet  in  the  position  N'S'.  A  compass  needle  carried 
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round  the  disc  will  set  perpendicularly  to  the  circle  on  reaching  N. 
At  A  the  dip  will  be  less,  and  will  be  still  smaller  at  B,  until  at  C 
which  represents  the  magnetic  equator,  the  dip  will  be  zero 
Similarlv,  at  D  and  E  the  S  pole  of  the  needle  will  dip  and  at  S 
the  dip  is  90°. 

Such  a  magnetic  distribution  is  far  from  being  a  true  one,  but 
it  gives  a  rough  idea  of  the  actual  state  of  affairs  Attempts 
have  been  made,  by  adding  a  smaller  auxiliary  magnet,  to  mutate 
more  closely  the  earth's  magnetic  condition,  but  no  representation 
by  a  small  number  of  magnets  can  produce  a  field  presenting  all 

the  irregularities  oi  the  earth's  field 

Variations  in  the  earth's  magnetic  field. 

-  The  form  of  the  earth's  magnetic,  field 
is  nevei  twice  the  same  ,  it  is  continually 
varying  Not  only  is  it  undergoing 
minute  irregular  variations  at  every 
place,  but  there  is  a  continual  periodic 
change  which  repeats  itself  daily,  known 
as  the  daily  variation  There  are  also 
annual  changes,  and  upon  all  these  there  is 
imposed  a  secular  variation,  which  is  large 
in  amount  and  goes  through  a  cycle  of 
change  in  about  a  thousand  years 

Secular  variation.  The  earliest  record 
of  tho  magnetic  decimation  is  that  of  the 
year  1580,  when  its  value  was  11°  15'  E. 
at  London  Successive  changes  are  re- 
corded m  later  years,  the  easteily  decima- 
tion diminishing  and  becoming  zero  in  1G59.  At  this  time  the 
compass  needle  pointed  true  north  at  London  The  declination 
then  became  westerly,  increasing  to  2U°W  m  1823,  since  which 
time  it  has  been  deci easing  This  change  can  be  very  well  repre- 
sented by  considering  the  magnetic  poles  to  rotate  round  the  geo- 
graphical poles,  the  magnetic  north  pole  describing  a  circle  of  17° 
radius  about  the  geographical  north  pole,  the  direction  of  rotation 
being  clockwise,  as  shown  in  Fig  740.  A  computation  from  the 
changes  already  recorded  shows  that  the  declination  may  be  expected 
again  to  be  zero  at  London  in  the  year  2139,  which  is  480  years 
from  the  last  occasion.  The  magnetic  north  pole  will  then  have 
described  half  its  circular  path,  so  that  the  time  required  for  its 
complete  circle  is  960  years.  The  magnetic  conditions  all  over  the 
world  go  through  an  approximate  cycle  in  this  time 
Annual  variation, — The  declination  also  goes  through  a  very 
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small  cycle  once  a  year,  and  this  annual  cvcle  is  in  opposite 
directions  in  the  northern  and  southern  hemispheres.  The  declina- 
tion is  about  2|-'  east  of  its  mean  position  in  August  at  London, 
and  the  same  amount  west  of  its  mean  position  in  February. 

Daily  variation. — All  the  magnetic  elements  undergo  fairly 
regular  daily  changes,  but  as  these  are  small,  special  instruments 
are  necessary  to  record  them.  They  can  be  recorded  only  at  fixed 
observatories,  the  portable  magnetometers  generally  used  in  magnetic 
surveys  not  being  sufficiently  sensitive  for  their  observation.  A 
mirror  is  attached  to  the  magnetic  needle,  and  a  beam  of  light 
reflected  from  it  is  brought  to  a  focus  upon  a  sheet  of  photographi- 
cally sensitive  paper  wrapped  round  a  drum.  This  drum  is  rotated 
by  clockwork  at  uniform  speed,  so  that  the  motion  of  the  paper  is 
at  right  angles  to  the  variation 
to  be  recorded.  Thus,  for  record- 
ing variations  in  decimation,  the 
axis  of  the  drum  must  be  hori- 
zontal, so  that  the  motion  of  the 
sensitive  paper  takes  place  verti- 
cally, the  movement  of  the  spot 
of  light  corresponding  to  changes 
in  declination  taking  place  hori- 
zontally. 

The  curve  in  Fig.  741  is  of 
the  type  usually  obtained  for  4' 
the  daily  variation  in  declination.  East 
The  line  O  — O  indicates  the  mean 
position  of  the  spot  of  light.  It  ^T° 
will  be  seen  that  there  is  a  maximum  variation  of  3'  E.  from  the 
mean  position  just  before  8.0  am.,  and  5'  W.  at  about  1.0  p.m. 
These  variations,  however,  are  not  the  same  from  day  to  day  ;  on 
specially  '  quiet  '  davs  they  are  less  than  1he  above,  and  on  days  of 
considerable  magnetic  disturbance  they  are  greater. 

It  has  been  shown  that  the  daily  variations  are  due  probably 
to  electric  currents  in  the  upper  regions  of  the  atmosphere,  but 
their  explanation  is  by  no  means  complete. 

Eleven-year  period.-  -Apart  from  the  irregularities  which  occur, 
the  daily  variation  undergoes  a  cyclic  variation  in  magnitude, 
closely  allied  to  the  frequency  of  occurrence  of  sun-spots.  Thus 
at  a  sun-spot  maximum  the  daily  variation  is  greatest,  and  vice 
versa.  Sun- spots  go  through  a  periodic  change  in  occurrence  once 
in  approximately  eleven  years.  The  daily  variation  in  the  magnetic 
elements  have  been  compared  with  the  intensity  of  sun-spot  occur- 
rence since  1855,  and  the  coincidence  in  the  variation  of  one  with 
the  other  is  remarkable. 


6a.m.       Noon       6p.m. 
741  — Dnilv  variation  in  declination 
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Magnetic  storms.— It  often  happens  that  the  suspended  needles 
at  the  magnetic  observatories  over  considerable  parts  of  the  earth 
are  suddenly  and  violently  affected  at  the  same  time.  These  sudden 
(list ur bances,  called  magnetic  storms,  cannot  be  foretold  ;  they 
apparently  occur  quite  irregularly.  It  may,  however,  be  noticed 
that  the  sudden  appearance  of  a  large4  sun-spot  is  usually  accom- 
panied by  a  magnetic  storm  Also  a  prominent  display  of  the 
Aurora  Boreahs  generally  occurs  with  magnetic  storms,  although 
there  may  be  magnetic  storms  when  there  is  no  auroia 

The  connection  between  magnetic  storms  and  the  aurora  and 
sun-spots  makes  it  appear  likely  that  the  sun  emits  rays  similar 
to  the  kathode  rays  of  the  vacuum  tube  ((1hap  LXXX  ),  which,  on 
reaching  the  earth's  atmosphere  render  it  a  conductor  of  electricity, 
the  electric  currents  then  produced  being  accompanied  bv  magnetic 
fields  (Chap  LXV)  The  form  of  the  aurora  is  just  what  would  be 
expected  from  analogy  with  the  vacuum  tube,  when  these  kathode 
rays  enter  the  earth's  magnetic-  Held 

The  magnetic  compass.  Probablv  the  magnetic  compass  finds  its 
most  important  application  in  connection  with  the  navigation  of  ships 
The  tiue  geographical  bearing,  as  well  as  the  latitude  and  longitude, 
may  be  determined  by  astronomical  observations,  but  these  are 
tedious  and  are  gene i ally  performed  only  once  a  day.  The  actual 
steering  of  the  ship  is  gener.illv  pei  formed  according  to  the  compass, 
or  magnetic',  bearing  The  Kelvin  compass  card  is  the  one  most 
commonly  used  It  consists  of  a  light  disc  of  aluminium  or  mica 
on  which  the  points  of  the  compass  are  drawn,  the  magnetic 
part  being  composed  of  several  light  steel  magnets  The  whole  is 
supported  upon  an  agate  cup  resting  on  a  needle  point,  and  in 
the  best  compasses  is  immersed  in  methylated  spirit,  to  buoy  up 
the  card  and  so  take  part  of  its  weight  off  the  needle  point 
The  liquid  also  serves  to  reduce  any  oscillations  of  the  compass 
that  would  otherwise  be  troublesome.  Passing  through  the  axis 
*of  support  is  the  mid  line  of  the  ship,  indicated  by  two  lines  or 
marks,  one  fore  and  the  othev  aft  of  the  card,  thus  enabling  the  bearing 
of  the  ship  according  to  the  compass  to  be  observed  directly. 

It  follows,  of  course,  that  m  order  to  know  the  geographical 
bearing  of  the  ship,  the  declination  (or  mapielic  variation)  must 
be  added  to,  or  subtracted  from,  its  magnetic  bearing  The  value 
of  this  at  all  parts  of  the  world  is  given  on  charts  supplied  by  the 
Admiralty. 

The  magnetic  compass  has  also  great  importance  in  the  steering 
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of  air-craft.  An  aeroplane  compass  of  the  Creagh-Osborne  type  is 
shown  in  Fig.  742.  The  bowl  is  of  spherical  -form  and  is  mounted 
in  such  a  manner  as  to  minimise  vibration.  The  compass  card  hafr 
several  steel  magnets,  and  is  provided  with  a  vertical  mica  ring,  on 
which  the  points  of  the  compass  are  marked  in  luminous  radium 
paint.  A  window  at  the  back  of  the  bowl  enables  the  pilot  to  read 


FIG.  742. — The 


the  course  by  means  of  the  scale  on  the  compass  card.  The  bowl 
contains  liquid  to  buoy  up  the  card,  part  of  which  consists  of  a 
hollow  float.  The  liquid  thus  takes  part  of  the  weight  off  the 
agate  point  suspension,  and  also  helps  to  damp  the  vibrations  vi 
the  card. 

Ship's  magnetisation. — Masses  of  iron  or  steel  situated  near  the 
compass  will,  of  course,  affect  its  reading ;  and  since  modern  ships 
are  built  almost  entirely  of  these  materials,  the  errors  introduced 
and  the  corrections  necessitated  are  considerable. 

These  errors  are  of  many  kinds  and  cannot  all  be  considered  here 
in  detail,  but  the  three  principal  errors  will  now  be  dealt  with. 

Semicircular  deviation. — Most  iron  ships  are  permanently  mag- 
netised, thus  the  ship  itself  is  a  large  magnet,  and  as  it  takes  different 
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courses  it  will  have  different  effects  upon  its  compass.     This  per- 
manent magnetisation  is  acquired  at  the  time  of  building  the  ship, 
the  magnetic  axis  being  in  the  magnetic  meridian,  that  part  of  the 
ship  which  lies  northwards  being  a  N  pole 
(p    793)      Consider  the  line  NS  to  be  the 
magnetic  axis  of  the  ship  (Fig.  743).     In 
the  position  shown,  that  is,  with  the  N  pole 
west  of  the^  magnetic  meridian  AB,  the  com- 
pass  //s  is  evidently  deflected  so  that  n  is 
east  of  the  meridian      This  applies  for  any 
position  of  the  ship  when  N  is  west  of  the 
meridian      When  N  is  east  of  the  magnetic 
meridian  the  deviation   of  the  compass  is 
westerly       Hence,     as     the     ship     rotates 
through    a  complete   circle,   the  deviation 
due    to    the    permanent    magnetisation    is 
east  lor  half  the   circle   and  west  for  the 
Other  half.     For  this  reason  this  is  called 
semicircular  deviation 
There  is  another  cause  of  semicircular  deviation,  namely,  masses 
of  soft  iron  situated  with  their  greatest  length  vertically.     A  vertical 
soft  iron  column  will  be  magnetised  by  the  vertical  component  of 
the  earth's  field  (p   793)  and  m  the  northern  hemisphere,  the  N  pole 
will  be  at  the  bottom  and  the  S  pole  at  the  top      If  situated  as  in 


FIG  743  — Permanent  magne- 
tisation ot  a  ship 


B 
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FIG.  744  —Vertically  disposed  soft  iron.       FIG.  745.— Vertically  disposed  soft  iron. 

Fig.  744  with  the  N  pole  near  the  compass,  the  deviation  is  east  when 
the  magnet  is  west  of  the  compass  and  west  when  the  magnet  is  east 
of  the  compass  But  as  the  ship  rotates,  the  deviation  is  east  for 
half  the  rotation  and  west  for  the  other  half.  The  direction  of  the 
deviation  is  reversed  if  the  upper  end  of  the  bar  is  level  with  the 
compass,  as  in  Fig  745,  and,  of  course,  the  directions  are  all 
the  opposite  to  those  m  the  earth's  southern  hemisphere,  where 
the  N  pole  of  the  iron  bar  would  be  at  the  top. 
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Although  there  may  be  many  such  masses  of  iron  in  a  ship,  the 
resultant  effect  will  always  give  rise  to  a  semicircular  deviation. 

Quadrantal  deviation.-  -When  the  soft  iron  is  disposed  horizontally 
its  effect  is  more  complicated,  as  its  direction  of  magnetisation 
changes  as  the  ship  rotates  Thus,  suppose  the  bars  to  be  disposed 
as  in  Fig.  746  (a).  The  position  of  the  N  and  S  poles  are  as  shown, 
and  the  deviation  produced  is  west.  On  rotation  of  the  ship  till  the 
bars  are  in  position  (/>)  the 
deviation  will  be  east.  A 
further  rotation  through  90° 
will  reproduce  case  (c*),  for  it 
must  be  remembered  that  we 
are  dealing  with  soft  iron,  and 
its  magnetisation  depends  on 
its  position  in  the  earth's 
magnetic  field.  The  bars 
have  changed  places  with 
respect  to  the  compass,  but  (a) 

their  polarity  has  changed  FIQ  m_Homontol,v  ,,Ispos,Ml  s(lft  lroll 
too,  so  that  the  deviation  is 
again  west.  A  further  rotation  through  90°  produces  again  case  (6). 
Thus  the  deviation  changes  in  direction  four  times  during  one 
rotation  of  the  ship,  and  is  therefore  only  constant  in  sign  for  a 
rotation  of  90°.  It  is  therefore  called  quadrantal  deviation. 

Swinging  the  ship.  —Owing  to  the  complexity  of  the  errors  due  to 
the  ship's  magnetisation  they  cannot  be  foretold,  and  their  resultant 
must  be  found  by  direct  observation.  This  is  called  swinging  the 
ship.  The  ship  is  swung  round  into  a  number  of  positions,  and  in 
each  position  the  true  magnetic  bearing  and  the  observed  compass 
bearing  are  observed.  The  difference  is  the  error  of  the  compass, 
due  to  the  ship's  magnetisation  A  table  or  diagram  is  then  con- 
structed for  future  use.  so  that  for  any  observed  compass  bearing 
the  correction  to  be  applied  in  order  to  obtain  the  real  magnetic 
bearing  is  known  To  this  must  then  be  applied  the  declination, 
in  order  to  obtain  the  geographical  bearing. 

Methods  of  correcting  for  ship's  magnetisation. — Although  there 
is  no  method  of  compensating  completely  the  disturbances  of  the 
compass  due  to  the  ship's  magnetisation,  yet  they  may  be  partially 
compensated  in  several  wavs.  To  compensate  for  the  quadrantal 
deviation  two  hollow  soft  iron  spheres  are  placed  one  on  each  side 
of  the  compass,  and  on  a  level  with  it.  If  FF  (Fig.  747)  be  the  fore 
and  aft  line  of  the  ship,  and  AB  the  direction  of  the  magnetic  meridian, 
the  spheres  NS,  NS  are  placed  as  shown.  Since  they  become  mag- 
netised as  indicated,  they  will,  by  themselves,  produce  a  deviation 
in  an  easterly  direction.  But  reference  to  Fig.  746  shows  that 
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the  quadrantal  deviation  is  usually  westerly  for  this  position  of 
the  ship.     Hence  the  spheres  placed  at  a  suitable  distance  will 

compensate  for  the  quadrantal 
deviation  From  p.  807  it  will 
be  seen  that  the  deviation  pro- 
duced by  the  spheres  alone  is 
quadrantal.  With  spheres  5  inches 
in  diameter  *i  quadrantal  devia- 
tion ol  about  2°  is  corrected  when 
their  centres  are  9  inches  from  the 
compass. 

The,  semicircular  deviation  due  to 
permanent  magnetisation  is  cor- 
rected by  fixing,  a  number  of 
small  permanent  magnets  near 
the  compass,  their  conect  num- 
ber and  position  being  found  by 
tnal  The  part  ot  the  semi- 
circular deviation  due  to  vertical 
soil  iron  is  got  rid  of  by  fixing 
ot,  01  behind,  the;  compass  This 


FlO    747 — Soft  iron 


a  vertical  soft  iron  bai  in  fi  out- 
is  called  a  Flmder's  bar 
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\  C.U 

Detluutu.il  W. 

H. 

Dip 

1914 
1915 
1916 

15       6  3 
11     56-5 
1!      16-9 

0-18518 
0  18508 
0-18191 

66     51     13 
66     51     50 
66     52     45 

EXERCISES  ON  CHAPTER  LXIII 

1.  What   aie   the    magnetic   elements   which   are  usually  measured  in 
order  to  find  the  btate  ot  the  earth's  field  at  any  point  ?    How  are  they 
related  to  each  other  ? 

2.  Describe  the  precautions  necessary  in  finding  the  direction  of  tho 
magnetic  meridian 

3.  A  horizontal  har  magnet  is  brought  near  a  dip-needle  in  the  northern 
hemisphere,  the  har  being  m  the  plane  ot  rotation  of  the  needle,  and  the 
N  pole  pointing  south.     Describe  the  effect  on  the  observed  dip  (a)  when 
the  magnet  is  immediately  north  of  the  needle,  and  (b)  when  it  is  vertically 
over  the  needle. 
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4.  Describe  a  dip  circle  and  explain  its  action. 

A  dip  circle  is  slowly  rotated  about  a  vertical  axis.  Describe  and  ex- 
plain the  behaviour  of  the  needle  during  one  complete  turn. 

Sen.  Camb.  Loc. 

5  Define  the  angle  of  dip  and  explain  how  it  may  be  measured.  De- 
sciihe  roughly  how  the  angle  of  dip  varies  from  place  to  place  on  the  earth's 
surface.  L.  U. 

6.  Explain  how  to  determine  (a)  the  vertical  component  of  the  earth's 
magnetic  force1,   (ft)   small   changes  in  the  magnitude  of  the  horizontal 
component.  L.U. 

7.  Assuming  that  the  magnetism  of  the  earth  is  due  to  a  small  mr.gnet 
placed  at  its  centre,  find  expressions  for  the  horizontal  component  and  the 
dip  ot  the  field  at  any  point  of  the  earth's  surface  m  terms  of  the  magnetic 
latitude.  "  L.U. 

8.  A  dip-needle  placed  so  that  it  can  oscillate  in  the  meridian  is  found 
to  make  35  oscillations  per  minute  in  a  locality  where  the  dip  is  60°.     At 
another  locality,  where  the  dip  is  45°,  it  is  found  that  the  needle  makes 
40   oscillations   per   minute.     Assuming   that    the   needle   is   constant   in 
magnetic  condition,  find  (a)  the  ratio  of  the  earth's  total  intensities,  and 
(b)  the  ratio  of  the  horizontal  components  of  the  earth's  magnetic  field 
at  the  two  places.  L.U. 

0.  Define  declination  and  dip  (in  reference  to  the  earth's  magnetism). 
How  are  they  determined  ? 

Find  the  resultant  force  of  the  earth's  magnetism  at  a  place  at  which 
the  dip  is  30J  and  the  horizontal  force  is  0*18.  Calcutta  University. 

10.  Define    the    angle    of    magnetic    dip    and    describe    a    method    of 
measuring  it. 

A  dip  circle  is  placed  so  that  the  needle  sets  vertical.  The  circle  is  then 
rotated  through  an  angle  A  about  a  vortical  axis  and  the  dip  measured  in 
this  position.  Show  how  the  dip  as  obseived  is  related  to  the  true  dip  and 
to  the  angle  A.  '  L.U. 

11.  How  is  the  horizontal  component  of  the  earth's  magnetic  force 
determined  in  absolute  measure  ? 

At  a  place  A  the  total  magnetic  intensity  is  0  5  and  the  dip  is  64°  ;  at 
a  place  B  the  total  intensity  is  0-6  and  the  dip  is  72  .  If  a  magnet  vibrating 
horizontally  at  A  makes  20  oscillations  in  a  minute  how  many  oscillations 
would  it  make  m  the  same  time  at  B  ?  University  ot  Bombay. 


CHAPTER   LXIV 

MAGNETIC  PROPERTIES  OF  MATERIALS 

Intensity  of  magnetisation. — In  order  to  study  the  magnetic 
properties  of  a  given  material,  something  more  must  be  known  than 
the  magnetic  moment  of  a  bar  of  the  material,  for  this  evidently 
depends,  amongst  other  things,  upon  the  size  <>t  the  bai.  Dividing 
the  magnetic  moment  by  the  volume,  a  quantity  is  obtained  which 
gives  the  average  intensity  of  magnetisation  of  the  material  If 
the  body  be  uniformly  magnetised,  the  magnetic  moment  per  cubic 
centimetre  is  the  same  whatever  part  of  the  body  be  chosen  It 
is  called  the  intensity  of  magnetisation  of  the  body.  Thus,  for  a 
uniformly  magnetised  body, 

T   ,        ,       f  , .     ,.         magnetic  moment 

Intensity  of  magnetisation  = — =—  

volume 

T  M 

or,  1=  — 

There  is  another  way  of  representing  this  quantity:  imagine  a 
uniformly  magnetised  bar  (Fig.  7 18)  ,  let  I  be  the  length,  and 
a  the  area  of  each  end  Let  <r  be  the  amount  of  pole  per  unit  area 
of  each  end.  Then  the  amount  of  pole  on 
each  end  is  a<r,  and  the  magnetic  moment  is 
la<r  (p.  781 ).  Now  the  volume  is  la  ; 

"     Intensity  of  magnetisation  =  7  -  =  rr. 
FIU.  748.—  CJiniormly  mapiie-  la 

fcnod  bar 

Thus,  the  intensity  of  magnetisation  may 

also  be  defined  as  the  amount  of  pole  per  unit  area  of  face,  the  face 
being  taken  at  right  angles  to  the  direction  of  magnetisation ;  or, 

Although  bodies  are  not,  as  a  rule,  magnetised  uniformly,  the 
above  definitions  of  intensity  of  magnetisation  hold  for  any  volume 
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sufficiently  small  for  the  magnetisation  throughout  it  to  be  considered 
uniform. 

Magnetic  susceptibility. — Magnetisation  is  always  acquired  on 
account  of  the  magnetic  body  being  placed  in  a  magnetic  field,  and 
the  intensity  of  magnetisation  acquired  depends  upon  the  strength 
of  the  field,  and  the  nature  of  the  body.  The  ratio  of  the  intensity 
of  magnetisation  (I)  produced,  to  the  strength  of  the  field  (H)  pro- 
ducing it,  is  called  the  magnetic  susceptibility  (k)  of  the,  material,  thus, 

-  =  k,     or     I  -  kH 

H 

The  magnetic  susceptibility  of  most  magnetic  materials  varies 
with  the  magnetising  field  in  a  complex  manner.  Its  study  will 
be  left  until  later  (p.  821). 

Magnetic  permeability.  We  must  now  reconsider  the  equation 
given  on  p.  774  for  the  force  between  magnetic  poles,  namely, 

-^  WjWo     , 

force  =     *-"  dynes. 

This  equation  is  strictly  true  only  when  the  poles  are  situated  in 
empty  space,  and  very  nearly  true  when  they  are  situated  in  air, 
or  any  other  non-magnetic  material.  If  the  poles  are  situated 
within  a  magnetic  material,  the  force  is  quite  different.  It  is, 
however,  still  proportional  to  both  pole  strengths  and  varies  in- 
versely as  the  square  of  their  distance  apart  A  quantity  (JLL)  is 
now  introduced  into  the  equation  to  render  it  correct. 

Thus,  the  equation  ^  m 

j-  -r~\  iii\  iiitt)  -. 

Force  =  —  -TO   dvnes 
Hd2- 

applies  to  the  force  when  the  poles  are  situated  in  any  material, 
where  //,  is  called  the  magnetic  permeability  of  the  material.  This 
quantity,  like  the  susceptibility,  is  not  constant  for  any  material ; 
its  variations  are  studied  on  p.  821. 

Field  strength  represented  by  lines  of  force. — On  referring  to  the 
diagrams  of  lines  of  force  (pp  779,  780)  it  becomes  obvious  that  the 
strength  of  field  is  greater  where  the  lines  are  packed  closely  together, 
and  weaker  where  they  are  spread  apart.  This  suggests  the  possibility 
of  representing  the  magnetic  field  quantitatively,  as  well  as  merely 
in  direction,  by  means  of  these  lines.  It  can  be  shown  by  reasoning, 
beyond  the  scope  of  the  present  book,  that  if  a  surface  be  taken 
round  a  magnet,  and  through  every  unit  of  area  of  this  surface  a 
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number  of  lines  of  foice  be  drawn,  numencally  equal  to  the  strength 
of  field  at  that  unit  of  area,  these  lines  when  continued  will,  by 
their  number  per  unit  area,  represent  everywhere  the  strength  of 
the  field. 

This  quantitative  representation  of  a  magnetic  field  by  means 
of  lines  of  force  is  very  useful,  as  it  helps  us  to  visualise  the  field 
itself  Thus,  where  there  is  one  line  of  force  per  square  centimetre 
the  strength  of  field  is  unity  ,  and  where  the  strength  of  field  is  H, 
there  are  H  linos  of  force  per  square  centimetre,  the  area  always 
bem<»  taken  at  right  angles  to  the  direction  ot  the  field  at  the  place 
considered 

Hence  the  total  number  of  linos  of  force  crossing  an  area  of  A 
sq  cm  is  AH,  when1  H  is  the  strength  oi  field,  provided  that  this  is 
uniform.  The,  total  number  of  lines  crossing  any  area  is  sometimes 
called  a  magnetic  flux. 

Magnetic  induction.  —We  must  now  introduce  a  new  term,  magnetic 
induction,  into  our  magnetic  considerations,  a  term  which  has  often 
been  loosely  and  improperly  employed 

Consider  two  magnetic  1)0108,  tn{  and  w,2,  d  centimetres  apart 
The  force  between  them,  when  in  air  or  in  <i  vacuum,  is  tnLm2  ^2 
dynes,  and  if  ///2  is  a  unit  pole,  the  foice  j/^/W2  upon  it  is  called  the 
strength  of  field  (H)  due  to  the  pole  w,  (p  781)  If,  however,  the 
medium  in  which  the  poles  are  situated  has  permeability  //  the  force 
between  the  poles  is  m^m^/jd2  dynes,  and  the  strength  of  field  (H) 
due  to  ml  is  m^f/Ltd2  Thus  the  strength  oi  field  due  to  a  pole  depends 
upon  the  medium  in  which  it  is  situated  It  is  most  important,  as 
we  shall  see  later,  to  have  some  quantity  which  i«  fixed  for  a  given 
pole  and  distance,  independently  of  the  medium  This  quantity  is 
called  the  magnetic  induction  (B),  an/i  we  see  from  the  above  that  it 
must  be  /^  times  the  strength  of  field,  or  B  =  /^H. 

Now,  for  a  distance  <1  from  a  given  pole, 

u  -   n>  D  w/       w 

**  —          79  5  •   •       O—  jil  ' 7«  —  -™  * 

/ui2  f     pd*     (72 

B  is  therefore  independent  of  the  medium,  thus  fulfilling  the  condi- 
tion required.  Thus,  the  definition  of  magnetic  induction  is  that  it  is 
//  times  the  strength  of  magnetic  field  at  any  point  where  H  is  defined  as 
on  p  781  and  JLI  as  defined  on  p  811. 

Magnetic  lines  of  induction.— In  plotting  lines  of  force  (p  778) 
the  process  always  begins  at  the  suiface  of  the  magnet,  in  fact  the 
lines  may  be  said  to  arise  upon  N  poles  and  end  on  S  poles.  These 
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FlG.  749  — Lines  of  induction 


lines,  however,  are  continuous  with  others  within  the  magnet,  so 

that  each  line  in  its  entire  path  forms  a  closed  circuit  (Fig.  719); 

but  within  the  magnet  they  are  not  lines  of  force,  that  is  to  say, 

they  do  not  by  their  number  per  unit  area,  represent  the  strength 

ot  field,  or  force  that  would  be 

exerted  on  a  unit  pole.     These 

are    magnetic   lines    of   induction, 

and  may,  or  may  not,  lie  wholly 

or    partly    within    a    magnetic 

material      When  in  air  or  other 

non-magrietic  material  they  are 

also  lines  of  force  ;  that  is,  they 

represent  the  strength  of  field 

by  their  number  per  unit  area, 

but    do    not    do    so    within    a 

magnetic   material      The  num- 

bei    of  these    lines    per    squaie 

centimetre,  however,  represents  the  magnetic  induction  at  the  place 

considered,    whatever   the   nature    of   the    medium    may   be.     The 

relation  of  their  number  per  unit  area  to  the  strength  of  field  within 

a  magnetic  material  will  be  found  on  p  816. 

Gauss  s    law.-    There    is    a    convenient    theorem    due    to    Gauss 

which  is  derived  from    the    inverse   square   law,    and  is   of   great 

service   in    solving    magnetic  problems.       Its  proof  is  beyond  the 

scope  of  this  work,  but  it  may  be  stated  in  the  following  simplified 

manner.    The  number  of  lines   of  magnetic  induction   arising  upon   any 

N  pole  or  ending  on  a  S  pole  is  equal  to  4?r  times  the  strength  of  the  pole. 

This  applies  to  any  pole,  whatever  may  be  the  medium  in  which  it 

is  situated  ,  but  when  it  is  situated  in 
air,  the  lines  ol  induction  are  also  lines 
of  force  Hence  for  a  magnetic  N  pole 
ot  s1  length  w?,  situated  in  air,  the 
number  of  lines  of  force  arising  upon 
it  is  ITT///. 

Application  of  Gauss  s  law  to  a  single 
pole.  —  Consider  a  N  pole  of  strength  m, 
and  let  us  find  the  strength  of  field  at 
a  distance  d  from  it.  Let  P  be  a  point 
at  distance  (//  cm.  from  m  (Fig.  750). 
Through  P  describe  a  sphere  with  centre 
m.  The  magnetic  field  around  a  single 


FIG.  750. — Magnetic  field  duo  tx>  a 
single  pole 


pole  is  symmetrically  distributed,  that  is,  the  same  number  of  lines 
of  force  will  pass  through  each  square  centimetre  of  the  sphere. 
Now,  from  Gauss's  law,  the  total  number  of  lines  is  ^irm,  and  since 
the  area  of  the  sphere  is  4^r^2  sq.  cm.,  the  number  of  lines  per  sq.  cm. 
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FIG   7r>1. — Magnetic  field  due  to 
*i  plane  polar  sheet 


is  47rm/47r^2=^m/(/2  ,  and  this  wo  already  know  to  be  the  strength  of 
field  in  air  at  a  distance1  d  (\)  812) 

Field  due  to  a  plane  sheet  of  magnetic  pole.  Whenever  the  distri- 
bution of  magnetic  field  is  symmetrical,  Gauss's  law  can  be  applied 
to  find  the  strength  of  magnetic  field.  Imagine  a  plane  sheet  of 
N  pole,  of  infinite  extent,  the  amount  of  pole  per  unit  area  being  cr. 

The  lines  of  foice  pass  out  uniformly  in 
both  directions  from  such  a  sheet. 

To  find  the  strength  of  field  at  any 
point  P  (Fig  751)  draw  a  unit  of  area 
through  P  paiallel  to  the  plane  polar 
sheet  Th'ough  the  boundary  of  this 
unit  area  diaw  lines  perpendicular  to  the 
sheet,  so  as  to  form  a  prism  which  cuts 
the  sheet  in  unit  aiea  jit  R,  and  close 
the  prism  by  another  plane  at  Q  The 
amount  of  pole  which  lies  within  the 
prism  is  th.it  upon  the  unit  area  at  R, 
which  is  rr  Hence,  by  Gauss's  law,  -lira- 
i^  the  number  of  lines  passing  outwards 
from  R.  The  field  being  everywhere  perpendicular  to  the  sheet, 
half  the  lines  pass  through  the  unit  area  at  P,  and  the  other  half 
through  Q  Hence  the  number  ot  lines  per  square  centimetre,  or 
the  strength  of  field  at  P,  is  27nr. 

It  will  be  seen  that  the  strength  of  field  is  independent  of  the  dis- 
tance o[  P  from  the  sheet,  provided  that  the  sheet  is  so  lar^e  that 

. 
the  lines  pass  out  from  it  uniformly 

Field  near  the  end  of  a  bar  magnet.  Consider  the  space  between 
the  poles  of  two  bar  magnets  placed  close  together  as  in  Fig  752. 
If  the  faces  are  sufficiently  close 
together,  the  magnetic;  field  at  a  point 
P  between  them  is  uniform,  and  each 
polar  face  may,  for  all  practical  pur- 
poses, be  considered  to  be  infinite. 
Let  I  be  the  intensity  of  magnetisation 
of  each  magnet  The  amount  ot  pole 
per  square  centimetre  of  each  face  is  then  I  (p.  810),  and  the  strength 
of  field  at  P  due  to  the  polar  sheet  N  is  2^1  (from  above),  and  that  due 
to  S  is  also  27rl.  These,  however,  are  both  directed  from  N  to  S,  so 
that  the  resultant  strength  ot  field  at  P  is  ITT!,  and  this  is  the  force 
on  a  unit  pole  when  situated  at  P 

It  will  be  noticed  that  the  strength  of  magnetic  field  at  P  is  indepen- 
dent of  the  distance  apart  ot  the  polar  faces  N  and  S,  provided  that 
these  faces  are  of  such  an  extent  that  the  field  in  the  space  between 
them  is  uniform. 


N 


FIG 


7~)2  — Magnetic  field  between 
two  plane  voles 
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Force  between  plane  poles  in  contact.  In  Fig.  752  the  magnetic 
field  due  to  either  polar  face  is  27rl,  and  when  the  poles  are  very 
close  together,  each  is  situated  in  the  field  due  to  the  other.  Thus, 
the  field  due  to  N  is  2?rl,  and  each  square  centimetre  of  S  has  an  amount 
of  pole  I  upon  it,  and  therefore  experiences  a  force 

27rlxl-27rl2. 

Hence  if  the  two  poles  are  in  contact  there  is  a  force  2?rl2  for  each 
square  centimetre  of  area  in  contact.,  causing  them  to  adhere  together. 

It  is  not  necessary  that  the  two  magnets  in  contact  should  he 
permanent  magnets  ,  one  may  Le  a  permanent  magnet  and  the  other 
a  piece  of  soft  iron.  In  this  case  the  iron  becomes  magnetised  in 
the  field  due  to  the  magnet,  the  force  between  the  two  polar  faces 
being  the  same  as  before,  provided  that  the  two  intensities  of  mag- 
netisation are  the  same.  If  they  are  not,  the  force  per  square 
centimetre  will,  of  course,  be  2^1, 12,  where  I,  and  I2  are  the  respective 
intensities  of  magnetisation  on  the  two  sides  of  the  plane  of  contact. 

Since1,  lines  of  induction  arc  continuous,  and  for  two  plane  parallel 
facets  thev  arc  at  right  angles  to  the  laces,  it-  follows  that  the  value 
of  B  must  be  the  same  on  both  sides  of  the  aap  It  will  be  seen  on 
]>.  816  that  6  =  4-1,  so  that  the  force  between  the  faces  may  be 
represented  by  B2/8:r  instead  of  27rl2.  This  result  is  of  value  in 
finding  the  lifting  power  of  electromagnets  upon  masses  of  iron,  and 
in  the  case  of  the  telephone  (Chap  LXXVIII  ),  whore  the  force 
between  a  small  electromagnet  and  an  iron  disc  is  used  in  the 
transmission  of  sounds. 

Magnetic  induction  in  iron.-  We  must  now  find  the  value  of  the 
induction  (B)  in  the  interior  of  a  mass  of  iron.  The  strength  of 
field  there  (H)  is  the  force  upon  unit  polo  situated  within  the  iron. 
This  is  due  to  external  causes  ;  the  magnetisation  of  the  iron  itself 
does  not  affect  it,  except  in  so  far  as  the  fren,  poles  at  the  ends 
of  the  magnet  may  modify  it,  because  the  molecular  magnets  con- 
stituting the  iron  consist  of  poles  situated  so  close  together  that 
at  any  appreciable  distance  from  them,  their  effect  is  zero.  The 
effect  of  this  external  field  (H)  has  been  seen  (p.  771)  to  cause  an 
alignment  of  the  molecular  magnets,  and  consequently  there  will 
be  lines  oi  induction  running  the  length  of  the  magnet,  due  to  these 
molecular  magnets.  These  lines  will,  of  course,  leave  at  the  N  end 
of  the  magnet,  since  there  they  pass  from  the  free  N  ends  of  the 
molecular  magnets  and  will  contribute  to  the  external  magnetic 
field.  In  the  interior  of  the  iron  they  pass  immediately  from  the 
N  ends  of  one  molecular  magnet  to  the  S  end  of  the  next.  This 
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state  of  affairs  is  represented  diagrammatic  ally  in  Fig  753,  where 
the  original  field  H  is  represented  in  dotted  lines,  and  the  induction 
due  to  the  magnetisation  of  the  iron  by  continuous  lines 

In  order  to  find  the  total  value  of  the  induction  due  to  the  magneti- 
sation of  the  iron,  consider  a  section  of  it  in  the  inter-molecular 
spaces  at  P.  If  I  be  the  intensity  of  magnetisation  of  the  iron, 

then  on  each  side  of  the  section 

.  H.  .  .^n\7-~  _  .TT^x.-  -  j  ___  —     there  is  an  amount  of  pole  I  units 

per  square  centimetre,  N  on  one 
side  and  S  on  the  other,  and 

x  V   \\         P       '  }J  j/^/      the  number  of  lines  crossing  this 

-  -  -^^$^^^'^^'^^t^'^-^-     squaic  centimetre  is  4?rl  (p  8  It). 

Hence,  the  total  number  of  lines 
oi  induct  ion  per  nquaie  centi- 
metie  (B)  is  made  up  of  H  due 
to  the  ormmal  h'eld,  and  4:rl 
due  to  the  magnetisation  ,)f  the 
iron,  or  B----H  I  4-1 

in    the    case  of  a  permanent 
magnet  there   may  not  be  any   magnetising   field,   in   which   case 


q  of  induction  due  to  a 
magnetic  fii.itcn.il 


The  above  expression  may  be  written  differently  ,   for,  on  dividing 
through  by  H,  we  get  B  I 


//  being   the   magnetic   permeability   of   the   material,    and    k   its 
magnetic  susceptibility,  as  denned  on  p.  811 

The  right-hand  side  of  the  equation  B=m-i?rl  is  icpresented 
by  the  hues  diawn  m  Fig  753,  the  two  sets  of  lines  being  drawn  in 
the  same  diagram.  Within  the  iron  we  see  that  their  resultant, 
or  sum  represents  B.  At  external  points  the  two  sets  are  not  in  the 
same  direction  at  every  point,  and  in  order  to  obtain  their  resultant, 
the  two  fields  must  be  compounded  by  the  ordinary  law  for  the 
addition  of  vcctoi  quantities.  This  is  not  always  easy,  particularly 
for  a  rectangular  bar,  but  the  general  arrangement  is  exhibited  in 
Fig.  754.  It  will  be  noticed  on  examining  this  diagram  of  the 
resultant  field,  that  the  effect  of  placing  the  iron  bar  in  a  uniform 
field  is  to  cause  the  lines  of  induction  to  converge  upon  it,  producing 
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FIG 


754  —  "Resultant   lines  of   induction  for  a 
magiiotic  1)0(1  v  in  <i  magnet  ic  field 


a  concentration  of  the  lines  at  points  such  JIN  A  and  B,  and  a  separation 

at  C  and  D      Thus,  at  A  and  B  the  field  is  strengthened  by  t  he  presence 

of  the   specimen,  while   at   C 

and  D  it  is  weakened      Within 

the     iron     the     induction     is 

greatest,  but  the  strength  of 

field  is  not  increased       Within 

a  medium  of  permeability  //, 

H  —  B  /f,  so  that  although  B  is 

great,  //  is  also  great  ,   in   fact 

B  depends  upon  //,  so  thai  H 

has    its   original    value,    apart 

from   any  disturbance  due  to 

the  poles  at  the  ends  of  the 

specimen 

Keepers. — The  above  discus- 
sion is  only  an  approximation 
to  the  truth,  for  it  will  be  seen  that  the  poles  at  the  ends  of  the 
specimen  produce  a  field  within  it,  of  opposite  direction  to  the  original 
magnetising  field  H.  This  field  tends  to  demagnetise  the  bar,  with  an 
effect  winch  is  greater,  the  shorter  the  bar.  With  long  thin  bars 
this  demagnetising  effect  is  small,  but  with  short  bars  it  becomes 
important.  It  is  for  this  reason  that  permanent  magnets  are  pio- 

vidcd  with  soft  iron  keepers  when  not 
in   use        Thus    1\\o    bar    magnets   NS 
(Fig.  755)  when  not  in  use  are  packed 
in  a  box  with   the  poles  of  opposite 
kind  adjacent  to  each  other.     A  soft 
iron    keeper    is    placed    at    each    end, 
and   the  poles  N'S'  pi  educed  in   these 
keepers  will  produce  opposite  fields  to  those  of  the  bar  magnets. 
Hence  the  demagnetising  effect  of  the  poles  on  the  bars  is  removed 
by  the  magnetising  field  of  the  poles  on  the  keepers. 
Measurement   of  magnetic   susceptibility   and   permeability. — In 

order  to  measure  the  magnetic  susceptibility  and  permeability  of 
any  material,  it  must  be  placed  in  a  magnetic  field  of  known  strength, 
and  must  be  of  such  a  form  that  no  poles  are  produced,  or  else  that 
the  poles,  if  produced,  shall  have  as  little  demagnetising  effect  as 
possible.  This  is  usually  effected  by  using  the  material  in  the  form 
of  a  long  thin  wire.  The  magnetising  field  is  nearly  always  produced 
by  means  of  a  coil  of  wire  through  which  an  electric  current  is  flowing. 
A  straight  coil  of  this  kind  (Fig.  756)  produces  a  uniform  magnetic 


N 
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FIG   755.- 


-Keepers  for  a  pair  of  bar 
magnet1- 
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FIG   7r>6  — Magnetising  coil 


field  of  strength  H  =  047nj  x  (current)  in  )ts  interior  (Chap    LXXV). 
Hence  the  magnetising  field  (H)  is  known,  and  it  only  remains  to  find 

the  magnetic  moment  of  the  speci- 

~\"1 111 11 111 11  "H 11  Irji'V         men.     This  ma}/  be  carried  out  by 
JJJjJJjJJJJjJJjjJjl         means  of  the  magnetometer.     AB 

/    V       and  CD  (Fig  757)  are  two  coils  of 

\  length  about  12  cm  ,  each  consist- 
ing of  about  400  turns  of  No  22 
copper  wire  They  are  placed  one 
on  either  side  of  the  magnetometci  needle,  and  are  so  connected 
together  that  when  an  electric  current  flows  through  them,  they 
produce?  equal  and  opposite  effects  upon  the  needle.  This  may  be 
attained  by  moving  one  of  them  nearer  to,  or  further  from  the 
needle,  until  there  is  no  movement  of  the  needle,  whatever  the 
current  in  the  coils  may  be 

The  specimen  to  be  experimented  upon  may  be  a  piece  of  knitting 
needle  about  8  cm   long  and  diameter  2-5  mm      When  placed  in  one 
of    the    coils,    it    becomes    a 
magnet   (Fig    756),  and  it  is 
our    object    to    determine    its 
magnetic  moment  M,  for  when 
this  is  known  we  can  calculate 
from  it  the  intensity  of  magne- 
tisation.     It  is  first  necessary 


to  find  the  effective  length  of 
the  magnet,  ?,  and  the  strength 
of  the  earth's  field  H,.  This  is 
effected  by  placing  the  speci- 
men.  in  the  coil  and  magne- 
tising it  with  the  strongest 
current  available,  and  then 
stopping  the  current,  when  the  specimen  will  remain  magnetised 
Take  the  specimen  out  of  the  coil,  and  with  its  middle  point  at  a 
distance  dl  cm  from  the  needle,  the  deflection  6l  is  obtained,  and 
from  the  relation  on  p  786  we  have 


757 


•Masnotonu'ter  arranged  to  measure 
intensity  ot  magnetisation 


The  specimen  is  now  brought  nearer  to  the  needle,  to  a  distance 
a 2  cm.,  and  the  new  deflection  02  observed  ,  when 

M  ==(</22-^)2ta 
H,~       2f/2  2* 

Hence,  \,       tan  0,  =   -20~- 
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ll    tan  6 2 

and  since  rf,,  rZ2,  Ol  and  02  are  all  known,  /  may  be  found. 

Next,  the  magnet  is  suspended  in  a  vibration  box  or  beaker,  and 
its  time  of  oscillation  T  found  (p.  788). 

Then,  T  =  2 

where  I:  is  the  moment  of  inertia 'of  the  magnet  (p.  789). 
Combining  this  with  the  relation 

IV! 


we  have  H32=         *   •  ,  .  "  ^  - — ^  > 

T2       (r/22  -  /2)2  tan  02 

or  H -i :==  — .  -,  n     ,_.  A  /    -  -  ..,  j 

1     T((722-^2)  \tan02 

whence  H1  is  known. 

Then  in  any  further  experiment  on  the  deflection,  at  distance  d, 

M=^r    ~d  '   -H,  tanO. 

and,  since  the  intensity  of  magnetisation  I  is  M/£a,  where  a  is  the  area 
<>f  cross  section  of  the  specimen, 

or,  I  =  K!  tan  6, 

where  K,  =  - 


Every  quantity  in  this  last  expression  is  known,  so  that  the 
constant  Kj  is  found,  and  the  deflection  0  at  once  gives  us  the  intensity 
of  magnetisation  of  the  specimen.  With  a  specimen  of  the  dimen- 
sions given,  the  demagnetising  effect  of  its  own  poles  is  great  (p.  817) 
and  involves  a  large  correction.  If  greater  accuracy  is  required 
a  long  thin  wire  must  be  used  and  the  reflecting  magnetometer 
employed. 

EXPT.  178. — Determination  of  intensity  of  magnetisation.  Using  a  piece 
of  steel  knitting  needle,  find  the  deflections  01  and  02  a^  distances 
dl  and  d.,  and  so  obtain  /  (p.  818).  Then  find  the  time  of  vibration  T  and 

tfjZ  „  £2\2 

obtain  H^    Hence  obtain  the  constant  Kj  =  — ~- ,,-—-  Hj, 
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Replace  the  specimen  in  the  coil  AB  (Fig.  757)  and  adjust  the  rheostat 
R  until  the  largest  current  available  is  indicated  by  the  ammeter  AA.  Read 
the  deflection  0.  Then  fliminu-h  the  current  and  again  read  0.  Repeat 
this,  taking  a  mmibci  of  leadings  down  to  yeio  cunent.  Reverse  by 
means  of  the  key  K,  and  incieji.se  the  curient  up  to  its  greatest  negative 
value;  then  reduce  it  again  to  zero  by  steps,  taking  observations  of  6  on 
the  way.  Then  reverse  again  and  proceed  to  the  greatest  positive  current, 
noting  the  values  of  0  as  before.  Make  a  table  ol  the  obseivations  as 

below.     The   ftr^l    two   <o/iifjjns'   o-/ve    the  values  of  f/ie  current  and  0. 

Then  fill   in  the  thiid  <oluiun  with    the  values  of  tail  0,  and  the  fourth 

with  the  value?*  of  I,  that  is,  K,  tan  f). 


The  values  of  H.  the  magnetising  held,  aie  put  in  the  last  column,  being 
obtained  fiom  the  relation  H  —  0-47r»  x  (current)  (p  818). 

Plot,  on  squaied  papei,  the  values  of  H  and  I.  This  will  give  a  curve 
of  the  form  abcdefa  (Fig  760)  and  shows  a  cycle  of  magnetisation 

If  an  unmagnctised  piece  of  knitting  needle  exactly  like  the  specimen 
bo  used,  the  observations  mav  be  staited  at  zero  instead  of  maximum 
current,  so  that  the  part  Oa  of  the  curve  is  obtained ;  or,  if  preferred,  the 
cycle  of  readings  may  be  taken  befoio  the  standaidising  obseivations  are 
made,  in  \vhieh  case  only  one  specimen  is  requued. 

A  fuither  experiment  may  be  made  upon  a  piece  of  .soft  iron,  using  the 
same  value  of  K,  as  before,  piovided  that  the  specimen  has  the  same  dimen- 
sions as  the  steel  specimen  used  in  making  the  standardising  measurements. 

It  should  be  noted  that  the  demagnetising  effect  of  the  poles  upon  the 
specimen  (p  817)  has  been  neglected  With  the  dimensions  of  specimen 
given  (p.  818)  this  intioduces  an  eiioi  of  about  10  per  cent.  111  the  value 
of  H  for  the  greatest  readings,  and  as  a  first  approximation  is  neglected. 
The  more  refined  methods  in  which  this  correction  is  eliminated  arc  beyond 
the  scope  of  this  book. 

B-H  curves.  -The  curve  in  Fin  760  gives  the  relation  between  I 
and  H.  If  that  for  B  and  H  is  required  the  values  of  B  must  be 
calculated  from  those  of  I,  remembering  that  B=H  -f  \TT\. 

For  many  purposes  the  cycle  of  magnetisation  (Fig  760)  is  not 
required,  but  only  the  values  of  the  induction  with  continually  in- 
creasing magnetising  field  Such  a  curve  is  given  in  Fig.  758  for  soft 
iron.  It  will  be  noticed  that  for  small  values  of  H ,  B  increases  slowly, 
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as  from  O  to  a  From  a  to  1)  the  curve  is  very  steep,  the  value  of  B 
rising  rapidly  as  H  increases.  After  this  the  increase  in  B  is  slow, 
and  eventually  the  part  be  becomes  very  nearly  a  straight  line, 
inclined  at  a  small  angle  to  the  axis  OH  The  corresponding  values 
of  the  peimeahility  //„  obtained  from  the  equation  B  =-  //H.  are  plotted 
on  the  same  diagram.  Jt  will  be  seen  that  //  starts  with  a  constant 
small  value,  rises  to  a  maximum  at  d,  and  then  falls  giadually  to  a 
small  value,  constantly  approaching  the  limiting  value  //  =  1  for  very 
high  magnetising  fields. 


FlG   7">8       B-H  and  /m- 


H 

graphs. 


FlG   750.    -I-H  and  A--H 


I  H  curves:  saturation. — On  reducing  the  curve  of  B  (Fig  758) 
to  that  of  I  by  the  relation  B--H  +  J-?rI,  it  will  be  seen  that  th<-re 
is  a  general  similarity  between  the  two,  but  in  this  case  the  curve 
of  I  (Fig.  759)  gradually  becomes  horizontal.  It  would  onlv  become 
strictly  horizontal  for  infinite  values  of  H.  For  the  highest  fields 
at  which  measurements  have  been  made,  I  ==-1610  \\hen  H  =  15530, 
and  the  curve  is  very  nearly  horizontal.  In  this  case  the  value, 
of  k  has  become  very  nearly  zero  Since  the  curve  oi  I  eventually 
becomes  horizontal  for  very  high  fields,  the  iron  is  said  to  have 
reached  saturation.  This  is  to  be  expected,  horn  the  molecular 
theory  of  magnetisation  (p.  771),  lor  it  all  the  molecular  magnets 
have  been  turned  into  the  direction  of  the  magnetising  field,  there 
is  no  possibility  of  producing  further  magnetisation.  The  relative 
magnetic  properties  of  iron,  steel,  nickel,  and  cobalt  are  given  in 
Fig  763. 

Hysteresis.  On  examining  a  typical  curve  icpresenting  a  cycle 
of  magnetisation,  seveial  things  may  be  noticed.  As  the  magnetising 
field  H  increases,  the  intensity  of  magnetisation  I  increases,  as  shown 
from  O  to  a  (Fig.  760)-  On  decreasing  H.  the  value  of  I  remains 
greater  than  when  H  was  iismi»,  and  the  path  nb  is  followed.  The 
value  Ob  of  the  intensity  of  magnetisation  when  the  magnetising 
field  has  dropped  to  zero  is  called  the  residual  magnetism.  This  must 
not  be  confused  with  what  is  usually  called  permanent  magnetism, 
which  is  the  magnetisation  persisting  in  a  piece  of  steel  although 
it  may  be  subjected  to  a  variety  of  treatment. 
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On  reversing  H  and  increasing  its  value  to  Or,  the  value  of  I  is 
brought  to  zero.     This  reverse  field  Oc  requued  to  zediice  I  to  zero 

is  ea/led  the  coercive  force.  On 
further  increasing  the  negative 
value  of  H,  the  path  cd  is  followed 
On  diminishing  and  reversing,  the 
completion  <lrfa  ol  the  curve  is 
obtained  It  will  be  seen  that  the 
descending  br.inrh  of  the  curve 
always  lies  above  the  ascending 
branch  Further,  the  zero  value 
of  H  is  reached  at  an  eaiher  part 
of  the  cycle  than  the  zero  value  of 
I.  Owing  to  this  lagging  of  I 
behind  H  in  the  cycle  the  pheno- 
menon has  been  called  hysteresis, 
from  the  Greek  woid  iVreptco  "  to 
lag  behind  " 

Iron,  steel,  nickel,  cobalt.  The 
relative  magnetic  properties  of 
iron  and  steel  may  be  studied  by  reieience  to  Fig  761  iron  has  a 
greater  residual  magnetism  than  steel,  but  a  smaller  coercive  force. 
The  curve  representing  the  cycle  in  the  case  ol  non  is  more  upright 


FlQ    7(50 — (^clo  ot  magnetisation 


FIG   761  — (Belt's  of  magnetisation  for 
iron  and  ^teel 


FIG  762. — Cvtleh  of  magnetisation  for 
nickel  and  cobalt 


and  has  a  smaller  area  than  that  for  steel.     In  Fig    762  are  cycles 
for  nickel  and  cobalt 

In  order  to  take  a  specimen  through  a  cycle  of  magnetisation 
work  must  be  done :    for  every  cubic  centimetre  of  the  material, 
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5O  TOO  15O 

FIG.  763. — Magnetic  properties. 


the  work  for  a  complete  cycle  is  equal  to  the  area,  to  scale,  enclosed 

by  the  I  -H  curve.     Thus,  it  will  be  seen  that  more  work  is  required 

to  take  a  specimen  of  steel  through,  a  magnetic  cycle  than  in  the 

case  of  a  specimen  having  the  same  size  and  consisting  of  iron.     As 

this  work  is  converted  into  heat  in  the 

specimen,  steel  will  become  heated  to  a 

greater  extent  than  iron  when  subjected 

to  reveisals  of  magnetisation.     This  fact 

is  important  in  the  design  of  electrical 

machinery,  as   this  energy  is   wasted  ; 

consequently    the    parts    subjected    to 

rapid    reversals    of    magnetisation    are 

usually  made  of  soft  iron. 

Demagnetisation  of  steel. — It  is  fre- 
quently necessary  to  demagnetise  a 
piece  of  steel.  This  can,  of  course,  be 
performed  by  heating  it  up  to  a  red 
heat  and  allowing  it  to  cool,  but  a 
more  satisfactory  method  is  desirable.  Heating  the  steel  changes  its 
character,  and  in  the  case  of  a  delicate  body  like  the  hair-spring  of  a 
watch,  the,  elastic  properties  of  the  body  would  be  destroyed. 

An  examination  of  Fig.  760  would,  at  first  sight,  lead  us  to  suppose 
that  by  stopping  at  the  point  c  in  the  cycle,  the  body  would  then 
be  demagnetised  But  this  is  not  the  case,  as  then4  is  still  a  mag 
netising  field  Oc.  and  on  removing  this  field,  the  body  will  be  found 
to  be  magnetised.  The  only  satisfactory  method  is  to  take  the  body 
through  a  succession  of  magnetic-  cycles,  continually  decreasing  in 
magnitude,  until  the  cycles  become  so  small  that  the  magnetic 
field  is  practically  zero.  Thus  a  watch  whose  hair-spring  has 
been  magnetised  accidentally,  may  be  very  much  improved,  if  not 
cured,  by  placing  it  inside  a  coil  in  which  an  alternating  current  is 
flowing.  The  current  should  be  great  at  first,  and  then  be  gradually 
diminished  to  zero. 

Ewing's  molecular  theory  of  magnetisation. — The  molecular 
theory  of  magnetisation  has  been  accepted  for  a  long  time,  but  in  its 
simple  form  certain  difficulties  arise.  For  example,  how  is  it  that 
a  magnetic  field,  however  weak,  does  not  set  all  the  molecular 
magnets  in  its  own  direction,  and  so  produce  saturation  ?  To  get 
over  this  difficulty  it  must  be  supposed  that  the  molecular  magnets 
are  not  perfectly  free  to  turn,  and  former  investigators  in  the  subject 
assumed  that  there  is  some  friction  opposing  the  turning  of  the 
molecular  magnets.  Sir  James  Ewing  showed  that  the  observed 
magnetic  effects  could  all  be  explained,  without  introducing  the  idea 
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of  /notion,  by  means  of  the  magnetic  effects  of  the  neighbouring 
molecular  magnets  upon  each  other  He  imitated  a  piece  of  magnetic 
n  s  material  by  means  of  a  group  of  compass 

s/     \^;?        needles.     The  explanation  may  be  simplified 
by  considering  a  group  of  four  such  magnets, 
^N^        >^s         but    it    must   be   remembered   that   actually 
*      n  there   must  be  an  infinite  number  arranged 

,^^      W^;/        m  a^  possible  ways 

,^H  A  group  of  four  magnets  an an^ed  as  in 

\          /  Fig  701  (a)  would  set  as  shown  when  theie  is 

s         »  no    magnetising    field       The  M  and  S  poles 

*"**^.n     s— •**""         of   consecutive    magnets  would  be   so   close 

^H  together    that    theie  wrould    be  no   external 

f*""*'2     -^^         magnetic  effect  piodueed.     This  corresponds 
to    the    unni'ignetised    condition      A    weak 

1 — H     I I?         magnetising  field  H  would  rotate  the  magnets 

^-\\      slightly  into  its  own  direction  as  in  (l>),  but 

" — 7i      s — n         would  not  break  up  the  group.    On  increasing 
H,  a  point  will  be  reached  at  which  the  lower 


fa) 


(b) 


(c) 


(tl) 


Fia  7fi  t  —Magnetisation  of 
a  (jroiii)  of  lour  iiMKiiHs 


two  magnets  will  swing  round  to  the  position 
shown  in  (c)  Thus,  a  small  increase  m  H  will  correspond  to  a  large 
increase  in  the  intensity  ot  magnetisation,  being  the  change  indicated 


(<*>)  FIG  70-,      lying's  model 

by  the  part,  ab  of  the  curve  in  Fig  75-S.  Any  further  increase  in  H 
can  only  set  the  magnets  slightly  more  in  line,  as  in  Fig.  764  (<Z), 
the  part  be  of  the  curve  in  Fig.  758  being  lealised 
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Remembering  that  an  actual  piece  of  iron  consists  of  a  vast  num- 
ber of  molecular  magnets  which  arrange  themselves  in  groups  and 
lines  of  all  degrees  of  stability,  it  will  be  seen  that  these  groups  will 
not  all  break  up  at  the  same  time,  and  the  flowing  curve  ot  Fig.  758 
will  be  the  result.  Fig.  765  (a)  is  from  a  photograph  of  a  group  of 
compasses  which  are  not  subject  to  a  magnetising  field,  and  (b)  the 
same  group  when  subjected  to  a  moderately  strong  magnetising  field. 

Paramagnetic  and  diamagnetic  substances.  -The  three  substances 
—  iron,  nickel,  and  cobalt  -are  so  vastly  more  magnetic  than  any 
other  substances  that  they  are  placed  in  a  group  by  themselves  ; 
they  are  said  to  be  ferromagnetic.  The  permeability  of  iron  may 
be  as  great  as  2000,  that  of  nickel  300,  and  of  cobalt  250.  No 
other  substance  has  permeability  approaching  these,  in  fact  its 


(ft)  (b) 

FIG.  760  — Paramagnetic  and  diamagnetic  substances 

value  in  all  other  cases  is  very  nearly  unity.  Nevertheless,  nearly 
all  substances  have  foeble  magnetic  piopertirs.  The  magnetic 
property  of  these  substances  is  better  expressed  in  terms  of  the 
susceptibility  than  permeability.  Thus  the  magnetic  susceptibility 
of  platinum  is  +  1-32  x  10  ~6,  of  aluminium  +  0-65  x  I0~fl,  water 
- 0-8x](J-°,  copper  - 0-087  x  KM,  and  bismuth  -14xK)-8. 

For  some  substances  the  magnetic  susceptibility  is  positive  and 
for  others  negative.  When  it  is  positive  the  substance  is  said  to 
be  paramagnetic,  and  when  negative  the  substance  is  diamagnetic. 
By  employing  the  relation  fi  =  l  +47T&,  we  see  that  the  permeability 
of  platinum  is  1-000017  and  of  bismuth  (HH)99G.  Thus  para- 
magnetic substances  Imve  a  permeability  greater  than  unity  and  diamagnetic 
substances  a  permeability  less  than  unity. 

Fig.  766  id]  represents  the  distribution  of  the  lines  of  induction 
for  a  sphere  of  a  paramagnetic  substance  placed  in  a  uniform  magnetic 
field,  and  (b)  represents  the  case  of  a  diamagnetic  substance. 

Whether  a  substance  is  paramagnetic  or  diamagnetic  may  be 
determined  by  its  behaviour  in  a  strong  magnetic  field.  Thus,  a 
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(a)  (b) 

FIG  707  — Para-  and  diamagnctism 


rod  of  the  substance,  suspended   tn   a   strong   magnetic   field,  will 

set  with  its  length  in  the  direction  of  the  field,  if  the  substance  is 

ferromagnetic  or  paramagnetic,  but  if  the  substance  is  diamagnetic 

the  rod  will  set  with  its  length 
at  right  angles  to  the  field 
Thus  a  piece  of  iron  or  plati- 
num suspended  in  a  magnetic 
field  will  set  as  shown  in  Fig 
767  (cf),  but  a  piece  of  bismuth 
as  in  (b) 
Further,  a  piece  of  a  ferromagnetic  or  paramagnetic  substance 

tends  to  move  from  the  weaker  to  the  stronger  parts  of  a  magnetic 

field,  as  has  been  seen  by  the  mannei    m  which  iron  filings  cling 

to  a  magnet      On  the  contrary,  a  piece  of  diamagnetic  substance 

tends  to  mo  ye  from  tf)Q  stronger  to  the  weaker  parts  of  the  field, 

but  the  effect  is  so  small  even  in  the  case  of  the  most  diamagnetic 

substances    that  special    arrangements    are    necessary    in   order   to 

observe  it. 

*  The  magnetic  circuit.  -A  magnetic   field   may    be   represented 

completely  by  means  of  lines  of  induct  i  xn  (p.  810)      This  gives  rise 

to  a  means  of  calculating  the  magnetic  field  and  induction  in  several 

important  practical  cases.     Through 

the  boundary  of  any  area  S,  situated 

at  a  (Fig  768)  and  at  right  angles  to 

the  direction  ot  the  induction,  draw 

lines    of   induction       Since    lines   of 

induction   are    closed    curves,    they 

will  enclose  a  tube  ((bed  when  pro- 

duced in  both  directions      The  lines 

crossing  the  area    St    at  a  will  also 

cross  S2  at  6,  S3  at  c,  and  so  on,  for 

no  lines  of  induction  pass  into  or  out 

of  the   tube      Now   the   number   of 

lines  per  unit  area  at  a  is  Bj   (the 


FIG.  768  —Magnetic  circuit 


value  of  the  induction  there),  so  that  the  whole  number  crossing  Sj 
is  BjS,.  Also  the  number  crossing  S2  is  B2S2,  and  so  on  But  as 
these  arc  all  the  same, 

B,S,  =  8282^6^83  =  6484 

In  other  words,  the  quantity  BS  is  the  same  for  every  section  of 
the  tube  Such  a  closed  tube  of  induction  is  called  a  magnetic 
circuit  It  is  the  property  of  a  magnetic  circuit  that  the  quantity 
BS,  sometimes  called  the  magnetic  flux,  or  the  total  number  of  lines 
of  induction,  is  the  same  for  every  section. 

*  To  be  omitted  until  after  reading  Chapter  LXXV. 
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The  magnetic  circuit  may  bo  made  up  of  a  number  of  parts,  having 
different  cross-sections  and  different  permeabilities.     Thus,  consider 

the   core  of  an  electro-magnet  (Fig.   769).     ,^ 

The  magnetic  circuit  will  be  very  nearly 
that  indicated  by  the  dotted  lines.  Let 
the  yoke  have  an  effective  length  l{  and 
cross  section  S1?  and  be  constructed  of  iron 
of  permeability  //,.  The  quantity  ll/iulSl 
is  called  the  magnetic  resistance  of  this  part 
of  the  circuit.  Similarly  ^///2S2  is  the 
magnetic;  resistance  of  each  limb,  and 

h'1 /**$.*  ^at  °^  each  P°IC  Plec'c-  The 
magnetic  resistance  of  the  air  gap  be- 
tween the  pole  pieces  is  /4/S4,  since  the 
permeability  of  air  is  unity.  Now  the 
magnetic  resistance  of  the  whole  circuit  id 


FIG.  769  —  Core  of  an  electro- 
magnet. 


the  sum  of  the  magnetic   resistances  of  its   separate  parts. 
the  whole  circuit 

M  *•  •   *  ll  212  ^3  h 

Magnetic  resistance  =  ^  Q  +  ff  Q  +  ;,  Q   +o 


Thus,  for 


The  product  of  the  total  induction  or  magnetic  flux  and  the  magnetic 
resistance  is  called  the  magneto-motive  force  in  the  circuit,  usually 
written  M.M.F. 

s> 


(Magnetic  flux)  x  (magnetic  resistance)  =±  M.M.F.  , 


or, 


Magnetic  flux  = 


M  M  F. 

magnetic  resistance* 

[n  the  case  of  an  electro- magnet  the  M.M.F.  is  due  to  an  electric 
current  flowing  in  coils  surrounding  the  limbs  (Fig.  (.)33).  The 
product  of  the  current  in  amperes  (p  813)  and  the  total  number  of  turns 
is  called  the  number  of  ampere-turns  ;  further, 

4?r  x  (ampere-turns) 

Mjur" —-10- *' 

Thus,  for  a  given  electro-magnet,  if  the  number  of  ampere-turns 
be  known,  the  M.M.F.  may  be  found.  Then,  knowing  the  magnetic 
resistance,  the  magnetic  flux  can  be  calculated.  Dividing  this  by 
the  area  of  the  air  gap,  the  value  of  B,  or  the  strength  of  magnetic 
field  in  the  gap  can  be  found. 

EXAMPLE. — An  iron  ring  of  circumference  50  cm.  and  cross-section 
0-5  sq.  cm.  is  wound  with  400  turns  of  wire  in  which  a  current  of  1  -5  amperes 
flows.  At  one  part  of  the  ring  is  an  air  gap  2  mm.  wide.  Find  the  strength 
of  magnetic  field  in  this  gap,  if  the  permeability  of  the  iron  is  500. 
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Number  of  ampeie  tin  us     400  x  1-5 

=  600; 
47TX600     om 

M  M  F    -  =240?T 

Again,  Magnetic  resistance  of  the  iron  ring 

"sixAos"0'2' 

0  2 
Magnetic  resistance  of  the  air  gap  ~,v>  —0  4; 

Fiu   770     Ciruil.ir  magnetic          Total  magnetic  resistance  ~0  2  +0  4  — 0  6. 
( it  (uit, 

r^~  M  M  i''  240-     lrt-» 

Now  magnetic  tlux^BS  .  ,  /, /.     -1^57. 

0  magnetic  resistance       0-u 

This  is  also  the  value  of  BS  for  the  air  gap  ; 

B     \fr7  -2514  cd  s  units. 
u  <_> 

Hut  the  permeability  of  the  air  is  unity,  so  that  the  strength  of  field  in 
the  air  gap  is  also  2514  c  o  s  units. 

EXERCISES  ON  CHAPTER  LXIV. 

1.  Define  intensity  of  magnetisation.     How  is  it  measured,  and  how 
does  it  vary  in  mm  wth  the  magnetising  force  ?  L  V. 

2.  Define  "intensity  of  magnetisation  "  and  "  magnetic  susceptibility." 
\  hollow  iron  mast  12  metres  high,  having  external  diameter  30  cm 

and  internal  diameter  20  cm  ,  is  magnetised  by  the  vertical  component 
of  the  earth's  magnetic;  field  Taking  the  intensity  of  this  to  be  0-40 
•mit,  and  the  susceptibility  ot  the  iron  to  be  8-0,  calculate  the  magnetic 
moment  of  the  mast,  and  its  effect  upon  the  time  of  vibration  of  a  compass 
needle  placed  4  metres  north  ol  the  loot  ot  the  mast,  neglecting  the  effect 
of  the  pole  at  the  top,  and  taking  H  —  0  2.  L.U. 

3.  (live  two  sepaiate  definitions  of  intensity  of  magnetisation.     Find 
an  expression  tor  the  force  between  the  poles  of  two  bar  magnets  placed 
face  to  lace  and  in  contact. 

4.  Calculate  the  strength  of  field  near  a  plane  sheet  of  magnetic  polo 
of  strength  8  5  per  sq.  em. 

A  gap  is  cut  in  a  ring  magnet,  the  intensity  of  magnetisation  of  which 
is  80.  Find  the  strength  of  magnetic  field  in  the  gap. 

5.  Give  a  brief  account  of  the  molecular  theory  of  magnetism. 

6.  Whet  is  a  magnetic  circuit  ? 

An  electro-magnet  of  ring  form  has  a  cross-section  of  10  sq.  cm.,  a 
length  of  70  cm.  measured  along  the  circumference,  and  is  excited  by  a 
current  of  5  amperes  flowing  in  600  turns  of  wire  The  length  of  the  air 
gap  being  1  cm.,  find  the  strength  of  magnetic  field  in  this  gap,  if  the  perme- 
ability of  the  iron  is  500. 
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7.  Define  intensity  of  magnetisation. 

The  maximum  intensity  of  permanent  magnetisation  in  a  steel  bar 
10  cm.  long  by  1  cm.  square  has  been  found  to  be  225  r.u.s.  units. 

Find  the  tangent  of  the  greatest  deflexion  of  a  magnetometer  which 
such  a  magnet  could  cause  it  the  centre  of  the  needle  were  30  cm.  east  ot 
the  centre  of  the  magnet.  (H  -  0  18  r, as.)  L.U. 

8.  Define  '"  magnetic  moment  "  and  '  intensity  of  magnetisation." 
Find  the  strength  of  magnetic  field  at  a  point  50  em.  from  the  middle 

of  a  piece  of  magnetised  steel  wire  5  cm.  long  and  2  mm.  in  diameter,  if 
the  intensity  of  magnetisation  of  the  steel  is  200,  the  point  being  situated 
on  the  axis  of  the  magnet.  L.U. 

0.  A  cylindrical  magnet  of  1  sq.  cm.  section  and  with  poles  20  cm. 
apart,  suspended  by  a  vertical  thread,  makes  20  complete  vibrations  in 
88  sees,  at  a  place  where  the  earth's  magnetic  horizontal  intensity  is  0-25. 
If  the  moment  of  inertia  of  the  magnet  is  245,  find  the  magnetic  moment, 
pole  strength  and  intensity  of  magnetisation.  Univ.  of  Sydney. 

10.  A  piece  of  iron  wire  36  cm.  long  and  2  mm.  in  diameter  is  magnetised 
in  the  direction  of  its  length  by  a  field  of  strength  25  r.c.s.  units.     If  the 
magnetic  susceptibility  of  the  material  is  52,  calculate  the  magnetic  moment 
and  the  strength  of  field  due  to  the  wire,  at  a  point  80  cm.  from  it  and 
situated  on  the  line  bisecting  it  at  right  angles. 

11.  A  bar  of  steel  of  length  23  cm.,  breadth  I  2  cm.  and  thickness  0  5  cm. 
is  placed  in  a  magnetic  field  of  strength  7  5  units  and  parallel  to  its  length. 
Find  the  magnetic  moment  of  the  bar  if  its  permeability  is  640. 

12.  Find  the  magnetic  moment  and  strength  of  pole  of  a  bar  of  iron  of 
length  10  cm.  and  cross-section  0  5  sq.  cm.,  if  it  is  uniformly  magnetised 
in  the  direction  of  its  length  to  an  intensity  of  500. 

13.  Two  long  soft  iron  rods  of  area  of  cross-section   25  sq.  cm.  are 
placed  end  to  end  and  in  contact.     They  are  situated  in  a  long  solenoid 
having  15  turns  per  cm.  in  which  a  current  ol   1  5  ampere  is  flowing.     If 
the  permeability  of  the  iron  is  150,  what  is  the  force  required  to  separate 
the  rods  ? 
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THE  KLKITKLC  CURRENT 

Effects  of  current.- -In  certain  circumstances  a  wire  may 
exhibit  characteristic  phenomena  ,  thus,  there  may  be  a  magnetic 
field  associated  with  it,  although  the  matenal  of  the  wire  is  not 
itself  a  magnetic  substance  Also  the  wire  may  become  hot,  without 
any  apparent  application  of  heat  to  it  ,  and,  further,  if  the  wire 
be  cut  and  the  two  ends  dipped  into  a  solution  of  sulphuric  acid 

in  water,  bubbles  of  gas,  oxygen 
and  hydrogen,  will  appear  upon 
the  ends  immersed  Without,  for 
the  moment,  considering  how  the 
wire  may  bo  1) rough t  into  this  con- 
dition, we  shall  studv  these  effects. 
When  they  are  observed  we  say 
that  an  electric  current  is  flowing  in 
the  wire 

Magnetic  field  due  to  an  electric 
current.   -In    the   case    of  a   long 
straight   wire   carrying   an  electric 
FIG  771  -Magnetic  lines  of  force  due  to    current,   the  magnetic  field  in  its 

.1  st i, ught  current  ^ 

neighbourhood   is    in    the  form  of 

circles  having  their  centres  upon  the  wire  and  their  planes  per- 
pendicular to  it.  The  magnetic  lines  of  force  may  be  traced  as  on 
p.  778  by  passing  a  straight  wire  through  a  piece  of  cardboard,  and 
using  a  compass  needle  to  find  the  direction  of  the  magnetic  field 
at  various  points.  Or  iron  filings  may  be  sprinkled  upon  the  card  ; 
on  tapping  the  card  the  filings  will  set  themselves  in  approximate 
circles  (Fig  771). 

If  the  wire  be  in  th*  form  of  a  circle,  the  form  of  the  field  in  a 
plane  at  right  angles  to  the  circle  is  as  shown  in  Fig.  772 
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EXPT.  179. — Magnetic  field  due  to  a  circular  current  Pass  a  current  round 
the  circular  coil  (Fig.  772),  which  passes  through  a  horizontal  board.  Cut 
holes  in  a  piece  of  drawing  paper  to  fit  the  coil  and  pla-ce  it  upon  the  board. 
Trace  the  magnetic  lines  of  force  by  means  of  a  compass  needle  as  on  p.  118. 
Note  that  the  lines  close  to  the  limbs  of  the  coil  approximate  to  circles. 


FIG  772  — Magnetic  field  due  to  a  FIG.  773.— -Magnetic  field  due  to  a 

circular  current.  ^  double  coil 

EXPT.  180. — Magnetic  field  due  to  &  d  /"ble  coil.  Pass  a  current  in  the 
same  direction  round  two  parallel  circular  coils  (Fig.  773).  Fit  a  piece  of 
drawing  paper  to  the  coils,  and  plot  the  magnetic  lines  of  force  as  in  the 
last  experiment.  Note  that  for  a  considerable  space  in  the  middle  of  the 
field  the  lines  are  nearly  parallel ;  tha^  is,  the  ma0uptic  field  is  very 
nearly  uniform. 

Direction  of  Current. — In  the  preceding  experi- 
ments there  is  nothing  to  indicate  the  direction  in 
which  the  electric  current  is  flowing  m  the  wire  or 
coil.  In  fact,  the  direction  of  flow  is  defined  con- 
ventionally in  the  following  manner.  Let  the  wire 
be  taken  in  the  right  hand  with  the  fingers  pointing 
in  the  direction  of  the  magnetic  lines  of  force  ; 
then  the  thumb  points  in  the  direction  of  the 
current  (Fig.  771:).  This  will  be  found  to  be  in 
accordance  with  the  arrows  in  Figs.  771  and  772. 

EXPT.  181. — Direction  of  magnetic  field  due  to  a 
current.  Join  one  end  of  a  piece  of  copper  wire  to 
the  zinc  pole  of  a  Damell's  cell,  and  the  other  end  FIG 
to  the  copper  pole.  The  current  then  flows  m  the 
wire  from  the  copper  to  -the  zinc.  Place  part  of  the  wire  horizontally 
with  the  current  flowing  from  north  to  south  and  situated  immediately 
over  a  compass  needle.  Note  the  direction  of  deflection  of  the  N  pole 
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of  the  compass.  Place  the  wire  under  the  compass  and  again  note  the 
direction  of  deflection  Continue  according  to  the  following  table,  and 
enter  the  results  as  shown  : 


Wnu 


Cm  rent  flowing, 


Position  of  wne 


Deflection  of  N  pole 
of  compass 


Hori'/ontal 


Vertical 


I 


north  to  south  above  compass 
south  to  north  ,,  ,, 

,,  ,,  below  compass 

north  to  south  ,,  ., 

downwards  N  ot  compass 

j  S 

upwards          !  „  ., 

!  N 


Verify  the  fact  that  these  results  are  in  accordance  with  the  rule  for 
the  direction  of  current  given  on  p.  83J. 

EXPT.  182.— Magnetisation  of  iron  by  an  electric  current  Take  a 
cylindrical  bar  of  soft  iron,  about  1  cm  diamctei,  and  wrap  round  it  about 
20  or  30  turns  of  insulated  copper  wire  Pass  a  current  through  the  wire 
It  will  be  found  that  the  rod  becomes  a  strong  magnet  while  the  curient 
is  flowing.  Test  with  iron  filings,  and  find  the  polarity  of  each  end  by 
means  of  a  compass  needle.  Reverse  the  direction  of  the  current  and 
again  find  the  polarity  of  the  ends.  Show  that  the  polarity  is  in 
accordance  with  Fig.  773. 

EXPT.  183 — Heating  effect  of  a  current  Connect  the  terminals  of  a 
storage  cell  by  means  ot  a  piece  of  bare  platinoid  win\  No.  22,  about  a 
metre  long,  and  note  that  the  wire  becomes  warm.  If  the  wire  be  shortened 
it  becomes  hotter.  Replace  the  platinoid  wue  by  a  piece  of  iron  wire, 
Ri7e  No.  30.  This  wire  also  becomes  very  hot,  and  if  shortened  to  a  few 
centimetres  becomes  red  hot  and  eventually  fuses. 

Sharpen  two  carbon  rods  to  points  and  bind  a  fine  piece  of  bare  copper 
wire  round  each  rod.  Join  each  copper  wire  to  one  terminal  of  a  battery 
of  secondary  cells.  On  touching  the  two  carbon  points  together  they 
will  become  red  hot  or  even  white  hot  at  the  tips. 

EXPT.  184. — Chemical  effect  of  a  current  Dip  the  ends  of  the  two  carbon 
rods  of  the  last  experiment  into  a  vessel  of  water  containing  a  few  drops 
of  sulphuric  acid.  Bubbles  will  form  on  each  of  the  rods  and  will  rise  up 
and  burst  at  the  surface  of  the  liquid.  Note  that  at  the  carbon  rod  con- 
nected to  the  black  pole  of  the  battery  the  bubbles  are  about  twice  as 
copious  as  those  on  the  rod  connected  to  the  red  pole  If  the  bubbles 
be  collected  in  inverted  test  tubes,  it  will  be  found  that  the  gas  liberated 
at  the  carbon  rod  connected  to  the  black  pole  is  hydrogen,  while  that 
from  the  rod  connected  to  the  red  pole  is  oxygen. 
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Dip  the  rods  into  a  solution  of  copper  sulphate.  Copper  is  deposited 
on  the  carbon  attached  to  the  black  pole  ot  the  battery,  while  bubbles 
appear  upon  that  attached  to  the  led  pole. 

Measurement  of  electric  current.-  Like  all  other  physical  quantities 
an  electric  current  may  be  measured  by  the  effect  it  produces.  Thus 
for  its  measurement,  the  magnetic  effect,  the  heating  effect,  and  the 
electrolytic  or  chemical  effect  are  all  available,  and  any  one  of  them 
might  be  chosen  to  define  the  magnitude  of  the  current.  If  the 
current  be  taken  as  proportional  to  the  heat  produced  in  a  given 
time,  very  gra\e  difficulties  would  be  encountered  in  its  future  study. 
This  is  consequently  abandoned  Use  of  the  chemical  effect  involves 
the  measurement  of  time,  as  the  effect  goes  on  continually,  being 
greater  for  a  large  than  for  a  small  time.  On  the  other  hand, 
for  a  given  current  the  magnetic  field  is  constant,  being  independent 
of  time.  It  is  therefore  chosen  as  the  most  satisfactory  property 
of  the  current  for  the  purpose  of  measurement.  We  will  therefore 
consider  that  an  electric  current  is  proportional  to  the  strength  of  the 
magnetic  field  which  accompanies  it. 

Unit  of  current.— In  order  to  define  a  unit  of  em  rent  in  terms  of 
a  strength  of  magnetic  field,  it  is  desirable  to  take* such  a  shape  for 
the  conductor  cairymg  the  current  that  the  strength 
oi  field  is  proportional  to  the  length  of  the  conductor 
as  well  as  to  the  current.  This  can  only  be  the  case 
when  the  current  is  in  the  form  of  a  circle,  and  the 
point  at  which  the  magnetic,  field  is  considered  is 
the  centre  of  the  circle. 

Unit  current  is  such  that  when  flowing  in  an  arc  of 
a  circle  of  unit  radius,  the  arc  having  unit  length,  the 
magnetic  field  at  the  centre  has  unit  strength 

Thus,  if  ABC  (Fig.  775)  be  a  circle  of  1  cm.  radius,     J K° «"?  7u*To 
and  AB  be  an  arc  of  this  circle  having  length  I  cm.,     umt ' run<>nt 
the  magnetic  field  due  to  the  cunent  in  this  arc  AB  has  unit  strength 
at  the  centre  O. 

Of  course,  it  is  not  usual  to  attempt  to  produce  a  current  flowing 
in  a  portion  of  a  circle  such  as  AB  ;  the  circuit  consists  in 
practice  of  a  complete  circle,  the  length  of  which  is  2ir  cm.  when 
the  radius  is  1  cm.  The  strength  of  field  due  to  the  complete  circle 
is  therefore  2-  units,  in  fact,  we  may  define  a  unit  current  as  a* 
current  of  strength  such  that  when  flowing  in  a  complete  circle 
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of  1  cm.  radius,  it  produces  a  magnetic  field  of  strength  2?r  at  the 
centre.  * 

Strength  of  magnetic  field  at  the  centre  of  any  circular  current.  — 

It  has  now  been  seen  that  the  strength  of  magnetic  field  is  pro- 
portional to  the  current  (?)  flowing  in  a  circle,  and  to  the  length  of 
the  arc  (I),  and  it  remains  to  be  seen  how  it  depends  upon  the  radius 
of  the  circle.  This  will  not  be  proved  experimentally  here,  but  it 
has  been  conclusively  shown  that,  other  things  being  equal,  the 
strength  of  field  varies  inversely  as  the  squara  of  the  radius  Thus, 
the  complete  expression  is, 

Strength  of  magnetic  field,  H  <=c    ' 

Since,  however,  H  =  1  ,  when  t  =  1  ,  ?  —  1  ,  and  r  =  1  ,  from  the  definition 
of  unit  current  (p.  833),  we  may  now  write  H  =  li/r2 

Again,  for  one  complete  circle,  Z  =  27rr,  or  for  a  circle  consisting  of 
n  complete  turns  of  wire,  I  =  2irnr,  hence, 


___ 
h  ~     r?     -    r 

where  r  is  in  centimetre?  and  i  in  units  of  current 

The  tangent  galvanometer.  From  the  preceding  discussion  we  see 
that  the  measurement  of  electric  current  depends  upon  the  measure- 
ment of  magnetic  field.  For  the  measurement  of  magnetic  field 

the  magnetometer  was  devised 
(p.  784)  and  this  instrument 
may  now  be  adapted  for  the 
purpose  of  measuring  current. 
It  i«  then  called  the  tangent 
galvanometer,  owing  to  the  tan- 
gent law  which  we  saw  to  hold 
in  the  case  of  the  magneto- 
meter 

v,  FIG.  776.—  The  tangent  galvanometer     „         A    vertical    circular    coil     AB 

(Fig.  776)  carries  the  current, 

and  this  produces  a  magnetic  field  of  strength  %Trm/r,  at  the  centre, 
the  direction  of  field  being  at  right  angles  to  the  plane  of  the  circle. 
The  plane  of  the  circle  is  therefore  placed  in  the  magnetic  meridian, 
so  that  a  suspended  magnet  ws  experiences  a  couple  twisting  it  out 
of  the  meridian,  while  the  earth's  horizontal  component  of  magnetic 
field  H  tends  to  retain  it  in  the  meridian.  This  is  exactly  the 
condition  that  held  in  the  case  of  the  magnetometer  (p.  781),  and  the 
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suspended  magnet  will  come  to  rest  at  some  angle  0  to  the  meridian 
(Fig.  777)  when  the  restoring  and  deflecting  couples  are  equal. 

The  restoring  couple  is  Hm  sin  0, 
where  m  is  the  magnetic  moment  of 
the  suspended  magnet ;  also, 

Deflecting  couple  =   '      m  cos  6  ; 

.    2irni  *    ,,      .    « 

.  ^ m  cos  u  =  Hw  sm  0, 


or, 


Hr 


.      „ 
tan  u. 


Thus,  if  H,  r,  and  n  be  known  and 
6  be  observed,  the  strength  of  current, 
i,  can  be  calculated. 

Even  when  H  is  not  known  the 
tangent  galvanometer  may  be  Uvsefully 
employed  for  comparing  currents,  in 
which  case  the  equation  is  usually 
written,  ^tan. 


FIG.  777  — Diagram  tor  the  tangent 
galvanometer 


The  quantity  k  is  called  the  reduction  factor  of  the  galvanometer. 
When  two  currents  ^  and  i2  are  to  be  compared,  the  deflections 
0j  and  6  %  which  they  produce  are  observed  ;  then 

?l==k  tan  01, 
?2  =  k  tan  02  ; 
i}  _  tan  Oi 
'  *    *2~tan  0} 

Use  of  the  tangent  galvanometer.  —  A  common  form  of  the  galvano- 
meter has  a  coil  consisting  of  a  number  of  turns  wound  upon  a 
circular  frame,  the  ends  of  the  coils  being  attached  to  the  terminals 
upon  the  base  of  the  instrument.  Three  levelling  screws  are  pro- 
vided and  enable  the  instrument  to  be  adjusted  so  that  the  suspended 
needle  may  be  at  the  centre  of  the  coil.  The  deflections  are  observed 
by  means  of  a  long  light  pointer,  attached  to  the  magnet,  the  end  of 
the  pointer  moving  over  a  large  horizontal  circular  scale  as  in  the 
magnetometer  (Fig.  727).  To  avoid  parallax  in  making  the  readings, 
the  scale  is  pasted  upon  a  piece  of  plate-glass  mirror,  in  order  that  the 
eye  may  be  placed  so  that  the  pointer  and  its  image  in  the  mirror 
coincide.  The  eye  is  then  normally  over  the  scale  and  the  reading 
is  free  from  error  due  to  parallax. 

.  It  should  %e  noted  that  the  suspended  magnet  must  be  small, 
so  that  the  magnetic  field  due  to  the  coil  may  be  considered  to  be 
uniform  over  the  whole  of  the  magnet,  and  its  value,  therefore, 
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equal  to  that  at  the  centre  of  the  coil.  An  inspection  of  Fig.  772 
will  show  that  the  magnetic  field  is  sensibly  uniform  over  a  small 
space  only  at  the  centre  of  the  coil,  so  that,  should  the  magnet 
be  too  large,  it  is  not  in  a  uniform  field  and  the  poles  of  the  magnet 
are  no  longer  situated  in  a  magnetic  field  whose  value  is  (2irm/r. 

Adjustments  of  the  tangent  galvanometer.-  (i)  The  fibre  supporting 
the  needle  must  be  free  from  torsion,  otherwise  there  is  a  disturbing 
couple  due  to  this  cause.  If  the  magnet  is  fairly  strongly  magnetised 
and  the  fibre  sufficiently  thin,  this  disturbing  oflect  may  be  eliminated 
by  removing  the  magnet  and  replacing  it  by  a  small  piece  of  wire  of 
equal  weight.  When  this  comes  to  rest,  replace  the  magnet. 

(ii)  The  needle  must  be  at  tho  centre  of  the  scale.  This  adjustment 
is  effected  by  means  of  levelling  screws,  and  is  sufficiently  accurate 
when  the  needle  is  in  the  centre  of  the  hole  in  the  middle  of  the 
plate  glass,  and  the  point ei  is  symmetrically  situated  with  respect 
to  the  scale. 

(in)  The  plane  of  the  coil  must  be  in  the  meridian.  The  whole 
instrument  is  rotated  until  the  ends  of  the  pointer  are  at  the  zero 
marks  on  the  scale. 

(iv)  The  pointer  may  not  be  at  right  angles  to  the  magnetic  axis 
of  the  magnet,  m  which  case  the  piano  of  the  coil  is  not  in  the  magnetic 

meridian,  and  the  tangent  law  does  not 
hold  good  This  error  may  be  elimin- 
ated by  suspending  the  magnet  and 
pointer  the  other  way  up,  and  seeing 
whether  the  pointer  still  comes  to  rest 
in  the  same  position  When  this  is  the 
case  the  pointer  and  needles  are  at  right 
angles  (p  795),  but  if  it  comes  to  rest 
in  a  new  position  one  must  be  twisted 
™th  ™pect  to  the  other,  and  another 
trial  must  be  made  Fig.  778  shows 
how  this  may  be  done.  The  system  is  suspended  by  a  loop  A 
from  a  hook  attached  to  the  fibre.  When  the  system  is  reversed 
it  is  suspended  from  the  loop  B.  The  framewDrk,  made  of  copper 
wire,  is  sufficiently  flexible  for  the  twisting  of  the  magnet  with 
respect  to  the  pointer  to  be  performed. 

When  this  adjustment  is  completed,  (ui)  must  be  performed 
again. 

Method  of  reading.— (i)  Having  made  the  above  adjustments, 
pass  the  current  through  the  coil  ;  the  deflection  should  not  be 
less  than  10°  or  greater  than  60°.  Both  ends  of  the  pointer  must 
be  observed,  in  order  to  correct  for  any  want  of  centring  of  the 
needle  with  respect  to  the  scale. 

(ii)  The  current  is  now  reversed  and  the  deflections  on  the  other 
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side  of  the  zero  observed.     This  eliminates  any  small  want  of  sym- 
metry of  the  needle  with  respect  to  the  coil. 

These  measurements  should  be  repeated  with  each  of  the  currents 
to  be  measured  or  compared,  the  results  beinij;  recorded  as  under  : 


DEFLECTIONS 

E  end  of 
pomtcM. 

W  end  of 

pointer. 

Curi  out 

E 

reversed 
W. 

Mean  0. 

tan  0. 

1st  current     - 

2nd  current   - 

EXIT.  185.  — Measurement  of  current  by  the  tangent  galvanometer.  Make 
the  adjustments  described  on  p.  836.  Pass  the  current  from  a  Danioll's 
cell  through  tho  tangent  galvanometer; 
makmg  tho  readings  of  deflection  and 
recording  them  as  above.  Count  the 
number  of  turns  in  the  coils  and 
measure  their  mean  diameter.  Calcu- 
late the  current  from  the  equation 
i=  H/'  tan  0/2?rw,  using  a  previously 
determined  value  of  H,  the  earth's 
field. 

EXPT.  186.— Measurement  of  H  by 
means  of  the  tangent  galvanometer. 
For  this  purpose  some  other  method 
of  measuring  the  current  is  necessary. 
An  ammeter  of  some  form  to  be  de- 
scribed later  (p.  870)-  may  be  used. 
Connect  up  a«  in  Fig. 779,  G  being  the  tangent  galvanometer,  A  the  ammeter, 
R  an  adjustable  resistance,  B  a  battery  and  K  a  key  which  reverses  the 
current  in  the  tangent  galvanometer  witfiout  reversing  it  in  the  rest  of 
the  circuit.  Starting  with  a  small  current,  observe  @9  arid  record  as 
above,  writing  down  the  value  of  the  current  as  observed  by  the  ammeter 
in  the  current  column.  Then  repeat  with  a  slightly  larger  current,  pro- 
ceeding until  ten  values  of  the  current  have  been  employed.  Plot  on  a 
curve  the  values  of  I  arid  tan  6,  when  it  will  be  found  that  the  points  lie 
very  nearly  on  a  straight  line.  Draw  a  straight  line  with  a  ruler  to  lie 
evenly  amongst  the  points.  The  equation  i  —  Hr  tan  $/27rw  may  then  be 
written,  H  =2irni/rtan  Ot  and  the  values  of  n  and  r  measured  as  before. 


FIG.  779. — Use  of  the  tangent  Kal 
meter. 
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The  value  of  I'/tan  0  may  be  taken  from  the  graph,  but  it  must  be  noticed 
that  the  current  as  recorded  by  the  ammeter  must  be  divided  by  10,  for 
a  reason  given  later  (p.  843).  In  this  way  the  value  of  H  is  obtained. 

EXERCISES  ON  CHAPTER  LXV. 

1.  Describe  how  you  would  show  that  an  electric  current  is  flowing 
in  a  given  wire,  giving  a  method  for  finding  its  direction. 

2.  Explain  why  it  is  necessary  that  the  suspended  magnet  in  a  tangent 
galvanometer  should  be  of  small  dimensions. 

3.  Calculate  the  strength  of  field  at  the  centre  of  a  circular  coil  of 
30  turns  of  diameter  18  cm.  due  to  a  current  of  5  C.G.S.  units  flowing  in  it. 

4.  A  circular  coil  of  10  turns  and  radius  8  cm.  is  placed  with  its  plane  at 
right  angles  to  the  magnetic  meridian.     If  a  suspended  magnet  at  its 
centre  makes  18  vibrations  per  minute  with  the  current  in  one  direction 
and  30  vibrations  per  minute  when  the  direction  of  the  current  IP  reversed, 
what  is  th<3  strength  of  the  current,  given  that  the  field  due  to  the  coil  is 
greater  than  H  ?     (Take  H  ^0-18.) 

5.  Describe  the  principle  of  the  tangent  galvanometer.     Why  is  the 
deflection  not  proportional  to  the  current  ? 

6.  Explain  why  the  plane  of  the  coil  of  the  tangent  galvanometer 
must  be  in  the  magnetic  meridian. 

What  is  the  relation  between  the  strength  of  the  electric  current  and 
that  of  the  magnetic  force  due  to  it  at  the  centre  of  the  coil  ? 

7.  Two  tangent  galvanometers,  A  and  B,  are  identical  in  construction, 
except  for  the  number  of  turns  in  the  coil.     They  are  connected  m  series 
and  a  current  is  sent  through  them.     The  deflection  in  A  is  45°,  and  that 
in  B  is  31°.     Calculate    the    ratio    of   the    numbers  of  turns  in  the  two 
instruments.    (Tan  31°  =0-60.)  L.U. 

8.  Describe  with  the  aid  of  diagrams  the  construction  of  a  tangent 
galvanometer,  give  the  theory  of  the  instrument,  and  show  that  it  may 
be  used  to  determine  the  strength  of  a  current  111  absolute  measure. 

The  coil  of  a  tangent  galvanometer  has  a  radius  of  15  cm.  and  contains 
50  turns.  Assuming  that  it  is  only  used  to  measure  currents  which  give 
a  deflection  less  than  60°  and  greater  than  1°,  determine  the  range  of  current 
in  amperes  for  which  it  is  available.  L.U. 

9.  A  current  flowing  through  a  tangent  galvanometer  consisting  of 
10  turns  of  wire  of  radius  8  cm.  produces  a  deflection  of  45°  when  the 
instrument  is  m  a  position  where  H  ^0-18  dyne  per  unit  pole.     What 
alterations  would  you  make  in  the  instrument  so  that  it  would  give  this 
same  deflection  for  a  current  of  one  thousandth  of  an  ampere  ?      L.U. 

10.  A  current  of  3  amperes  is  flowing  in  a  coil  consisting  of  5  turns  of 
wire  each  of  10  cm.  radius. 

Calculate  the  magnetic  field  at  the  centre  of  the  coil,  stating  the  units 
in  which  it  is  expressed.  If  a  magnetic  pole  of  strength  m  is  placed  at 
the  centre  of  the  coil,  what  force  acts  on  the  coil  when  the  current  is  flow- 
"8  *  L.U. 
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11.  Define  the  C.G.S.  unit  of  current. 

A  circular  coil  of  wire  of  30  turns  and  radius  20  cm.  is  placed  with  its 
plane  vertical  and  at  right  angles  to  the  magnetic  meridian.  When  no 
current  flows  in  the  coil,  a  magnetic  noodle  at  its  centre  makes  15  vibrations 
per  minute  ;  but  when  a  current  flows,  the  needle  is  reversed  in  direction 
and  makes  50  vibrations  per  minute.  Taking  the  horizontal  component 
of  the  earth's  magnetic  field  as  0-2,  calculate  the  current. 

12.  Describe,  and  explain  the  use  of,  the  tangent  galvanometer. 

If  in  a  given  instrument  a  current  of  5  ampere  causes  a  deflection  of 
45°,  what  currents  would  be  indicated  by  deflections  of  30°  and  60° 
respectively  ? 
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POTENTIAL 


RESISTANCE,  AND  WORK 


Analogy  between  an  electric  current  and  the  flow  of  liquid  in  a 

tube.  There  are  certain  important  points  of  resemblance  between 
the  electric  current  and  the  flow  oi  wiifei  in  a  tube  These  arise 
from  the  fact  that  in  both  cases  some  motive  power  is  necessary 
to  maintain  the  flow,  and  the  energy  of  the  supply  eventually 

becomes  heat  in  the  circuit 
The  student  is  particularly 
warned  against  pushing  the 
analogy  too  fai  For  example, 
in  the  case  of  an  electric  cur- 
lent  there  is  no  fluid  passing 
along  the  wire,  and,  on  the 
other  hand,  the  flow  of  water 
in  a  tube  which  is  not  hori- 
zontal is  paitly  due  to  the 


B. 


FIG,  780 


-Flow  ot  water  in  a  horizontal  narrow 
tube 


iweight  of  the  water.  Also, 
when  the  water  is  flowing  it 
possesses  kinetic  energy  derived  from  the  source  supplying  the 
energy  to  maintain  the  current.  11,  howevei,  we  confine  our 
attention  to  narrow  horizontal  tubes  the  analogy  serves  a  useful 
purpose. 

When  a  steady  flow  of  water  is  maintained  in  a  narrow  horizontal 
tube  into  which  vertical  tubes  are  fixed  to  act  as  pressure  gauges 
(Fig.  780),  it  will  be  noticed  that  the  pressure  falls  uniformly  along 
the  tube.  It  is  a  maximum  at  the  end  A,  and  falls  uniformly  to 
the  pressure  of  the  atmosphere  at  the  open  end  B  This  fall  of 
pressure  is  due  to  frictional  resistance  By  raising  or  lowering  the 
vessel  V,  the  flow  of  water  may  be  altered,  but  the  current  of  water, 
as  measured  by  the  amount  passing  through  the  tube  in  unit  time,  is 
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proportional  to  the  difference  of  pressure  between  the  ends  of  the 
horizontal  tube. 

In  the  ease  of  the  electric  current,  the  quantity  analogous  to 
difference  of  pressure  is  called  potential  difference,  or  p.d.  Further, 
the  potential  difference  is  proportional  to  the  current,  and  for  a  uniform 
conductor,  the  potential  difference  over  equal  lengths  of  conductor 
is  the  same. 

There  is  a  further  resemblance  between  the  two  cases,  for  the  work 
done  in  maintaining  both  currents  is  converted  into  heat,  the  quantity 
of  heat  produced  in  unit  time  being  in  both  cases  proportional  to  the  flow 
and  to  the  difference  of  pressure,  or  potential  difference.  The  measure- 
ment of  potential  difference  is  deferred  until  later. 

For  convenience,  the  analogous  quantities  in  the  two  cases  are 
collected  into  the  following  table  : 


Flow  of  Liquid 


(i)  Flow,  or  volume  of  liquid     Electric  current, 
crossing  any  section  of 
pipe  per  second. 

(ii)  Flow  oc  difference  of  pres- 
sure between  ends 


(iii)  Uniform  fall  of  pressure 
along  pipe 

(iv)  Quantity  of  liquid  =  flow 
x  time. 

(v)  Amount  of  work  con- 
verted into  heat  per 
second  oc  flow  x  differ- 
ence of  pressure. 


Elect  tie  Cm  lent 


Current  oc  potential  difference 
between  ends  of  conductor. 


Uniform  fall  of  potential  along 

conductor. 

Quantity    of    electricity  =  cur- 
rent x  time. 
Amount    of    work    converted 

into    heat   per    second    oc 

current  x  p.d. 


Unit  of  potential  difference.  —Analogy  (v)  in  the  above  table 
serves  to  define  the  unit  of  potential  difference.  The  relation  of 
p.d.  to  current  depends,  of  course,  upon  the  nature  of  the  conductor. 
For  a  given  conductor,  any  current  may  flow,  depending  upon  the 
p  d.  between  its  ends  Thus,  for  a  long  and  thin  conductor,  the 
p.d.  corresponding  to  a  given  current  will  be  greater  than  for  a 
thicker  conductor  of  the  same  material,  and  the  rate  of  working 
to  maintain  this  current  is  greater  in  the  former  case.  We  will 
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define  our  unit  of   potential    difference,  as  that  potential  difference 
which,  when  maintaining  unit  current,  performs  one  unit  of  work  per  second. 

Measuring  all  our  potential  differences  in  terms  of   this  unit,  the 
analogy  (v)  may  now  be  expressed  as  follows  : 

Eate  of  working  in  conductor  =  current  x  p  d  ,  ergs  per  second 

= t  x  e,  ergs  per  second, 
or,  total  work  performed  in  time  t  seconds 

=  current  x  p  d  x  t 

~  ixcxt  ergs. 

Ohm's  law.  The  relation  between  the  current  in  a  conductor 
and  the  potential  difference  between  its  ends  is  indicated  in  analogy 
(n).  It  was  first  given  by  U  S  Ohm,  and  is  known  as  Ohm's  law. 
It  may  be  stated  as  follows  • 

For  a  given  conductor,  the  ratio  of  the  potential  difference  between  its 
ends  to  the  current  flowing  in  it  is  constant ;  or,  p  d  current  =  constant. 

For  this  law  to  hold,  the  conductor  must  remain,  under  constant 
conditions  ;  for  example,  its  temperature  must  not  vary.  A  satis- 
factory proof  of  Ohm's  law  is  beyond  the  scope  of  this  work. 

Resistance. — The  name  resistance  is  given  to  the  ratio  of  p  d  to 
current  for  any  conductor  ;  thus, 

pd 

- ,  =  resistance, 
current 

-    c 
or,  -  r,    e—ir. 

i 

A  conductor  therefore  has  unit  resistance  if  the  p  d.  between  its  ends  is 
unity  when  unit  current  flows  in  it. 

Since  the  rate  of  working  m  any  circuit  is  known  from  the  above 
equation,  in  terms  of  the  p.d  and  current,  it  may  now  be  expressed 
in  terms  of  any  two  of  the  three  quantities  -pd.,  current,  and 
resistance. 

Thus,       Rate  of  working  =  e!=  A'  =     ergs  per  second 

This  work  performed  in  maintaining  the  current  appears  as  heat 
in  the  conductor.  With  a  small  current,  the  amount  of  heat  produced 
per  second  may  be  so  small  that  it  leaks  away  by  conduction,  etc., 
so  rapidly  that  the  temperature  of  the  wire  is  not  appreciably  raised. 
It  may  happen,  however,  that  the  rate  of  production  of  heat  is  so 
great  that  the  conductor  is  considerably  raised  in  temperature,  as 
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in  the  case  of  the  electric  incandescent  lamp.  In  fact,  pieces  of 
fine  wire,  called  fuses,  are  generally  placed  in  lighting  and  power 
circuits,  which,  for  the  limiting  safe  current,  are  raised  to  such 
a  temperature  that  they  melt,  and  so  break  the  circuit.  Such  fuses 
are  generally  pieces  of  tin  wire,  since  tin  melts  at  a  fairly  low  tem- 
perature, but  they  are  sometimes  made  of  copper. 

The  amount  of  heat  produced  in  a  circuit  in  a  given  time  may  be 
found  from  a  knowledge  of  the  fact  that  1  -2  x  107  ergs  (approximately) 
when  converted  into  heat  become  1  calorie  (p.  355). 

Thus,  Heat  produced  in  circuit 

e^  i2r  ,     .  , 

-A  o     IAT^/J  o     1A7  calories  per  second. 
4-2xl()7    4-2xl07  L 

It  will  be  noticed  that  for  a  circuit  of  given  resistance,  the  heat 
produced  per  second  is  proportional  to  the  square  of  the  current 
and  not  simply  to  the  current.  This  is  the  reason  why  the  heating 
effect  was  not  chosen  to  define  the  unit  of  current  (p.  833). 

Practical  units.— The  units  defined  above  have  been  chosen  on 
account  of  their  simple  relation  to  the  mechanical  units  of  force 
and  work.  For  practical  purposes  these  units  are  of  inconvenient 
size,  and  others  are  therefore  selected  which  can  be  obtained  easily 
from  the  absolute  units,  and  represent,  by  convenient  numbers,  the 
ordinary  quantities  to  be  measured. 

The  ampere.— One  tenth  of  the  absolute  unit  of  current  is  taken 
as  the  practical  unit  and  is  called  the  ampere,  after  Ampere,  who  did 
a  great  amount  of  work  in  the  study  oi  electric  and  magnetic  pheno- 
mena We  shall  in  future  use  I  to  denote  a  current  when  measured 
in  amperes,  and  i  when  measured  in  absolute  units.  Thus,  for  any 
given  current  1  =  10?,  since  the*  number  oi  amperes  is  ten  times 
the  number  of  absolute  units  in  its  measurement. 

Hence  the  magnetic  field  (H)  at  the  centre  of  a  circular  coil  (p.  834) 
is  given  by  _2aw_2irnl 

H~     r    -  10r  ' 

The  volt. — The  absolute  unit  of  potential  difference  is  an  extremely 
small  quantity  ;  hence  the  practical  unit  is  taken  to  be  HXXXXXXX), 
or  108  times  as  great.  It  is  called  the  volt,  after  Volta,  the  discoverer 
of  the  '  voltaic  '  pile. 

Thus,  e  =  108E,  where  E  is  a  given  p.d.  measured  in  volts,  and  e  the 
same  measured  in  absolute  units. 

Tl\e  Ohm. — Having  chosen  two  of  our  new  units  of  convenient  size, 
we  are  no  longer  at  liberty  to  choose  the  others,  but  must  derive 
them  from  those  already  fixed.  Thus,  for  a  conductor  to  have  one 
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practical  unit  of  resistance,  there  must  be  a  p  d  of  1  volt  between  its 
ends  when  the  current  in  it  is  1  ampere  This  unit  of  resistance  IF 
called  the  ohm.  Thus  if  R  is  the  resistance  of  a  conductor  in  ohms, 


=  R.    or    E  =  IR. 

But,  E=exlO-8  and  1  =  10;  ; 

tr       />  v  If)    8       p 

.-.  R  *   px|°   =cx](H=rxio-«. 

I          !()/         i 

Hence,  r  =  109R,  and  a  given  resistance  has  109  as  many  absolute 
units  in  it  as  it  has  ohms  Thus  the  ohm  is  equal  to  ID9  absolute 
units  of  resistance 

Hence  there  are  two  equations  which  may  be  used  in  the 
calculation,  of  current,  potential  difference,  and  resistance,  namelv, 
E/I  =  R,  when  the  ampere,  volt,  and  ohm  are  the  units  employed, 
and  efi  =  r  when  the  absolute  units  aie  used  The  former  is  by  far 
the  more  common  method. 

The  watt. — On  p  842  it  was  seen  that  the  unit  of  p.d.  is  so  chosen 
that  the  product  of  p  d  and  current  is  the  rate  of  working  m  a  circuit, 
expressed  in  ergs  per  second  It  is  desirable  to  give  a  name  to  the 
rate  of  working  in  a  circuit  when  the  current  is  1  ampeie  and  the  p.d. 
1  volt.  This  is  called  the  watt. 

Thus,  Rate  of  working  =  E  x  I  watts 

-  I2  x  R  watts. 

Now  for  given  current  and  p  d  ,  1  =  10?  and  E  =  c  x  10~s ; 
.'.  rate  of  working  —  e  x  10  8  x  10 1,  watts 
=  ei  x  10  ~7  watts 
=  ei  ergs  per  second. 

Hence  it  follows  that  the  given  rate  of  working,  namelv  ei  ergs  per 
second,  is  only  ei  x  10  7  watts,  so  that  1  watt  =  107  ergs  per  second. 
It  likewise  follows  that, 

Rate  of  working  =  E  x  I  x  1()7  ergs  per  second. 

Again,  since  4-2  x  107  ergs,  when  converted  into  heat,  give  rise  to 
1  calorie, 

Rate  of  production  of  heat  in  conductor 

^EIxlO7 

~42xl07 

=  EI  x  0  24  calories  per  second 

=  I2R  x  0*24  calories  per  second. 
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It  is  useful  to  note  (p.  172)  that  since  1  horse  power  is  33,CXK)  foot- 
pounds per  minute,  by  converting  foot  pounds  to  ergs,  we  find  that 

I  horse-power  =  746  watts. 

Hence  to  find  the  horse-power  expended  on  any  circuit  we  have 
Rate  of  working  =  El  watts 

EI  i 

=  - .     horse-power. 

EXAMPLE  1. — Fmd  the  boat  produced  in  a  conductor  111  five  minutes, 
when  a  current  of  3  5  amperes  js  flowing,  the  p.d.  between  the  ends  of 
the  conductor  being  20  volts. 

Rate  of  working  —3  5  x  20  watts 

-3 '5  x  20  xO  24  calories  per  second. 
/     Total  heat  produced  -.'5  f>  x  20  x  0  24  x  300  calories 
-5040  calories. 

EXAMPLE  2. — Find  the  horse-power  required  to  maintain  a  current  of 
3  amperes  in  a  220  volt  incandescent  lamp. 

Rate  of  working  -  3  x  220  watts 

^3x220 
746 

—0-885  horse-power. 

Units  of  work  and  energy. — The  absolute  unit  of  work  being  the 
era,  while  the  practical  unit  of  rate  of  working  is  the  watt,  or  107  ergs 
per  second,  it  is  useful  to  employ  a  practical  unit  of  work  corre- 
sponding to  the  watt.  This  is  the  work  done  when  a  rate  of  working 
of  1  watt  is  maintained  for  1  second,  and  is  called  the  Joule.  Thus 
the  watt  is  equivalent  to  1  joule  per  second,  while  the  joule  itself  is 
equal  to  107  ergs.  Hence  for  any  conductor  carrying  current, 
Work  done  —  E  x  I  x  t  joules, 

where  t  is  the  time  for  which  the  current  flows,  measured  in  seconds. 
For  the  commercial  supply  of  electrical  energy,  the  joule  is  too 
small  for  convenience,  and  another  derived  unit  is  employed.  This 
is  the  kilowatt-hour,  and  is  the  work  done  when  a  rate  of  working 
of  1  kilowatt,  or  1000  watts,  is  maintained  for  1  hour.  The  kilowatt- 
hour  is  the  legal  unit  for  the  supply  of  electrical  energy  and  is  called 
the  Board  of  Trade  unit, 

1  kilowatt-hour  =  1000  watts  for  1  hour 
-1000x3600  joules 
=  3 -6  x  10"  joules. 
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EXERCISES  ON  CHAPTER  LXVI. 

1.  Define  the  units  of  potential  difference  and  resistance. 

2.  State  Ohm's  law  and  crive  an  account  of  what'you  mean  by  the 
4  resistance  '  of  a  conductor 

3.  Find  the  potential  difference  required  to  maintain  a  current  of  2-5 
amperes  in  a  conductor  of  23  ohms  lesistance,  and  the  rate  of  working  m 
the  conductor. 

4.  State  the  relation  of  the  ampere  and  the  volt  to  the  absolute  units 
of  current  and  p.d.,  and  find  the  number  of  ergs  performed  in  a  circuit 
in  10  minutes  when  a  current  of  0  3  ampere  {lows  in  a  conductor  when 
the  p.d.  between  its  ends  is  40  volts. 

5.  Find  the   horse-power   required   to   maintain   a   30  candle-power 
incandescent  lamp  of  1  5  watts  per  candle-power,  and  the  current  in  the 
lamp  when  on  a  200  volt  circuit. 

6.  A  wire  conveying  an  electric  current  of  0*5  ampere  has  a  resistance 
of  1-6  ohm  per  metre.     If  75  cm.  of  this  wire  be  placed  m  650  grams  of 
water,  find  the  rise  of  temperature  in  15  minutes 

( 1   joule     0  24  calorie  ) 

7.  Find  an  expression  for  the  heat  developed  by  an  electrical  current 
in  a  wire. 

The  current  through  a  resistance  coil  which  is  connected  to  the  terminals 
of  a  100  volt  circuit,  uuses  the  temperature  of  1  litre  of  water  10  degrees 
in  one.  minute.  What  is  the  resistance  of  the  coil  ?  L.U. 

8.  How  would  you  concentrate  the  production  of  heat  in  one  part  of 
an  electric  circuit  carrying  an  electric  current  ?     Illustrate  your  answer 
by  reference  to  an  electric  lamp  and  its  leads.     State  definitely  the  laws 
which  relate  to  the  production  of  heat  in  the  circuit.  L.U. 

9.  How  is  the  heat  pioduccd  in  a  conductor  related  to  the  potential 
difference  between  the  ends  of  the  conductor  and  the  current  flowing  in 
it  ? 

If  the  heating  effect  in  a  certain  resistance  box  endangers  the  constancy 
of  the  coils  when  the  energy  used  in  them  exceeds  0  0001  watt  per  ohm, 
find  the  limiting  sate  voltage  applied  to  the  box  when  the  resistance  1  5 
ohm  is  being  used,  and  also  when  2500  ohms  resistance  is  being  used. 

L.U. 

10.  What  is  the  law  of  heat  developed  by  an  electric  current  ? 

A  glow  lamp  is  immersed  in  a  litre  of  water,  and  when  the  current  is 
switched  on  the  temperature  of  the  water  rise4*  at  the  rate  of  one  degree 
in  5  minute?.  If  the  current  through  the  lamp  is  i  ampere,  what  is  the 
voltage  of  the  lamp,  and  what  IH  its  resistance  ? 

(42  million  ergs.,  or  4  2  joules  =-  1  calorie.)  L.U. 

11.  What  arc  the  law?  relating  to  the  development  of  heat  in  a  conductor 
during  the  passage  of  an  electric  current  through  it  ? 

A  current  of  electricity  of  2  amperes  is  passed  for  1  hour  through  an 
electric  lamp  the  resistance  of  which  is  52  ohms.  Calculate  the  amount 
of  energy  dissipated  as  heat,  and  the  difference  of  potential  between  the 
terminals  of  the  lamp.  L.U. 
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12.  The  lighting  of  a  room  requires  300  candle-power  and  the  lamps 
supplied  have  an  efficiency  of    1  5  watts  per  c.p.      What  is  the,  cot  of 
lighting  the  room  for  24  hours  if  the  eost  of  supplv  is  3d.  per  Board  of 
Trade  Unit  ? 

13.  The  lighting  installation  of  a  building  consists  of  120  incandescent 
lamps  each  having  a  resistance  of  65  ohms  and  requiring  a  p.d.  of  100 
volts.     Find  the  rate  of  working  in  kilowatts  and  in  horse-power  required 
to  maintain  them  incandescent. 

14  If  a  piece  of  wire  carrying  a  current  is  immersed  in  000  grains  of 
water  and  the  rise  in  temperature  is  5°  C.  per  minute,  calculate  the 
current,  if  the  resistance  of  the  wire  is  2-5  ohms. 

15.  Twenty  metal  filament  lamps,  each  of  32  candle  power  and  taking 
1*4  watts  per  candle,  aic  installed  in  a  house  and  supplied  at  ^50  volts. 
What  is  the  total  current  taken  when  the  lamps  arc  all  lighted,  and  the 
cost  per  hour  if  electricity  is  supplied  at  four-pence  per  Boaid  of  Trade 
unit  1  C.G. 
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Conductors  in  series.— Conductors  are  said  to  be  arranged  in  series 
when  one  current  flows  through  all  of  them,  as  in  Fig  781.     The 

current  enters  at  A  and  leaves 
.1  at  D,  and  is  the  same  in  all 
the  conductors  Calling  this 
current  I  amperes,  the  poten- 
tial difference  between  A  and 
B  is  IRj  volts  Similarly,  the  p  d  between  B'and  C  is  IR2  volts,  and 
between  C  and  D  is  I  R.,  volts 

If  R  be  the  total  ot  effective  resistance  between  A  and  D,  the  p.d. 
between  A  and  D  is  IR. 

Hence,  I R  =  I  Rx  + 1 R2  4- 1 R3, 

Thus,  for  conductors  in  series,  the  effective  resistance  is  the  sum  of  the 
separate  resistances,  and  for  any  number  of  conductors, 

f\  —  RI  ~riio~r«*<j"T"i«/«~r" (I) 

1  £,  «i  I  \      I 

Conductors  in  parallel.  -When  several  conductors  are  joined 
between  two  points  so  that  the 
current  divides  between  them,  they 
are  said  to  be  in  parallel,  as  in  Fig. 
782.  The  current  I,  entering  at  A, 
divides  into  three  parts,  Il9 12  and  I3 
which  unite  again  at  B. 

T  —  T    _|_  T    4-  T  ^IG  782  — Con(luctors  in  parallel 

Now  taking  the  conductors  separately  we  have, 

p.d.  between  A  and  B  =  1^  ==  I2R2  =  IaR3  =  say  e  ; 

T      e      T      e  i     T      e 

..   Ji  =«  >  l<>=~      and     Io==     • 
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Again,  if  R  be  the  equivalent  resistance  between  A  and  B, 
p.d.  between  A  and  B  =  IR  =  e; 


where  I  is  the  total  current.     Since  tins  is  equal  to  the  sum  ot  the 
three  currents  Il5  I2  and  I3, 


r\2 


1_    1  1  1 

R      Rj      R»2      R3 

Thus,  when  conductors  are  in  parallel,  the  reciprocal  of  the  effective 
resistance  is  the  sum  of  the  reciprocals  of  the  separate  resistances,  and  for 
any  number  of  conductors, 

1=1_      1        1        1 
R     Rj      R2     R3     R4 

/>  ^> 

To  find  the  current  in  each  branch,  notice  that  I3  =      ,  and  that  I  -     . 

Rj  R 


Thus, 


or,  the  current  in  any  branch  is  equal  to  the  main  current  multiplied  by 
the  combined  resistance  and  divided  by  the  resistance  in  that  branch. 

When  there  are  only  two  conductors  in  parallel,  the  current 
divides  into  two  parts,  inversely  as  the  resistances  of  the  two 
branches.  Thus:  I  =  l_  +  \  _R,+R2. 


.,. 

RT  f  R2 


R  R 

Now,  l!-I      ,     cind     I2-I 


R-i 

I  +  a;> 

(4) 


3H 
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Conductance. — The  reciprocal  of  the  resistance  is  sometimes  called 
tho  conductance. 

Thus,  Resistance  =  , 

current 

n     j     x  current 

Conductance  =        1  -  - , 
p.d. 

.'.   Besistarice  =     — ,-    - —   , 
conductance 

or  R  =  l  (5) 

r\ 

wh^rc  K  iiS  taken  to  be  the  conductance  of  the  conductor.  This 
enables  us  to  write  the  relation  for  conductors  in  parallel  in  a,  simpler 
manner. 

For  *  l  =  l  +  l  +  l  4 

R      Rx      R2     R3 

But  J  =  K,  jj  =K,,   ^  =  K2,  etc.; 

/.    K-K1+K2  +  K3-f (6) 

Or,  the  effective  conductance  of  a   number  of  conductors  in  parallel  is 
equal  to  the  sum  of  the  separate  conductances 

Specific  resistance,  or  resistivity.    In  dealing  with  conductors  of 
different  materials,  it  is  desirable  to  define  in  some  way  the  specific 
properties  of  each  material      Two  conductors  of  exactly  the  same 
dimensions  will  not  have  the  same  resist- 
ance if  they  are  made  of  different  materials. 
The  specific  resistance  of  any  material  is  the 
resistance  of  a  conductor  of  this  maternal,  having 
^      unit  length  and  unit  area  of  cross-section.     The 
''      shape  of  the  cross-section  is  immaterial, 
provided  that  it  is  uniform  throughout  the 
length  of  the  conductor. 

Let  the  rod  S  in  Fig.  783  be  supposed 

°  x  r 

to  have  a  length  of  1  centimetre  and  an 
area  of  cross-section  of  1  square  centimetre  If  its  resistance  be  S 
this  is  the  specific  resistance,  or  resistivity,  of  the  material  of  the 
rod.  The  section  has  been  drawn  hexagonal  to  emphasise  the  fact 
that  it  need  not  necessarily  be  square.  If  I  of  these  unit  blocks  be 
placed  in  series  the  resistance  is  IB  (p.  848).  Thus  a  conductor  of 
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length  I  and  unit  cross-section  has  resistance  ZS,  where   S  is  the 
resistivity  of  the  material. 

To  find  the  effect  of  varying  the  cross-section,  imagine  several 
similar  rods  of  unit  cross-section  placed  in  parallel.  If  there  are  4 
such  rods,  as  in  Fig.  783, 

1  _  1       1       !_     1  _  4 
R~lS+lS+lS+iS     IB' 

or,  if  there  are  a  rods,  a  being  then  the  area  of  cross-section  of  the 
whole  conductor, 


si 

a " 


-(7) 


Thus,  the  resistance  of  a  uniform  conductor  is  its  resistivity  multiplied  by 
the  length  of  the  conductor  and  divided  hy  the  area  of  cross-section.  The 
method  of  measuring  resistivity  is  given  on  p.  889. 


TABLE  OF 


IteMstuity  ,itO*  C. 

Coefhfient  of  mcie.ibC 
of  ic.sistivity 

Aluminium 

3-00  x  10  "6 

0-(X)423 

Copper    - 

1-59x10  « 

0-00428 

Gold 

2-17  x  10-6 

0-00377 

Iron 

8-85  x  10  -8 

0-00625 

Mercury  - 

9-407  xl()-5 

0-000879 

Platinum 

1-17  xlO  5 

0-003069 

Silver       - 

1-54x10-" 

0-00400 

Manganin 

4-76  x  10  5 

0-000018 

Platinoid 

4-24  xlO~5 

0-00025 

Platinum  silver 

2-26  x  1()~:> 

0-000344 

EXAMPLE  1. — Find  the  resistance  of  a  copper  wire  of  length  180  metres 
and  diameter  0  5  mm.,  given  that  the  resistivity  of  copper  is  0-0000016. 
Area  of  cross-section         ~TT  x  0-0252  sq.  cm.  ; 
length  =  18000  cm. 

-     .  ,  SI 

'    resistance  — 
a 

0-0000016x18000 

7T   X  00252 

-14 -7  ohm. 
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EXAMPLE  2. — On  maintaining  a  p  d.  of  100  volts  between  the  two  faces 
of  a  sheet  of  badly  conducting  material  it  is  found  that  a  current  of  0  25 
ampere  flows  through  it.  Find  the  resistivity  of  the  material  if  the  area 
of  the  sheet  is  120  sq.  cm.  and  its  thickness  2  mm 

T>       '    *  r     ,         ^         100      . 

Resistance  of  sheet  --  ~  ^ohms. 

Now,  R-S*,     or     S-R" 

a  I 

a  — 120  sq.  cm.    and   /  -0  2  cm. 
JOO  x 120 
025x02 

—  240000  ohms  per  unit  conductor. 

Conductivity. — The  reciprocal  of  the  resistivity  is  called  the  conduc- 
tivity of  any  material  It  is  thus  the  conductance  of  a  conductor, 
made  of  the  material,  whose  length  is  1  cm  and  area  of  cross-section 
1  sq.  cm.  The  conductivity  of  various  materials  may  thus  be 
calculated  from  their  resistivities  given  on  p  851 

Electromotive  force. — Up  to  the  present,  only  cunents  in  inactive 
conductors  have  been  considered  By  an  inactive  conductor  is 
meant  one  which  carries  the  eurient  but  does  not  in  any  way  con- 
tribute to  the  energy  required  to  maintain  the  current.  In  fact 
energy  is  always  dissipated  in  such  a  conductor,  at  a  rate  measured 
by  the  product  of  the  current  and  the  p  d  between  the  ends  of  the 
conductor.  In  a  circuit  made  up  entirely  of  such  inactive  con- 
ductors no  current  would  flow  To  produce  a  current  some  source 
of  electiical  energy  in  the  circuit  is  required,  in  other  words,  an 
electromotive  force  is  necessary. 

Since  a  current  only  flows  in  complete  circuits,  and  there  is  a 
drop  of  potential  along  the  conductors  in  which  there  is  a  current, 
it  follows  that  there  must  be  a  step  up  in  the  potential  somewhere, 
for  the  potential  cannot  drop  all  along  a  complete  circuit.  This 
step  up  in  the  potential  occurs  at  some  place,  or  places,  where  energy 
of  some  other  form  is  converted  into  electrical  energy.  It  may  be 
due  to  a  voltaic  cell  or  battery,  to  a  dynamo,  OT-  to  a  variation  of 
temperature  at  different  parts  of  the  circuit,  or  to  certain  other 
causes. 

In  all  cases,  however,  the  total  rate  of  performing  work  in  the 
conductors  comprising  the  circuit  must  be  equal  to  the  rate  at  which 
energy  is  given  to  the  circuit  from  the  source  of  electrical  energy. 
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When  unit  current  is  flowing  in  a  circuit,  the  rate  at  which  electrical 
energy  is  drawn  from  the  source  and  dissipated  in  the  circuit  is  called  the 
Electromotive  Force  (e.m.f.)  in  the  circuit.  Hence,  for  a  circuit  in  which 
the  electromotive  force  is  e  and  the  current  2, 

Rate  of  working  =  <??  ergs  per  second. 
Or,  in  practical  units, 

Rate  of  working  =  El  watts  ..................................  (8) 

Thus,  electromotive  force  is  measured  in  the  same  units  as  potential 
difference,  that  is,  the  practical  unit  is  the  volt.  The  distinction 
between  the  two  quantities  may  be  made  clearer  by  considering 
the  hydraulic-  analogy  (p.  8tl)  to  apply  to  a  complete  circuit.  Let 
the  horizontal  tube  (Fig.  780)  be  bent  round  and  joined  upon  itself 
so  that  the  water  in  it  forms  a  complete  circuit.  There  will  then 
l)c  no  flow,  as  there  is  no  source  of  energy  in  the  circuit.  Now 
imagine  a  pump,  centrifugal  or  otherwise,  introduced  at  some  point 
of  the  circuit.  The  rate  of  supply  of  energy  by  the  pump  to  the 
water  in  the  tube  in  maintaining  a  circulation  conesponding  to 
unit  current,  is  analogous  to  the  electromotive  force  in  the  electrical 
circuit.  Tf  any  two  points  in  the  circuit  be  considered,  there  is  a 
difference  of  pressure  between  them,  and  this  difference  of  pressure 
represents,  for  unit  flow,  the  rate  of  dissipation  of  energy  between 
these  two  points.  This  is  analogous  to  the  potential  difference 
between  two  points  in  a  conductor  in  the  case  of  an  electric 
current. 

Ohm's  law  applied  to  a  whole  circuit.  -Consider  a  circuit  consisting 
of  a  number  of  conductors  in  series,  say  Rx,  R2  and  R3.  Let  I  be 
the  current  in  the  circuit,  and  E  the  electromotive  force  at  some 
place  in  the  circuit,  maintaining  the  current.  Then,  for  the  whole 
circuit,  the  rate  of  working  is  El  watts.  Again,  for  the  separate 
conductors,  the  rates  of  dissipation  of  energy  are  I2RX,  I2R2  and 
I2R3  watts  (p.  841). 

Hence,  El  -  I2RJL  +  I2Ra  +  I2R3, 


or, 


Thus,  for  the  whole  circuit  we  might  say  that  the  ratio  of  electro- 
motive force  to  current  is  constant,  and  this  constant  is  identified  as 
the  total  resistance  of  the  circuit. 
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Or,  for  practical  purposes,  we  may  use  the  equation 


E 
Ro 


=i,    (10) 

1  ~^~      2  ~^~      3 

to  calculate  the  current  in  any  circuit  when  we  know  the  electro- 
motive force  in  it  and  the  resistances  of  its  seveial  parts. 

Diagram  of  circuit.-  The  various  quantities  applying  to  an  electrical 
circuit  may  be  represented  conveniently  upon  a  diagram  of  potential 
differences  and  resistances.  Thus,  let  the  circuit  (Fig.  784  (a))  consist 


FIG  784  —Diagram  of  an  electrical  circuit. 

of  a  cell  of  electromotive  force  E  and  internal  resistance  R,  in  series 
with  resistances  Rt,  R2  and  R3.  Set  off  to  scale  along  AB  (Fig.  781  (&)) 
the  resistances  in  order,  and  the  e  m  f  E  along  AC  Then  the 

current  in  the  circuit  is  .     Join  the  points  C  and  B  , 

R  -f-  R]  -\-  R.>  -\  R(j 
then  the  current  I  in  the  circuit  is  represented  by  CA  AB. 

Note  also   that  MG  represents  the  p  d.  between  the  ends  of  the 


resistance  R,,  for 


=  R3(CA/AB) 

D    T 

—  K3I. 


Similarly,  LS  and  KQ,  represent  to  scale  the  p.d.'s  between  the  ends 
of  the  resistances  R2  and  ^  respectively. 

Note  that  CP  does  not  represent  the  p.d.  between  the  terminals 
of  the  cell.  It  is  the  p  d  corresponding  to  the  resistance  of  the 
cell  and  the  current ;  but,  between  the  terminals,  the  source  of  electro- 
motive force  exists  The  p.d  between  the  cell  terminals  is  repre- 
sented on  the  diagram  by  AP,  or  DK,  because  this  is  the  p.d.  for  the 
external  resistance  Rx  -f  R2  -f  Rd  and  this  is  not  complicated  by  the 
existence  of  any  source  of  electromotive  force  in  these  conductors. 
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Potential  difference  between  the  terminals  of  a  cell.  It  was  soon 
on  ])  85-1  that  the  electromotive  force  of  a  cell  is  not  in  general  the 
same  thing  as  the  potential  difference  between  its  terminals.  Thus,  in 
Fig.  784  (b),  the  e.m.f.  is  represented  by  AC,  and  the  p.d.  betw.een 
the  terminals  by  DK.  Consider,  however,  the  case  of  a  cell  placed 
in  series  with  a  very  high  resist- 
ance. The  p.d  between  the 
terminals  of  the  coll  being  KD, 
this  is  less  than  the  e.m.f.  of 
the  cell  by  the  small  amount 
CP.  On  very  gre.itly  increasing 
the  external  resistance,  the 
current  becomes  loss,  but  the 
p.d.  between  the  terminals  of 
the  cell  becomes  DK'  (Fig.  785). 
As  the  external  resistance  ap- 
proaches infinity,  the  lino  CB'  becomes  horizontal,  taking  the  position 
CB".  In  this  limiting  condition  the  p.d.  between  the  terminals  is 
DK"  and  is  equal  to  AC  the  e.m.f.  of  the  cell.  When  the  external 
resistance  is  infinite,  the  current  is  zero,  and  the  coll  is  said  to  bo  on 
open  circuit,  Thus  when  the  cell  is  on  open  circuit  the  p.d.  between  its 
terminals  is  equal  to  the  e.m.f.  of  the  cell. 

Thus,  if  E  is  the  electromotive  force  of  a  coll  or  dynamo,  and  r  its 
internal  resistance,  R  the  external  resistance  of  the  circuit,  and  e 
the  potential  difference  between  the  terminals  of  the  coll  or  dynamo, 

r- 

Current  in  circuit  — 


78">  —  Potential  difference  between  the 
terminals  ot  a  cell 


.'.  p.d.  between  terminals  =  -  -      R 

T  -f-  R 

.*.   ER^er-f-eR, 
E  —e     r 


<t    (11) 

The  voltage  E  of  the  cell  may  therefore  be  considered  to  consist 
of  tvx)  parts,-  0,  that  required  to  maintain  the  current  in  the  external 
resistance  R,  and  E  -  e,  that  required  to  maintain  the  current  in  the 
cell  or  dynamo  itself.  Further,  these  voltages  are  proportional  to 
the  resistances  of  the  corresponding  parts  of  the  circuit.  * 

Maximum  current  obtainable  from  a  cell  or  dynamo.—Obviously 
the  greatest  current  is  obtainable  when  the  resistance  external  to 
the  source  of  electromotive  force  is  zero.  Then  I  =  E/r,  where  r  is 
the  internal  resistance. 

A  Daniell's  cell  (p.  911)  has  an  e.m.f.  of  about  1-1  volts  and  its 
internal  resistance  is  usually  of  the  order  of  half  an  ohm.  Henco 
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the -greatest  current  that    such  a  cell  can  produce  is  1-1/0-5  =  2 -2 
amperes.    When  great  currents  are  required,  a  number  of  these  cells 
may  be  arranged  in  paiallel      If,  say,  four  cells  be  joined  in  parallel 
(Fig    786),   the  combined  internal  resistance 
is  only  one-quartei  of  that  of  one  cell,   say 
(H25  ohm      Rence  the  greatest  current  such 
a  set  of  cells  can  produce  is  1-1 /(M25  —  8-8 
amperes 

For  the  production  of  laige  currents  by 
means  of  cells,  it  is  usual  to  employ  secondary 
cells  These  have  an  e  m  f  of  about  2-1  volts, 
and  <i  very  small  internal  resistance.  For  an 
internal  josistanco  of  0  01  ohm,  the  maximum 
current  would  be  210  amperes  Such  a  large 
current  is  raiely  necessarv,  and  is  probably 

FIO  7H(>    evils  in  parallel     11<}^  allowable,  since  the  cell  would  in  all  like- 
lihood be  injured  by  it 

In  the  case  of  dynamos  the  internal  resistaiu  e  is  usually  very  small, 
so  that  large  currents  may  ho  obtained,  and  the  heating  in  the 
dynamo  produced  by  this  cjirrent  is  small. 

EXAMPLE — The  terminals  of  a  cell  of  e  m.f  15  volts  and  internal 
resistance  3  ohms  arc  joined  by  two  conductors  in  parallel  having  resis- 
tances 10  and  15  ohms  respectively  Find  the  p.d. 
between  the  terminals,  and  the  current  in  each  con- 
ductor 

Lot  A  and  B  (Fig.  787)  be  the  terminals. 
Combined  external  resistance,  R,  is  given  by 
1       1       1  m 
R  ~  10  f  15  ' 
R -6  ohms;  FlG«  787' 

1  5      1  5 

Current  =  ~-    „  —    „    ampere  ; 

O  T~  t)  *J 

p.d.  between  terminals  =     *   x6  =  l  volt. 

1-5     6 
Current  in  10  <o  conductor™  ^  x          (p.  849) 

-01  ampere. 

1  '5     6 
Current  in  15  <o  conductor  =—  x  T  -0-0667  ampere. 

Insulation  Resistance.  -  The  materials  used  for  protecting  wires, 
cables,  and  parts  of  electrical  machinery  from  leakage  of  current 
from  them,  must  have  very  high  resistivity,  and  are  called  insulators. 
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Among  these  may  be  noticed  ^uttapercha  (S--2xlOl)),  mica 
(S  -  9  x  1015),  ebonite  (8  =  2  x  10™),  paraffin  wax  (8  =  3  x  l()ls),  and 
quartz  (S^l  2  x  1014).  The  values  of  the  resistivity  (S)  given  are 
only  approximate. 

In  dealing  with  cables  it  should  be  noticed  that  any  leakage  of 
current  takes  place  through  the  insulation  from  the  conductor 
inside  to  the  conducting  sheath  outside,  so  that  the  total  or  effective 
resistance  decreases  as  the  length  of  the  cable  increases.  Thus  the 
effective  insulation  resistance  varies  inversely  as  the  length  of  the 
cable  the  sections  being  in  parallel. 

Temperature  Coefficient  of  Resistance.—  Jt  may  be  taken  as  a 
general  rule  that  metallic  conductors  increase  in  resistivity  with  rise, 
in  temperature,  while  for  electrolytes  (Chap.  LXX.),  carbon,  and 
most  insulators,  the  resistivity  falls  with  rise  of  temperature.  For 
the  metals  the  equation 


gives  the  resistance  Rt  at  t°  C..  in  terms  of  the  resistance  R0  at 
0°  C.  for  a  very  wide  range  of  temperature,  where  a  and  fi  are  constants 
for  each  metal.  The  constant  fi  is  so  small  that  for  moderate  ranges 
of  temperature,  say  from  0°  to  100°  C.,  it  may  be  neglected,  and  the 

equation  becomes  D      D  /i  _•_    A 

R£"~  RoVA  +at)- 

The  quantity  a  is  called  the  coefficient  of  increase  of  resistivity,  and 
its  value  is  given  for  several  metals  in  the  table  on  p.  851. 

It  will  be  seen  later  (Chap.  LXXVIH  ),  that  the  resistance  of  a 
carbon  filament  lamp  is  about  half  of  the  value  for  the  lamp  when 
cold.  The  resistivity  of  gutlapercha  falls  very  rapidly  with  rise  of 
temperature,  falling  about  50  per  cent,  in  value  for  every  rise 
of  5°  0  at  ordinary  temporutines.  The  insulation,  resistance  of  mica 
changes  very  little  with  temperature. 

EXEECISES  ON  CHAPTER  LXVII, 

1.  Explain  the  terms  l  scries  '  and  '  parallel  '  in  connection  with  electric 
circuits. 

Show  that  if  n  similar  conductors  are  arranged  in  series  the  combined 
resistance  is  »2  times  »s  great  as  when  they  are  arranged  in  parallel. 

2.  Conductors   of   5,   10,    and   15    ohms    resistance    respectively   are 
arranged  in  parallel.     Find  their  effective  resistance. 

3.  A  current  of  3  amperes  flows  through  three  conductors  in  parallel 
whose  resistances  are  1,  2,  and  3  ohms  respectively.     Find  the  current 
in  each  conductor. 

4.  Find  the  resistance  of  the  wire  that  must  be  joined  in  parallel  with 
a  wire  of  10-5  ohms,  in  order  that  the  combined  resistance  shall  be 
10  ohms. 
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5.  emulate  the  specie  stance  of  the  nntenai  of  a  ™re  of  diameter 

0  5  mm.  if  a  length  of  6  metiea  of  it  lias  a  resistance  ut  1  o  ohm. 

0.  Find  the  resistance  of  20  metres  of  cupper  wire  of  diameter  0  1  mm. 

7.  Find  the  number  of  c  aloness  produced  MI  5  minutes  in  a  copper  wire 
of  diameter  0-5  mm.  and  length  150  cm.  in  which  a  current  of  4  amperes 
is  flowing. 

8.  Explain  what  is  meant  by  the  internal  resistance  of  a  battery. 
One   battery  A  has  an  e.m  t.  of  2  volts  and  an  internal  resistance  of 

1  ohm.     Another  battery  B  has  an  e.m.f.  of  2J  volts  and  internal  resistance 

2  ohms.     A  wire  is  found  of  such  resistance  that  the  current  passing  is 
the  same  whether  it  connects  the  poles  of  one  battery  or  the  other      Find 
the  current  and  the  resistance.  Sen.  (Jamb.  Loc. 

0.  How  does  the  difference  ot  potential  between  the  poles  of  a  battery 
change  when  the  poles  arc  connected  by  a  wire  ? 

A  battery  whose  resistance  is  5  ohm*  and  voltage  8  is  put  111  series  with 
a  resistance  ot  6  ohms.  Calculate  the  current  strength  and  the  potential 
difference  at  the  poles  of  the  battery. 

10.  State  the  law  of  production  of  heat  in  the  circuit  of  a  battery. 

A  battery  has  an  internal  resistance  of  4  ohms  arid  ,ts  poles  are  connected 
by  two  wires  in  parallel,  of  resistances  3  and  5  ohms  resepctively  ;  com- 
pare the  quantities  of  heat  gene  ated  in  ?  given  time  in  the  battery  and  in 
the  pair  of  wires 

11.  State  Ohm's  law,  defining  the  meaning  of  all  the  electrical  quantities 
concerned. 

A  battery  of  cells  with  an  electromotive  foice  of  6  volts  is  connected 
111  series  with  a  coil  of  wire  of  resistance  12  ohms.  An  electrostatic  volt- 
meter connected  to  the  battery  terminals  indicates  only  4  volts.  Explain 
this  result,  and  state  what  information  can  be  deduced  from  it.  L.U. 

12.  Four  cells  each  of  1  5  volts  e.m.i.  and  2  ohms  internal  resistance, 
are  used  to  send  a  current  through  a  biuglc  wire  of  2  ohnus  resistance. 
The  cells  are  arranged  (a)  all  m  series,  (b)  in  two  parallel  groups  of  two 
111  series,  and  (c)  all  in  parallel.     Calculate  the  current  in  the  wire  in  each 
case.  L.U. 

13.  A  battery  of  20  volts  e.m.f.  and  4  ohms  resistance  is  joined  in  parallel 
with  another  of  20  volts  and  3  ohms  to  send  a  current  through  an  external 
resistance  of  JO  ohms. 

Calculate  the  current  through  each  battery.  L.U. 

« 

14.  Two  cells  of  e.m.f.  1  -1  volts  and  1  3  volts,  and  internal  resistances 
0-4  ohm  and  0  6  ohm  respectively,  are  connected  in  series  with  a  galvano- 
meter whose  resistance  is  4  ohms.     Calculate  the  current  with  the  cells 
(a)  helping,  and  (b)  opposing  each  other. 

15.  Two  cells,  each  of  e.m  f.  1  5  volts  and  resistance  5  ohms,  arc  joined 
in  series  with  a  resistance  box  and  a  resistance  coil  of  10  ohms.     What 
resistance  must  be  unplugged  in  the  box  in  order  that  the  difference  of 
potential  between  the  ends  of  the  10  ohm  coil  may  be  0  1  volt  ? 

Madras  University. 


Lxvtt  EXERCISES 


16.  A  battery  of  e.m.f.  3  volts  and  internal  resistance  f»  ohms  drives  a 
current  through  an  external  resistance  of  30  ohms,  causing  a  certain 
heating  effect  in  the  external  resistance. 

What  alteration  must  we  make  in  the  external  resistance  in  order  that 
the  heating  effect  in  it  may  be  doubb  of  that  in  the  original  case  ? 

Madras  University. 

17.  The  poles  of  a  given  constant  battery  are  joined  by  a  wire  of  I  ohm 
resistance,  and  the  potential  difference  between  them  is  then  1   volt.     A 
second  wire  of  3  ohms  resistance  is  now  joined  in  parallel  with  the  first, 
and  the  potential  difference  between  the  poles  of  the  battery  falls  to  0-0 
volt. 

Find  the  electromotive  force  and  the  internal  resistance  of  the  battery. 

L.U. 

18.  Define  the  ampere,  the  volt,  and  the  watt. 

A  battery  supplies  current  to  250  incandescent  lamps  in  parallel,  tl  e 
resistance  of  each  lamp  being  300  ohms.  If  the  potential  difference  between 
the  lamp  terminals  is  120  volts,  but  rises  to  122  volts  -when  100  lamps 
are  switched  off,  calculate  the  internal  resistance  of  the  battery,  assuming 
that  of  the  leads  to  be  negligible.  Also  find  the  watts  absorbed  by  each 
lamp  in  the  first  case,  assuming  that  the  resistance  of  each  lamp  remains 
constant.  L.U. 

10.  The  terminals  of  a  battery  of  3  cells  connected  in  series,  each  of 
electromotive  force  1  -5  volts  and  internal  resistance  2  ohms,  are  con- 
nected by  two  conductors  in  parallel  whose  resistances  are  2  and  3  ohms 
respectively.  Fine  the  potential  difference  between  the  terminals  of  the 
battery,  and  the  current  m  each  of  the  parallel  conductors.  L.U. 

20.  The  current  for   150  incandescent  lamps,   each   having   120  ohms 
resistance  when  running  in  parallel  on  a  p.d.  of  100  volts  is  maintained 
by  a  dynamo.     If  10  per  cent,  of  the  power  produced  by  the  dynamo  is 
wasted  in  the  leads,  what  must  be  the  output  of  the  machine  in  horse- 
power ? 

21.  Give  the  meaning  of  the  term  '  temperature  coefficient  of  resistance.' 
What  is  the  effect  of  rise  of  temperature  upon  the  resistivity  of  (a)  copper, 
(b)  manganin,  (c)  carbon,  (d)  mica,  and  (e)  guttapercha  ? 

22.  The  insulation  resistance  of  a  cable  between  two  stations  A  and  C  is 
15000  ohms.     If  the  insulation  resistance  between  A  and  an  intermediate 
station  B  is  20000  ohms,  find  the  insulation  resistance  of  the  section  between 
B  and  C. 


CHAPTER   LXVIII 

GALVANOMETERS,  AMMETERS,  AND  VOLTMETERS 

Sensitiveness  of  galvanometers.  -The  only  galvanometer  considered 
up  to  the  present  has  been  the  tangent  galvanometer  This  is  used 
for  the  measurement  of  current,  or  for  the  comparison  of  curients. 
Modifications,  however,  are  necessary  in  order  to  meet  the  vaiiety  of 
purposes  to  which  current  measurers  are  put,  and  these  modifica- 
tions are  made  along  two  distinct  lines.  For  some  puiposes  it  is 
necessary  to  make  the  instrument  much  more  sensitive  than  tin? 
tangent  Galvanometer,  as  when  extremely  small  currents  are  to  be 
detected  01  measured.  The  name  galvanometer  is  generally  confined 
to  this  typ^  ot  instrument,  and  the  deflection  does  riot  as  a  rule 
indicate  any  fixed  scale  of  current  ;  the  scale  of  the  instrument  has 
to  be  calibrated  when  necessary 

When  comparatively  lame  curio/itK  are  to  be  measured,  and 
rapidity  of  reading  is  desirable,  instruments  indicating  the  current 
directly  in  amperes  upon  a  fixed  scale  are  employed.  These  are 
called  ammeters. 

Referring  to  the  equation  for  the  tang3iit  galvanometer  (p.  835) 

we  saw  that  \^r 

i  -  x  —  tan  0  .  in  absolute  units. 


T  f        «    • 

or,  9          n  ^'  m  amPcres- 

Thus,  in  order  to  make  the  instrument  more  sensitive,  that  is,  to 
give  readable  deflections  for  smaller  currents,  the  quantity  Hr/n  must 
be  made  as  small  as  possible.  This  may  be  done  by  increasing  nt 
the  number  of  turns  of  wire  in  the  coil,  by  diminishing  r,  the  radius 
of  the  turns,  and  by  diminishing  H,  the  controlling  magnetic  field. 
Also,  improved  methods  of  measuring  0,  the  deflection,  are  employed, 
so  that  much  smaller  values  can  be  measured  accurately  than  is 
possible  with  the  pointer  and  scale  of  Fig.  791. 
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FIG.  788  — Astatic  magnetic 
system. 


The  term  sensitiveness,  or  sensibility,  of  a  galvanometer  is  the 
deflection  produced  by  1  micro-ampere,  that  is,  l()-°  ampere.  This 
point  will  be  dealt  with  later  (p.  865).  The  current  required  to 
produce  a  deflection  of  one  scale  division 
is  called  the  ngure  of  merit  of  the  galvano- 
meter 

Astatic  couple. — In  all  sensitive  galvano- 
meters, the  number  of  turns  of  wire  in  the 
coil  is  much  greater  than  in  the  tangent 
galvanometer,  and  these  turns  are  of 
smaller  radius.  There  is  a  method  of 
reducing  the  effect  of  the  controlling 
magnetic  field  that  further  increases  the 
sensitiveness.  Two  magnets  NS  and  N'S' 
(Fig.  788)  aie  attached  to  the  same  vertical 
rigid  stem,  and  thus  form  a  couple  which, 
when  suspended,  experiences  a  very  small  directive  influence  by  the 
earth's  magnetic  field.  If  the  magneto  are  vertically  over  each 
other  and  have  exactly  equal  magnetic  moments,  the  couples  acting 

^  on  them  duo  to  the  earth's 

V  field  are  always  equal  and 

opposite,  so  that  there  is 
no  resultant  couple  tending 
to  make  them  turn  towards 
the  meridian.  This  perfect 
equality  cannot  be  obtained, 
and,  in  fact,  is  not  desirable. 
But  when  the  two  magnets 
are  nearly  alike,  the  direct- 
ive offect  of  the  earth's 
magnetic  field  is  much  less 
than  when  one  magnet  alone 
is  usfcd.  A  given  current 
thert  produces  greater  de- 
flection and  the  sensitive- 
ness is  increased.  The  coil 
may  be  wound  so  that  it 
surrounds  one  of  the  mag- 


FIQ.  789.— •Galvano- 
rrfeter  with  astatic  mag- 
nets 


FIG.  790  -Magnetic 

system    ot     the    Broea 
galvanometer 


nets  (Fig.  788),  or  two  coils  wound  in  opposite  directions  (Fig.  789) 
may  be  used.  It  will  be  seen  that  both  coils  produce  deflection  in 
the  same  direction,  so  that  the  sensitiveness  is  further  increased. 

In  some  modern  forms  of  galvanometers,  as  in  the  case  of  the 
"  Brgca  "  type,  an  astatic  arrangement  of  magnets  is  employed, 
but  with  the  magnets  vertical  (Fig.  790).  The  vertical  magnets 
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NssN  and  SNNS  have  poles  ss  and  NN  at  their  middle  parts.     The 
coil  is  arranged  with  these  middle  poles  at  its  centre. 

In  addition  to  rendering  the  galvanometer  more  sensitive,  the 
astatic  arrangement  of  magnets  makes  it  less  liable  to  disturbances 
by  varying  external  magnetic  fields.  This  is  important,  as  in  towns, 
the  proximity  of  electric  trams  and  railways  causes  considerable 
disturbances  in  the  magnetic  field. 

Controlling  magnets. — The  controlling  magnetic  field  can  be  varied 
b}'  means  of  a  controlling  magnet  which  may  he  attached  to  the 

instrument  as  in  Fig  795,  or 

---'"  '    i    """"---,.,  in  the  case  of  a  simple  gal- 

vanometer (Fig.  791)  may  be 
placed  on  the  bench  near  it. 

The  controlling  magnet  has 
two  uses.  By  means  of  it 
the  con ti  oiling  field  may  be 
strengthened  or  weakened. 
The  former  makes  the  gal- 
vanometer less  sensitive  and 
the  latter  makes  it  more 
sensitive.  To  strengthen  the 
controlling  field,  the  magnet  is  so  placed  that  its  field  is  in  the  same 
direction  as  the  earth's  field  ;  to  weaken  it,  the  magnet  must  be 
reversed  pole  for  pole.  The  second  use  of  the  controlling  magnet 
is  to  bring  the  suspended  magnet  into  its  zero  position,  so  that  the 
deflection  is  0°  when  there  is  no  current.  This  is  effected  by  a 
slight  rotation  of  the  controlling  magnet. 

Calibration  of  galvanometer  scale.  It  must  be  noted  that  in 
designing  a  aalvanometor  for  increased  sensitiveness  the  tangent 


FIG  791.— Simple  galvanometer 


law  has 


abandoned.     The  current   is  no   longer  proportional 


to  the  tangent  of  the  deflection  (compare  p  835),  since  the  coil  is  no 
longer  large  in  comparison  with  the  magnet  When  the  deflection 
is  small,  say  less  than  5°,  the  current  is  very  nearly  proportional 
to  the  deflection.  If,  however,  larger  deflections  are  *used,  the 
pcale  of  the  galvanometer  must  be  specially  calibrated.  This  is 
done  by  passing  a  series  of  known  curients  through  the  galvano- 
meter, and  noting  1he  deflection  in  each  case  The  results  are 
then  plotted  in  the  form  of  a  graph,  which  is  preserved  for  future 
use,  and  enables  the  current  for  any  observed  deflection  to  be 
found. 

EXPT.  187. — Calibration  of  a  simple  galvanometer  Connect  a  simple 
galvanometer  G,  a  secondary  cell  E,  an  adjustable  resistance  box  R  (p.  880), 
and  a  reversing  key  ABCD,  in  series,  with  a  resistance  of  2100  ohms  in  the 

bux  (Fiji.  T(>2). 
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Neglecting  the  resistances  of  the  cell  and  galvanometer,  wo  have 


Current  - 


2-1 


2100 

=  0-001  ampere 
—  1  milhampere. 

Read  both  ends  of  the  pointer  of  the 
galvanometer,  when  the  plugs  in  the  key 
are  111  A  and  B.  Then  remove  the  plugs  to 
C  and  D  ;  thus  reverses  the  current  in  the 
galvanometer.  Read  both  ends  of  the 
pointer  again.  The  mean  of  the  four 
readings  is  the  value  of  the  deflection 
corresponding  to  a  current  of  ]  milhampere.  FIG  792 

Repeat  with  a  resistance  of  1050  ohms. 
The  current  is  then  2  milhamperes.     Continue,  with  the  resistances  given 
in  the  table,  recording  the  readings  in  the  form  indicated  below. 


Calibration  of  a  galvano- 
meter 


Resist,  mee 

Current 

2  100  ohms 
1050      , 
700      , 

1  milliampere 
2  mil  I  i  amperes 
3 

525      , 

4 

420      , 

5 

350      , 

6 

300 

7            ,, 

2<>2      , 

8 

233      , 

0 

210      , 

10 

Readings  of  ends  of  pointer 


M  o.iu 
deflection 


The  readings  may  be  extended  to  values  above  10  milliamperes,  or  below 
1  milliampere,  according  to  the  sensitiveness  of  the  galvanometer. 

Plot  the  current  and  mean  deflection  ori  squared  paper  in  the  form  of 
a  graph. 

EXPT.  188. — Use  of  a  controlling:  magnet.  Connect  up  a  circuit  as  in 
Expt.  187,  and  adjust  the  resistance  until  a  deflection  of  40°  IS 

obtained.      This  resistance  must 

-30cm. ^        not  then   be  altered.      8 top   the 

current  by  removing  one  of  the 
plugs  from  the  key.  Place  a  bar 
magnet  upon  the  bench  at  a  dis- 
tance of  30  cm.  from  the  needle 
of  the  galvanometer  (Fig.  793) 
FIG,  793,— Experiment  with  controlling  magnet,  with  its  N  pole  pointing  north. 
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Rotate  the  magnet  slightly  until  the  pointer  is  again  at  zero.  Put  in  the 
plug-key  and  observe  the  deflection,  taking  the  four  readings,  as  in  the  last 
experiment.  Then  stop  the  current  and  reverse  the  magnet  so  that  its  8 
pole  points  north.  Start  the  current  and  again  observe  the  deflection. 
Repeat,  with  the  magnet  at  25  cm.,  then  at  20  cm.,  and  so  on,  continuing 
until,  with  the  N  pole  pointing  north  position,  the  galvanometer  needle 
swings  round.  For  the  N  pole  pointing  south  position,  the  readings  may 
be  continued  until  the  magnet  lies  underneath  the  galvanometer.  Read- 
ings should  be  recorded  as  in  the  last  experiment. 

l)ra\v  two  graphs  connecting  deflection  and  distance  of  magnet.  Note 
that  the  current  has  been  the  same  throughout,  so  that  for  one  direction 
of  the  magnet,  the  galvanometer  becomes  more  sensitive  as  the  magnet 
approaches  ;  for  the  other  direction  it  gets  less  sensitive. 

Mirror  or  reflecting  galvanometer. — For  measuring  deflection,  the 
pointer  (Fig.  791)  is  very  clumsy,  the  eiror  of  observation  being 

of  the  order  of  Jialf  a  degree. 
This  eiior  is  at  least  1  per 
cent  ,  and  may  be  a  higher 
percentage  of  the  deflection. 
It  may  be  greatly  reduced  by 
the  following  modification  A 

_     Hnt     T  .  small  mirror  M,   usually   con- 

Fra   794. — Lamp  and  scale  7 

cave,    of    1    metre    radius    of 

curvature,  is  attached  to  the  suspended  svsteni  of  magnets  (Fi«  789). 
A  beam  of  light  from  the  lamp  L  falls  upon  M  and  is  reflected  to 
the  scale  S.  Figure  794  is  partly  diagrammatic,  the  suppoits  of 
the  lamp  and  scale  not  being  shown  These  vary  a  ureat  deal  in 
design,  but  the  essentials  are  nearly  constant  in  type.  On  the  front 
lens  L  is  a  vertical  scratch,  and  this  being  at  a  distance  of  1  metre 
from  the  mirror  M  an  image  of  the  lens  and  scratch  is  produced 
upon  the  semi-transparent  scale  S,  which  is  also  at  a  distance  of 
a  metre  from  M.  The  lens  L  merely  serves  as  a  condenser  for 
the  light  from  the  incandescent  electric  lamp  situated  within  the 
holder. 

The  advantages  of  this  optical  method  of  measuring  the  deflection 
are  fourfold  :  (i)  the  pointer,  being  a  beam  of  light,  is  weightless, 
and  therefore  does  not  add  to  the  inertia  of  the  suspended  system, 
or  to  the  strength  necessary  in  the  suspending  fibre  ;  (ii)  the  angular 
deflection  of  the  beam  of  light  is  twice  that  of  the  mirror  (p.  557), 
thus  doubling  the  observed  deflection  ;  (ni)  the  beam  of  light  is 
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much  longer  than  is  allov.-able  for  a  mechanical  pointer;    and  (iv) 
there  is  no  parallax  to  avoid,  the  image  falling  upon  the  scale  itself. 

A  good  type  of  reflecting  galvanometer  is  shown  in  Fig.  7^5. 

In  adjusting  the  lamp  and  scale  for  use,  it  is  iirst  necessary  to 
diuect  the  beam  of  light  upon  the  mirror  ;  then  to  withdraw,  or  jiush 
in,  the  lens  in  its  sliding  tube,  until  the  spot  is  sharply  focussed 
upon  the  scale  ;  and  lastly  by  means  of  the  controlling  magnets,  or 
otherwise,  to  bring  the  spot  of  light  to 
the  middle  of  the  scale.  The  scale 
itself  should  be  symmetrically  situated 
with  respect  to  the  galvanometer  and 
beam  of  light.  If  it  is  not  situated 
with  its  zero  on  the  normal  to  the  face 
of  the  galvanometer,  or  is  not  itself  in 
a  plane  at  right  angles  to  the  normal, 
the  deflections  on  opposite  sides  of  zero, 
for  the  same  current  will  be  unequal. 
Hence,  it  is  necessary  to  pass  a  small 
current  through  the  galvanometer  and 
to  observe  the  deflection;  then  to 
reverse  the  current  and  observe  the 
deflection  on  the  other  side  of  zero. 
If  these  are  not  equal,  adjust  the  scale 
until,  on  making  the  two  observations, 
the  deflections  are  equal. 

The  scale  is  generally  divided  in  milli- 
metres, the  convention  being  to  express 
the  sensitiveness  of  a  galvanometer  in 
terms  of  millimetres  deflection  with  the 
scale  at  a  distance  of  1  metre  from  the 
mirror,  for  a  current  of  1  micro-ampere. 
Or,  the  figure  of  merit  is  the  current  in 

micro-amperes  that  will  produce  a  deflection  of  1  millimetre  with 
the  scale  at  a  distance  of  1  metre.  It  does  not  follow  that  the  gal- 
vanometer with  the  highest  sensitiveness,  expressed  in  this  way,  is 
always  the  best.  The  time  of  swirg  of  the  suspended  .system  and 
the  resistance  of  the  galvanometer  have  also  to  be  considered  ;  but 
these  considerations  are  too  complicated  for  a  full  discussion  here. 

A  millimetre  deflection,  with  the  scale  at  1  metre,  corresponds 
to  an  angular  deflection  of  0-001  radian,  or  0-0573  <nee  of  the 
beam  of  light,  or  half  this,  that  is  0-0286°,  for  the  susp<  .led  system. 
Readings  with  a  pointer  cannot  be  determined  accurately  to  less 
than  1°,  and  thus  the  accuracy  of  observation  has  been  increased 
1/0-0286,  or  roughly  30  times,  by  substituting  the  beam  of  light 
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for  the  pointer.      This  is  quite  distinct  horn  any  accuracy  gained 
in  the  design  of  the  electrical  parts  of  the  galvanometer. 

EXPT.  189. — Sensitiveness  of  a  reflecting  galvanometer  After  adjusting 
the  lamp  and  scale,  as  described  on  p  865,  connect  the  reflecting  galvano- 
meter G  in  series  -with  a  DaniHTs  cell  E,  and  a 
high  resistance  R  (Fig  7(H>),  which  should  m- 
cludo  cuils  ot  at  least  a  million  ohms.  With 
plugs  in  A  and  B  ot  tfoe  reversing  key.  adjust 
the  resistance  until  about  10  mm.  deflection"  is 
produced  Reverse  the  current  by  placing  the 
plugs  in  C  and  D,  and  obseive  the  reverse  de- 
floction.  Repeat  \\ith  other  resistances  and 
record  in  a  table,  loi  each  case,  the  resistance, 
the  current,  in  mu-io-.impeies  calculated  from 
the  relation  I  1000000E  R,  taking  the  e.ni.f.  of 
the  Dam  4!l^'  cell  as  1  1  \<>lts,  also  the  defleetions 
and  mean  deflection.  Plot  in  the  tonn  <>i  a  gtaph  the  current  and  mean 
deflection,  and  from  the  graph  obtain  the  ligme  of  meiit  and  the  sensitive- 
ness of  the  galvanometei.  If  the  resistance  of  the  galvanometer  be 
known,  the  p.d  in  microvolts  between  ifs  tennmals  corresponding  to 
deflection  of  one  division  may  also  be  found. 

Suspended  coil  galvanometer.  -In  recent  ve.n-s  suspended  magnet 
galvanometers  have  been  largely  replaced  by  those  of  the  suspended 
coil  type.  In  Chap  LXXV  li  will ->e 
shown  that  whon  a  coil  carrying  a 
current  is  suspended  in  a  magnetic 
field,  it  experiences  a  couple  whose 
magnitude  is  proportional  to  the 
current.  The  coil  CC  (Fig.  797) 
consists  of  a  number  of  turns  of 
fine  wire  and  is  usually  rectangu- 
lar, but  sometimes  circular,  in 
shape.  It  is  suspended  between 
two  massive  soft  iron  pole  pieces  N 
and  S  fixed  to  a  permanent  magnet 
which  is  commonly  of  the  horse- 
shoe type.  The  coil  is  suspenu  d 
by  a  fine  phosphor-bronze  strip  F, 


FIG  707  — Suspended  coil  galvanometer. 


which  also  serves  to  bring  in  the  current,  which  leaves  by  the  loosely 
coiled  phosphor-bronze  strip  G  When  the  current  passes,  the  couple 
rotates  the  coil  until  the  opposite  couple  due  to  the  twist  in  the  strip 
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F  brings  it  to  rest.  The  control  in  this  ease  is  therefore  mechanical. 
and  not  magnetic,  as  in  (h<>  suspended  magnet  galvanometer. 

The  ends  of  the  soft  iron  pole  pieces  are  hollowed  out  and  between 
them  is  situated  a  soft  iron  cylinder 
A  (Fig.  798).  Thus  the  sides  of  the 
suspended  coil  move  in  the  cylin- 
drical space  between  the  cylinder 
and  the  pole  pieces.  In  this  space 
the  magnetic  field  is  radial,  and  as  FIG.  798.— Magnetic  field  of  the  suspended 
the  coil  rotates,  the  sides  of  the  coiU'uh.mom.u, 

coil  remain  situated  in  a  magnetic  field  of  constant  strength.  With 
this  arrangement  the  couple,  and  therefore  the  current,  is  propor- 
tional to  the  deflection.  Hence  such  galvanometers,  if  propelly 
designed,  have  a  linear  scale,  that  is,  the  deflection  is  proportional 


PlO.  790.  -Sii<T>ewled  coil  galvanometer. 


to  the  current  over  quit*'  i  large  range.  Without  the  cylinder^ 
the  field  would  no  longer  be  radial,  so  that  when  the  coil  rotates  it 
would  be  differently  situated  with  respect  to  the  magnetic  field.  The 

law  connect .inir  deflect  ion  and  current  would  thc-n  !>•'   ?uon-  complex. 

In  Fig.  799  a  suspended  coil  galvanometer  is  illustrated  whose 
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form  is  similar  to  that  of  Fig.  797,  the  chief  difference  being  that 
one  coil  is  circular  while  the  other  is  rectangular.     Another  type 
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FIG   800-  Suspended  coil  nahanometer  with  biftlar  suspension 

of  suspension  is  shown  in  Fig  8(X)     The  magnet  is  vertical  and  the 
coil  is  circular.    The  most  important  difference  between  this  and 

the  previous  type  is  in  the  suspen- 
sion, which  is  bifilar.  The  current 
comes  down  one  phosphor-bronze 
strip,  passes  round  the  coil,  and 
goes  up  the  other  strip. 

Shunts.— Another  method  of  vary- 
ing the  sensitiveness  of  a  galvano- 
meter, according  to  the  use  to  which 


FlQ.  801.  —  Galvanometer  shunt. 


it  is  to  be  put,  consists  in  plaemg  a  conductor  in  parallel  with  it  to 
carry  part  of  the  current.    Such  a  conductor  is  called  a  shunt.    If  8 
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be  the  resistance  of  the  shunt  (Fig.  801)  and  G  that  of  the  galvano- 
meter, the  current  I  in  the  main  circuit  divides  into  two.  If  the 
current  in  the  galvanometer  is  IQ,  and  that  in  the  shunt  Is,  then, 


With  the  older  types  of  galvanometer,  shunts  were  supplied  by 
the  makers,  frequently  in  boxes  of  three,  and  having  resistances 
J,  j,1,,,  and  ,,  J,,  of  that  of  the  galvanometer.  By  placing  the  plug  in 
the  suitable  place  the  corresponding  shunt  is  used. 

Thus  with  the  resistance  S=G/9i1;  the  current  in  Mie  galvano- 
meter is  given  by  G 


-        - 

0  G~100' 

G+<,<, 

One-  hundredth  of  the  main  current  now  flows  in  the  galvanometer 
and  the  sensitiveness  is  thus  reduced  to  one-hundredth  of  its  value 
when  unshunted.  Similarly,  with  the  resistance  G/9  its  sensitiveness 
is  one-tenth  and  with  G/999,  one-thousandth. 

Universal  shunt.—  Owing  to  the  inconvenience  of  requiring  a  box 
of  shunts  for  each  galvanometer,  the  universal  shunt  is  now  generally 
employed      Its  advantage  lies 
in     the    fact    that    it    can    be 
attached  to  any  galvanometer. 
This  instrument  consists  of  a 
very  high   resistance,  AB  (Fig. 
802),  which  is  connected  to  the 
terminals  of  the  galvanometer. 
AB   should   have    at   least    100 

times  the  resistance  of  the  gal  FIG-  ^.-Universal  shunt. 

vanometer  so  that  it  does  not  appreciably  reduce  its  sensitiveness. 
The  main  current  enters  at  A,  and  if  it  leaves  at  B,  the  current  in  the 
galvanometer  is  IR/(G-f  R).  If  now  the  point  at  which  the  current 
leaves  be  transferred  from  B  to  C,£he  resistance  of  AC  being  R/n,  the 
two  circuits  in  parallel  between  A  and  C  have  resistances  of  R/n  and 
(G  +  R  -  R/n)  respectively.  Hence  the  current  in  the  galvanometer  is 
given  by  R 


c R — j 


B 


Io= 
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currcnt  in!l*v  bl'  MX)'  300' 


FlO.  803  -Universal  shunt  l>o\ 


That  is,  by  transferring  the  external  connection  irom  B  to  C  the 
current  in  the  gal vano meter  is  reduced  to  one-nth  of  its  original 

value 

By  fixing  a  numbei  of  points  on  AB 
corresponding  to  C,  having  different 
values  for  n,  the  shunt  may  be  used  to 
give  COT  responding  dogiees  of  sensitive- 
ness to  the  galvanometer.  In  Fig  803 
the  connections  of  a  common  form  of 
universal  shunt  are  given,  where  the 

I       I 

:>'  30'  in* 

or  I,  according  to  which  of  the  terminal 
blocks  the  rotating  arm  CD  is  brought 
;rito  contact  with 

It  must    be  remembered  that  if  the 

shunt  be  changed  during  an  experiment,  the  effective  resistance  of 

the   circuit   is   changed.      This,  however,   is   not  usually   of  great 

importance,  and  may  be  allowed 

for,    or    compensated    by    extra 

resistances  in  series,  if  necessary. 

Ammeters. — The  distinction  be- 
tween a  galvanometer  and  an 
ammeter,  or  amperemeter,  is  that 
the  latter  is  provided  with  a 
fixed  scale  calibrated  to  read 
current  directly  in  amperes,  or 
some  simple  fractions  of  an  am- 
pere. Most  milliamnieters  are 
moving  coil  galvanometers  with 
a  pointer  moving  over  a  scale 
calibrated  to  read  thousandths  of 
an  ampere.  A  typical  arrange- 
ment is  illustrated  in  Pig  804. 
The  permanent  magnet,  with  its 
pole  pieces  and  the  soft  iron 
cylinder,  is  arranged  exactly  as 
described  on  p.  866  for  the  galvanometer.  The  coil,  however,  is 
pivoted  between^  needle  points,  and  the  control  is  exerted  by  the 
spiral  spring  S,  which  in  some  instruments  also  serves  as  one  of  the 
leads  for  bringing  the  current  to  the  moving  coil.  The  long,  light, 


FIG   804  —  Milhammeter 


Lxvm 


AMMETERS 


871 


balanced    pointer   P    is   carried  *by  th<>.   moving  coil,  and  serves  to 
indicate  the  deflection  upon  the  scale.     The  scale  is  so  graduated 


that  th°!  readings  indicate  milliamperesJ 
zero  Is  at  the  middle  of  the  scale,  so  thi 
tion,  up  to  35  milliamperes  can  be  measu: 


the  form  shown,  the 
ts,  in  either  ofrec- 
excellent  form  of 


Fro.  800. —Ammeter. 


Suspension  is  saven  in  Fin.  805.  ^jiere  the  actual  suspension  is  made 
•hy  a.  needle  point  resting  upon  an  aerate  cup  situated  at  tln>  centre 
of  a  soft  iron  sphere.  The  coil  in  this  case  is  circular  instead  of 
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rectangular.  As  there  is  only  one  point  of  suspension  this  is  called 
the  unipivot  form 

The  same  form  of  instrument  is  employed  for  measuring  greater 
currents,  but  the  main  current  is  carried  by  a  shunt,  the  resistance 
of  the  shunt  being  so  adjusted  that  the  scale  reads  directly  in 
amperes. 

If  the  resistance  of  the  milliammetei  be,  say,  JO  ohms,  and  it  is 
required  that  the  given  scale  shall  give  amperes  instead  of  nnlli- 
amperes,  the  shunt  must  carry  ^^{)  of  the  main  curient  while  the 
coil  carries  i^oo  Hence  the  shunt  must  ha\e  „ '«,  of  the  resistance 
of  the  coil  which  in  this  ca^e  will  therefore  be  JJ\t  ohm  This 
method  of  determining  the  range  of  the  instiument  by  means  of  a 
shunt  is  convenient,  as  it  enables  the  galvanometer  part  to  be 
constructed  of  some  standard  iorm,  the  only  variation  in  pattern 
being  that  of  the  shunt,  which  is  usually  plated  inside  the  case  of  the 
instrument.  An  ammeter  of  this  type,  designed  to  read  up  to 
35  amperes,  is  shown  in  Fig  806 

Hot-wire  ammeter.  -The  galvanometer  type  of  ammetei  described 
above  depends  upon  tlu  mutual  action  of  an  electric  cuirent  and 
a  magnetic  field  There  are  also  hot- wire 
ammeters  which  aie  designed  to  make  use  oi 
the  heating  efiYct  of  a  current,  and  these 
may  be  calibrated  so  that  the  numbers  on 
the  scale  give  amperes  direct  The  main 
current  I  passes  through  a  shunt  S  (Fig 
807)  placed  in  parallel  with  a  fine  platmum- 
iridium  wire  W,  through  which  a  small 
fraction  of  the  cur  lent  passes.  A  fibre  is 
r,  OM,  „  t  ,  attached  at  A,  and  after  taking  a  turn 

Flu   807  — Hot,-\uie  amnu'ter  j    .,  ,      _,      f  ,,  .  ,,       ,      i 

round  the  axle  B  of  the  pointer,  is  attached 

to  a  stretched  spring  C.  This  keeps  all  the  wires  taut.  On  the 
current  passing,  W  is  heated  and  therefore  expands  Owing  to  ils 
sagging,  the  spring  C  is  able  to  pull  the  fibre  CBA  forward  and 
in  so  doing  rotates  the  axle  B,  thus  moving  the  pointer  over  the  scale. 
The  value  of  the  scale  deflections  must  first  be  fixed  by  compari- 
son with  some  standard  ammeter,  so  that  they  will  afterwards 
indicate  amperes  When  small  currents  are  to  be  measured,  that 
is,  currents  below  0-3  ampere,  the  shunt  may  be  dispensed  with,  but 
for  higher  reading  instruments  the  shunt  is  necessary. 

Hot-wire  instruments  are  very  liable  to  change  of  zero  due  to 
slipping  of  the  axle  and  fibre,  and  also  to  change  of  temperature  of 
the  frame.  The  latter  is  usually  compensated  as  well  as  possible  by 
constructing  the  framework  which  supports  the  wire  W  of  such 
material,  or  materials,  that  its  coefficient  of  expansion  shall  be  the 
same  as  that  of  the  wire.  Change  of  temperature  of  the  entire 
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FIG  808  —Soft  iron  ammetor  of 
the  repulsion  type 


instrument  does  not  then  tend  to  tighten  or  slacken  the  wire.     For 

some  pin  poses  the  hot-wire  ammeter  has  this  advantage,  that  owing 

to  the  heating  in  the  wire   being  independent  of  the  direction  of 

the  current,  the   instrument  will   give   a 

reading  when  the  current  is  alternating. 

Owing  to  the  rapid  reversals  in  direction, 

an  alternating  current  would  not  produce 

any    deflection    upon     the     galvanometer 

type  of  ammeter      Its  value,  as  indicated 

by  the   hot- wire  ammeter,   is  called  the 

virtual   current. 

Soft  iron  ammeters.  Another  type  of 
ammeter  frequently  used  is  that  m  which 
soft  iron  is  magnetised  by  the4  current 
passing  in  a  coil  or  solenoid.  There  are 
two  forms  oi  soft  iron  ammeters.  In  one 
of  them  (Fig  808)  two  parallel  soft  iron 
rods  AB  and  GH  are  magnetised  l>y  the 
current  flowing  in  the  solenoid,  to  the  axis 
of  which  they  are  parallel.  To  prevent 
contusion,  this  solenoid  is  only  repre- 
sented by  a  dotted  outline  in  the  diagram 
Whatever  may  be  the  direction  of  the  current  in  the  solenoid,  the 
poles  at  A  and  G  are  of  the  same  kind,  and  there  is  a  repulsion 
between  them.  Similarly,  there  is  repulsion  between  B  and  H. 
These  repulsions  rotate  the  framework  ABCD  which  is  pivoted  on 
jewelled  points  at  C  and  D.  The  pointer 
DE  then  indicates  the  current  upon  the 
scale  E,  whose  divisions  are  fixed  by  com- 
parison with  some  standard  ammeter. 
The  control  in  this  case  is  due  to 
gravity,  the  small  weight  W  being  ad- 
justed in  position  until  the  pointer  is  on 
the  zero  of  the  scale  when  there  is  no 
current. 

Another  form  of  the  soft  iron  instrument 
is  shown  in  Fig.  809.  An  oval-shaped 
piece  of  soft  iron  sheet  A  is  pivoted  at 
a  point  to  the  left  of  the  axis  of  the 
solenoid  carrying  the  current.  When  the 
current  flows,  the  soft  iron  is  magnetised  in  such  a  manner  that 
the  force  between  it  and  the  coil  tends  to  draw  the  iron  into  the 
coil.  As  A  is  mounted  eccentrically,  this  force  causes  it  to  rotate. 
It  is  shown  with  a  spring  control  in  Fig.  809,  but  some  forms  of 
the  instrument  have  a  gravity  control,  as  in  Fig.  808.  The  coil 


FIG.  809  — Soft  iron  ammeter 
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of  potential  of  120  millivolts  between  the  terminals  gives  a  deflection  from 
ono  end  of  the  scale  to  the  other.  What  resistances  must  he  provided  as 
shunts  in  order  that  the  instrument  may  register  currents  (a)  from  0  to 
5  amperes,  (b)  from  0  to  100  amperes  ?  L.U. 

4.  You  are  provided  with  a  sensitive  galvanometer  of  600  ohms  resis- 
tance, and  are  a.skod  to  measure  a  current,  the  strength  of  which  is  known 
to  he  riot  more  than  three  amperes.     If  the  largest  current  that  can  be 
indicated  by  the  unshunted  galvanometer  is  I /1 000  ampere,  what  resistance 
would  you  apply  as  a  shunt  ?     If  the  shunted  galvanometer  then  indicates 
a  current  of  0  0009  ampere,  what  is  the  actual  current  in  the  main  circuit  ? 

L.U. 

5.  A  galvanometer  whose  resistance  is  300  ohms  is  so  shunted  that  only 
0  01  of  the  total  current  flows  in  it.     Wh.it  is  the  resistance  of  (or)  the 
shunt,  and  (h)  of  the"  galvanometer  and  shunt  eomb'ned  ? 

Allahabad  University. 

6.  Describe  a  method  of  measuring  the  resistance  of  a  battery. 
When  two  batteries,  A  and  B,  are  joined  in  turn  to  a  galvanometer  it 

is  found  that-  A  gives  the  greater  rmrent  .  but  when  another  galvano- 
meter is  employed  B  gives  the  greater  current.  Explain  how  tin  may 
occur.  L  U. 

7.  Describe  any  form  of  galvanometer  suitable  tor  detecting  very  small 
electuc  currents,  explaining  particularly  the  way  in  which  the  sensitiveness 
is  secured.  L  U. 

8.  A  galvanometer  having  a  resistance  of  40  ohms  gives  a  deflection 
of  one  scale  division  for  a  current  of  I /1 001  am  pot  o.      Find  the  magnitude 
of  the  resistance  required,  and  show  how  it  must  be  connected,  to  change 
the  jjalvanometer  into  :  (a^i  an  ammeter  reading  1  ampere  per  scale  division, 
(6)  a  voltmeter  leading  I  volt  per  scale  division.        Bombay  University. 

9.  A  current  circuit  consists  of  a  cell  of  <\m  f    1  5  volt^  and  internal 
resistance  1  o  im,  a  coil  of  resistance  10  ohms,  and  a  galvanometer  of 
resistance  50  ohms  m  sones.    What  is  the  cui  rent  through  the  galvanometer  ? 
What  is  the  current  in  the  galvanometer  when  a  shunt  of  5  ohms  is  con- 
nected across  its  terminals  ?  L.U. 

10.  An  instrument  of  resistance  4  5  ohms  reads  milhamperes.     Find 
what  resistance  must  bo  piacod  (a]  in  series  with  it  in  order  to  convert  it 
into  an  instrument  reading  volts,  and  (h)  the  resistance  *n  parallel  with  it 
in  order  that  it  shall  road  amperes. 

11.  An  instrument  of  resistance  15  ohms,  gives  a  reading  of  25  when  a 
current  of  32  milhamperes  flows  in  it.    Find  the  resistance  that  must  be 
placed  in  series  with  it  in  order  to  convert  it  into  a  voltmeter. 

12.  Describe  the  construction  of  a  moving  coil  galvanometer  and  explain 
its  action. 

How  can  it  be  adapted — 

(i)  for  use  as  a  voltmeter  ? 
(ii)  for  measunng  currents  of  widely  varying  magnitude  ? 

13.  Describe  the  hot  wire  ammeter,  and  also  some  method  for  adapting 
it  for  use  as  a  voltmeter. 


LXVIII  EXERCISES  877 


14.  Mention  the  principles  on  which  the  action  of  different  types  of 
voltmeters  is  based,  and  state  the  conditions  for  which  each  type  is  most 
suitable.  C.G. 

15.  Describe,  with  sketches,  some  lorm  of  voltmeter  suitable  for  a  220- 
volt  continuous  current  circuit.     Show  how  this  voltmeter,  and  also  an 
ammeter,  would  be  connected  to  this  circuit.  C.G. 


CHAPTER  LXIX 


MEASUREMENT  OF  ELECTROMOTIVE  FORCE  AND 
RESISTANCE 

Resistance  by  ammeter  and  voltmeter. — The  most  direct  method 
of  measuring  the  resistance  of  a  conductor  is  to  deteimme  the 
potential  diftVience  between  its  ends  by  means  of  a  voltmeter,  while 
the  current  in  it  is  observed  by  means  of  an  ammeter  This  method, 
although  not  capable  of  gieat  accmacy,  is  rapid  and  convenient 
The  only  difficulty  likely  to  arise  is  due  to  the  fact  that  instruments 
oi  suitable,  lunge  may  not  be  available  For  a  conductor  such  as 
an  incandescent  lamp,  on  a  100  volt  supply,  the  voltmeter  must,  of 
course,  have  a  range  of  100  Volts  and  the  ammeter  should  read  up 
to  2  or  3  amperes.  For  conductors  thiough  which  heavy  currents 
must  not  be  passed,  nnlliammeters  arid  millivoltmeters  will  be 
required 

EXPT.  100. — Resistance  of  an  incandescent  lamp.     Connect  the  lamp  in 

sen os  with  an  ammeter  A  (Fig.  813), 
including  a  rheostat  or  adjustable  re- 
sistanco  R  in  the  circuit.  Connect  a 
voltmeter  V  across  the  lamp  terminals. 
First  with  the  resistance  of  R  zero,  read 
the  current  and  p.d.  Then  mciease  R, 
and  again  lead  the  current  and  p.d. 
Continue  the  process  until  the  lamp  no 
longer  emits  light.  Tabulate  the  results, 
making  four  columns,  one  each  tor  the 
current,  the  p  d.,  the  power  in  watts 
and  the  resistance  in  ohms,  remem- 
bering that  watts  =  p.d.  x  current,  Ind  ohms  =  p.d.  current.  Plot  a  graph 
showmg  the  relation  between  watts  and  ohms.' 

Repeat  the  experiment  with   another  lamp.      If  the  first  one  was  a 
carbon  filament  lamp,  now  use  a  metal  filament  lamp,  and  lice  versa. 


tOO  of  200 
-*•  Volts  -*• 


FIG  813 — Measurement  of  rcsUtame 
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EXPT.  191. — Resistance  of  a  coil.  Join  the  coil  in  series  with  a  Daniell's 
cell  and  a  milliammeter.  Connect  a  mil li voltmeter  to  the  ends  of  the 
coil  as  in  Fig.  813.  Using  the  readings  of  the  instruments,  calculate  the 
resistance  of  the  coil  from  the  relation  R  =  E/I.  Note  that  if  the  ranges 
of  the  instruments  are  unsuitable,  an  extra  resistance  may  have  to  be 
included  in  series  with  the  coil. 

Standard  resistances. — For  the  purposes  of  electrical  measurement 
it  is  necessary  that  the  instruments  used  should  all  be  compared 
with  some  fixed  standards.  The  determination  of  these  fixed  stan- 
dards in  accordance  with  the  definitions  in  Chapter  LXVI  is  not 
an  easy  matter,  and  its 
description  is  beyond 
the  scope  of  this  book. 
From  experiments  it  has 
been  found  that  the  ohm 
is  the  resistance  of  a 
column  of  mercury  of 
length  106-300  cm.,  of 
uniform  cross  -  section 
and  having  a  mass  of 
14-4521  grams,  when  its 
temperature  is  0°  C. 
This  corresponds  to  a 
cross-section  of  1  square 
millimetre  ;  but  since 
the  mass  of  the  mercury 
is  much  more  easily 
measured  with  accuracy 
than  the  bore  of  the 
tube  in  which  it  is  con- 
tained, the  mass  rather 
than  the  cross-section  is  defined.  This  definition  of  the  ohm  has 
been  rendered  legal  in  this  country. 

For  practical  use,  several  makers  supply  1  ohm  standards  which 
have  been  standardised  at  the  National  Physical  Laboratory.  One 
form  of  standard  ohm  is  shown  in  Fig.  814.  The  wire  comprising 
the  conductor  is  of  platinum-silver  and  is  inclosed  in  a  brass  case. 
The  ends  of  the  wire  are  soldered  to  stout  brass  terminals  which 
are  well  amalgamated  at  the  ends ;  when  in  use  they  rest  in 
mercury  cups.  This  makes  certain  that  the  resistance  of  the 
contacts  is  very  small.  A  hole  running  down  the  axis  is  provided, 
for  the  insertion  of  a  thermometer.  The  whole  is  then  inserted  in 
an  oil  bath  to  ensure  constancy  of  temp'/r;it  lire.  Tli<  <-er-f  ificate 
issued  with  the  coil  states  the  temperature  at  which  it  is  correct. 


FIQ.  814.-  Standard  ohm  coil. 
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Fio.  815. — Arrangement  of  the  coils  in  a 

resist  am  »•  box 


Resistance  boxes.  -It  would  be  very  inconvenient  in  experimental 
work  if  the  resistances  employed  had  to  be  made  up  of  coils  of  the 
^T_rainK  form  shown  in  Fig  814.    They 


are  therefore  joined  together 
in  boxes.  Ench  coil  is  wound 
upon  a  bobbin  B  (Fig  815) 
attached  to  an  ebonite  sheet. 
The  wire  is  first  doubled  and 
then  wound, upon  the  bobbin, 
the  free  ends  being  soldered, 
one  to  each  of  the  brass 
blocks  Between  each  pair 
of  brass  blocks  a  hole,  shghtlv 
conical,  is  bored,  into  which 
fits  a  brass  plug  attached  to 
an  ebonite  handle  D.  When 
all  the  plugs  are  out,  the  coils  are  all  in  series  and  the  total 
resistance  in  the  box  is  the  sum  of  the  separate  resistances  of  the 
coils.  By  inserting  an^  plug,  the  corresponding  coil  is  short  cir- 
cuited, so  that  when  all 
the  plugs  are  in,  the  total  \" 
resistance  is  practically 
zeio  T>v  making  the  coils 
to  ha\e  i  es|>e<  t  ively  1,  2, 

a,  i,  10,  20,  30,  40  100, 

200,  300,  400,  1000  20OO, 
3000  and  4000  ohms,  any 
resistance  from  0  to  11110 
may  be  used.  In  some 
cases  fractions  of  an  ohm 
a;e  also  supplied  I  n  Fig 
81G  is  shouii  a  view  of 
such  a  resistance  box. 
There  nro  inanv  forms  of 

lesistanee   box 

Comparison  of  electro- 
motive forces.-  The  sim- 
plest method  of  comparing 
the  e.mf.'s  of  two  cells  is 
to  find  the  current  which 
On  plat-inn  one  ot  tho  ceIN 


FIG.  816  —Resistance  box. 


would 
m  t    E, 


pioduct    in  a   mven   circuit 
,  in  series  \\ith  a  resistance 


box  R  and  a  nalvanonietei  G  (Fm  817)  the  cunent  is  Et  (G -f  R),  and 
the  deflection  ob^em-d  m<n  be  \\ntten  Ol  On  replacing  the  cell  Et 
by  anothei  cell  whose  e  m  f .  is  E2?  the  current  is  E2/(G  +  R)  and 
the  deflection  is  02.  If  the  deflections  are  proportional  to  the 
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currents,  Ej/Eg  =  flj/flg,  or  if  a  tangent  galvanometer  be  employed, 
E1/E2  =  tan  Sj/tan  0o.  Or,  again,  if  a  simple  galvanometer,  which 
has  previously  been  calibrated,  is  used,  the 
currents  may  be  taken  from  the  calibration 
curve  (p.  863)  and  then  Ej/Eg^Ij/^. 

Another  method  is  to  obtain  the  same  deflec- 
tion with  each  cell  in  turn,  by  varying  the 
resistance  R.  Then,  since  the  current  in  each 
case  is  the  same,  E^G  -f  R3)  =  E2/(G  4-  R2).  When 
Rj  and  R2  are  great  in  comparison  with  the 
resistance  G  of  the  galvanometer, 

' 


EXPT.  192. — Comparison  of  e  m  f  s  (constant  resistance).  Connect  the 
two  cells  to  be  compared,  in  turn,  in  series  with  a  galvanometer  and 
resistance  box,  using  a  reversing  key  K  (Fig.  817),  so  that  the  current  m  the 
galvanometer  may  be  reversed.  Adjust  R,  when  the  cell  is  a  Daniell's  cell, 
until  the  deflection  is  a  reasonable  amount,  and  read  the  galvanometer 
deflection  as  in  Expt.  187.  Replace  the  Darnell's  cell  by  another  cell,  say 
a  Leclauchc  cell,  and  again  read  the  deflection.  If  the  galvanometer  is  of 
the  tangent  form,  calculate  the  ratio  of  the  e.m.f.'s  from  the  relation 
Ej  E2~tan  Oj/tan  Q2.  If  it  is  a  calibrated  simple  galvanometer,  find  the 
currents  IA  and  I2  corresponding  to  the  deflections  0±  and  02  (p.  863)  and 
use  the  relation  E1/1EJ  =  I1/I2.  Taking  the  e.m.f.  of  the  Daniell's  cell  as 
1-1  volt,  find  the  e.m.f.  of  the  other  cell. 

EXPT.  193. — Comparison  of  e.m  f.'s  (constant  deflection)  Connect  up 
the  circuit  as  in  Expt.  192,  noting  the  deflection  and  recording  the 
resistance  Rr  Replace  the  cell  by  the  other  with  which  it  is  to  be  com- 
pared, and  adjust  the  resistance  until  the  same  deflection  as  before  is 
obtained.  Calling  this  resistance  R2,  we  have 

E^R; 

Sum  and  difference  method. — In  both  the  above  methods,  the  resis- 
tances of  the  cells  and  of  the  galvanometer  have  been  assumed  to 
be  negligible.  A  method  which  is  independent  of  these  resistances 
consists  in  joining  the  two  cells  in  series  with  the  galvanometer  and 
resistance  box,  (ij  both  acting  in  the  same  direction,  and  (ii)  acting 
in  opposition.  The  resistance  in  the  circuit  is  then  the  same  ic 
both  cases,  so  that  E  -f  E2  I 

EI  -  ^2     ^2 

Or  1  -    * _2 

P.S.P.  3tf 
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With  the  tangent  galvanometer  this  equation  becomes 
Et     tan  0}  +tan  02 
E2     tan  Ol  -  tan  02 

EXPT.  194. — Comparison  of  emf's  (sum  and  difference)  Connect  two 
cells,  say  a  Darnell's  and  a  drv  toll,  in  series  \\ith  a  tangent  galvanometer 
and  a  resistance  box,  employing  a  reversing  key  as  in  Fig  817.  Find  the 
mean  deflection,  reading  both  ends  of  the  pointer  with  the  current  first 
in  one  direction  and  then  in  the  otbei.  Let  the  mean  deflection  be  6l. 
Reverse  the  Darnell's  cell,  and  repeat  the  experiment,  obtaining  the 
deflection  02.  Then,  £  tan  0,  rtanO, 

E,     tan  ()1     tan  ()M 

Taking  the  e.m.f  of  the  DamelPs  cell  as  I  1  volt,  iind  that  of  the  dry 
cell. 

Comparison  of  resistances.  A  met  hod  closely  resembling  that  of 
Expt.  192  may  bo  used  loi  compjum^  resistances,  provided  that 
these  are  not  small.  The  cncuit  is  made  up  as  in  Fig  817  but  with 
the  unknown  resistance  Rl  in  senes,  R  bemi»  at  first  zero  The 
deflection  is  noted,  and  the  unknown  icsistance  is  removed  The 
coils  in  the  box  R  are  then  unpinned  until  the  deflection,  and  there- 
fore the  current,  is  the  same  as  before  The  e  in  i  being  constant, 
the  total  resistance  is  therefore  th<*  same  as  before ;  hence  the 
unknown  resistance  removed  fiom  the  circuit  must  be  equal  to  the 
resistance  due  to  the  standaid  box 

For  the  measuicment  oi  vciy  high  resistances,  of  the  older  of 
several  million  ohms,  anothei  substitution  method  is  frequently 
employed  The  resistance  is  placed  in  series  with  a  sensitive  reflecting 
galvanometer  and  a  cell,  arid  the  deflection  observed  The  unknown 
resistance  Rl  is  then  replaced  by  a  standard  resistance  of  100000. 
or  1000000  ohms,  R2,  and  the  deflection  again  observed  Since  the 
deflections  aie  proportional  to  the  current, 
and  the  current  is  inversely  proportional 
to  the  resistance, 

Ri      &> 

With  these  high  resistances,  it  is  clear 
that  the  resistances  of  the  cell  and  gal- 
vanometer may  certainly  be  ignored. 

FIG.  818  —Measurement  of          EXPT.  195.— Measurement  of  resistance  (simple 

resistance  ,„  .     . .  ,  ,  _ 

substitution)     Connect  the  resistance  box    R, 

the  galvanometer  and  cell  in  series  (Fig.  818).  Join  the  unknown  resistance 
Rt,  which  may  be  an  incandescent  lamp  (cold),  or  a  resistance  coil,  to  the 
terminals  of  the  plug  key  K  Observe  the  deflection  when  all  the  plugs  are 
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in  the  resistance  box  R  so  that  its  resistance  is  zero.  If  the  deflection  is 
too  great,  it  may  be  reduced  by  placing  a  piece  of  platinoid  wire  across 
the  galvanometer  terminals  as  shunt  (p.  868)  or  by  placing  a  bar  magnet 
as  a  controlling  magnet  near  the  galvanometer  (Expt.  188,  p.  863).  Now 
place  the  plug  in  the  key  K,  to  short  circuit  the  resistance  Rj.  Remove 
plugs  from  the  box  R  until  the  original  deflection  is  restored.  The  resist- 
ance of  the  box  is  now  equal  to  the  resistance  of  R,. 

EXPT.  196. — To  make  a  high  resistance.  Obtain  a  piece  of  ground  glass 
about  2  cm.  x  10  cm.  Make  a  thick  black  coating  of  graphite  over  a  con- 
siderable area  at  each  end  by  rubbing  with  a  lead  pencil,  and  then  draw  a 
firm  line  AB  (Fig.  819)  with  the  pencil, 
to  connect  the  blackened  areas.  Upon  Q 
each  blackened  area  lay  a  piece  of  tin-  ^- 
foil,  and  upon  this  a  piece  of  fine  copper 
wire  C  bent  into  a  flat  spiral,  to  serve  as  T,,IO  „,„  ..H|gji  res.Rtftm,(l 

a  conductor  to  bring  the  current  to  the 

conducting  line  AB.  Place  a  piece  of  plain  glass  upon  the  ground  glass 
and  clamp  the  two  together.  After  testing  to  see  whether  the  carbon  line 
has  a  suitable  resistance  (Expt.  197)  the  edges  may  be  cemented  with 
sealing  wax  to  make  the  arrangement  permanent. 

EXFT.  197. — High  resistance  (simple  substitution).  Make  a  circuit  of 
the  high  resistance  R  made  in  Expt.  196,  a  cell  E^  and  a  reflecting 
galvanometer  G,  employing  the  reversing  key  K  (Fig.  817).  Observe  the 
deflection,  reverse  the  current,  and  again  observe  the  deflection  ;  take 
Ot  to  be  the  mean  of  the  two.  Replace  R  by  a  standard  megohm  (10<{  ohms) 
and  repeat,  taking  the  mean  deflection  to  be  02. 

Then'  i^^o3 

or  R~e"  xlOr>ohms. 

Resistance  of  galvanometer.  The  most  satisfactory  method  of 
measuring  the  resistance  of  a  galvanometer  is  to  clamp  the  moving 
part,  and  treat  the  instrument  as  an  ordinary  conductor,  measuring 
its  resistance  by  the  method  on  p.  888  or  that  on  p.  889  There 
are,  however,  several  methods  of  finding  the  resistance,  in  which 
no  other  galvanometer  is  used. 

With  an  instrument  of  resistance  5  to  20  ohms,  a  simple  circuit 
is  made  of  the  galvanometer,  a  resistance  box  and  a  Darnell's  cell 
(Pig.  817).  The  deflection  Ol  being  observed,  with  10  ohms  resistance 
in  the  box.  this  is  now  changed  to  20  ohms  and  02  observed.  Then, 
since  the  e.m.f.  in  the  circuit  is  the  same  in  both  cases, 
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from  which  G  can  be  found.  The  resistance  of  the  cell  has  been 
neglected  ;  but  in  the  case  of  a  Darnell's  cell,  if  this  is  not  known 
accurately,  it  may  be  taken  as  about  1  ohm  The  value  of  G  obtained 
will,  of  course,  include  the  battery  resistance  It  will  be  seen  that 
this  method  is  not  of  great  precision. 

When  the  resistance  of  the  galvanometer 
is  over  20  ohms  the  following  method  may 
be  used  A  high  resistance  rl  (Fig  820)  is 
placed  in  series  with  the  cell  and  a  moderate 
resistance  Rx  in  parallel  with  the  galvanometer. 
The  current  in  the  battery  circuit  is  then 

FIG   820.— Measurement  of  B  ~  RjQ    ' 

galvanometer  resistance.      »  t\  -\ — 

1     Rj  +G 

and  that  in  the  galvanometer  is  obtained  by  multiplying  this  by 
P 

D~P»  ^  *8  therefore 

IQ==          R^cT    R7+G 
f»  +  R^Q 

The  two  resistances  are  then  changed  to  r2  and  R2,  which  give  the 
same  current  in  the  galvanometer  and  hence  the  same  deflection. 


ED  CD 

nt  t  HO 

pjr 


Then         T  ]  2 

'  IQ  D    r*       D      _L  O  r-»    xx  i~»       .    t 


^1+  / 

R,  R 


from  which  G  =  ?1%-(-1-"  r*\ 

"lr2  ~~  R2rl 

Since  the  resistance  of  the  cell  is  always  small  in  comparison  with 
rj  and  r2  it  may  be  neglected  without  introducing  any  sensible  error. 

EXPT.  198. — Resistance  of  a  galvanometer  (simple  deflection)  Conner t 
the  galvanometer,  cell  and  resistance  box  as  in  Fig.  817.  Find  the  mean 
deflection  with  resistance  10  ohms  in  the  box,  and  again  with  20  ohms. 
Then,  as  on  p.  883,  (G  +  10)'(G+20)  =62/6,  if  the  galvanometer  is  direct 
reading  and  (G  +  10)/(G  +20)  =tan  Gg/tan  0j  if  it  is  a  tangent  galvano- 
meter, otherwise  the  values  of  Ij  and  !„  must  be  obtained  from  a 
calibration  curve  (p.  863). 

EXPT.  109. — Resistance  of  galvanometer  (shunt  method).  Connect  two 
resistance  boxes,  a  cell  and  a  galvanometer,  as  in  Fig.  820.  Adjust  the 
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resistances  to  give  a  reasonable  deflection.  Change  them  to  two  other 
values  which  give  the  same  deflection,  and  calculate  the  galvanometer 
resistance  G,  from  the  equation, 


R,r2  -  R,r,  * 

Repeat  with  another  value  of  the  deflection,  and  take  the  mean  value 
of  G. 

Wheatstone's  bridge.  —  By  far  the  most  accurate  and  convenient 
method  of  comparing  resistances  is  that  due  to  Wheatstone.  This 
method  makes  use  of  the  prin- 
ciple of  the  divided  circuit, 
which  in  this  case  is  known 
as  Wheatstone's  bridge.  Con- 
sider the  two  circuits  in 

parallel  ACB  and  ADB  (Fig.  821).  ""*       D 

m,  .     w         ,      -  '  FIG.  821.—  Wheatstone's  bridge. 

1  lie   current    I    entering   at  A 

divides  into  two  parts,  whose  values  are  inversely  as  the  resistances 
of  the  two  branches.     Hence  the  current  in  ACB  is 


1-2       o 

and  that  in  ADB  is       ID  =  I  „      I?1  +  !?2 
D       Ri  +  R2  +  R3 

Thus  the  p.d.  between  A  and  C  is 

F        -RT  R3  + 

A0       *    Rj  +  Rg  + 
and  that  between  A  and  D  is 


If  EAC  and  EAO  are  equal,  there  is  the  same  p.d.  between  A  and  C  as 
between  A  and  D,  and  hence  there  is  no  p.d.  between  C  and  D.  If 
C  and  D  are  then  connected  by  a  conductor  there  will  be  no  current 
in  this  conductor.  The  condition  for  this  is,  that 


+  R  R  — 


R]        R3 

or  -1  =  --3. 

R2      R4 
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Thus  the  four  resistances  ioini  a  proportion  when  there  is  no  current 
between  C  and  D,  although  a  current  is  rlownm  through  the  system 
from  A  to  B  Tins  condition  is  found  experimentally  by  connecting 
a  galvanometer  between  C  and  D  With  a  sensitive  galvanometer, 
very  small  currents,  and  therefore  minute  potential  differences, 
between  C  and  D  m;»y  be  detected  For  this  reason  very  accurate 
balances  between  the  resistances  may  be  obtained  Since  the  de- 
flection is  zero  for  a  perfect  balance,  this  is  called  a  zero  or  nuU 
method. 

Lt  should  be  noticed  that  if  the  current  entei.s  at  C  and  leaves  at 
D,  the  galvanometer  being  connected  to  A  and  B,  the  same  condition 
will  hold  for  zero  deflection,  that  is, 

RJ  _?« 

R'2       R4 

EXPT.  200. — Wheatatone's  bridge.  Screw  four  double  terminals  A,  B, 
C  and  D  into  a  board  ( Fig  822)  (Connect  C  and  D  to  a  simple  galvanometer, 
and  A  and  B  to  a  cell 

(1)  Connect  the  ends  of  a  piece  of  platinoid  wiie  I  niche  long  to  A  and  B 
and  clamp  its  middle  point  in  the  terminal  C.  Connect  a  similar  pieee  of 

platinoid  wire  to  A  and  B,  and  find 
by  tnal  the  point  of  it  winch,  when 
touched  to  the  terminal  D,  produces 
no  detlecl'on  upon  the  galvanometer. 
Measure  the  lengths  of  the  parts  AD 
ami  DB  Show  that  the  ratio  of 
lengths  AC  CB  i^  equal  to  the  ratio 
ADDB. 

(2)  Make  AC -20  cm.   and   CB-80 
om.  and  repeat .     Show  that  the  ratios 
are  again  equal. 

(3)  Make  AC -30  cm.  and  CB=70 
cm.  and  lepeat. 

(4)  Replace  ADB  hy  A  piee^  of  line 
copper  wire  and  repeat,  showing  that  the  ratios  must  be  equal  whatever 
the  actual  resistances  may  be. 

(5)  Make  AC  =00  cm.  and  CB  =30  cm.  of  platinoid  wire  In  AD  place  an 
unknown  resistance  coil  ot  2  or  3  ohms.  In  BD  place  a  piece  of  platinoid 
wire  and  adjust  its  length  by  trial  until  the  galvanometer  deflection  is  /ero, 
ao  that  a  balance  is  obtained.  Knowing  the  ratio  of  CB  to  AC,  and  therefore 
the  ratio  of  the  resistances  DB  and  AD,  find  the  length  of  platinoid  wire 
which  has  the  same  resistance  as*  the  coil  in  AD. 


FIG  822 --Experiment  for  demonstrating 
the  Wheat-stone's  l>iuln<    icl.it ion 
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The  metre  bridge. — For  the  purposes  of  practical  measurements 
of  resistance,  the  Wheatstone's  bridge  is  constructed  in  several 
convenient  forms.  One  of  the  commonest  forms  is  the  metre  bridge, 
so  called  because  a  wire  AB  one  metre  long  (Fig.  823)  is  stretched 
between  two  fixed  copper  strips,  the  wire  comprising  two  arms  of 
the  Wheatstone's  bridge.  The  •'  ^ 
parts  AC,  DE  and  FB  are  stout 
copper  strips,  which  have 
negligible  resistance.  If  two 
conductors  are  placed  in  the 
gaps  at  D  and  E,  a  cell  con- 
nected to  C  and  F,  and  a 
galvanometer  to  L  and  to  a 
movable  point  M  on  the  wire, 
it  will  be  seen  that  the  four  resistances  R1?  R2,  R3,  and  R4  comprise  a 
Wheatstone's  bridge.  The  point  of  contact  M  on  the  wire  is  found, 
which  gives  zero  galvanometer  deflection.  Then,  RJR^  =  R3/R4.  But  if 
the  wire  is  uniform,  R3/R4  =  L^/Lg,  where  Lt  and  Lg  are  the  correspond- 
ing distances  of  M  from  A  and  B.  Hence  for  a  balance,  R1/R2  =  L,/!^. 
Lx  and  L2  are  measured  by  means  of  a  scale  fixed  alongside  of  the 
wire,  and  hence  the  ratio  of  R}  to  R2  becomes  known.  If  R{  is  a 
standard  coil,  the  resistance  of  R2  in  ohms  can  be  calculated. 


FIG.  823.— Diagram  of  the  metre  bridge. 


KiG.  824.  —The  metre  bridge. 


It  is  usual  to  employ  a  tapping  key  in  the  cell  circuit  so  that  the 
current  only  flows  while  the  test  is  being  made.  The  contact  at  M 
is  usually  a  tapping  contact,  and  the  practice  should  always  be  fol- 
lowed of  making  the  battery  circuit  before  the  galvanometer  circuit- 
The  reason  for  this  will  be  understood  later  (Chap.  LXXVL).  Also 
the  cell  and  galvanometer  may  be  interchanged  (p.  886).  For  some 
reasons  it  is  desirable  to  connect  the  cell  to  the  wire  contact  M, 
and  the  galvanometer  to  the  fixed  points  C  and  F.  as  will  be 
explained  in  Chap.  LXXTX. 

The  actual  form  th<k  metre  Imd^v  takes  in  practice  is  shown  in 
Fig.  824.  The  sliding  contact  and  heavy  terminals  should  be  noted. 
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EXPT.  201. — Resistance  by  metre  bridge.  Place  a  resistance  box  m  the 
gap  D  of  the  metre  bridge  (Fig.  823),  and  in  E  put  a  coil  of  unknown  resis- 
tance. Having  connected  up  the  cell  and  galvanometer  as  shown,  unplug 
the  10  ohm  coil  of  the  box  and  move  the  slider  M  until,  on  making  contact, 
there  is  no  galvanometer  deflection.  Observe  the  lengths  Lt  and  L2,  and 
calculate  the  resistance  m  E  from  the  relation,  Resistance  ^10  L2  Lt. 
If  thfs  resistance  is  less  than  10  ohms,  repeat  the  experiment,  using 
respectively  5  ohms,  2  ohms  and  1  ohm  in  the  box  at  D.  If  the  resistance 
is  more  than  10  ohms,  repeat,  UMiig  20,  50  and  100  ohms  at  D.  In.  each 
case  calculate  the  resistance  at  E  and  notice  that  the  most  accurate  result 
is  obtained  when  the  balance  is  Mich  that  the  point  M  is  near  the  middle 
of  the  bridge  wire. 

The  post-office  box. — Any  three  resistance  boxes  mav  be  used  as 

the  three  arms,  Rx,  R2  and  R3  of  the  Wheatstone's  net  (Fig.  825  (a)) 

\ 

R,       ^       R2 

1000    100        10        C       10        10010001 


o    I        I        1      o      I        |         01 

v                      » 
\                    I 

1        £..       "2         ">      |10      .!0      20      «iO 

D 

\           I                   3 

FIG  825  —  Tho  po^t-offlro  box 


where  R4  is  the  unknown  resistance  to  be  determined.  Such  sets  of 
resistances  are  frequently  made  all  in  one  box  ,  one  such  arrange- 
ment is  shown  diagrammatically  in  Fig  825  (?>).  By  comparison  of 
(a)  and  (b)  it  will  be  seen  that  R!  or  AC  consists  of  three  coils  of 
respectively  10,  100  and  1000  ohms  resistance  Similarly,  CB  consists 
of  three  such  coils  These  are  known  as  the  ratio  arms,  and  it  will 
be  noticed  that  ratios  from  1  ™°-  to  ^^  can  be  obtained  The  arm 
AD  is  an  ordinary  set  of  resistances  which,  by  unplugging,  can  be 
adjusted  to  have  any  resistance  from  1  ohm  to  11110  ohms.  The 
fourth  arm  DB  is  the  unknown  resistance,  which  is  therefore  con- 
nected to  D  and  B  The  two  tapping  keys  K  are  also  included  in  the 
box,  one  being  in  the  cell  circuit  and  the  other  in  that  of  the 
galvanometer.  The  connections  of  these  keys  vary  with  different 
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patterns,  and  must  be  made  out  by  the  student  for  each  box  used. 
The  whole  set  is  known  as  the  post-office  box.  It  will  be  seen  that 
for  any  given  ratio  of  R,  to  R2,  the  resistance  R3  may  be  varied 
until  a  balance  is  obtained,  when  the  unknown  resistance  R4  can 
be  calculated.  When  R4  is  small  it  is  advisable  to  make 

Rj/R2- 1000/1 0  =  100/1, 
and  when  R4  is  large  to  make 

Ri/Rg- 10/1000  =  1/1 00, 

so  that  full  use  of  the  adjustable  arm  R3  may  always  be  made.  In 
this  way  resistances  ranging  from  0-1  ohm  to  1000000  ohms  may 
be  measured  to  within  an  error  of  1  per  cent.,  and  intermediate 
resistances  to  0-1  per  cent. 

EXPT.  202.  —  Resistance  by  post-offico  box.  Connect  up  the  post-office 
box,  as  m  Fig.  825.  using  an  unknown  resistance  coil  as  R4.  Beginning 
with  100  ohms  m  each  ratuj  arm,  find  the  resistance  R3  which  produces  a 
balance,  anrl  calculate  R,.  If  this  is  very  small,  or  very  large,  alter  the  ratio 
armsasuitably  and  redetermme  Rj.  In  all  cases  the  bridge  is  most  sensitive 
when  all  four  arms  are  of  the  same  order  of  resistance.  Measure  the 
resistances  of  several  coils  and  of  an  incandescent  lamp. 

EXPT.  203. — Specific  resistance  Set  up  the  post-office  box,  as  in  Fig. 
825,  using  a  piece  of  platinoid  wire,  at  least  a  metre  long,  as  resistance  R4. 
Measure  its  resistance  as  in  Expt.  202.  With  a  metre  scale  find  the 
length  of  the  wire  between  the  terminals,  and  with  a  micrometer  gauge 
determine  its  diameter  in  several  places  and  take  the  mean.  Calculate  the 
area  of  cross-section  a  of  the  wire,  and,  calling  its  length  /,  and  resistance 
R,  find  the  specific  resistance  of  the  platinoid  from  the  relation 

S-*"     (p.  851). 

Repeat  the  experiment,  using  a  piece  of  fine  copper  wire,  and  find  the 
specific  resistance  of  the  copper. 

EXPT.  204. — Temperature  coefficient  of  resistance.  Take  leads  P  and  Q 
(Fig.  826)  from  a  coil  of  fine  copper  wire  to  the  terminals  B  and  D  of  the 
post-office  box  (Fig.  825).  The  fine  copper  wire  is  immersed  in  paraffin 
oil  contained  in  a  test-tube.  The  test-tube  is  surrounded  by  water  con- 
tained in  a  beaker,  so  that  its  temperature  can  be  raised  gradually.  A 
thermometer,  passing  through  the  stopper,  enables  the  temperature  of  the 
oil,  and  therefore  of  the  copper  wire,  to  be  observed.  Starting  at  the 
temperature  of  the  room,  measure  the  resistance  of  the  coil.  Then  raise 
the  temperature  about  5°  C,,  and  after  making  sure  that  this  has  become 
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steady,  measure  the  resistance  again.     Repeat  this  at  intervals  of  about 
r>°,  up  to  100°  C.     Record  the  results  m  the  form  of  .a  table,  and  draw  a 

graph  connecting  temperature  and  resis- 
tance The  points  should  be  very  nearly 
ori  a  straight  line.  Draw  a  straight  line 
with  a  ruler  to  he  evenly  amongst  them, 
and  produce  it  backwards  so  that  the 
resistance  of  the  \vire  at  0°  0.  can  be 
found.  Calling  this  R0,  and  R100  the 
resistance  at  100°  ('.,  calculate  the  co- 
efficient of  increase  of  resistance  a  from 
the  relation  R1(K)  R0  (1  +uO-  It  1S  from 
methods  such  as  this  that  the  temperature 
coefficients  of  tke  metals  given  on  p.  851 
have  been  found. 


The  potentiometer. — Provided  that  a 
wire  is  uniform  and  that  a  steady 
current  flows  in  ifc,  there  is  a  uniform 
fall  of  potential  along  it ,  that  is,  the 
potential  difference  between  any  two 
points  on  it  is  proportional  to  the 
length  of  wire  between  those  two  points 


Fio.  82(V  -Measurement  ot  tempera- 
ture coettkient  of  resmt.uue 


A'- 


This  is  made  use  of  in  the  potentiometer  for  the  comparison  of  electro- 
motive forces  and  potential  differences.  A  current  produced  by 
a  cell  C,  preferably  a  second.ujr  cell  (p  916)  Hows  in  a  unifoim 
wire  AB  (Fig.  827).  A  cell  E 
has  one  terminal  connected  to 
A,  and  the  other  through  a 
galvanometer  to  a  movable 
contact  D.  When  the  cell  is 
on  open  circuit,  the  p.d.  be- 
tween its  terminals  it>  equal 

to   its    e.m.f.    (p     855).     For 

.    .    _  .1          •  FIG  827  -  Diagram  ot  the  potentiometer 

some  point  D  upon  the  wire, 

the  p.d.  between  A  and  D  is  equal  to  that  between  the  cell  terminals 
on  open  circuit.  If  the  tcimin.il  bo  then  connected  to  the  wire 
at  D,  nothing  will  happen  in  the  cell  circuit,  as  the  p.d.  between 
A  and  D  due  to  the  current  in  AB  is  exactly  the  same  as  that  due  to 
the  cell  E.  No  change  is  then  made  by  making  contact  at  D, 
and  the  galvanometer  will  not  be  affected.  If  the  correct  point 
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be  not  found,  a  current  will  flow  in  one  direction  or  the  other  thiough 
E  and  the  galvanometer  on  making  contact.  Hence  for  a  correct 
balance,  the  e.m  f.  of  E  is  equal  to  the  p  d.  between  A  and  D  and  this 
is  proportional  to  the  length  of  wire  AD,  which  equals,  say,  /r  Let 
Ej  be  the  e  in  f  of  E  Replace  this  cell  by  another  of  e.m  f.  E2, 
and  find  the  length  of  wire  12  for  a  balance. 

Then,  Ji    '1. 

E2     '2 
Thus  the  two  e.m  f  \s  are  compared 

This  method  is  excellent  for  several  reasons.  It  is  a  null  method 
(p.  886),  and  therefore  does  not  depend  upon  measuring  a  galvano- 
meter deflection  The  length  ol  the  wire  AB  may  be  several  metres, 
and  since  the  adjustment  is 
easily  made  to  within  1  milli- 
metre, considerable  accuracy 
is  obtainable  ;  also  the  cell  E 
is  not  producing  current  when 
the  adjustment  is  correct,  and 
its  internal  resistance  is  thus 
immaterial 

A  convenient  and  simple  form  of  potentiometer  may  be  constructed 
by  pasting  a  piece  of  paper  square-ruled  in  centimetres  and  milli- 
metres upon  a  board  After  placing  nails  or  screws  at  the  points 
ABCD  and  E  (Fig.  828),  and  terminals  soldered  to  copper  strips  at 
P  and  Q,  a  piece  of  platinoid  wire  is  passed  round  the  screws  and 
soldered  to  the  copper  strips  at  P  and  Q.  The  millimetre  squares 
serve  to  measure  lengths  of  wire  fioin  P  or  Q.  A  convenient  form  of 

contact  maker  is  also  shown.  It 
is  a  wooden  handle  having  a 
brass  strip,  filed  to  a  sharp 
edge,  screwed  to  it,  a  terminal 
being  previously  attached. 

EXPT.  20«>. — Comparison  of  e.m. f.'s 
by  potentiometer.  Connect  a 
secondary  cell  C  (Fig.  829)  in  series 
with  the  potentiometer  wire  ALD. 
If  E!  and  E2  are  the  cells  whose 
e.m.f.'s  are  to  be  compared,  join  one  to  each  side  of  the  rocking  key  Ki  and 
join  the  galvanometer  and  terminal  A  of  the  potentiometer  to  one  of  the 
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'1  lui  potentiometer. 


FIG    829. — Comparison  of  em  .f.'s  by 
potentiometer 
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middle  terminals  of  K,  the  movable  contact  wire  L  being  joined  to  the 
other.  With  the  rocker  of  K  on  one  side,  iind  the  length  ll  of  potentiometer 
wire,  as  measured  from  A  which  gives  a  balance.  Rock  the  key  to  the 
other  side  and  find  the  length  12  for  the  other  cell.  Then  E^  E2=/i'/2»  -K 
E2  be  a  Darnell's  cell,  then  EI-!  1  I^jl2  volts  Repeat,  placing  another 
cell  in  the  position  El  and  find  its  e.m.f.  in  the  same  way. 

Range  of  usefulness  of  the  potentiometer.  -Another  great  advan- 
tage of  the  potentiometer  consists  in  the  very  great  range  of  electro- 
motive forces  that  it  may  be  used  to  compaie  It  may  be  made  so 
sensitive  that  e  m  f  's  of  the  order  of  millivolts  or  loss  may  be 
compared  by  means  ot  it  Also,  by  using  auxiliary  resistances  with 
it,  e  mi.'s  up  to  thousands  of  volts  may  be  measured 

In  order  to  make  the  potentiometer  more  sensitive,  all  that  is 
necessary  is  to  reduce  the  current  in  it,  so  that  the  p  d  over  the  whole 
wire,  instead  of  being  about  2  volts,  is  only  a  small  fraction  of  a  volt. 

This  may  be  done  by  placing 
a  resistance  in  series  with  it, 
in  the  manner  employed  in 
measuring  thermal  electro- 
motive forces  (Chap.  LXXIX.). 
For  the  measurement  of  high 
electromotive  forces,  a  sub- 
divided resistance  must  be  used. 
Thus,  tho  resistance  AB  (Fig.  830)  may  be  !(),(>( K)  ohms,  and  if  the 
e.m.f.  to  be  measured  is  of  the  order  of  1000  voltss  it  may  be  applied 
to  the  points  A  and  B  Tjo  p  d  between  two  points  A  and  C,  such 
that  the  resistance  of  AC  is  one-thousandth  of  AB  is  then  of  the  order 
of  I  volt  and  may  be  measured  by  the  potentiometer.  The  e  m.f. 
applied  to  AB  may  then  be  obtained  by  multiplying  by  1000 

Zero  error  of  the  potentiometer.  It  may  happen  that  the  resistance 
of  the  joint  and  terminal  at  P  (Fig  828)  is  not  negligible,  and  it  will 
then  follow  that  lengths  of 

wire   measured   by  the  scale  li 

are  not  strictly  proportional  [  I* 

to  the  resistances  between  the 

terminal    and    the    movable 

point  of  contact.     The  proper 

correction   to  be  applied  to 

the  scale  readings  may  easily 

be  found,  and  is  called  the 

zero  error  of  the  instrument 

Thus,  if  AB  and  BC  (Fig   831) 

be  two  resistances  in  series  in  which  a  steady  current  is  flowing,  th£ 

p.d.  between  A  and  C  is  the  sum  of  the  p.d.'s  between  AB  and  BC. 


FIG   830  — Subdivided  resistance 


FlQ   831- 


-Measurement  of  the  zero  error  of 
potentiometer 
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On  finding  lengths  of  potentiometer  wire  l},  12  and  £3  corresponding 
to  these  three  p.d.'s,  73  =  /x  +  12  if  there  is  no  zero  error.  If,  however, 
there  is  a  zero  error  a,  each  length  must  have  a  added  to  it  in  order 
to  make  it  proportional  to  the  p  d.  being  measured.  The  relation 
between  the  three  is  then 


or,  a  —  l^—li—  /2- 

a  is  the  correction  that  must  be  added  to  the  potentiometer  readings. 
It  may  be  either  positive  or  negative. 

ExrT.  ^06.  —  Zero  error  of  potentiometer  Place  two  resistance  boxes 
AB  and  BC  (Fig.  831)  m  series  with  a  Darnell's  cell;  with  50  ohms  in 
AB  and  100  ohms  in  BC,  measure  the  length  of  wire  /l  for  the  p.d.  between 
A  and  B,  /,  for  that  between  B  and  C,  and  /3  for  that  between  A  and  C. 
Then  if  a  be  the  /oro  error  of  the 
potentiometer,  a  —  /3  -  1±  -  1*. 

EXIT.  207.  —  Comparison  of  re- 
sistances by  potentiometer  For 
the  comparison  of  low  resistances 
the  potentiometer  is  convenient. 
Join  the  two  low  resistances  AB 
and  CD  in  series,  and  pass  a 
current  through  them  (Fig.  832). 
If  the  resistances  are  0-1  ohm 
or  less,  at  least  1  ampere  should 
be  employed.  Find  the  length  of 
potentiometer  wire  ^  corresponding  to  the  p.d.  between  A  and  B.  Then 
remove  the  connections  from  A  and  B  to  C  and  D  arid  again  find  the 
corresponding  length  of  potentiometer  wire. 

Then,  Ri='i 

P2     lt* 

If  the  resistance  of  either  AB  or  CD  m  ohms  be  known,  that  of  the  other 
can  be  found. 

Current  measurement  by  potentiometer.  —  Currents  of  any  magnitude 
can  be  measured  by  means  of  the  potentiometer,  both  accurately 
and  conveniently.  Hence  this  method  is  frequently  employed  for 
the  calibrating  of  ammeters.  The  current  I  to  be  measured  is  caused 
to  flow  through  a  standard  low  resistance  R.  This  should  have  a 
resistance  of  0-1  ohm  for  a  current  of  10  amperes,  0-01  ohm  for  a 
current  of  100  amperes,  and  so  on,  so  that  the  p.d.  between  its 
terminals  is  of  the  order  of  1  vojt.  The  arrangement  is  shown  m 


FIG  832  — Comparison  of  resistances. 
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Fig.  833  With  the  key  K  on  one  side,  the  length  of  potentiometer 
wire  Zj  for  the  p.d  over  R  is  found.  Then  the  rocker  of  the  key  is 
placed  over  to  the  other  side  and  the  length  of  wire  12  for  the  standard 

cell  E  is  found.     Since  the  p  d. 

between  the  terminals  of  R  is 

IR,  we  have 


or, 


R  '  12 


In  this  way  the  current  I  is 
found    in    terms    of    the    two 
T,     uoo    „       .  v       .   .,  standards  E  and  R.    For  rough 

FIG  833  —Current  bv  potentiometer.  ,       _  i      " 

measurements    E   may    he    a 

Daniell'.s  cell  whose  e  m  f  is  taken  as  1-1  v  *t,  but  for  more  exact 
measurements  the  cadmium  cell  (p  014)  o,  the  Latimer-Clark  cell 
(p.  9 13)  should  be  used 

EXPT.  208  — Calibration  of  an  ammeter  by  means  of  a  potentiometer 
Place  the  ammeter  A  in  series  with  the  standard  resistance  R.  A  rheostat 
or  an  incandescent  lamp  should  be  placed  m  the  current  circuit,  the.lamp 
being  used  when  100  volt  supply  is  employed.  Measure  the  length  /x  of 
wire  corresponding  to  tho  p  d  between  the  terminals  of  R.  arid  the  length 
/2  for  the  coll  E,  as  above.  Increase  the  current  step  by  step,  each  time 
making  the  above  two  observations  and  reading  the  ammeter.  Record 
the  results  m  a  table,  making  a  fourth  column  for  the  current  calculated 
from  the  relation  I--E/i'R/2.  After  reaching  the  end  of  the  ammeter 
scale,  plot  the  current  and  ammeter  readings  in  the  form  of  a  graph.  If 
the  ammeter  is  graduated  to  read  am  petes,  the  error  for  each  observation 
should  be  found  and  plotted  against 
the  ammeter  readings,  thus  giving 
a  curve  for  future  use  with  this 
ammeter. 

EXPT.  209.— Calibration  of  a  poten- 
tiometer to  read  directly  in  volts. 
Connect  up  the  potentiometer  and 
standard  cell  E  as  in  Fig.  834,  ^  Ort 

.      ,     ,  j       A  1 1       ,  FIG  834  —Calibration  of  a  potentiometer 

including  an  adjustable  rheostat  R 

in  the  potentiometer  circuit  If  the  standard  cell  is  a  Daniell,  place  the 
movable  contact  at  the  point  110  cm.  upon  the  wire.  Adjust  the  rheostat 
R  until  a  balance  is  obtained.  Then  110  cm.  of  wire  corresponds  to  M  volt, 
so  that  1  cm.  corresponds  to  0-01  volt.  This  calibration  is  convenient 
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when  a  number  of  voltages  are  to  bo  measured,  as  the  instrument  is  now 
direct  reading.  When  great  accuracy  is  required  a  better  form  of  standard 
cell  than  the  Daniel  I  mu^t  be  used.  For  the  cadmium  cell  the  length  of  wire 
should  be  101  8  cm.,  and  for  the  Latimer-Clark  cell  145-3  when  1(K)  cm.  of 
wire  is  to  correspond  to  1  volt. 

Resistance  box  potent1"  jieter.  -A  very  convenient  form  of  potentio- 
meter may  be  constructed  of  two  similar  resistance  boxes      The  two 
boxes  AB  and  CD  are  joined  in  series  with  a  secondary  cell  E  (Fig.  835) 
One  of  the  cells  whose  e.m.f.  is 
required  is  placed  at  E1  in  series 
with  the  galvanometer  G.     At 
first  all  the  plugs  are  taken  out 
of  the  box   CD   while    all  the 
plugs  are  in  the  box  AB.     The 
adjustment  is  made  by  remov- 
ing plugs  from  AB  and  placing 
them     in     the    corresponding 

positions  in  CD  until  ohe  gal-        _ "    .^     „    .  .        ,         .     . 

r  .          in-          •  FIG  «:?.>.—  Resistance  box  potentiometer. 

vanometer   deflection   is  zero. 

Thus  the  resistance  in  the  circuit  ABCD  remains  constant,  and  the 
current  in  it,  therefore,  remains  constant  also.  The  e  m.f.  El  is 
then  proportional  to  the  resistance  Rt  in  AB,  when  the  adjustment 
is  correct.  El  is  now  replaced  by  E2  and  the  corresponding  resistance 
R2  in  AB,  for  a  balance  is  found  Then 


Measurement  of  the  internal  resistance  of  a  cell. — The  potentio- 
meter affords  a  means  of  measuring  the  internal  resistance  of  a  cell 
On  measuring  the  p.d.  between  the  terminals  of  the  cell,  first  on 
open  circuit,  and  then  when  it  is  producing  current  m  an  external 
resistance  of  known  value,  the  internal  resistance  of  the  coll  can  be 
calculated.  These  two  quantities  are  represented  by  E  and  e  in 
equation  (11)  (p.  855 );  where  r  is  the  internal  resistance  of  the  cell 
and  R  the  external  resistance  joined  between  its  terminals.  The 
absolute  values  of  E  and  e  are  not  required,  the  lengths  of  potentio- 
meter wire  employed  when  the  balance  is  obtained  in  the  two  cases 
serving  instead.  Calling  these  lengths  L  and  /,  equation 

E—er*  L~l      r 

~--=RF   becomes    -r  =  R. 

Since  all  the  quantities  except  r  are  known,  r  can  now  be  calculated 

EXPT.  210.-— Internal  resistance  of  a  cell.  Connect  up  the  potentio- 
meter and  galvanometer  as  in  Fig.  827,  using  a  secondary  cell  for  C,  and 
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the  cell  (a  Daniell's  coll)  whose  internal  resistance  is  required  for  E.  Obtain 
the  length  AD  =  L  when  thcx  cell  E  IH  on  open  circuit  Now  join  a  resistance 
box  across  the  terminals  ot  E,  using  20  ohms  as  the  resistance  m  the  box. 
Measure  the  length  of  wire  /  which  now  gives  a  balance. 

Calculate  the  internal  resistance  r  of  the  cell  from  the  equation 

L-Z_  r_ 
I     ~20 

Repeat  the  experiment  using  values  ot  R  equal  to  15,  10,  5,  2  and  1  ohms, 
and  m  each  case  calculate  the  value  ot  r. 

Repeat  the  experiment  with  another  form  of  cell,  such  as  a  dry  cell,  or  a 
Leclanche. 

EXERCISES  ON  CHAPTER  LXIX 

1.  Enunciate  Ohm's  Law  and  explain  its  meaning. 

A  battery  is  connected  to  a  tangent  galvanometer  of  resistance  9  ohms 
and  produces  a  deflection  of  60°.  An  e\tra  resistance  of  7  ohms  is  then 
placed  m  the  circuit  and  the  deflection  tails  to  45U  Calculate  the  resistance 
of  the  batte  y.  Son.  Cam b.  Loo 

2.  Two  voltaic  cells  A  and  B  are  connected  in  series,  and  form  a  simple 
circuit  with  a  galvanometer.     The  current  indicated  is  2  4  amperes.     The 
cell  A  is  then  reversed  so  as  to  oppose  B,  and  the  current  observed  is  0  6 
ampere  in  the  same  direction  as  before.     Calculate  the  ratio  of  the  electro- 
motive forces  of  A  and  B.  L  U. 

3.  Explain   tho   use   of  a   potentiometer   in    measuring   (a)   potential 
difference,  (6)  current.     What  apparatus  would  you  want  in  each  case  ? 

LIT 

4.  Explain  how  the  e.m.f.'s  of  a  number  of  cells  can  be  compared  by 
the  aid  of  a  potentiometer. 

The  terminals  of  a  cell  with  an  e.rn.f.  of  two  volts  and  with  a  negligible 
internal  resistance,  arc  joined  by  two  coils  in  series.  One  coil  has  a 
resistance  of  1  ohm,  while  the  other  lias  a  variable  resistance  which  may 
be  denoted  by  R.  What  must  be  the  value  of  R  in  order  that  a  Leclanche 
with  an  e.m.f.  of  1  58  volts  can  be  connected  in  parallel  with  the  1  ohm 
coil,  in  such  a  way  that  110  current  flows  through  the  Loclanche  ?  Give 
a  diagram  of  the  arrangement.  L.U. 

5.  Explain  the  Wheatstone's  bridge  method  of  comparing  resistances. 
If  the  resistance  of  a  wire  of  length  120  cm.  and  diameter  0  4  mm.  is 

found  to  be  2  5  ohms,  what  is  the  specific  resistance  of  the  material  ? 

L.U. 

6.  Two  cells,  when  connected  in  series,  give  rise  to  a  deflection  of  45° 
on  being  joined  to  tho  terminals  of  a  tangent  galvanometer,  and  to  a  deflec- 
tion of  30°  when  connected  so  as  to  oppose  each  other.     Compare  the 
electromotive  forces  of  the  cells.  L.U. 

7.  What  do  the  terms  *'  electromotive  force  "  and  "  internal  resistance  ' 
mean  as  applied  to  a  voltaic  cell  ? 

If  the  difference  of  potential  between  the  poles  of  such  a  c*5ll  when  no 
current  18  flowing  is  r«i  volts,  and  this  becomes  reduced  to  1  1  volts  when 
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the  poles  are  joined  by  a  wire  of  5  ohms  resistance,  find  the  internal  resist- 
ance of  the  cell.  L.U. 

8.  Describe  some  method  of  measuring  the  resistance  of  a  galvanometer. 
A  galvanometer  has  a  shunt  of  resistance  30  ohms,  and  the  rest  of  the 

circuit  comprises  a  cell  and  a  resistance  of  450  ohms.  If  the  shunt  is 
changed  to  20  ohms  and  the  external  resistance  decreased  from  450  ohms 
to  350  ohms,  the  galvanometer  indicates  the  same  current  as  before. 
Find  the  resistance  of  the  galvanometer. 

9.  A  cell  of  e.m.f.,  1*5  volts  and  resistance  2  ohms,  maintains  a  current 
in  an  external  resistance  of  6*5  ohms.,  find  the  p.d.  between  the  terminals 
of  the  cell. 

10.  A  circuit  consists  of  a  cell  of  e.m.f.  1  72  volts  and  resistance  J  5  ohms, 
together  with  an  external  resistance  of  4*2  ohms.     Calculate  the  amount 
of  heat  developed  in  the  external  resistance  and  in  the  cell  in  one  minute. 

11.  A  cell  having  an  e.m.f.  of  1  6  volts  and  internal  resistance  0'5  ohm 
is  placed  in  series  with  a  tangent  galvanometer  whose  coil  consists  of  15 
turns  of  radius  18  cm.,  and  the  deflection  is  observed  to  be  12°.     Calculate 
the  resistance  of  the  galvanometer,  taking  H  =0  18. 

12.  A  piece  of  wire,  165  cm.  long  and  0-82  mm.  in  diameter,  is  used  as 
an  unknown  resistance  with  the  post  office  box.     If  the  ratio  arms  have 
resistances  1000 :  10  and  the  third  (Fig.  825)  is  85  ohms  when  a  balance  is 
obtained,  find  the  specific  resistance  of  the  wire. 

13.  JCxplam  how  the  internal  resistance  of  a  cell  may  be  determined. 
A  length  of  potentiometer  wire  of  155  cm.  balances  the  e.m.f.  of  the  cell 
on  open  circuit,  and  a  length  of  135  cm.  when  the  cell  has  a  conductor  of 
resistance  8  ohms  connected  between  its  terminals.     Calculate  the  internal 
resistance  of  the  cell. 

14.  Describe  how  the  errors  in  the  scale  of  an  ammeter  may  be  determined 
by  the  use  of  a  potentiometer.     What  would  be  a  suitable  value  of  the 
standard   resistance   employed   in   this   standardising  experiment  if  the 
ammeter  reads  up  to  50  amperes. 

15.  Describe  how  the  zero  error  of  a  potentiometer  may  be  measured. 
If  in  Fig.  831  the  length  of  wire  to  balance  the  p.d.  over  AB  is  36  5  cm., 
over  BC  29  4  cm.,  and  over  AC  66  3  cm.,  what  is  the  zero  error  ?     What 
fault  in  construction  in  the  instrument  could  such  a  zero  error  be  due  to  ? 
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ELECTROLYSIS:  CELLS  AND  BATTERIES 

Introduction  to 'electrolysis.  -Reference  to  the  fact  that  the  passage 
of  an  electric  current  through  certain  liquids,  mostly  solutions,  is 
accompanied  by  chemical  effects  has  aheady  been  made  (p  830) 
A  more  complete  account  of  this  phenomenon 
must  now  be  given.  It  has  been  known  for  a 
very  long  time  that  some  liquids  are  capable  of 
carrying  a  current  while  others  are  not.  Faraday, 
who  first  systematically  studied  this  branch  of 
electrical  phenomena,  called  those  liquids  which 
would  carry  a  current  electrolytes.  Water  to 
which  a  small  amount  of  an  acid,  or  salt,  has 
been  added  is  a  moderately  good  conductor,  and 
is  hence  an  electrolyte.  On  the  other  hand, 
paraffin  oil  is  a  good  insulator,  and  is  therefore 
not  an  electrolyte.  Pure  water  is  not  an 
electrolyte. 

The  conductors  which  bring  the  current  into 
and  lead  it  from  the  electrolyte  are  called  elec- 

;V  trodes.      Thus,    if   two   electrodes    consisting   of 

X.          pieces    of    platinum    foil    be    dipped    into    an 
electrolyte  consisting  of  water  to  which  a  few 

FIG  83ot"^atertr°ly"1S%  dr°Ps  of  Sulphuric  acid  have  been  added,  and 
the  electrodes  connected  respectively  to  the  poles 
of  a  battery  of  a  few  cells  in  series,  a  current  will  flow  through  the 
water.  While  the  current  is  flowing  it  may  l>e  noticed  that  bubbles 
form  on  the  electrodes.  If  the  experiment  be  performed  with  the 
apparatus  shown  in  Fig,  836,  consisting  of  two  vertical  graduated 
tubes  AB  and  KC,  united  at  their  bases  by  the  *hort  piece  AK,  the  gases 
formed  on  the  electrodes  may  be  caught  in  the  tubes  and  measured. 
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The  electrode  at  which  the  current  enters  the  electrolyte  is  called 
the  anode,  and  that  by  which  it  leaves  is  the  kathode.  It  will  be 
found  that  the  gas  evolved  at  the  kathode  K  has  twice  the  volume 
of  that  evolved  at  the  anode  in  the  same  time.  On  opening  the  tap 
C,  the  gas  in  CE  escapes,  and  if  a  light  be  applied,  the  escaping  gas 
burns  it  is  hydrogen.  The  gas  in  BD  as  it  escapes  will  ignite  a 
glowing  taper  or  splinter  of  wood,  showing  that  it  is  oxygen.  Thus 
hydrogen  is  evolved  at  the  kathode,  oxygen  at  the  anode,  and  the 
two  are  in  the  proportion  in  which  thev  combine  to  form  water. 
The  significance  of  this  fact  will  be  seen  shortly. 

In  the  event  of  the  electrolyte  being  a  solution  of  a  salt,  the  metal 
is  liberated  at  the  kathode  and  the  acid  radicle  or  clement  at  the 
anode.  These  substances  are  deposited  upon  the  electrode  if  they 
can  exist  in  a  stable  form  in  water,  but  in  many  cases  there  is 
some  reaction  with  the  water.  When  the  current  passes  between 
platinum  plates  immersed  in  a  solution  of  copper  sulphate,  metallic 
copper  is  deposited  upon  the  kathode,  since  there  is  no  reaction 
between  the  copper  and  the  water.  At  the  anode,  the  acid  radicle 
SO 4  is  liberated.  This  cannot  exist  alone,  so  with  the  water  forms 
sulphuric  acid,  oxygen  being  liberated  in  the  gaseous  form.  This 
reaction  follows  the  equation  : 

2SO4  4-  2H2O  =  2H2vSO4  +  O2. 

A  similar  reaction  occurs  when  the  current  passes  through  acidulated 
water  The  hydrogen  of  the  sulphuric  acid  is  liberated  at  the  kathode 
and  SO  4  at  the  anode.  This,  with  the  water,  forms  sulphuric  acid 
and  oxygen  as  above.  Faraday  called  the  materials  liberated  in 
electrolysis  ions.  This  name  is  still  sometimes  used,  but  is  also 
employed  in  a  more  particular  sense  (p  1034). 

EXPT.  211. — Examples  in  electrolysis  (i)  Dip  two  .carbon  rods  (arc- 
lamp  carbons)  into  water  slightly  acidu- 
lated with  sulphuric  acid.  Bind  a  piece 
of  baie  copper  wire  round  each  01  the 
rods  at  the  part  not  immersed,  and  join 
one  wire  to  each  pole  of  a  battery  of  a 
few  secondary  cells.  Test  the  direction 
of  the  current  by  means  of  a  compass 

needle  and  so  determine  which  carbon  00_  . 

,  .    A1  _         .     .  .  ,    .,     ,    , ,     ,        FIG.  837.— Experiment  in  Electrolysis, 

rod  is  the  anode  and  which  the  kathode. 

Note  that  bubbles  are  formed  on  both  rods,  but  more  copiously  at  the 
kathode.      Collect   some   of  the  gas  from  each  electrode  by  means  of 
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inverted  test-tubes   (Fig.  837)   and    test   the   gas,  showing   that  one  is 

hydrogen  and  the  other  oxygen. 

(n)  Replace  the  dilute  acid  by  a  solution  of  copper  sulphate  and  observe 

that  when  the  current  HOWH.  a  red  deposit  of  copper  is  formed  on  the  carbon 
rod  which  is  acting  as  kathode  and  bubbles  of  gas 
form  on  the  anode. 

(m)  Using  two  lead  plates  as  electrodes,  pass  a 
current  through  a  solution  of  lead  acetate.  A 
beautiful  fern-like  deposit  of  metallic  lead  forms 
upon  the  kathode 

(iv)  Place  each  carbon  rod  in  a  test-tube  contain- 
ing a  solution  of  sodium  chloride  to  which  a  few 
drops  of  litmus  have  been  added,  and  unite  the 
tubes  by  means  of  a  strip  of  blotting  paper. 
Observe  that  the  litmus  in  the  anode  tube  (Fig.  838) 
turns  led.  This  is  due  to  the  formation  of  hydro- 
chloric acid.  Chlorine  is  liberated,  which,  with  the 
water,  forma  hydrochloric  acid,  which  turns  the 
litmus  red. 


KIQ    838  —Electrolysis 
ot  sodium  chloride 


At  the  kathode,  sodium  is  liberated,  which  dissolves  m  the  water,  forming 
sodium  hydroxide,  which  keeps  the  litmus  blue. 

2Na  +  2H,O  -2NaOH+H2. 
Hydrogen  escapes  in  bubbles  at  the  kathode  and  oxygen  at  the  anode. 

Laws  of  electrolysis.—  The  quantitative  laws  of  electrolysis  were 
first  given  by  Faraday  and  are  known  by  his  name.     In  or^  r  to 


Ag     N03  H     Cl  Cu    S04  tfa 

108    62  1    355         31-5  48  1 

FIG  839  —Laws  of  electrolvbis. 
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understand  them  let  us  cons:  <er  the  case  of  a  current  flowing  through 
a  number  of  electrolytic  cells  A,  B,  C  and  D  m  series  (Fig.  839). 
Let  all  the  electrodes  be  platinum  or  carbon,  so  that  there  are  no 
secondary  actions  of  the  ions  with  the  electrodes  to  consider.  For  a 
moment  we  will  disregard  all  secondary  reactions  and  concentrate  our 
attention  upon  the  materials  liberated  by  the  process  of  electrolysis, 
leaving  the  consideration  of  their  ultimate  condition  for  a  time. 
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Suppose  that  A  contains  a  solution  of  silver  nitrate,  B  one  of 
hydrochloric  acid,  C  of  copper  sulphate  and  D  of  sulphuric  acid. 
From  what  we  have  already  seen,  there  will  be  liberated  at  the 
respective  kathodes,  silver,  hydrogen,  copper  and  hydrogen  ;  and 
at  the  anodes  N03,  Cl,  S04  and  S04.  It  is  a  matter  of  experiment 
to  determine  how  much  of  each  substance  is  liberated  by  any  current 
in  a  given  time.  The  first  law  of  electrolysis  states  that  the  mass  of  any 
substance  liberated  is  proportional  to  the  current  flowing  and  to  the  time  for 
which  it  flows  ;  that  is,  it  is  proportional  to  the  product  of  current  and 
ttoe,  or5  Mass  liberated  cc  current  x  time. 

It  will  be  shown  later  (p.  902)  that  the  product  of  current  and  time 
represents  a  quantity  of  electricity,  in  fact,  the  first  law  of  electrolysis 
is  usually  stated,  that  the  mass  of  any  substance  liberated  is  proportional 
to  the  quantity  of  electricity  passing  through  the  electrolyte.  Thus, 
when  a  current  of  10  amperes  flows  for  30  seconds,  the  same  quantity 
of  electricity  passes  as  when  a  current  of  5  amperes  flows  for  60 
seconds,  and  in  each  case  the  amount  of  electrolysis  occurring  is 
the  same. 

The  relation  of  the  mass  of  substance  liberated  to  the  chemical 
nature  of  the  substance  must  now  be  considered.  Suppose  that 
the  current  flows  until  1  gram  of  hydrogen  has  been  liberated  in 
B  (Pig.  839),  then,  since  the  current  arid  time  of  flow  are  the  same 
for  all  the  cells.  1  gram  of  hydrogen  also  is  liberated  in  D.  Now, 
in  B,  1  gr.  of  hydrogen  is  combined  with  35-5  gr.  of  chlorine  to  form 
hydrochloric  acid.  Hence,  when  1  gr.  of  hydrogen  is  liberated  at 
the  kathode,  35-5  gr.  of  chlorine  will  be  liberated  at  the  anode. 
Similarly,  in  D,  48*  gr.  of  S04  will  be  liberated  in  the  same  way. 
Again,  48  err.  of  S04  is  liberated  in  C,  and  hence  the  equivalent 
amount  of  copper,  that  is,  31-5  gr.,  is  liberated.  In  A  there  will  be 
108  gr.  of  silver  and  62  gr.  of  N03  liberated. 

For  any  other  current,  or  time  of  flow,  the  whole  of  these  quantities 
will  vary  in  the  same  ratio,  so  that  we  may  state  that  the  masses  of 
various  substances  liberated  are  proportional  to  their  chemical  equivalents. 
In  the  case  of  an  acid  radicle  the  chemical  equivalent  is  the  mass 
of  the  substance  that  would  combine  with  1  gr.  of  hydrogen,  and  in 
the  case  of  the  base  it  is  the  mass  that  would  replace  1  gr.  of  hydrogen 
in  an  acid  to  form  the  salt. 

Thus,  with  the  monovalent  substances  the  chemical  equivalent 
is  the  atomic  weight  ;  with  divalent  substances,  half  the  atomic 
weight,  and  so  on.  The  two  laws  of  electrolysis  may  thus  be  stated 
formally  as  follows  : 
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Faraday's  laws  of  electrolysis: 

(i)  The  mass  of  any  substance  liberated  in  electrolysis  is  proportional  to 
the  quantity  of  electricity  passing  through  the  electrolyte  (or  to  the  current 
and  the  time  for  which  the  current  flows) 

(ii)  The  masses  of  different  substances  liberated  by  a  given  current 
in  a  given  time  are  proportional  to  the  chemical  equivalents  of  the 
substances 

The  coulomb.  -When  a  current  of  one  absolute  unit  flows  for 
one  second,  one  absolute  unit  of  quantity  of  electricity  passes  along 
the  conductor  Since,  however,  the  current  is  usually  measured  in 
amperes,  it  is  convenient  to  give  a  name  to  the  quantity  of  electricity 
which  passes  along  the  conductor  when  1  ampere  flows  for  1  second. 
It  is  called  one  coulomb,  and  is  the  prac  tical  unit  of  quantity  of 
electricity,  upon  the  same  system  as  that  upon  which  the  ampere, 
volt  and  ohm  were  devised. 

The  ampere  being  one-tenth  of  the  absolute  unit  of  current  we 
see  that  the  coulomb  is  one-tenth  oi  the  absolute  unit  of  quantity  of 
electricity. 

Electro-chemical  equivalent.  -From  Faraday's  laws  it  is  evident 
that  it  the  mass  ot  some  one  substance  liberated  by  a  given  current 
in  a  known  time  can  be  determined  experimentally,  then  the 
corresponding  mass  of  any  other  substance  lor  any  current  and  time 
may  be  calculated  It  does  not  follow  that  every  &ubstance  when 
liberated  can  be  collected  and  weighed  with  accuracy  Hence,  for 
the  purpose  of  exact  experimental  work  it  is  necessary  to  choose  the 
substance  with  tare  The  choice  falls  upon  silver,  as  this  has  a 
very  high  chemical  equivalent,  and,  when  deposited  from  silver 
nitrate  solution  by  means  of  a  moderate  current,  forms  a  hard 
metallic  deposit  of  great  putity. 

The  mass  of  any  substance  liberated  by  unit  current  in  unit  time  is 
called  its  electro-chemical  equivalent.  The  electro-chemical  equiva- 
lent of  silver  has  been  found  to  be  0-0011183  That  is,  a  current  of 
1  ampere  flowing  for  1  second,  or  the  passage  of  1  coulomb,  liberates 
0-001 11 83  gram  of  silver.  From  this,  the  electro-chemical  equivalents 
of  the  other  substances  may  be  calculated,  using  the  knowledge  of 
their  chemical  equivalents.  Thus,  the  atomic  weight  of  silver  being 
107-88,  it  follows  that  the  elect lo-chemical  equivalent  of  hydrogen  is 

0-0011183x1.008    nnnnftln,K 
*H  = TTvToQ =  0-00001045; 
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also  the  electro-chemical  equivalent  of  copper  is 

zcu  =  0-001 U 83  x  g^jpft  =  0-0003295. 

In  this  case  the  atomic  weight  is  63-57,  but  since  copper  is  usually 
divalent,  its  chemical  equivalent  is  i  (63-57). 

TABLE  OF  SOME  ATOMIC  WEIGHTS  AND  ELECTRO-CHEMICAL 
EQUIVALENTS. 


Atomic  \\eight 
0_1«. 

Valency. 

EltTtio-rhomical 
equivalent 

Aluminium     -        -     (A  I) 

27-1 

3 

0-0000936 

Bromine          -        -     (Br) 

79-92 

1 

0-0008285 

Chlorine           -          -      (Cl) 

3540 

] 

0-0003(576 

Copper   -         -         -    (Cu) 

63-57 

1  or  2 

0  '0003295 

Gold       -         -         -    (An) 

197-2 

3 

0-0006814 

Hydrogen       -        -     (H) 

1-008 

1 

0-000010*5 

Iron         -         -         -     (Fe) 

55-81 

2  or  3 

_  - 

Lead       -        -        -    (Pb) 

207-10 

2 

0-001073 

Oxygen  -         -         -      (O) 

16-0 

9 

0-00008293 

Platinum         -         -     (Pt) 

195-2 

4 

0-0005059 

Potassium       -         -      (K) 

39-10 

1 

0-0004053 

Silver      -         -         -    (Ag) 

107-88 

1 

0-0011183 

Sodium  -        -        -    (Na) 

23-00 

1 

0-0002381 

Zinc        -         -         -    (%n) 

65-37 

2 

0-0003388 

Voltameters.  Owing  to  the  exactness  of  Faraday's  laws  of  electro- 
lysis and  hence  of  our  knowledge  of  certain  electro-chemical  equiva- 
lents, it  follows  that  electrolytic  methods  may  be  employed  for  the 
accurate  measurement  of  current.  Knowing  the  electro-chemical 
equivalent  of  any  substance,  a  suitable  solution  of  it  is  used  as  an 
electrolyte,  and  the  current  to  be  measured  is  passed  through  the 
electrolyte  for  a  known  time.  Since  the  amount  of  deposit  is  propor- 
tional to  the  time  for  which  the  current  passes,  a  small  current  may 
be  employed,  the  time  being  made  large  enough  to  produce  a  fair 
amount  of  deposit.  In  fact,  large  currents  must  not  be  employed, 
since  with  large  currents,  in  many  cases,  the  deposit,  if  metallic,  is 
friable  and  easily  detached  from  the  electrode. 

If  z  be  the  electro-chemical  equivalent  of  the  material  employed, 
this  is  the  mass  liberated  by  1  ampere  in  1  second,  and  it  follows 
from  Faraday's  laws  (p.  902)  that  the  total  mass  of  the  deposit  is 
given  by  the  equation,  w  _  \z^ 

where  I  is  the  current  in  amperes  and  t  the  time  in  seconds  for  which 
the  current  flows. 
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An  instrument  designed  to  make  use  of  this  principle  for  the 

measurement  of  currents  is  known  as  a  voltameter.     There  are  many 

forms  of  voltameter,  but  the  variation  in  type  is  only  such  as  is 

necessary  for  the   accurate  determination  of   the  mass  of  the  ion 

liberated. 

Copper  voltameter.  —  In  the  case  of  the  copper  voltameter,  a  strong 

solution  of  copper  sulphate,  with  a  few  drops  of  sulphuric  acid  added, 
is  used  as  the  electrolyte,  the  electrodes 
being  copper  plates  This  gives  a  very 
cheap  and  useful  form  of  the  instrument, 
by  means  of  which  currents  of  the  order 
of  one  or  two  amperes  may  be  measured 
with  a  fair  degree  of  accuracy.  From  the 
simplicity  of  its  form  it  is  readily  made  in 
any  laboratory  The  measurement  of  any 
given  current  requires  considerable  time, 
and  this  voltameter  is  therefore  chiefly 
used  m  the  standardisation  and  calibration 
of  ammeters  and  tangent  galvanometers 

The  anode  is  in  the  form  of  two  thin 
copper  sheets  A  and  C  (Fig.  840)  hanging 

one  on  either  side  of  a  similar  copper  sheet   B  which  serves  as 

kathode.     With  this  arrangement  the  deposit  occurs  on  both  sides 

of  the  kathode  and  thus  the  maximum  area  is  utilised.     A  bent 

brass  or  copper  rod  DEFG  serves  to  support  the  plates  A  and  C,  and 

a  similar  rod  KL  supports  the  kathode  B. 
In  order  to  measure  the  current,  the  circuit  is  arranged  as  in 

Fig.    841.      The   voltameter   V   is 

joined  in  series  with  the  ammeter 

A,   the   battery   B,   a    rheostat   R 

and  a  key  K,  the  kathode  having 

previously  been  well  cleaned  with 

emery  paper.     On  closing  the  key, 

the    rheostat    must    be    adjusted 

until    the  current  has    a   suitable 

value,  say,   1  ampere.     No  more 

than    TrV    ampere     per     available 

square  centimetre  of  kathode  sur- 

face    should     be     used,     or    the 


FIG.  840  —Copper  voltameter. 
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deposited  copper  will  not  be  hard  and  compact,  and  is  liable  to  be 
washed  off  the  plate. 

The  circuit  is  then  broken  at  K  and  the  kathode  removed,  washed 
in  clean  water,  dried  and  carefully  weighed.  The  drying  may  be 
performed  by  waving  the  plate  about  some  distance  above  the  flame 
of  a  spirit  lamp.  The  plate  must  not  be  heated  too  much,  or  it  is  liable 
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to  oxidise.  The  kathode  is  then  replaced  and  the  key  closed,  the 
instant  of  performing  this  being  carefully  noted  on  a  watch  or  clock 
and  recorded.  All  the  time  that  the  current  is  flowing  it  should  be 
kept  constant  by  means  of  the  rheostat.  If  considerable  variations 
occur,  the  observations  so  far  are  wasted  and  must  be  repeated. 
After  an  interval  of  about  half  an  hour,  or  longer  for  smaller  currents, 
the  circuit  is  broken  at  a  carefully  noted  time,  and  the  kathode 
again  removed,  washed,  dried  and  weighed.  The  observations  may 
be  recorded  as  follows  : 

Reading  of  ammeter          -         -   = 

Time  of  starting  current    -         -    = 

„    stopping         „       -         -   = 

Interval  for  which  current  flowed  = 

•     j 

Weight  of  kathode  at  start        -   = 
,,  ,,  stop         -   = 

Gain  in  weight  of  kathode          -    = 
Since  W  =  IzZ, 

W 

Current  =  -  —^-^ 


h. 
h. 

amperes, 
m.         s. 
m.         s. 

m.         s. 
seconds 
grams, 
grs. 

grs.  =  W. 

0 -0003295  xJ 
Error  of  ammeter  = 

EXPT.  212. — Calibration  of  an  ammeter  by  a  copper  voltameter.  Arrange 
a  circuit  with  ammeter  and  voltmeter  included  as  in  Fig.  841.  Find  the 
error  of  the  instrument  for  one  of  the  low  readings  as  directed  above. 
Repeat  for  larger  currents,  the  last  determination  of  the  error  being  made 
with  the  largest  ammeter  scale  reading.  Plot  a  graph  having  ammeter 
readings  as  abscissae  and  errors  as  ordinates. 

Silver  voltameter. — For  ordinary  purposes  the  copper  voltameter 
is  sufficiently  accurate,  but  for  the  highest  order  of  accuracy  the 
silver  voltameter  must  be  em-  ', 

ployed. 

This  usually  stakes  the  form 
of  a  platinum  basin  (Fig.  842) 
which  has  been  previously 
cleaned  with  nitric  acid,  dried 
and  weighed.  It  contains  the 
electrolyte  consisting  of  a 
solution  of  silver  nitrate  (15  gr. 
of  AgN03  to  100  c.c.  of  water), 
Suspended  in  the  solution,  by  means  of  platinum  wire,  is  a  plate  of 
silver  which  constitutes  the  anode.  From  the  reactions  described 
on  p.  901  it  will  be  seen  that  silver  is  deposited  upon  the  platinum 


FIG.  842  -Sil \ervoltameter. 
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basin,  and  also  silver  goes  into  solution  at  the  anode,  so  that  the 
strength  of  the  solution  remains  constant.  The  silver  anode  is 
wrapped  in  a  piece  of  blotting  paper,  which  serves  to  catch  any 
impurities  liberated  as  the  silver  dissolves  away,  and  prevents  thorn 
falling  on  the  platinum  basin  The  principle  of  the  use  of  the  silver 
voltameter  is  identical  with  that  for  the  copper  voltameter,  the  mass 
of  silver  deposited  in  a  known  time  being  found  and  the  current 
calculated  from  the  relation, 

n          4.  W 

Current  =  /r-^Trr-i  -rs^ 


~()-Oblll83xe* 

Water  voltameter. — It  is  possible  to  use  the  graduated  tubes  in 
Fig.  836  as  a  voltameter,  by  collecting  the  hydrogen  liberated  by 
the  current  in  a  given  time.  The  gas  collected  is  not  at  the  atmos- 
pheric pressure,  since  the  level  of  the  water  at  G  differs  from  that  at 
E.  On  coirecting  for  this,  the  volume  must  be  reduced  to  that  for 
standard  pressure  and  temperature,  taking  into  account  the  saturated 
aqueous  vapour  present  (p.  460).  Then  on  multiplying  by  the  density 
of  hydrogen  (0-0000899  gr  per  c  c  )  the  mass  of  hydrogen  is  known 
and  the  equation  VV 

Current  =  0^0001045^' 
may  be  used  to  find  the  current. 

Owing  to  the  difficulty  of  determining  the  volume  of  the  gas  with 
accuracy,  and  the  number  of  corrections  to  be  applied,  the  method 
is  inferior  to  those  in  which  the  amount  of 
ion  liberated  is  found  by  direct  weighing. 

The  method  may  be  modified,  in  order  to 
make  it  depend  upon  direct  weighings,  by 
electrolysing  the  dilute  acid  solution  in  a 
flask  provided  with  sealed-in  platinum 
terminals  (Fig.  843).  The  oxygen  and 
hydrogen  escape  together,  and  since  they 
are  insoluble  they  pass  away  into  the  air. 
On  weighing  the  flask  before  and  after 
passing  the  current  for  a  known  time,  the 
weight  of  water  decomposed  is  known.  Any  moisture  carried  off  by 
the  escaping  gases  is  caught  by  a  drying  tube  through  which  they 
pass  before  leaving,  which  tube  must,  of  course,  be  weighed  with 
the  flask.  Since  the  oxygen  and  hydrogen  escaping  are  tooth  weighed, 
the  electro-chemical  equivalent  used  in  calculating  the  current  is  the 
sum  of  those  of  hydrogen  and  oxygen,  i.e. 

ZHao  =0-00001045  +  0-00008293  =0-00009338. 
Thus, 
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EXPT.  213. — Water  voltameter.  Perform  the  calibration  of  an  ammeter 
as  in  Expt.  212,  using  the  water  voltameter  (Fig.  843)  instead  of  the  copper 
voltameter. 

Theory  of  electrolysis. — It  would  be  out  of  place  to  attempt  to  give 
in  this  volume  a  comprehensive  account  of  the  modern  theory  of 
electrolysis,  but  certain  important  facts  may  be  considered.  The 
laws  of  electrolysis  certainly  suggest  that  the  electricity  is  carried 
through  the  solution  by  the  atoms  in  it,  all  monovalent  atoms 
carrying  the  same  amount  of  electricity,  divalent  atoms  twice  that 
amount,  and  so  on.  Faraday  considered  the  primary  decomposition 
occurring,  when  the  current  passed,  to  be  that  of  the  water  which  is 
acting  as  solvent,  the  deposition  of  the  dissolved  substances  being 
due  to  the  secondary  actions  of  the  oxygen  and  hydrogen  at  the 
electrodes.  It  is  now  considered  that  the  primary  action  is  the 
decomposition  of  the  dissolved  substance,  and  that  in  cases  where 
the  hydrogen  and  oxygen  are  liberated,  as  when  a  solution  of 
sulphuric  acid  is  electrolysed  (p  898)  it  is  the  secondary  action  of 
the  S04  and  the  water  that  causes  the  liberation  of  the  oxygen. 

2H20  4-  2SO4  -  2H2S04  +  02. 
It  is  a  significant  fact  that  pure  water  is  a  non-conductor. 

The  question  then  arises  as  to  whether,  in  the  ease  of  a  simple 
substance  such  as  potassium  chloride,  the  passage  of  the  current 
causes  a  splitting  up  of  the  molecules,  or  whether  these  are  already 
dissociated  into  potassium  and  chlorine  in  the  solution  and  are  merely 
directed  towards  the  kathode  and  anode  when  the  current  flows. 

The  first  consideration  would  lead  us  to  think  that  Ohm's  law 
would  not  be  true  for  electrolytes,  but  the  second  is  consistent  with 
the  truth  of  Ohm's  law.  Since  Ohm's  law  is  true  for  electrolytes 
this  strengthens  our  belief  iu  the  dissociation  theory. 

If  the  first  alternative  were  true,  then  no  current  would  flow  until 
the  electromotive  force  had  a  sufficient  value  to  disrupt  the  mole- 
cules, and  any  excess  of  electromotive  force  would  freely  cause 
current.  Since,  however,  the  current  is  proportional  to  the  p.d.  in 
the  electrolyte,  probably  the  e.m.f.  does  not  cause  the  splitting  up 
of  the  molecules,  but  merely  drives  the  constituents  of  the  already 
dissociated  molecules  in  one  direction  or  the  other. 

Evidence  from  widely  differing  sources  leads  to  the  belief  that  in 
any  electrolyte,  some  of  the  molecules  of  the  dissolved  substance  are 
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dissociated,  the  atoms  then  having  positive  or  negative  electric 
charges,  according  to  their  nature.  Such  atoms,  possessing  electric 
charges,  are  called  ions  and  have  very  different  properties  to  the 
neutral  atoms  of  the  same  substance  ordinarily  met  with.  Thus,  in 
a  given  solution  of  potassium  chloride  a  certain  percentage  of  the 

molecules  will  be  dissociated  into  ions.  These  may  be  designated  by 
-t- 

K  and  Cl  When  the  external  source  of  electromotive  force,  such  as 
the  battery,  is  connected  to  the  electrodes,  one  is  raised  to  a  higher 

potential   than   the   other.      There 

— * is    thus   an   electric    field   between 

them,  and  we  shall  see  on  p  925 
that  in  such  an  electric  field  positive 
charges  are  urged  in  one  direction 
and  negative  charges  m  the  other 

c/    ?-*•  It  will  thus  be  seen  from  Fig   844 

K  ^  + 

that    the    K    ions    having    positive 

charges    are    driven    towards    the 
FIG  844  -Electrolytic  conduction        kathode      On  leaching  it  they  give 

up   their   positive   charges    to   the 
kathode  and  resume  their  ordinary  qualities.     The  potassium  would 

then  dissolve  in  the  water  in  the  usual  way.  Similarly  the  Cl  ions 
on  arriving  at  the  anode  give  up  their  negative  charges  and  resume 
their  ordinary  form.  These  streams  of  ions  m  the  electrolyte 
constitute  the  current  When  there  is  no  dissociation  the  liquid  is 
non-conducting  Metallic  ions  such  as  potassium,  silver,  copper, 
hydrogen,  etc.,  have  positive  charges,  and  hence  are  driven  towards 
the  kathode,  while,  on  the  other  hand,  the  acid  radicles  have 
negative  charges,  and  are  driven  towards  the  anode. 

The  distinction  between  the  chemical  dissociation  that  occurs  at 
high  temperature  and  the  electrolytic  dissociation  that  occurs  in 
solutions  may  well  be  illustrated  by  the  case  of  ammonium  chloride. 
At  high  temperature  this  substance  dissociates  according  to  the 
equation  KHfi\  =  NH3  +  HOI. 

In  solution  the  dissociation  is  represented  by  the  equation 

Electroplating.— Electrolytic  processes  are  used  for  many  industrial 
purposes.  The  deposition  of  silver  or  gold  upon  the  baser  and  more 
corrodible  metals  is  well  known.  For  these  purposes  solutions 
which  give  a  hard  metallic  deposit  are  essential.  In  the  case  of 
silver  plating,  a  solution  of  the  double  cyanide  of  silver  and  potassium 
ifi  used  as  electrolyte.  On  adding  potassium  cyanide,  to  a  solution 
of  silver  nitrate,  silver  cyanide  is  precipitated,  which  however 
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dissolves  when  excess  of  potassium  cyanide  is  added.  The  articles 
to  be  silver  plated  must  first  be  thoroughly  cleaned  with  wet  sand 
or  emery,  afterwards  being  dipped  in  strong  caustic  soda  to  remove 
all  traces  of  grease,  and  then  washed  before  being  placed  in  the  electro- 
lytic bath.  The  articles  are  then  suspended  by  conducting  holders 
and  the  current  passed  in  such  a  direction  that  the  article  is  kathode. 
The  current  must  not  be  excessive,  or  the  deposit  will  not  be  hard 
and  adherent.  After  sufficient  deposition  has  taken  place,  the  article 
is  washed  and  finally  burnished  to  give  it  the  familiar  bright  metallic 
finish 

For  gold  plating  the  process  is  similar  to  the  above,  but  the  solution 
is  obtained  by  dissolving  gold  fulminate,  or  sometimes  gold  chloride, 
in  potassium  cyanide. 

Electrotyping.  In  some  printing  processes  a  copper  Reproduction 
of  each  page  of  type  is  made.  A  coating  of  wax  is  placed  upon  the 
set-up  type  and  forced  upon  it  by  hydraulic  pressure,  the  type 
having  been  previously  sprinkled  over  with  powdered  graphite  to 
prevent  the  wax  adhering.  After  removal  from  the  type,  the 
wax  mould  is  coated  with  powdered  graphite  to  render  its  surface 
conducting.  To  increase  this  conductivity  the  surface  is  washed 
and  a  solution  of  copper  sulphate  poured  upon  it.  Iron  filings  are 
then  sprinkled  upon  it,  which  displace  copper  from  the  solution, 
so  that  in  a  few  minutes  a  very  thin  layer  of  copper  is  deposited 
upon  the  surface.  The  mould  is  then  placed  in  an  electrolytic  bath 
of  copper  sulphate  solution,  the  electrical  contact  being  so  made 
that  the  mould  is  kathode.  In  the  course  of  an  hour  or  so  a  layer  of 
copper  is  tormed  which  is  a  good  copy  of  the  original  type.  On 
removing  the  wax  and  pouring  molten  type  metal  into  the  copper 
shell  to  stiffen  it,  the  block  used  for  the  actual  printing  is  obtained. 

Simple  voltaic  cell.  —  It  is  well  known  that  a  piece  of  zinc  immersed 
in  a  dilute  solution  of  sulphuric  acid  is  'dis- 
solved  with  the  formation  of  zinc  sulphate  anfl          -{  / 
the  liberation  of  hydrogen.  '         ' 


Zn 


Cu 


The  hydrogen  liberated  forms  bubbles  on  the 
surface  of  the  zinc.     If  a  rod  of  copper'  be 
now  immersed  by  the  side  of  the  zinc  and  the 
two  connected  externally  through  a  galvano- 
meter, as  in  Fig.  845,  it  will  be  observed  that 
a   current  will   flow  in   the   external   circuit      FIG*  ^.-simple  ceii. 
from  the  copper  to  the  zinc,  and  at  the  same  time  the  bubbles  of 
hydrogen  will  appear  upon  the  copper  instead  of  the  zinc.     The 
zinc  still  dissolves,  with  formation  of  zinc  sulphate,  and  it  is  the 
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FI0846  —Volt me  p»lt> 


energy  liberated  from  this  reaction  which  is  available  for  the  main- 
tenance of  the  current. 

Remembering  that  hydrogen  appears  at  the  kathode  and  S04  at 
the  anode,  we  see  at  once  that  the  current  leaves  the  cell  at  the 
popper  electrode  The  copper  is  called  the 
positive  pole  of  the  cell  and  the  zinc,  the  negative 
pole.  The  copper  may  be  replaced  by  carbon 
or  platinum  with  similar  results.  The  original 
voltaic  cell  due  to  Volta  was  of  this  type,  the 
arrangement  alone  being  different.  Alternate 
discs  of  zinc  and  copper  are  laid  upon  each  other 
in  a  column  with  pieces  of  cloth  moistened  with 
dilute  acid  in  the  following  order  Beginning  at 
the  bottom  (Fig  816)  is  a  copper  disc,  then 
cloth,  then  zinc  Acam  corner  copper,  cloth, 
zinc  and  so  on.  This  forms  a  pile  consisting 
of  simple  cells  of  copper-acid-zinc  in  series.  It  was  by  means  of 
such  a  pile  that  Volta  first  demonstrated  many  of  the  effects  of  an 
electric  current. 

Polarisation.  A  simple  cell  of  the  above  type  (Fig.  845)  is  of 
little  practical  utility  since  in  use  the  current  drops  rapidly.  The 
cause  of  this  IK  the  layer  of  hydrogen  bubbles  which  collects  upon 
the  copper.  There  are  two  deleterious  effects 
of  this  layer  of  bubbles.  In  the  first  place, 
the  effective  area  of  the  copper  in  contact 
with  the  solution  is  diminished,  thereby 
incieasmg  the  resistance  of  the  cell  Tn  the 
second  place,  the  presence  of  the  hydrogen 
produces  an  electromotive  force  which  tends 
to  send  a  current  through  the  cell  in  the 
opposite  direction  to  the  current  actually 
passing.  Hence  the  effective  electromotive 
force  of  the  cell  is  diminished  by  the  amount 
of  this  e  m  f  which  ia  called  a  polarisation 

e'njL,t  ....  *    FIG  847  -  Polarisation  e  m  f 

Ihe  presence  of  this  back  e.m.f.  rnav  easilv 

be  demonstrated  in  the  following  way  Two  platinum  sheets  A  and 
B  are  immersed  in  dilute  sulphuric  acid  (Fig  8i7)  When  the  key  K 
is  depressed  a  current  passes  from  A  to  B.  A  t^gn  becomes  coated 
with  bubbles  of  oxygen  and  B  with  hydrogen  bubbles.  On  raising 
the  key,  the  battery  becomes  disconnected  and  the  galvanometer 
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connected  to  the  plates  A  and  B.  It  will  then  be  noticed  that  a 
current  flows  for  a  short  time,  in  fact  as  long  as  the  bubbles  remain. 
The  electromotive  force  is  due  to  the  presence  of  these  gases  ;  they 
play  a  similar  part  in  forming  a  cell,  to  the  copper  and  zinc  in  the 
simple  cell.  The  plate  on  which  the  oxygen  LS  deposited  is  the 
positive  pole  of  the  cell  and  that  on  which  the  hydrogen  is 
deposited  is  the  negative  pole. 

Danieirs  cell.  —  Although  cells  are  never  used  now  for  .the  pro- 
duction of  large  currents,  they  are  frequently  used  when  small 
currents  are  required.  Zinc  is  almost  universally  employed  for  the 
negative  pole.  Pure  zinc  does  not  dissolve  when  immersed  in  dilute 
sulphuric  acid  unless  the  battery  circuit  is  complete  and  a  current 
flows  Commercial  zinc,  however,  does  dissolve 
and  would  consequently  waste  away  when  the 
cell  is  not  in  use.  The  reason  for  this  is  that 
pieces  of  impmity  in  the  zinc,  chiefly  iion,  form 
local  cells  with  the  bulk  of  the  zinc,  which 
therefore  dissolves  away.  To  get  over  this 
difficulty  the  zincs  are  always  rubbed  over  with 
mercury,  forming  an  amalgam  which  presents  a 
surface  of  uniform  composition  to  the  solution 
and  thus  prevents  local  action. 

To   overcome   the   difficulty   of  polarisation 
many  devices  are  used.     In  the  Danieirs  cell  the    yIG  848.—  Danieii's  cell. 
positive  polo  is  copper  and  the  electrolyte  in 

contact  with  it  is  a  strong  solution  of  copper  sulphate.  Sometimes 
the  outer  pot  is  of  copper  and  itself  forms  the  electrode,  as  in  Fig.  848. 
Sometimes  an  earthenware  jar  is  used,  and  a  copper  plate  immersed 
in  the  copper  sulphate  solution.  Inside  this  is  a  porous  unglazed 
earthenware  pot  which  contains  a  dilute  solution  of  sulphuric  acid, 
or  sometimes  zinc  sulphate,  and  in  this  is  immersed  the  amalgamated 
zinc  rod.  The  object  of  the  porous  pot  is  to  keep  the  copper  sulphate 
solution  and  the  dilute  acid  from  mixing  while  allowing  contact 
between  them  within  the  pores  of  the  earthenware. 

On  completing  the  external  circuit,  the  current  flows  from  zinc 
to  copper  within  the  cell.     Thus,  at  the  anode  zinc  is  dissolved, 


At  the  same  time  copper  is  deposited  on  the  kathode, 


At  the  junction  *>f  the  two  solutions  hydrogen  ions  from  the  zinc- 
side  and  S04  ions  from  the  copper  side  form  sulphuric  acid  : 


H 


There   is  consequently  no  hydrogen  liberated  upon  the  copper, 
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and  hence  no  polarisation.  The  e  m  f .  of  the  Daniell's  cell  is  fairly 
constant  and  is  about  1-1  volt. 

Leclanch6  cell. — In  the  case  of  the  Daniell's  cell  there  is  no  polari- 
sation, because  copper  from  the  solution  is  deposited  upon  the  copper 
positive  plate.  Other  cells  are  rendered  non-polarising  by  the 
addition  of  some  oxidising  reagent  to  remove  the  hydrogen  as  it 
is  liberated.  Thus,  in  the  bichromate  cell,  potassium  bichromate  is 
added  to  the  sulphuric  acid  solution  and  carbon  is  used  as  the  positive 
plate.  In  the  Bimsen's  and  Grove's  cells  strong  nitric  acid  is  the 
oxidising  reagent,  and  surrounds  the  positive  plate,  which  is  of  carbon 
or  platinum  But  the  only  cell  of  this  type  used  to  any  extent  at 
the  present  time  is  the  Leclancli£  cell,  because  there  are  no  objection- 
able fumes  from  it  and  it  gives  a  fair 
current  for  a  short  time,  and  recovers  its 
original  e  m  f  after  a  period  of  rest. 

The  liquid  of  the  Leclanch6  cell  is  a 
saturated  solution  of  ammonium  chloride 
(sal  ammoniac)  contained  m  a  glass  ]ar 
J  (Fig  819).  In  this  is  immersed  the 
negative  .pole,  consisting  of  an  amalga- 
mated zinc  rod.  The  positive  pole  is  a 
carbon  rod,  around  which  is  closely 
packed  a  mixture  of  manganese  dioxide 
and  crushed  gas  carbon,  contained  in  a 
porous  pot  which  is  cemented  with  pitch  at  the  top  The  sal 
ammoniac  solution  diffuses  through  the  porous  pot  and  the 
manganese  dioxide  mixture  and  reaches  the  carbon  rod.  When  the 
current  passes,  zinc  is  dissolved  at  the  negative  pole  according  to 
the  equation  2C1  +  Zn  -  ZnCl2 

The  ions  of  NH4  are  liberated  at  the*  positive  pole  and  there  form 
ammonia  (NH3)  and  hydrogen, 

2(NH4)=2NH3  +  H2. 

The  ammonia  escapes  and  the  hydrogen  is  gradually  oxidised  by  the 
manganese  dioxide,  m*02  +  H2= Mn208  -f  H20 

On  the  disappearance  of  the  hydrogen  the  cell  regains  its  original 
e  m  f .  of  about  1  -5  volt. 

On  account  of  its  power  of  recovery  after  use,  the  Leclanche  cell 
is  largely  used  for  telephones  and  electric  bells. 

Dry  cells. — For  the  sake  of  portability  many  forms  of  Leclanche 
cell  have  been  constructed  in  which  there  is  no  free  liquid  present. 
In  most  of  these  there  is  a  paste  containing  manganese  dioxide  sur- 
rounding a  carbon  rod.  This  is  in  contact  with  a  layer  of  sawdust, 
or  in  some  casol  plaster  of  paris,  saturated  with  sal-ammoniac.  The 


FIG  849— Leclanch6  cell 
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whole  is  contained  in  a  zinc  case  which  forms  the  negative  electrode. 
Sometimes  the  outer  case  is  of  millboard,  a  zinc  rod  "serving  as 
electrode. 

Standard  cells.  —  Cells  in  which  polarisation  occurs  are  useless  as 
standards  of  electromotive  force,  since  they  polarise,  and  therefore 
vary  in  electromotive  force,  directly  a  current  flows.  On  referring 
again  to  the  Daniell's  cell  (p  911)  it  is  seen  that  there  is  no  polari- 
sation, and  thp  electrodes  do  not  change  in  character  when  the 
current  flows.  The  reason  for  this  is  that  the  solution  in  contact 
with  each  electrode  contains  as  active  ion  the  same  metal  as  the 
electrode  itself.  Also,  if  the  cell  runs  for  some  time,  zinc  is  dissolved, 
forming  zinc  sulphate,  and  copper  sulphate  is  decomposed  with 
deposition  of  copper.  IT  a  current  be  now 
sent  through  the  cell  in  the  reverse  direction 
by  any  external  means,  copper  is  redissolved 
and  zinc  is  deposited.  Thus  a  reverse 
current  can  bring  the  cell  back  to  its  original 
condition.  Such  a  cell  is  said  to  be  reversible. 
Reversible  cc-lls  have  fairly  constant  electro- 
motive force.  The  Daniell's  cdl  may,  for 
rough  purposes,  be  used  as  a  standard  of 
approximately  1-1  volt.  More  reliable 
standards  must,  however,  be  used  for  exact 
measurements.  Such  reliable  standards  are 
the  Lattmer  Clark  cell  and  the  Cadmium  or 
Weston  cell.  N> 

Latimer  Clark  cell.-  -In  this  cell  a  pool 
of  mercury  forms  the  positive  and  a  pure  zinc  rod  the  negative 
electrode.  Upon  the  mercury  (Fig  850)  rests  a  layer  of  paste  made 
of  mercurous  sulphate  and  a  saturated  solution  of  zinc  sulphate. 
Upon  this  rests  a  saturated  solution  of  zinc  sulphate,  into  which 
dips  the  zinc  electrode.  In  order  to  make  sure  that  the  solution 
is  saturated,  some  crystals  of  zinc  sulphate  are  placed  upon  the  top 
of  the  paste.  Contact  is  made  with  the,  mercury  by  means  of  a 
platinum  wire  sealed  into  a  glass  tube,  so  that  the  tip  of  the  wire 
projects  into  the  mercury.  The  glass  tube  and  the  zinc  electrode 
are  kept  in  place  by  a  cork,  and  the  vessel  is  sealed  up  by  a  layer 
of  marine  glue. 

Since  the  negative  electrode,  zinc,  is  in  a  solution  of  zinc 
sulphate,  and  the  positive  electrode,  mercury,  is  in  contact  with 
mercurous  sulphate,  it  will  be  seen  that  the  cell  is  of  the  reversible 
type.  If  made  carefully  with  pure  chemicals,  its  electromotive 
force  at  any  given  temperature  is  very  constant.  It  is  given  by 
the  equation  f  = 


FIG  850  —  Latimor  Clark  cell. 


_  O.ooi2  «  -  15)  volt, 
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where  t  is  the  centigrade  temperature  Thus,  at  15°C  its  electro- 
motive force  is  1433  volt,  and  that  at  any  other  temperature  may 
be  calculated 

Cadmium  or  Weston  cell.— This  is  a  modification  of  the  Clark  cell 
and  is  constructed  by  replacing  the  zinc  by  cadmium  amalgam  and 
using  cadmium  sulphate  instead  of  zinc  sulphate.  The  form  of  the 
cell  adopted  by  the  National  Physical  Laboratory  is  given  in 
Fig  851  The  electromotive  force  of  this  cell  is  given  by 

e  m  f .  =  1  -01 83  -  0-0000406  (t  -  20)  volt 

at  t°C.     Thus,  at  20°  C    the  electromotive  force  is   1-0183  volt. 

Owing  to  its  very  small  vanation  of  voltage  with  temperature  this 

cell  has  been  adopted  as  the 
international  standaid  of  elec- 
tromotive force 

In  using  the  Latimer  Clark  or 
the  cadmium  cell  great  care 
must  be  taken  not  to  allow  more 
than  a  very  minute  current  to 
pass  through  it  For  this  reason 
it  is  desirable,  when  using  the 
cell,  to  keep  a  resistance  of 
several  thousands  of  ohms  per- 
manently in  series  with  it. 

Source  of  energy  and  e.m.f.  of 
cell.  -It  has  already  been  indi- 
cated (p.  910)  that  the  source  of  energy  of  the  current  maintained 
by  a  cell  is  the  chemical  action  occurring  in  it  Let  us  consider 
the  case  of  the  Darnell's  roll  When  1  ampere  flows  for  1  second 
through  the  cell,  0-00003388  gr.  of  zinc  is  dissolved  and  0-0003295 
gr.  of  copper  deposited,  Now  when  1  gr.  of  zinc  is  dissolved 
in  sulphuric  acid  in  a  calorimeter,  energy  to  the  extent  of  about 
1630  calories  is  liberated.  This  energy  for  1  amp  flowing  for  1  sec  is 
1630x0-0003388  =  0-553  calories  -0 -553  x  4-2  x  1C)7  ergs  -  2-32  x  107 
ergs,  and  this  is  the  energy  liberated  On  the  other  hand,  1  gr 
of  copper  dissolved  in  sulphuric  acid  liberates  881  calories,  so  that 
1  amp.  in  1  sec.  requires  an  amount  of  energy  of 

881  x  0-0003295  x  4-2  x  107  =  l-22  x  107  ergs 
for  the  liberation  of  the  copper.     The  balance  of  energy 

(2-32  x  107)  -  (1  -22  x  107)  =  1  -1  x  107  ergs 
is  available  for  driving  the  current, 


Mercury  Cadmium  Amalgam 

FIG  8f)l  —Standard  cadmium  coll 
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Now,  the  work  done  in  maintaining  the  current  is  E  x  I  x  ID7  ergs 
per  second,  which  becomes  E  ergs  per  second  when  I  —  1  amp.  * 
/.  Exl07  =  M  xlO7, 
E-l-1  volt. 

This  reasoning  rests  entirely  upon  the  assumption  that  the  energy 
liberated  from  the  chemical  changes  is  entirely  converted  into  energy  of 
electrical  current.  The  closeness  of  the  result  to  the  known  value  of 
the  electromotive  force  shows  that  in  the  case  of  the  Darnell's  cell 
this  assumption  is  very  nearly  justified.  But  this  is  not  neces- 
sarily alwavs  the  case.  In  fact,  in  some  cells  some  of  the  energy  is 
liberated  directly  in  the  form  of  heat,  and  only  the  remainder  is 
available, for  maintaining  the  current.  Such  cells  become  hotter  when 
running,  and  decrease  in  electromotive  force  as  the  temperature 
rises,  as  in  the  case  of  the  Larimer  Clark  cell  (p.  913),  and  the 
Cadmium  or  Weston  cell  (p.  914).  On  the  other  hand,  in  some  cells 
heat  energy  is  drawn  directly  from  the  cell  and  goes  to  increase  the 
energy  available  for  maintaining  the  current.  The  cell  then  becomes 
colder  when  running,  and  its  electromotive  force  increases  with 
rise  in  temperature. 

Minimum  e.m.f.  in  electrolysis. — When  polarisation  -  occurs,  an 
opposing  electromotive  force  is  brought  into  existence  (p.  910).  fn 
the  case  of  the  electrolysis  of  water  this  is  of  importance,  as  it  follows 
that  any  cell  whose  electromotive  force  is  less  than  this  is  unable 
to  maintain  the  electrolysing  current,  fn  the  case  of  water  the 
polarisation  e.mf.  may  be  calculated.  When  1  gram  of  water  is 
formed  by  the  combustion  of  hydrogen  in  oxygen  there  is  a  liberation 
of  heat  to  the  extent  of  about  3800  calones  (p.  361).  We  may  take 
this  as  the  amount  of  energy  required  to  separate  the  hydrogen  from 
the  oxygen  for  one  gram  of  water.  II  1  ampere  flows  through  the 
electrolytic  cell  for  1  second  0 •00009338  gr.  of  water  is  decomposed 
(]).  906).  Hence  the  energy  required  for  this  decomposition  is 
3800  x  0-00009338  x  4-2  x  10»  orgs  ^  ]  -40  x  107  ergs. 

Again,  the  work  done  in  opposition  to  the  polarisation  e.m.f.  (E) 
is  E  x  I  x  107  ergs  per  second  for  I  amperes,  or  E  x  107  ergs  per  second 
for  1  ampere  ;  •  E  _  1 .49  voit< 

This  is  the  minimum  electromotive  force  necessary  to  maintain 
the  current,  and  it  is  thus  seen  why  a  single  Daniell's  cell  is  not 
sufficient  for  the  electrolysis  of  water.  It  would,  of  course,  start 
a  current,  but  when  polarisation  begins,  the  back  e.m.f.  due  to  it 
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rises  until  it  equals  the  e  in  f    of  the  Darnell,  when,  of  course,  the 
current  will  cease 

Secondary  or  storage  cells.-  -In  the  case  of  the  cells  already 
described,  some  substance  is  used  up  chemically  in  the  production 
of  the  current  This  is  expensive,  and  moreover  these  cells  cannot 
be  used  for  the  production  of  large  currents  In  1859  Plante  suc- 
ceeded in  making  a  cell  in  which  energy  put  into  the  cell  as  electric 
current  can  be  stored  up  and  subsequently 
drawn  again  from  the  cell  in  the  foirn  of 
current.  Such  colls  are  called  secondary  or 
storage  cells,  or  sometimes  accumulators. 

Two  lead  plates  are  used  as  electrodes  in 
a  solution  of  sulphuric  acid      On  the  first 
passage  of  current  through  the  cell,  oxygen 
is   liberated   at   the  anode,   which    oxidises 
Cl/?[3  I      ^uo    surface    of    the    lead    plate,    forming 

^ ^  Pl>02      The  hydrogen  bubbles  away  at  the 


FlO    852 —Principle  of  the        1™  flu 
secondary  (ell  KclT-n 

On  stopping  the  current  and  joining  the 

lead  plates  by  a  conductor,  a  current  will  pass  for  a  time  from 
the  oxidised  plate  (  +  )  to  the  unoxidised  plate  (-)  through  the 
external  circuit  If  the  experiment  be  performed  as  shown  in 
Fig.  852  the  key  must  be  placed  in  A  foi  the  charging  current  to 
flow,  and  in  B  for  the  discharge,  which  mav  be  used  to  ring  an 
electric  bell 

When  the  discharge  takes  place,  the  oxidised  plate  is  reduced  by 
the  hydrogen  liberated  and  forms  PbO  which,  with  the  sulphuric 
acid,  forms  PbSOJ  The  current  passes  until  the  negative  plate  is 
oxidised  and  foims  PbSO4,  and  ceases  when  both  plates  have  reached 
the  same  condition. 

If  the  charging  and  discharging  be  repeated  for  a  number  of 
times  it  will  be  found  that  the  storing  capacity  of  the  cell  becomes 
greater.  This  is  generally  carried  out  not  merely  by  letting  the  cell 
discharge,  but  by  reversing  the  current  in  it  until  the  kathode  is 
reduced  to  lead.  This  reduced  lead  forms  a  soft  layer  upon  the 
plate,  known  as  spongy  lead,  and  with  repeated  reversals  of  current 
this  spongy  lead  forms  a  deeper  and  deeper  layer,  and  the  storage 
capacity  of  th^  cell  increases.  This  r>rocess  is  called  '  formincr '  the 
plate. 
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When  the  plates  have  been  properly  '  formed  '  the  processes  of 
charging  and  discharging  may  be  represented  approximately  by  the 
following  equations  : 

Positive  Plate. 

PbS04  +  S04  +  2H20  =  Pb02  \  2 II3S04. 
Charging.          < 

'  Ncytttwe  Plate. 

PbS()ri  1L 


Discharging. 


It    nil  be  seen  that  during  the  process  of  charging,  sulphuric  acid 
is  formed^   and  consequently  the  density  of  the  electrolyte  rises. 


(  Positive  Plate. 

|  PbO,  +  H2SO4  +  H2  -  PbSO4  +  2H2O. 


Negative  Plate. 


During  discharge,  sulphuric  acid  disappears  and  the  density  of  the 
electrolyte  falls.  Observation  of  the  density  of  Hie  4  acid  '  gives 
the  best  indication  of  the  condition  of  the  cell.  It  should  riot 
exceed  1*21  when  the  cell  is  fully  charged,  nor  fall  below  1-15  when 
it  is  discharged. 
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The  secondary  coll  of  this  type  has  a  remarkably  constant  electro- 
motive force  ol  about  2-1  volts  throughout  the  greater  period  of  its 
discharge  It  is  usually  constructed  of  a  series  ol  parallel  lead  plates, 
alternate  plates  being  connected  to  one  of  two  lead  strips  at  the  top 
which  form  the  leads  for  the  current  (Fig,  853).  Owing  to  the  high 
conductivity  of  the  electrolyte  and  the  large  aiea  of  the  plates  and 
their  closeness  together,  the  internal  resistance  is  very  small,  and 
hence  considerable  currents  can  be  obtained  from  them  For  a 
100  volt  supply  circuit  a  battery  of  50  to  55  ol  such  cells  would  be 
used  in  series 

Faure,  or  paste  cell.  The  secondary  cell  of  the  Plants  type  is 
costly  to  produce  on  account  ot  the  lon<>  k  forming  '  required.  In 
order  to  cheapen  the  production,  Fame  constructed  the  plates  m  the 
form  of  a  netwoik  or  grid,  into  the  interspaces  of  which  a  paste 
consisting  of  red  lead  (Pb/),)  and  sulplnmc  acid  is  pressed  This 
forms  lead  oxide  and  lead  sulphate  on  both  plates, 

PbjO  j  4-  i?H2S()4  -  PbO2  +  2PbSO4  +  2H20 

On  passing  the  charging  current,  the  PbS04  on  the  positive 
plate  is  oxidised  to  Pb02, 

PbS()4  +  0  +  H20  -  Pb02  +  H2S04, 

while  at  the  negative  plate  the  oxide  and  sulphate  are  reduced  to 
spongy  lead,  PbSOf  +  U2  =  Pb  +  H2SO4, 


f 


Thus  the  first  charging  produces  the  leqimite  layer  of  spongy  lead, 
in  this  way  obviating  tho  lengthy  and  costly  piocess  of  '  forming  ' 

Paste  plates,  however,  are  not  >so  durable  as  4  formed  '  plates 
Some  makers  use  k  formed  '  plates  for  the  positi\e  and  paste  plates 
for  the  negative  Many  varieties  of  both  kinds  are  on  the  market. 


EXERCISES  ON  CHAPTER  LXX. 

1.  State  the  lawb  ut  electrolyse,  and  explain  what  is  meant  by  the 
electro-chemical  equivalent  of  an  element. 

Describe  how  you  would  determine  the  electro-chemical  equivalent  of 
copper.  Sen.  Camb  Loc. 

2.  Give  an  account  of  the  laws  of  electrolysis  ;   and  explain  what  you 
mean  by  electropositive  and  electronegative  elements. 

It  is  found  that  in  1  minute  40  seconds  a  certain  current  deposits  0-112 
gm.  of  silver  ;  and  in  twice  the  time  0-081  gm.  of  potassium.  Given  that 
the  chemical  equivalent  of  silver  is  108,  find  that  of  potassium.  L.U. 
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3.  What  is  meant  by  the  polarisation  of  a  voltaic  cell,  and  how  may  this 
effect  bo  exhibited  ? 

What,  also,  is  local  action  in  such  a  coll,  and  how  may  it  be  diminished  ? 

L.U. 

4.  What  is  electrolysis  ?     Describe  an  ex  penmen  t  m  which  occurs  what 
is  commonly  called  the  "  electrolysis  of  water/     (.Jive  your  view  of  the 
appropriateness  or  otherwise  of  this  way  of  describing  the  experiment 
and  its  results.  '  L.U. 

5.  Explain  how  the  electromotive  force  ot  a  Darnell  cell  can  be  calculated 
from  the  chemical  changes  that  take  place  therein  when  a  current  flows. 
How  can  the  electromotive  force  of  two  cells  be  compared  by  experiment  ? 

L.U. 

6.  A  water  voltameter,  a  conductor  in  a  calorimeter,  and  a  tangent 
galvanometer  are  connected  m  series.     A  current  causes  an  evolution  of 
10  cubic  centimetres  of  hydrogen,  a  rise  of  4°  C.  in  the  same  time,  and  a 
deflection  ot    10  J   in   the   galvanometer.     The   current   is   then   doubled. 
Describe  the  effect  in  each  part  of  the  circuit. 

7.  State  the  laws  of  electrolysis. 

A  circuit  includes  a  silver  voltameter  and  a  tangent  galvanometer  of 
20  turns  of  16  cm.  diameter.  If  the  galvanometer  shows  a  steady  deflection 
of  45°  and  if  '115  gm.  of  silver  is  deposited  in  15  minutes,  find  the  strength 
of  the  earth's  horizontal  magnetic  field. 

(Electro-chemical  equivalent  of  silver—  001118  gram  per  coulomb.) 

L.U. 

8.  State  Faraday's  laws  of  electrolysis. 

Point  out  the  most  important  differences  between  electrical  conduction 
in  metals  and  in  solutions.  L.U. 

9.  State  and  explain  Faraday's  laws  of  electrolysis.     A  tangent  galvano- 
meter was  joined  m  series  with  a  battery  and  a  silver  voltameter.     The 
deflection  of  the  needle  was  45°,  and  m  the;  course  of  an  hour  the  mass 
of  silver  deposited  was  0-1052  gr.     (Jiven  that  the  electro-chemical  equiva- 
lent of  silver  is  0-001  118,  calculate  the  constant  of  the  galvanometer. 

L.U. 

10.  Describe  the  parts  of  a  storage  cell  or  accumulator,  and  state  the 
changes  that  occur  in  them  during  the  process  of  charging  and  discharg- 
ing. Why  is  it  important  that  the  voltage  of  the  cell  should  not  be  allowed 
to  fall  below  ]  -9  ?  L.U. 

1  L  A  copper  voltameter  and  a  wire  of  resistance  2  8  ohms  immersed 
in  350  grams  of  water  are  in  series  and  a  current  passes  through  them. 
If  0  86  gr.  of  copper  is  deposited  in  18  minutes,  find  the  rise  in  temperature 
of  the  water  m  half-an-hour. 

12.  The  coil  of  a  tangent  galvanometer,  having  12  turns  and  radius 
15  cm.,  is  placed  in  series  with  a  copper  voltameter.     If  the  deflection 
is  60°  and  H  =0  18,  calculate  the  amount  of  copper  deposited  in  15  minutes. 

13.  Describe  the  Leclanche  ceil  and  give  an  account  of  the  chemical 
reactions  occurring  in  it.    For  what  purposes  is  it  chiefly  used  and  why  ? 
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14.  (Jive  a  description  with  sketch  of  either  the  cadmium  cell   or  the 
Latimer  Clark  cell.     For  what  purpose  is  such  a  cell  used,  and  what  pre- 
cautions must  be  taken  in  using  it  ? 

15.  A  current  is  passed  for  45  minutes  through  acidulated  water  and  the 
hydrogen  liberated  is  dried  and  collected  over  mercury.     If  the  volume  of 
hydrogen  at  68  cm.  pressure  and  15°  C.  is  430  cc.  and  an  ammeter  through 
which  the  current  also  passes  reads  1  2  amp.,  what  is  the  error  of  the 
ammeter  ? 


CHAPTER  LXXI 


STATIC  ELECTRICITY:    ELECTRIC  CHARGES 

Charge  Of  electricity.-  In  the  pievious  chapters  electric  currents 
have  been  treated,  the  name  itself  implying  something  flowing 
along  the  conductor,  to  which  the  name  electricity  or  electric  charge- 
is  given  Its  properties  at  rest  mle  quite  different  from  those 
exhibited  when  it  is  flowing  in  the  form  of  a  current  Thus,  there 
is  no  magnetic  field  due  to  it,  no 
heat  produced,  and  no  electrolysis 
unless  it  is  moving. 

If  a  great  many  cells  be  joined 
together  in  series,  and  the  positive 
pole  connected  to  a  conductor  A 
(Fig.  851)  and  the  negative  to  B, 
no  current  flows  until  A  and  B  are 
connected  together  by  a.  conductor. 
If,  however,  A  and  B  are  joined  to 
the  poles  of  the  battery,  and  the 


II- 


A     B 


Fm  8:'4  " 


«r  cirrtrio  rhmge. 


battery  connections  broken  and  the  two  afterwards  connected  by  a 
wire,  a  current  will  flow  through  the  wire  for  a  short  time,  and  may 
be  detected  if  a  delicate  galvanometer  be  in  series.  For  the  success 
of  the  experiment  100  or  more  cells  aie  necessary  in  the  battery, 
and  the  conductors  A  and  B  should  be  large  plates,  close  togetho  but 
not  touching.  Otherwise  the  current  will  be  too  small  to  be  detected 
The  explanation  is  that  the  battery  tries  to  ffWduce  a  current,  that 
is,  to  cause  electricity  to  circulate  in  the  circuit  .  Since  there  is  no 
complete  circuit,  electricity,  or  electric  charge  accumulates  upon 
A  and  B.  That  on  A  Ls  said  to  be  positive  electricity  (  -f  )  and  that  on 
B  negative  electricity  (  -  ).  On  breaking  the  battery  connections 
these  charges  remain,  and  on  connecting  A  and  B  the  charges  flow 
through  the  connecting  conductor  until  they  are  used  up,  th^ir 
flow  constituting  the  current. 
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Forces  acting  on  charges. — In  the  above  case,  the  current  flows 
fiom  A  to  B  This  means  that  the  positive  charge  on  A  flows  through 
the  conductoi  to  B,  or  the  negative  charge  flows  from  B  to  A,  or  both 
processes  go  on.  On  connecting  A  and  B  to  the  battery,  the  electro- 
motive force  of  the  battery  causes  a  difference  of  potential  (p  852) 
between  A  and  B.  Also,  we  know  that  the  positive  charge  upon  A 
is  acted  on  by  a  force  driving  it  towards  B,  and  will  travel  if  a  con 
ducting  path  is  provided  for  it  Similarly,  the  negative  charge  on 
B  is  urged  towards  A,  and  the  question  arises,  can  these  forces  be  dis- 
covered without  joining  the  two  by  a  conductor  ? 

C 


r-SJ 


FlG  8.">,r> — Attraction  between  opposite  FIG   8 *>6  --(* old-lea f  electroscope 

Let  B  be  a  fixed  piece  of  metal  (Fig  855)  and  A  a  strip  of  gold  leaf 
suspended  from  a  metal  carrier  C  Then,  on  connecting  C  and  B 
to  the  battery,  it  will  be  noticed  that  the  gold  leaf  A  is  displaced 
towards  the  fixed  conductor.  The  same  thing  happens  if  the  poles 
of  the  battery  are  interchanged.  Thus  A  experiences  a  force  urging 
it  towards  B,  and  B  a  force  urging  it  towards  A. 

We  may  thus  say  that  positive  and  negative  charges  attract  each 
other,  or  that  a  positive  charge  experiences  a  force  driving  it  from  points 
of  higher  to  points  of  lower  potential,  and  a  negative  charge  experiences 
a  force  driving  it  from  points  of  lower  to  points  of  higher  potential.  Both 
statements  amount  to  the  same  thing,  as  we  shall  see  later.  It  is 
advisable  to  place  a  piece  of  paper  or  a  piece  of  mica  between  A  and 
B,  so  that  if  they  happen  to  touch  no  harm  will  be  done. 

Electroscope. — There  is  another  convenient  form  of  apparatus 
for  exhibiting  the  forces  on  charges,  which  is  commonly  used  for 
their  detection.  Two  strips  of  gold  leaf  AA  (Fig.  856)  hang  from 
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a  wire  support  CD,  which  passes  through  a  stopper  E  in  a  box.  E  is 
made  of  sulphur  or  paraffin  wax,  which  is  non-conducting.  BB  arc  two 
strips  of  tinfoil  pasted  on  to  the  sides  of  the  box,  which  should  have 
glass  windows  at  the  back  and  front  to  allow  observation  of  the 
gold  leaves.  On  connecting  C  to  one  pole  ol  the  battery  and  B  to 
the  other,  a  slight  divergence  of  the  leaves  may  be  detected,  since 
each  of  the  leaves  A  is  urged  towards  the  nearest  strip  B,  as  explained 
on  p.  922.  The  leaves  are  driven  apart,  and  we  may  say  if  we  choose, 
that  the  like  charges  on  the  leaves  repel  each  other.  This  apparatus 
is  called  a  gold-leaf  electroscope,  although  the  leaves  may  be  made 
of  any  thin  metallic  foil. 

Production  of  electric  charges  by  friction. — Electric  charges  are 
nearly  always  produced  jvvhen  two  substances  are  rut) bed  together, 
but  if  the  substances  are  conducting,  the  charges  escape,  and  therefore 
cannot  be  detected.  If,  however,  a  rod  of  ebonite  be  rubbed  with 
a  piece  of  fur,  both  substances  being  non-conductors,  the  ebonite 
will  be  found  to  have  a  negative  charge  and  the  fur  a  positive1  charge. 
Both  the  fur  and  the  ebonite  must  be  thoroughly  dry ;  if  they  are 
damp  the  charges  escape.  The  charges  may  be  detected  by  bringing 
the  bodies  in  turn  into  contact  with  the  cap  of  an  electroscope,  when 
they  impart  part  of  their  charge  to  the  electroscope  and  the  leaves 
diverge.  Glass  rubbed  with  silk  exhibits  a  similar  phenomenon,  the 
glass  acquiring  a  positive  and  the  silk  a  negative  charge.  The 
method  of  deciding  the  sign  of  the  charge  is  given  later  (p.  934). 

Conductors  and  insulators. — It  was  seen  in  Chap.  LXVI1  that 
substances  differ  very  much  in  electrical  conductivity.  Thus  the 
metals  are  excellent  conductors,  while  wood,  cotton,  etc.,  are  such 
poor  conductors  that  it  might  almost  be  said  that  they  will  not  carry 
a  current  of  electricity.  This  is  not  strictly  true,  but  the  current  they 
will  carry  is  so  minute  that  it  can  hardly  J>e  detected  by  any  of  the 
means  used  tor  detecting  a  current.  Nevertheless,  if  an  electroscope 
be  charged  (p.  934)  and  the  cap  touched  with  one  end  of  a  wooden 
rod  held  in  the  hand  it  will  be  found  that  the  leaves  soon  collapse, 
showing  that  the  rod  has  conducted  the  charge  away.  The  same 
result  follows  if  a  cotton  thread  be  used  instead  of  the  wooden  rod. 

If,  however,  a  stick  of  sulphur  or  paraffin  wax  be  used,  the  charge 
will  not  sensibly  leak  away  through  it.  Substances  which  will  not 
allow  a  charge*  to  pass  through  them  at  all  are  called  insulators. 
Thus  wood,  cotton,  the  human  body,  etc..  are  very  feeble  conductors, 
but  sulphur,  paraffin  wax,  sealing  wax,  silk,  lead-glass,  fused  quartz, 
amber,  etc.,  are  insulators,  provided  that  their  surfaces  are  kept 
clean  and  dry. 
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The  electricity  circulating  m  a  conductor,  and  constituting  the 
electric  current  produced  by  a  battery,  is  identical  with  that  collected 
on  the  surface  of  a  body  by  friction,  but  whereas  the  battery  can 
produce  larger  quantities  of  charge  at  low  potential,  only  very  small 
quantities  can  be  produced  by  friction,  but  these  are  at  relatively 
enormous  potentials  Evidence  of  this  fact  may  be  found  by 
bringing  the  hand  near  the  surface  of  an  ebonite  rod  which  has  been 
rubbed  with  fur  A  spark  will  take  place  between  the  hand  and  the 
ebonite.  This  means  that  the  difference  of  potential  between  the 
two  is  sufficient  to  cause  a  current  to  flow,  for  an  instant,  through 
the  air  between  them,  and  from  our  experience  of  batteries  we  know 
that  the  potential  difference  required  to  make  electric  charge  jump 
an  air  gap  is  very  great. 

Law  of  force  between  charges.  We  saw 'on  p  922  that  charges 
of  opposite  kinds  attract  each  other  Now,  in  considering  the  electro- 
scope (p  922)  it  was  observed  that 
the  ujold  leaves  move  apart  when 
they  have  charges  of  the  same  sign, 
and  hence  we  may  consider  that 
they  repel  each  other.  Thus  we 
may  describe  the  behaviour  of 
chaiges  to  each  other  by  saying 
that  charges  of  the  same  kind  repel 
each  other,  and  charges  of  opposite 
kinds  attract  each  other.  Tills  IS 
closely  analogous  to  the  behaviour 
of  magnetic  poles  (p  770)  and  may 
b<»  exhibited  in  a  similar  manner 
Rub  a  piece  oi  ebonite  rod  with  hit  and  suspend  it  in  a  stirrup  by 
means  of  a  silk  fibre  (Fig.  857)  Bring  near  it  ri  glass  rod  rubbed 
with  eilk.  It  will  be  observed  that* the  glass  attracts  the  ebonite, 
If  the  silk  be  thoroughly  dry,  it  will,  after  rubbing  the  glass,  be 
found  to  repel  the  ebonite  Thus  the  charges  of  like  sign  repel 
each  other  and  unlike  charges  attract  each  other 

The  la^\  of  iorce  between  charges  is  also  similar  to  that  between 
magnetic  poles.  That  is,  for  two  small  charges,  the  force  between  them 
varies  inversely  as  the  square  of  their  distance  apart 

There  is  no  means  of  proving  the  law  of  force  directly  by  a  single 
experiment.  Coulomb,  using  a  torsion  balance,  proved  it  very 
roughly,  but  this  proof  is  far  from  satisfactory.  The  best  evidence 
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of  the  truth  of  the  law  is  that  innumerable  calculations  based  upoi 
it  are  found  to  be  in  accordance  with  experimentally  ascertained 
facts. 

The  force  between  two  charges  also  depends  upon  their  magni 
tildes,  and  the  treatment  of  the  force  between  charges  may  begii 

with  the  relation  »  X(7%> 

Force  oc  ^  - , 

where  qA  and  </2  are  the  magnitudes  of  the  charges,  and  d  is  thei 
distance  apart 

Unit  of  electric  Charge.— -The  above  law  holds  whatever  the  unit 
in  which  the  charges  are  measured,  but  in  order  to  obtain  the  fore 
in  absolute  measure,  the  chargers  r/t  and  </2  must  be  given  in  term 
of  some  definite  unit,  [t  is  usual  to  choose  the  unit  of  charge  s 
that  when  the  distance  between  unit  charges  is  1  centimetre-,  th 
force  between  thorn  is  I  dyne.  Hence  the  unit  charge  is  such  tha 
when  placed  one  centimetre  from  an  equal  charge  the  force  between  them  i 
1  dyne.  Thus  the  force  in  dynes  between  any  two  charges  q±  and  q 
is  now  given  by  the  relation. 

F  —    .^  dynes. 

EXAMPLE. — Find  the  force  upon  a  positive  charge  of  16  units  whe 
placed  midway  between  a  positive  charge  of  10  units  and  a  negative  charg 
of  20  units  situated  8  cm.  apart. 

Force  on   4- 16  due  to   +10-       .2          10  dynes. 

Force  on  -f  16  due  to  -20  -      *"    =20  dynes; 
/.   Total  force  on  charge  + 16  ~  10  -t  20  —  30  dynes. 

The  above  definition  of  unit  charge  assumes  that  the  charge 
are  situated  in  a  vacuum,  and  is  sufficiently  accurate  for  all  ordinar 
purposes  if  the  changes  are  situated  in  air.  When  situated  in  othe 
media  the  force  will  not  be  the  same  (p.  951). 

Electric  field.— -As  in  the  case  of  magnetism,  it  is  of  the  greates 
convenience  to  be  able  to  map  out  the  electric  field  at  any  poin 
(p.  778).  The  direction  of  the  field  at  any  point  is,  of  course,  th 
direction  in  which  a  positive  charge  situated  at  that  point  woul< 
be  urged.  In  fact,  the  field  at  any  point  may  be  completely  defined  1 
magnitude  and  direction  by  the  force  upon  unit  positive  charge  situated  a 
point*  Hence,  in  order  to  calculate  the  strength  of  field  at  air 
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point,  due  to  a  number  of  charges,  we  must  imagine  a  unit  positive 
charge  placed  at  that  point,  and  find  the  resultant  of  the  forces  on 
it  due  to  the  separate  charges  The  term  electric  intensity  is  also 
used  to  denote  this  quantity,  namely,  the  force  on  unit  positive 
charge. 

EXAMPLE.  —  Calculate  the  strength  of  field,  or  electric  intensity,  at  a 
point  situated  at  equal  distances  of  5  cm.  from  two  equal  charges  of  50 

units,  one  ot  which  is  positive  and  the 
other  negative,  their  distance  apart 
being  8  cm. 

3  2       "^  Q          Let    P    (Fig.    858)    be    the    point    at 
which  the  electric  intensity  is  required. 

5cm*  2  "^XX  Imagine  a  unit  positive  charge  to  be  situ- 

A    X  MX      B         ated  at  P.     Then  the  electric  intensity 

+50  --------  ""  -------  -  ™          at  P'  dUC  t0    +  5°  UllltS  =  5°  5'  =  2'  and 

FIG  858  -Problem  on  electric  fields       "^  h°  represented  by  PL      Also,  that 

due  to       50  is   also   2,    and    may    be 

represented  by  PM.  The  resultant  PQ,  is  then  the  required  electrical 
intensity  and  is  obviously  parallel  to  AB  From  the  similar  triangles 
PLQandAPB,  pQ  AB 

PL     AP' 

-< 


Lines  of  force.  —  Since  a  positive  charge  situated  in  an  electric 
field  is  subject  to  a  force  in  the  direction  of  the  field,  it  will,  if  free 
to  move,  travel  along  some 
path  in  the  field.      The  line 
along:     which     a     free     positive 
charge  would  move  is  called  an 
electric    line    of    force.      The 
whole    electric    field   in    the 
neighbourhood     of     electric 
charges   may   be   considered 
to  be  mapped  out  by  lines 
of  force,  exactly   as   in  the 
magnetic  case  (p.  779).   For     FIG  850  __Lmcs  of  torc"e   two  imllke  Charge8 
two  small  equally  and  oppo- 

sitely charged  spheres  the  lines  of  force  are  as  shown  in  Fig.  859. 
All  the  lines  of  force  arise  upon  the  positive  charge  and  end  on  the 
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negative  charge,  for  a  free  positive  charge  would  be  repelled  by 
the  positively  charged  sphere  and  attracted  by  the  other.  When 
the  spheres  are  both  charged  positively  the  lines  of  force  are  as 
shown  in  Fig.  860.  The  lines  then  all  arise  upon  the  spheres. 
They  must,  however,  end  somewhere,  and  in  this  case  will  end  upon 
the  walls  of  the  room.  The  case  of  a  single  charged  conducting 


FIG.  860  — Lines  of  force  ;  two  positive  charges. 


Fio  3(>1  -  Lines  of  force  , 
positive  (haw  In  a  conduct- 
ing enclosure 


sphere  situated  in  a  cubical  space  is  indicated  in  Fig.  861 .  It  should 
be  noticed  that  the  lines  of  force  always  meet  the  conducting 
surfaces  upon  which  the  charges  are  situated  so  that  the  angles 
made  are  right  angles. 

It  will  also  be  seen  that  where  the  electric  intensity  is  greatest, 
that  is,  near  the  charges,  the  lines  of  force  are  more  densely  packed. 
In  fact,  the  convention  of  representing  the  electric  intensity  by  the 
number  of  lines  of  force  per  square  centimetre  may  be  adopted  here, 
as  in  the  case  of  the  magnetic  field  (p.  81 1 ). 


EXERCISES  ON  CHAPTER  LXXI. 

1.  Describe  the   gold-leaf  eleetroscojxs  and   the   method  of  using  it 
to  detect,  and  to  ascertain  the  nature  of,  an  electric  charge. 

2.  State  and  explain  the  law  of   electric  forces   between  two  point 
charges.     Calculate  the  position  of  the  point  in  the  neighbourhood  of  two 
point  charges  of  +50  and  - 18  units  situated  40  cm.  apart,  where  a  third 
charge  would  experience  no  resultant  force.  L.U. 

3.  Two  small  spheres  30  cm.  apart  have  charges  5q  and  -  3q.    Show 
the  distribution  of  lines  of  force,  before  and  after  the  spheres  are  con- 
nected by  a  wire  ;   and  calculate  the  force  exerted  between  them  in  each 
case.  L.U. 

4.  Define  unit  quantity  of  electricity. 

Small  spheres  carrying  charges  -f  5,  + 10,  +  5,  and  -  5  units  are  placed 
in  order  at  the  angular  points  of  a  square  ABCD  of  10  cm.  side.  Calculate 
the  force  on  a  charge  of  +  2  units  placed  at  the  intersection  of  the  diagonals 
pf  the  square, 
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5.  Equal  and  opposite  charges  of  electricity  are  placed  at  two  points 
/  cm.  apart.     Compare  the  electric  intensity  midway  between  the  points 
with  that  at  a  distance  r  cm.  from  the  centre,  (a)  on  the  production  of 
the  line  joining  the  points,  (b)  on  a  line  through  the  centre  at  right  angles 
to  that  joining  the  points.  L.U. 

6.  Describe  any  two  experiments  to  illustrate  the  essential  identity 
of  fnrtional  and  current  electricity.    What  are  the  differences  in  the  two 
under  ordinary  conditions  ?  L.U. 

7.  Define  unit  quantity  of  electricity. 

A  small  conductor  carries  a  charge  of  10  units.  Show,  by  means  of  a 
graph,  the  variation  of  the  force  which  it  exerts  on  a  unit  charge,  as  the 
latter  is  moved  from  1  cm.  distance  to  10  cm  distance.  L.U. 

8.  Define  unit  charge  of  electricity.     Two  small  charged  and  insulated 
conducting  spheres  repel  each  other  with  a  force  of  F  dynes.     Find  the 
repulsion  if  the  charge  on  one  sphere  is  trebled  and  the  distance  between 
them  is  also  trebled.  Allahabad  University. 


CHAPTER  LXXII 

POTENTIAL:   CAPACITY 

Work  done  in  moving  a  charge. — Whenever  a  charge  of  electricity 
is  situated  in  an  electric  field  it  experiences  a  force,  just  as  a  piece 
of  matter  in  a  gravitational  field  experiences  a  force.  In  order  to 
move  the  charge  in  opposition  to  this  force,  work  must  be  expended 
upon  it,  exactly  as  to  lift  a  bodv  against  gravitational  force,  work 
is  necessary.  On  tho  other  hand,  when  the  charge  is  allowed  to  move 
in  the  direction  of  the  force,  work  is  done  upon  it  ;  similarly,  when 
gravity  causes  a  body  to  move  from  higher  to  lower  level,  it  does 
work  upon  it.  The  analogy  between  the  two  cases,  gravitational 
and  electrical,  is  mathematically  very  close.  The  law  of  inverse 
squares  holds  in  both  cases. 

Potential. — In  the  gravitational  case,  a  body  when  free  to  move 
will  always  move  from  higher  to  lower  level  ;  in  the  same  way,  a 
positive  charge  of  electricity  will,  if  free  to  move,  travel  from  a  point 
of  higher  to  a  point  of  lower  potential.  Potential,  then,  is  analogous 
to  level,  and  determines  the  direction  in  which  a  charge  will  travel 
when  free  to  move.  It  thus  determines  the  direction  of  the  force 
upon  the  charge.  Hence,  a  positive  charge  experiences  a  force  tending 
to  drive  it  from  points  of  higher  to  points  of  lower  potential,  that  is,  down 
the  gradient  of  potential.  On  the  other  hand,  a  negative  charge  is 
urged  up"  the  gradient  of  potential,  that  is,  from  points  of  lower  to 
points  of  higher  potential.  There  is  nothing  in  the  gravitational 
case  corresponding  £o  negative  electricity. 

We  define  the  difference  of  potential  between  two  points  as 
the  work  done  in  moving  a  unit  positive  charge  from  one  point  to  the 
other.  Thus,  difference  of  potential  is  measured  in  ergs  per  unit 
charge.  Suppose  that  a  positive  charge  of  10  units  is  moved  from 
one  .place  to  another  where  the  potential  is  20  units  higher,  work 

D.S.P.  3  N 
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to  the  amount  of  10x20=200  ergs  must  he  done  upon  it.  If  the 
field  moves  the  charge  in  the  reverse  direction  it  will  do  work  to 
the  extent  of  2(X)  ergs  upon  the  charge. 

Potential  due  to  electric  charge.  —  Tn  most  cases  it  is  very  difficult 
to  calculate  the  electrical  potential  due  to  a  system  of  charges,  but 
in  some  cases  it  is  easy.     When  there  is  only  one  charge  to  consider, 
we  can  imagine  a  unit  positive  charge  carried  from  one  point  to 
another  in  its  neighbourhood,  and  since  we  know  the  force  on  it 

at   each   point,    wo   can   find 
+  9  £    |    j    j  ........  |    2     ^e  W()I>k  done,  and  therefore 

X  Y  Z  K         the     difference     of     potential 

Fio    802.  -Potential  due  to  a  charge  between    the    two    points 

We  will  find  the  difference 

of  potential  between  A  and  B  (Fig  862)  due  to  the  positive  charge  Q. 
Call  the  distance  of  A  from  Q,  a  ,  from  B  to  Q,  b  ,  and  so  on  ;  then, 

Force  on  unit  positive  charge  at  A==   0. 
1  a* 


The  path  from  A  to  B  must  now  be  imamned  to  consist  of  a  number 
of  very  short  steps,  AX,  XY,  YZ,  .  ,  and  KB. 

Now  for  the  step  AX  the  force  on  unit  charge  at  A  is  Q/«2  and 
that  at  X  is  Q/x2.  Since  these  forces  are  very  nearly  equal,  the  step 
being  small,  we  may,  without  sensible  error,  take  the  average  force 
over  the  path  AX  to  be  Q/ax. 

.".  Work  done  in  moving  unit  charge  from  A  to  X 
=  force  x  distance 

-«V«)=Q-Q. 

ax  ax 

Similarly,  for  path  XY,  work  done  = 

x     ]i 

YZ  -^-Q 

"  "         ~y    = 

etc.,  etc., 

KR  Q     Q 

"    KB      "         -jTV 

Then,  in  going  over  the  whole  path  AB, 

Work  a0ne  =  Q-S?-«+°-*  +  *-..  .-*  +  «? 

a     x     x     y     y     z      z  k     k     o 

_Q     Q 
~a     6' 
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However  many  steps  there  are  in  the  path  from  A  to  B,  the  only 
terms  remaining  in  the  expression  for  the  total  work  done  in  going 
from  A  to  B  are  Q/«  and  0,/b.  Hence,  if  we  make  the  steps  in- 
finitely great  in  number,  each  step  being  then  infinitesimal,  we  are 
justified  in  writing  Q,/ax  for  the  average  between  Q/tt2  and  Q/x2. 

Hence  the  difference  of  potential  between  A  and  B  due  to  the  charge  Q  is 
Q_Q 
a     to' 

There  is  no  means  of  determining  absolute  potential,  any  more 
than  there  is  of  fixing  absolute  level.  For  convenience  levels  are 
reckoned  from  mean  sea-level.  In  a  similar  way  we  may  choose  any 
convenient  place  to  measure  potential  from.  At  an  iniimte  distance 
from  the  charge  q,  the  force  on  unit  charge  due  to  it  is  zero,  and  the 
charge  could  be  moved  about  at  an  infinite  distance  without  doing 
any  work  upon  it  ;  hence  all  points  at  infinity  are  at  the  same 
potential.  It  is  therefore  convenient  to  choose  the  zero  of  potential 
to  be  that  at  infinity.  The  difference  of  potential  between  the  point 
A  and  one  at  infinity  is  therefore  obtained  by  putting  &  =  oo  ,  so  that 

Q     Q     Q      Q^Q     0_Q 

a      b      (i     oo       a  a 

Thus,  reckoning  from  the  potential  at,  infinity  as  zero,  we  should 
say  that  the  absolute  potential  at  A  due  to  the  charge  -i-Q  is  +  Q/a. 

For  some  purposes  it  is  convenient  to  consider  the  potential  of  the 
earth  to  be  zero. 

EXAMPLE.  —  Find  the  potential  at  a  point  5  cm.  distant  from  each  of 
two  charges  of  H  50  and  -50  units  respectively.  Also  find  the  potential 
at  a  point  10  cm.  from  the  charge  4  50  and  20  cm.  from  the  charge  -50. 

Referring  to  Fig.  858. 

50 
Potential  at  P  due  to  +50=  f'r  -  -f  10. 


r 


Kf\ 

P  -50=  -'I  -  -10; 

«j 

•    potential  at  P  -  50  -  50  ^  0. 

"""  PJA 

Again,  potential  at  point  10  cm.  from  charge    i-50—  +  ,-^—  +5. 

„      20        „  „        -50-  -|^_2.5; 

/.   resultant  potential  =  -1-5-2-5 
-2-5  units. 

Equipotential  surfaces.  —  For  any  given  distribution  of  charge  there 
will  be  a  number  of  points  at  which  the  potential  is  the  same.  A 
surface  drawn  through  points  having  the  same  potential  is  called  an 
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equipotential  surface.     The  meaning  of  the  term  indicates   that  all 
points  of  an  equipotential  surface  are  at  the  same  potential. 

It  follows  from  the  nature  of  such  a  surface  that  a  charge  may  be 
moved  about  upon  it  without  the  performance  of  work,  since  there 
is  no  difference  of  potential  between  points  on  the  surface.  Further, 
as  regards  static  electricity,  the  surface  of  a  conductor  must  toe  an 
equipotential  surface.  For  if  this  were  not  so,  there  would  be  a 
difference  of  potential  between  certain  points  on  the  surface,  and 
then  a  current  would  flow  from  the  point  of  higher  to  that  of  lower 

potential,  and  the  conditions 
would  thus  not  be  statical. 

It  is  easy  to  find  the  equi- 
potential surfaces  near  a  single 
charge.  For  all  points  at  the 
same  distance  from  it  are  at 
the  same  potential  (i'^Q/r), 
and  thus  the  equipotential 

L_>» — s !_    surfaces    are   spheres,   having 

the  charge  as  centre.  The 
equipotential  surfaces  and 
lines  of  force  for  a  charge 
of  -flO  units  are  shown  in 
Fig  863 

JSmee  no  work  is  done  m 
moving  a  charge  along  an  equi- 
potential surface,  it  follows 
that  there  is  no  force  on  the 
;harge  in  the  direction  of  the 
surface  Therefore,  the  direc- 
tion of  the  electrical  field  must  always  be  at  right  angles  to  every  equi- 
potential surface.  If  this  were  not  the  case  there  would  be  a 
component  of  the  field  parallel  to  the  surface  It  follows  that  lines 
of  force  always  meet  conducting  surfaces  at  light  angles,  as  may  be 
seen  on  examining  Fig  863. 

Charging  a  conductor  by  influence. — In  the  earlier  experiments 
with  the  electroscope  (p  923)  this  was  charged  by  touching  it  with 
the  rubbed  ebonite  rod.  There  is  a  better  way  than  this.  Let  a 
positively  charged  body  Q  (Fig.  864)  be  brought  near  to  a  conductor 
AB  supported  upon  a  glass  rod  in  order  to  insulate  it.  The  presence  of 
Q  raises  the  potential  everywhere  in  its  neighbourhood  ;  hence  if  AB 
were  originally  at  the  potential  of  earth  it  will  now  have  a  positive 
potential.  But  the  nearer  parts  A  will  be  at  a  higher  potential  than 
the  more  distant  parts  B(V=Q,/>).  Hence  a  current  will  flow  from 
A  to  B,  which  means  that  the  end  B  will  acquire  an  excess  of  positive 
charge  and  A  of  negative  charge.  This  flow  will  go  on  until  all  parts 


FIG.  803. — Equipotential  surf  arcs  and  lilies  of 

lone 
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Q 


of  AB  are  brought  to  the  same  potential,  since  when  the  charges  are 

at  rest,  the  surface  of  a  conductor  must  be  an  equipotential  surface. 

Let  the  conductor  be  now  connected  to  earth.      A  current  will 

flow   to  earth,  since  the  conductor         , 

is  at  a  higher  potential  than  earth,      ! 

owing  to  the   presence  of  Q.     The 

flow  will  continue  until  AB  is  reduced        +  +  +        _ 

to  the  potential  of  earth  (zero)  and     4/^J TXi 

AB  will  then  retain   just   sufficient    Ijx /- 

negative  charge  everywhere  to  pro-  "*" + 
duce  a  negative  potential  equal  to 
the  positive  potential  Q,  so  that  the 
actual  potential,  being  the  sum  of 
these,  is  zero.  The  distribution  of 
charge  will  be  somewhat  as  indicated 
in  Fig.  865  (a). 

Now  let  the  earth  connection  be  ^/       y 

broken,  and  then  let  Q  be  removed.  ' ' 

The  negative  charge  on  AB  cannot  FlG-  ft64  ~™ ^ 
get  away,  since  AB  is  now  insulated. 
The  charge  will  distribute  itself  over  the  body  AB  (Fig.  865  (b))t 
which  will  now  have  a  negative  potential  due  to  this  negative  charge. 
Attraction  of  light  bodies.— It  is  now  easy  to  explain  the  earliest 
known  electrical  phenomenon,  namely  that  a  piece  of  amber  rubbed 
with  cloth  will  attract  light  bodies,  such  as  small  pieces  of  paper  or 
pith.  The  amber  represents  the  charged  body  Q  in  Fig.  864  and 

the  conductor  AB  the  light  body. 
The  presence  of  the  charged  body 
causes  a  redistribution  of  charge 
upon  the  light  body,  the  charge 
(a)  nearer  to  Q  being  opposite  in  kind 

to    that    of    Q.       The    attraction 

between     the     unlike     charges     is 

"(B                 A)"  (6)  greater  than  the  repulsion  between 

"V. s-  the  like  charges,  since  these  are  at 

FIG.  ws  Ich^diTg  by  influence  £Je^er  distance  from  each  other. 

If  the  body  is  then  light  enough, 

and  free  to  move,  it  will,  as  a  whole,  be  attracted,  and  move 
towards  Q.  The  experiment  may  easily  be  performed  with  a  rod 
of  ebonite  or  sealing-wax.  The  Greek  name  for  amber  is  eiektron, 
and  it  is  from  this  that  the  name  '  electricity '  arises. 

If  Q  be  a  charged  conductor,  the  light  bodies  after  striking  it  will 
be  repelled  from  it,  since  they  will  then  be  charged  by  conduction 
from  Q,  and  having  then  the  same  kind  of  charge,  repulsion 
results. 


NT  /^~*\ 

)-         V"JV/ 
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EXPT.  214. — The  electroscope.  See  that  the  electroscope  (p.  922)  is 
perfectly  dry.  Rub  an  ebonite  rod  with  fui  and  bring  it  near  the  electro- 
scope. Observe  that  the  leaves  diverge.  While  the  rod  is  still  near, 
momentarily  touch  the  cap  of  the  electroscope  with  the  finger.  The 
leaves  collapse  because  the*  potential  is  reduced  to  zero.  Now  take  away 
the  rod.  The  leaves  diverge  because  the  potential  due  to  the  charge  upon 
them  is  unbalanced  by  that  due  to  the  charge  upon  the  rod.  Since  the 
rubbed  ebonite  has  a  negative  charge,  that  upon  the  electroscope  is  positive. 

Thoroughly  dry  the  pieces  of  fur,  silk,  and  cloth.  Also  rods  of  ebonite, 
sealing  wax,  glass,  shellac,  and  a  brass  tube  having  a  glass  handle. 
Take  each  rod  in  turn  and  rub  it  with  each  rubber,  and  m  each  case  test 
the  charge  upon  the  rod  and  the  rubber  by  bringing  each  in  turn  near 
the  electroscope.  Note  that  since  the  electroscope  has  a  positive  charge, 
its  potential  is  positive,  and  on  bringing  a  positive  charge  near  it,  its 
potential  is  raised  still  further  and  the  leaves  diverge  more.  Bringing 
a  negative  charge  near  it  lowers  its  potential  and  the  leaves  eollap&e. 

Tabulate  the  results  as  follows : 


Hod 

S.gn  of 
th.u  go 

Kubbed  with 

Sign  of 
di.irge 

Ebonite    - 

_ 

Fur  - 

+ 

(ilasH 

Silk  - 

Brass 

Fur  - 

Etc. 

Etc. 

Etc. 

Etc. 

Faraday's  ice-pail  experiments.— Several   very   important  facts 

concerning  electrified  conductors  were 
established  by  Faraday,  hollow  con- 
ducting cans  (such  as  ice-pails)  being 
used 

I.  The  can,  or  ice-pail,  is  placed  upon 
an  insulating  stand  and  connected  to  an 
electroscope.  A  charged  conductor 
suspended  by  a  silk  thread  is  then 
lowered  into  the  can.  Assuming  that 
the  charge  is  positive,  the  can  and 
xperi-  electroscope  will  now  have  a  positive 
vt*  potential,  and  the  leaves  diverge.  The 
distribution  of  charge  is  indicated  by  signs,  and  follows  that  indi- 
cated on  p.  933.  When  the  body  is  well  inside  the  can,  it  may  be 


FIG  sea  -Faraday*  ice- 
ment     Distribution 
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moved  about  without  altering  the  divergence  of  the  leaves  of  the 
electroscope.  On  removing  the  body  the  leaves  collapse,  as  the 
potential  then  returns  to  zero. 

If,  however,  while  inside,  the  body  be  allowed  to  touch  the  inside 
of  the  can,  no  alteration  of  the  leaves  is  observed  ;  and  on  removing 
the  body  there  is  still  no  alteration,  the  leaved  remain  diverged  and 
the  body,  if  tested,  will  be  found  to  have  entirely  lost  its  charge. 
Thus  the  charge  on  the  body  has  gone  entirely  to  the  can,  its  own 
positive  charge  and  the  negative  charge  on  the  inside  of  the  can 
having  neutralised  each  other,  being,  therefore,  equal  in  amount. 

Also,  since  the  body,  on  being  removed,  after  touching  the  inside  of 
the  can,  is  uncharged,  it  shows  that  no  charge  resides  upon  the  inside  of 
a  hollow  conductor. 

It.  Let  the  electroscope  be  dis- 
connected from  the  can  and  positively 
charged,  and  let  a  positive  charge  be 
also  given  to  the  can,  as  in  the  last 
experiment. 

On  lowering  the  suspended  uncharged 
body  into  the  can  and  then  connecting 

it  to  earth  for  a  moment  by  touching  FIG  867  Faraday's  ice-pail  expen- 
.,  ,  111-  ,11  i  men*  I hstribution  of  potential 

it    by   a   wire   held   in   the   hand,    its 

potential  is  lowered,  from  that  of  the  space  inside  the  can,  to  zero, 
a  current  flowing  to  earth,  thus  leaving  the  body  negatively  charged. 
This  negative  charge  may  be  demonstrated  by  bringing  the  body 
near  the  positively  charged  electroscope,  when  the  leaves  will  wholly 
or  paitially  collapse  (Fig.  867). 

It  can  be  shown  that  the  charge  produced  by  earthing- the  body 
inside  the  can  is  always  the  same,  wherever  the  body  may  be  situated 
within  the  can,  provided  that  it  is  not  near  the  opening.  This 
shows  that  the  potential  is  the  same  throughout  the  whole  of  the 
space  in  the  interior  of  the  can,  except  near  the  opening.  In  fact, 
the  whole  of  the  space  within  a  closed  conductor  is  at  the  same  potential, 
and  this  is  the  same  as  the  potential  of  the  conductor. 

Proof  plane. — It  has  already  been  seen  that  when  a  conductor 
is  hollow,  the  charge  resides  entirely  upon  the  outside.  This  fact 
may  be  demonstrated  much  more  satisfactorily  by  means  of 
a  proof  plane.  This  is  a  small  metal  plate  carried  upon  an  insu- 
lating handle.  It  may  be  made  to  coincide  approximately  with  the 
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surface,  the  charge  upon  which  it  is  required  to  examine  Two 
forms  of  proof  plane  A  and  B  arc  shown  in  Fig.  868.  On  placing  the 
proof  plane  upon  the  surface,  it  becomes  part  of  the  surface  and  the 


FIG  868.— Proof  plane. 


FlG  860  —  Distribution  of  charge 
on  «i  (  oiuliu  tor 


charge  is  shared  with  it.  On  taking  the  prooi  piano  away  it  carries 
the  charge  upon  it,  and  on  bringing  it  near  a  chaigod  electroscope 
the  charge  carried  may  be  examined.  When  using  the  hollow  con- 
ductor in  Fig.  868  no  charge  can  be  taken  from  A,  but  charge  can  be 
taken  from  B ;  thus  showing  that,  except  in  the  neighbourhood  of 

the  opening,  no  charge  resides  upon  the  insulc  of 

a  charged  conductor. 

Distribution  of  charge  on  a  conductor. — It  is  only 
upon  a  spherical  conductor  within  a  concentric 
conducting  space  that  charge  is  ever  distributed 
uniformly  In  thp  case  of  u  conductor  such  as  AB 
(Fig  869)  the  distribution  of  charge  is  somewhat  as 
indicated.  Where  the  surface  has  different  curva- 
tures at  different  parts,  the  accumulation  of  charge 
is  greater  where  the  curvature  of  the  surface  is 
greater  This  may  be  demonstrated  by  means  of 
the  proof  plane,  by  touching  various  part«  of  the 
surface  with  it,  and  examining  the  charge  by  means 
of  the  electroscope 

To  obtain  some  idea  of  the  relative  magnitudes 
ol  the  charges  from  different  parts  of  the  surface, 
it  does  not  suffice  merely  to  bring  the  charged  proof  plane  near  the 
electroscope.  Its  charge  must  be  given  up  completely  to  the  electro- 
scope and  the  divergence  of  the  leaves  noted.  For  this  purpose  a 
dan,  or  hollow  vessel,  is  placed  upon  the  cap  of  the  electroscope 


FIG  870— Faraday 
cylinder. 
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(Fig.  870)  and  the  proof  plane  with  its  charge  put  inside  the  can, 
contact  with  the  can  being  made.  It  is  then  certain  that  the  whole 
charge  is  given  up  to  the  can  and  electroscope  (p.  935).  This  vessel 
is  sometimes  known  as  the  Faraday  cylinder.  If  the  experiment  be 
performed  after  touching  the  conductor  (Fig.  869),  first  at  A,  then 
at  B,  and  then  at  C,  it  will  be  found  that  the  surface  density  of  the 
charge  is  greatest  at  B  and  least  at  C. 

Discharge  from  points.-  Since  the  density  of  the  clnrge  on  a  con- 
ductor is  greater  the  greater  the  curvature,  it  will  be  seen  that  at 
a  point  the  density  should  become  infinite.  An  absolute1  point 
cannot,  of  course,  be  obtained,  but  at  a  fairly  sharp  point  the  density 
of  the  charge  does  become  very  great.  In  the  neighbourhood  of 
a  great  density  of  charge  the  electric  field  becomes  very  great 
(p.  955).  Now  air  is,  as  a  rule,  non-conductmg,  but  for  a  very 


FlO.  871  — Discharge  from  a  Fio  872  — Demonstration  of 

point  oleetric  \\iml. 

electric  field  this  ceases  to  be  the  case,  and  the  aii  becomes  a  con- 
ductor (Chap.  LXXX).  Hence  the  charge  in  this  strong  field  passes 
away  from  the  point,  the  carrier  of  the  charge  being  the  air  itself, 
which  sti earns  away  from  the  point.  This  stream  is  sometimes  ('ailed 
an  ;  electric  wind.'  It  may  be  exhibited  by  connecting  a  pointed  wire 
to  the  conductor  of  an  electrical  machine  (p.  960),  which  produces  a 
quantity  of  charge  rapidly.  The  air  now  streams  from  the  point 
and  may  be  detected  by  a  candle  flame  near  the  point  (Fig.  871). 
A  further  illustration  of  this  may  be  given  by  making  four  pointed 
wires  into  a  little  wheel  (Fig.  872)  with  the  points  directed  all  the 
same  way.  On  balancing  the  wheel  on  a  needle  point  and  charging 
it  strongly  by  an  electrical  machine,  the  air  streams  from  the  points. 
The  momentum  given  to  the  air  has  its  counterpart  in  momentum 
given  to  the  wheel,  which  thus  rotates  as  shown. 

Capacity. — Since  the  presence  of  an  electric  charge  changes  the 
potential  at  all  points  in  its  neighbourhood,  it  is  obvious  that,  when 
a  positive  charge  is  placed  upon  a  conductor,  its  potential  is  raised. 
Similarly,  a  negative  charge  placed  upon  a  conductor  lowers  its 
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potential.  Unless  otherwise  stated,  it  will  be  assumed  that  the 
charge  placed  upon  a  conductor  is  positive. 

In  certain  cases  it  is  possible  to  calculate  the  change  of  potential  of 
a  conductor  produced  by  placing  a  given  charge  upon  it.  But  when 
the  conductor  has  not  a  simple  geometrical  form  the  potential  due 
to  a  given  charge  can  only  be  determined  by  experiment.  However, 
in  all  cases  there  is  a  definite  relation  between  the  charge  and  the 
potential  produced  by  that  charge,  and  we  shall  call  the  ratio  of 
the  charge  placed  upon  a  conductor  to  the  change  in  the  potential 
produced  by  that  charge,  the  capacity  of  the  conductor. 

Thus,  if  C  is  the  capacity,  Q,  the  charge,  and  V  the  potential  of 
the  conductor  due  to  that  charge,  then 


Capacity  of  a  sphere.  —  Imagine  a  sphere,  situated  at  a  considerable, 

distance  from  all  other  conductors. 
A  chai  go  placed  upon  it  will  be 
uniformly  distributed  over  it  In 
this  case  the  strength  of  field  at 
£  any  p<  >mt  outside  may  be  calculated 
on  the  assumption  that  the  charge 
is  all  concentrated  at  the  centre 
of  the  sphere  (p.  813).  Thus,  in 

*i«  87.1-charff.dhpii™  Fl-   873'  if  the  charSc  Q  be  uni- 

fornily  distributed  over  the  sphere 

whose  centre  is  at  O,  the  electric  intensity  at  P  is  Q/OP2  ,  exactly  as 
though  the  charge  Q,  were  ajl  concentrated  at  O. 

It  follows  from  the  reasoning  on  p  930  that  the  potential  at  P  is 
Q/OP.  Also  the  distance  of  the  bin  face  of  the  sphere  from  the 
centre  is  r,  the  radius  of  the  sphere.  Hence  the  potential  at  the 
surface  is  Q/r.  The  capacity  of  the  sphere  is  therefore  given  by 

n         .,          charge       Q  /ov 

Capacity  =  —  —  £-  =-=r  ............................  (2) 

1        J     potential     Q,  v  ' 

r 

Thus  tbe  capacity  of  a  sphere  is  numerically  equal  to  its  radius,  and 
since  the  centimetre  is  the  unit  of  length  for  all  scientific  purposes, 
the  capacity  of  a  sphere  is  numerically  equal  to  its  radius  in  centi- 
metres. 
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Concentric  spheres.—  It  was  soon  on  p.  935  that  when  a  charged 
conductor  is  situated  within  a  hollow  conductor,  an  equal  charge 
of  opposite  kind  is  situated  upon  the  inner  surface  of  the  hollow 
conductor.  Thus,  if  a  charge  +Q  be  .situated  upon  the  sphere  A 
(Fig.  874)  of  radius  a  cm.  there  will  be  produced  a  charge  —  Q  upon 
the  inner  surface  of  the  concentric  sphere 
B  of  radius  b.  This  sphere  being  earthed, 
its  potential  is,  of  course,  zero.  In  fact, 
the  charge  upon  B  must  be  such  that  the 
potential  is  zero.  Now  the  potential  of  B 
due  to  the  charge  -t-Q,  upon  A  is  +Q/6, 
and  the  potential  due  to  its  own  charge 
is  -  Q/?>,  the  resultant  potential  of  B 
being  zero. 

Again,  the  potential  of  A  due  to  the  charge  -fQ  upon  it  is  -f  Q/r/. 
Remembering  that  the  potential  within  a  closed  conductor  due  to 
the  charge  upon  it  is  uniform  and  equal  to  that  oJ  the  conductor 
(p.  935)  we  sec  that  the  potential  inside  B  due  to  the  charge  -  Q, 
upon  it  is  -  Q/6.  Q 

Hence,  resultant  potential  of  A  =  :*  -  " 


Fro.  874. — Concentric  spheres. 


Now  charge  upon  A  is  Q,  ;  hence,  by  definition 

ab 
b-a' 


Capacity  of  A  = 


,.(3) 


Thus  the  effect  of  surrounding  a  sphere  by  an  earthed  concentric 
sphere   is   to  increase   its   capacity  from 

a  to  =-- — .     This  may  be  written^ —  ,,. 
b-a  J  1  -  a/6 

which  is  very  nearly  equal  to  a  if  b  is 
very  great ;  but  as  b  becomes  smaller  the 
capacity  increases  until,  when  b  is  very 
nearly  equal  to  a,  the  capacity  becomes 
very  great. 

Another  way  of  expressing  the  capacity 
when  the  spheres   are   of  nearly  equal 

radius  is  of  importance.     The  thickness  of  the  air  space  is  b-a  =  t 

(Fig.  875). 

Then,  Capacitv  of  sphere  ~  7     -  =  — . 

r  b-a     t 


ITG.  875. — Nearly  equal  spheres 
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When  b  is  very  nearly  equal  to  a,  a2  may  be  written  for  ab. 

a2 
Capacity  =  -. 

C 

But  the  whole  area  of  the  sphere  is 


a 
.'.  Capacity  per  square  centimetre  =  ;  •  -<     2 


Parallel   plates.    -Equation  (1)  only  becomes  strictly  valid  when 
the  radius  of  the  sphere  is  infinite.     But  in  this  case  the  surface  is 

plane.     Hence  the  capacity  per  square 

+~~+    +     +     + +    + + ~     centimetre  of  a  plate  A,  at  a  distance 
------     t  from  an  earthed  parallel  plate  B,  is 

1/-47J-J,  and  for  an  area  of  A  square 
centimetres, 


t 


Fio  870  -  Parallel  platrs 


Capacity  = 


.(5) 


B 


Of  course  the  plates  must  bo  of  such  a  great  extent  that  the  area 
considered  is  not  near  the  edges.  Near  the  edge  of  any  actual  pair 
of  parallel  plates  the  charge  is  not  distributed  uniformly  and  the 
capacity  is  no  longer  given  by 
the  above  simple  expression. 

It  will  be  noticed  that  the 
capacity  of  the  insulated  plate 
increases,  the  nearer  the  eaithed 
plate  is  brought  to  it  This  vj — I-  + 

may  be  demonstrated  bv  con-  -  + 

riectmg   the   insulated  plate  A  -  + 

(Fig.  877)  to  the  electroscope 
and  charging  it.  The  leaves 
diverge  to  an  extent  correspond- 
ing to  the  potential  of  A.  On  i  i  [  -| 

bringing  the   earthed    plate   B  no  877 -Ptote  coiuiewer 

nearer  to  A  the  divergence  of 

the  leaves  will  decrease,  showing  that  the  charge  upon  A  no  longer 
raises  it  to  such  a  high  potential  as  before.  Thus  the  capacity  of  A 
must  have  increased  On  removing  B  to  its  original  distance  the 
leaves  diverge  again  to  their  first  position,  showing  that  the  potential 
has  again  risen  and  the  capacity  therefore  decreased.  The  arrange- 
ment is  called  a  condenser. 

Leyden  jar.  —A  convenient  form  of  conductor  having  large  capacity 
may  be  made  by  coating  a  glass  jar  A  (Fig.  878)  with  a  layer  of 
tinfoil  C  inside,  and  another  layer  B  outside.  These  layers  form 
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approximately  parallel  sheets,  of  which  C  is  insulated  and  B  is  earthed 
by  standing  on  the  table  or  being  hold  in  the  hand.  D  is  a  wire 
conductor  which  makes  contact  with  C,  and  is  provided  with  a  knob 
for  making  contact  with  external  bodies.  The  capacity  of  C  is 
much  greater  than  if  there  were  no  earthed  parallel  conductor  B 
On  touching  D  to  the  conductor  of  an  electrical  machine  (p.  9G1) 
C  will  acquire  a  considerable  charge,  and  on  short  circuiting  D  and  B 
by  a  pair  of  discharging  tongs  held  by  a  glass  handle,  a  considerable 
spark  will  occur  when  the  air  gap  becomes  small  enough.  Both  the 
glass  jar  A  and  the  glass  handle  of  the  discharging  tongs  should  be 
varnished  with  shellac  varnish  in  order  to  render  them  good 
insulators.  The  apparatus  is  called  a  Leyden  jar. 


Fltt   878  — Levden  jar. 


in  parallel. 


Condensers  in  parallel. — Let  a  number  of  condensers,  CJ?  C2,  C3,  etc., 
be  joined  in  parallel  between  two  points  A  and  B  (Fig.  879).  To 
find  the  resulting  capacity,  imagine  a  charge  Qj  situated  upon  the 
insulated  plate  of  Cl5  Q2  upon  that  of  C2,  etc.  Then  the  potential 
of  A  is  Q1/C1  =  Q2/C2^Ci3/C3  =  V,  these  three  potentials  being  the 
same,  since  the  insulated  conductors  are  joined  together  ; 
.*.  Qi-CjV,  Q2-C2V,  and  Q3  =  C3V. 

Now  the  total  charge  Q  is 


Q> 

••  v^Cl+C2 

\  is  the  resultant  capacity  C  ; 


Thus,  when  condensers  are  joined  in  parallel  the  resulting  capacity  is  the 
sum  of  the  separate  capacities. 


A|        B      C          D     E        |M 
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Condensers  in  series.  —  Let  the  condensers  be  connected  in  series, 
ad  in  Fig.  880,  the  last  plate  of  the  last  condenser  being  earthed. 

Since   the   opposite    plates    of 

+Q  -Q     +Q  -Q      +Q  -Q  any  condenser  have  equal  and 

opposite  charges,  when  charge 
-f  Q  is  given  to  A,  B  will  have 

C,'          '  C/  charge     -Q        But    B    and    C 

Fio880.-Conae,^r«mseneS  together     are     insulated     from 

other     conductors,    and    their 

total  amount  of  charge,  if  zero  at  first,  must  remain  zero.  There- 
fore, charge  on  C^=  -fQ  Similarly,  that  on  D  or  M  is  -Q,  and 
that  on  E,  +Q  Now, 

Difference  of  potential  between  A  and  B  =  -  . 

ci 

CandD-- 

°2 

„  „  „        EandM-    -, 

°3 

.'.  Total  difference  of  potential  between  A  and  M 

=  *+*+*=.* 

GI     C2    C3 

But  if  C  is  the  resultant  capacity  between  A  and  M, 


1 
Knd 


.       _++ 

C        Cj        Co        C«j 

1111 


Therefore,  for  condensers  in  series  (sometimes  said  to  be  in  cascade) 
the  reciprocal  of  the  resultant  capacity  is  the  sum  of  the  reciprocals  of  the 
separate  capacities. 

Energy  of  charge.  —  From  the  occurrence  of  a  spark  when  the 
Leyden  jar  is  discharged,  it  may  be  inferred  that  the  jar  has  energy 
stored  in  it  when  charged.  In  fact,  whenever  a  conductor  is  dis- 
charged, work  is  being  done,  a  strict  measure  of  which  is  the  energy 
dissipated  in  the  form  of  heat,  or  otherwise,  when  the  current  flows. 
It  is  possible  to  calculate  the  energy  associated  with  any  charge 
when  we  know  the  potential  at  the  place  occupied  by  the  charge. 
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(]  A    Charge 

FIG.  881. — Energy  diagram. 


Let  us  imagine  that  a  conductor  is  at  first  at  zero  potential  and 
without  charge.  From  the  definition  of  potential  (p.  929)  it  will 
then  be  seen  that  to  bring  up  a  very  small  charge  from  infinity  and 
put  it  on  the  conductor  requires  an  amount  of  work  depending  upon 
the  potential  of  the  conductor.  It  is  zero  if  the  potential  is  at  first 
zero.  But  after  placing  the  charge  upon  the  conductor  its  potential 
will  no  longer  be  zero.  If  the  charge  upon  the  body  and  the  potential 
be  plotted  in  the  form  of  a  graph 
(Fig  881),  then  to  bring  an  addi- 
tional small  charge  q,  when  the 
potential  is  v,  the  work  is  q  x  v, 
and  is  represented  by  the  rec- 
tangular strip  of  height  v  and 
width  q.  Continuing  this  process 
for  the  whole  increase  of  charge 
from  zero  up  to  Q,  the  work  done 
is  represented  by  the  sum  of  all 
such  strips  as  qv,  and  is  the  area 
OAB  when  the  strips  are  made 
sufficiently  narrow.  Since  the  potential  is  proportional  to  the 
charge,  OB  is  a  straight  line,  and  therefore  the  total  work  done  is 
iOAxAB  But  if  OA  is  the  final  charge  Q,  and  AB  the  final 
potential  V, 

Work  done,  or  energy  of  charge  —  JQV  ergs. 

Remembering  that  Q  =  CV,  we  have 

Q2 

Energy  of  charge  =  iQV  =  JCV2  =  I      ergs. 

This  energy  is  available  to  produce  the  current  when  the  conductor 
is  discharged.  In  most  ca.ses  it  appears  entirely  in  the  form  of  heat 
in  the  wire  carrying  the  current,  or  in  the  case  of  a  spark  discharge, 
owing  to  the  high  temperature,  light  and  also  sound  may  be  produced. 

Loss  of  energy  on  sharing  charge  between  two  conductors.  —  Let 
the  charge  Q.  be  situated  upon  a  conductor  A  of  capacity  Ct.  Then 
on  connecting  A  to  a  second  conductor  B  of  capacity  C2,  the  charge 
becomes  shared  between  A  and  B  by  some  of  it  flowing  from  A  to  B. 
At  first  the  potential  of  A  was  Q/Ct,  but  when  connected  to  B  the 
potential  is  Q/^-fCa),  which  is  less  than  Q/C^  Hence  the  same 
charge  Q,  is  situated  upon  a  conductor  of  less  potential  than  pre- 
viously, and  the  energy  must  therefore  be  less.  The  energy  has  been 
used  up  in  driving  the  charge  through  the  conductor  connecting 
A  and  B,  which  is,  of  course,  heated  in  the  process. 

Practical  unit  of  capacity  (the  farad).—  In  practice  it  is  useful  to 
have  a  unit  of  capacity  founded  upon  the  volt  and  the  coulomb. 
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Thus,  a  capacity  such  that  a  charge  of  1  coulomb  raises  the  potential 
to  1  volt  LS  said  to  be  1  farad.  The  farad  is  rather  largo  for  ordinary 
purposes,  so  that  the  standards  usually  constructed  for  laboratory 
purposes  are  one-millionth  of  a  farad  This  is  called  a  micro-farad  ; 

/.   1  farad  =  108  micro-farads. 

The  farad  is  founded  upon  the  electro-magnetic  system  of  units, 
being  derived  fiom  the  volt  and  ampere  There  is,  however,  a 
relation  between  this  unit  and  the  electrostatic  unit  of  capacity, 
which  cannot  be  discussed  here.  Suffice  it  to  say  that 

1  fin  ad  =  9  x  1011  electrostatic  units  of  capacity. 

EXERCISES  ON  CHAPTER  LXXII 

1.  Describe  a  Leyden  jar  and  explain  its  action. 

If  you  wer°  given  two  Leyden  jars,  a  means  of  charging  them  at  a  con- 
stant potential,  and  a  gold-leaf  eleetroseope,  how  would  you  determine 
which  jar  has  the  greater  capacity  ?  Sen.  Camb.  Loc. 

2.  An  insulated  sphere  of  radius  26  em    is  surrounded  by  a  concentric 
earthed  sphere  of  radius  30  cm      Find  the  charge  required  to  raise  the 
potential  of  the  insulated  sphere.'  to  IH)  units,  and  also  the  energy  of  the 
charge. 

3.  How  would  you  show  that  there  is  no  cleotiic  chaicc  on  the  inner 
surface  of  a  charged  insulated  hollow  conductor  ? 

A  conductor  A  has  a  capacity  of  10  and  a  potential  of  50  ;  another 
conductor  B  is  of  capacity  0  and  potential  65.  Calculate  the  charges 
on  A  a»id  B  after  they  have  been  connected  by  a  long  thin  wire. 

4.  Describe  how  it  may   be  shown  experimentally   that   there  is  no 
free  charge*  on  the  inn^i  surface  of  a  hollow  charged  conductor. 

Two  equal  spheres  of  water,  having  equal  and  similar  charges,  coalesce 
to  form  a  larger  sphere.  If  no  charge  is  lost,  how  will  the  surface  density 
of  electrification  change  ?  L  U. 

5.  What  is  meant  by  the  electrical  capacity  of  a  condenser,  and  on 
what  does  it  depend. 

Two  Leyden  jars  of  capacity  Ct  and  C2  are  respectively  connected  (a) 
in  parallel,  (b)  in  series  ;  find  the  resultant  capacity  in  each  case.  L.U. 

0.  Two  concentric  metal  spheres  are  insulated  from  earth  and  from 
one  another  and  a  chaitre  of  +  c  is  given  to  the  inner  sphere.  What  will 
be  the  electrical  condition  of  the  outer  sphere  ?  How  will  it  be  changed 
(«)  by  connecting  the  outer  sphere  to  earth  momentarily,  and  (6)  by  after- 
wards connecting  the  inner  sphere  to  earth  ?  VL.U. 

7.  Explain  how  the  distribution  of  a  charge  of  electricity  over  the  surface 
of  a  conductor  depends  on  its  shape,  and  describe  how  you  would  verify 
your  statements. 

Explain  the  action  of  the  pointed  rods  used  as  collectors  on  electrical 
influence  machines.  L.U. 
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8.  Show  how  the  energy  of  a  charged  condenser  depends  on  its  charge 
and  the  potential  difference  between  the  plates. 

What  i*  the  energy  of  a  sphere  of  radius  r  when  charged  with  Q,  units 
of  electricity  ?  L.U. 

9.  Define  electrostatic  potential. 

Obtain  an  expression  for  the  potential  at  a  point  due  to  a  spherical 
conductor  charged  with  a  units  of  electricity. 

Two  small  conductors  30  cm.  apart,  have  positive  charges  of  10  and 
20  units  respectively.  Calculate  (a)  the  force,  (b)  the  potential,  at  a 
point  midway  between  them.  L.U. 

10.  Define  the  term  w"  capacity  of  a  conductor.1' 

Calculate  the  capacity  of  an  insulated  conducting  sphere  24  em.  in 
diameter,  surrounded  by  a  concentric  earthed  sphere  26  cm.  in  diameter. 

What  is  the  energy  of  a  charge  of  5  electrostatic  units  communicated 
to  the  insulated  sphere  ?  L.IT. 

11.  Define  the  electrostatic  and  the  electromagnetic  unit^  of  capacity. 
Thren  efjuil  condensers  joined   in   parallel  and  connected  to  a  cell  of 

e.m.f.  2  volts  produce  1  8  microcoulombs  on  discharge  through  a  galvano- 
meter. What  would  they  produce  if  joined  in  series  or  cascade  ?  What 
is  the  capacity  of  each  condenser  ?  L.  LJ. 

12.  A  condenser  whone  capacity  is  3020  units  has  a  potential  of  35  units. 
Calculate  the  potential   when  tins  condenser  is  connected  to  another  of 
capacity  4530  units. 

13.  The  insulated  conductor  of  a  spherical  condenser  A  has  a  charge  of 
4-40  units  and  that  of  a  similar  condenser  B  has  a  charge  of    +25  units. 
The  spheres  of  A  have  radii  18  cm.  and  20  cm.  and  those  of  B45  cm.  and 
50  cm.     Find  the  direction  of  flow  of  the  current  on  conn™  ting  the  insulated 
sphere  of  A  to  that  of  B. 

14.  In  Question  13,  calculate  the  total  energies  of  the  charges  before 
and  after  connecting  the  insulated  spheres  together. 

15.  A  parallel  plate  condeiisei  has  ares,  35  s(j.  cm.,  a  charge  of  50  units, 
and  the  distance  between  its  plates  is  3  mm.     Calculate  the  energy  ot  the 
charge. 
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Gold-leaf  electroscope  used  as  an  elrotrometer.—  An  electrometer,  as 
its  name  implies,  is  an  instrument  for  measuring  electrical  potential, 

whereas  the  ordinary  gold-leaf  electro- 
scope as  usually  employed  will  only 
indicate  a  rise  or  a  fall  of  potential, 
without  measuring  it  The  electroscope, 
however,  has  been  made  into  an  instru- 
ment capable  of  fair  accuracy  for 
measuring  potentials  by  Mr  C  T.  R. 
Wilson 

The  leaf  of  gold,  or  aluminium  D,  is 
supported  by  a  wire  (Fig  882)  and 
connection  can  be  made  between  it 
and  the  conductor  E  by  means  of  a 
piece  of  wire  carried  by  a  spring.  On 
depressing  E,  the  wire  comes  into  con- 
tact with  the  wire  supporting  the  leaf, 
making  metallic  connection.  The  tube 
carrying  the  conductors  is  insulated  by 
nn  ebonite  plug.  The  leaves  are  sur- 
rounded by  the  brass  box  A,  having  a 
circular  window  thiough  which  they  are 
observed  by  a  short-focus  telescope 
having  a  finely  divided  scale  in  the 
eyepiece.  The  position  of  the  image  of  the  leaf  on  the  eyepiece 
scale  indicates  the  potential  of  the^leaf.  It  is  necessary,  however, 
to  calibrate  the  scale  by  applying  known  potentials  and  noting  the 
positions  of  the  leaf,  before  any  readings  of  potential  can  be  made 
by  the  instrument, 


Fia  882  — The  Wilson  electroscope 
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Quadrant  electrometer. — For  accurate  measurement  of  small 
potentials  the  quadrant  electrometer  is  much  superior  to  the  gold- 
leaf  electroscope.  This  consists  of  four  hollow 
quadrants  AABB  (Fig.  883)  with  a  paddle- 
shaped  conductor  C  (sometimes  called  the 
'  needle  ')  hanging  within  them.  This  paddle 
is  carried  by  a  wire  support  W  to  which  a 
small  concave  mirror  is  attached,  the  whole 
being  suspended  by  a  quartz  fibre.  This 
arrangement  enables  the  deflection  of  the 
paddle  to  be  observed,  exactly  as  in  the 
case  of  the  reflecting  galvanometer  (p.  864).  FIG  ^^^  liwulrallt  of 
In  Fig.  884  the  arrangement  of  a  quadrant  the  electromotor. 

electrometer  is  shown.  The  quadrants  Q^ 
are  supported  upon  amber  blocks  A,  andl 
two  of  the  quadrants  are  drawn  back  so> 
that  the  paddle  inside  them  can  be  seen.. 
F  is  the  quartz  fibre  and  M  the  mirror,  rv 
is  a  conductor  through  which  the  paddle^ 
can  be  charged  before  any  measurements} 
are  made. 

When  in  use  the  paddle  hangs  symmetri- 
cally between  the  quadrants  when  A,  B  andl 
t  C  are  all  at  zero  potential  (Fig.  883).     The. 

quadrants  AA 
are  connected 
together  by  a 
wire  so  that 
they  must 
always  have 
the  same  po- 
tential, which 
we  shall  call 
VA  ;  similarly, 
BB  are  con- 
nected to- 
gether, and 
their  potential 

FIG.  884.— The  ouadnmt  elecf  remoter,  will    be.  called 
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VB.     It  can  then  be  shown  that  with  these  potentials  the  needle  will 
be  deflected  from  its  zero  position  by  an  amount  0,  where 


Vc  being  the  potential  of  the  paddle  In  practice  Vc  is  always  a 
much  higher  potential  than  VA  or  VB,  so  that  when  these  are  small 

the  term  (  Vc — ~ — B)  is  practically  constant,  and  we  may  write 

0  =  MVA-VB), 

where  K  is  now  a  constant,  to  be  determined  by  experiment  It  is 
thus  seen  that  the  deflection  is  proportional  to  the  difference  of  potential 
between  the  pairs  of  quadrants. 

That  the   needle   will    undergo   a  deflection   may  bo   seen    fiom 
Fig.  8B5.     Suppose  the  paddle  to  be  positively  charged  and  the  pair 


FIG.  38,")  —Charges  on  the  quadrants 


Flo  886  —Use  of  the  electrometer. 


of  quadrants  AA  positively  and  BB  negatively  charged.  It  will  be 
noticed  that  the  upper  half  of  the  paddle  in  the  figure  will  expenenle 
a  force  driving  it  towards  the  left,  and  the  lower  half  a  force  driving 
it  towards  the  right.  This  is  equivalent  to  a  couple,  and  the  paddle 
will  rotate  until  the  opposite  couple  due  to  the  twist  in  the  suspension 
fibre  brings  it  to  rest. 

Note  that  if  the  quadrants  B  are  connected  to  earth  they  may  be 
taken  to  be  at  zero  potential,  and  then  the  deflection  is  proportional 
to  the  potential  of  A,  thus  0  =  KV 

EXPT.  215.— Comparison  of  e.m.f.'s  of  cells.  Connect  the  case  of  the 
electrometer  to  earth  by  means  of  a  pieee  of  copper  wire  bound  round 
one  of  the  supply  water-pipe**  in  the  laboratory  or  outside.  Connect 
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the  A  quadrant  to  (a)  one  of  four  holen  (a,  6,  c  and  d)  (Fig.  886)  dulled  in 
a  piece  of  paraffin  wax  and  tilled  with  mercury.  Connect  B  to  ?>,  taking 
care  that  in  each  case  the  connecting  wires  are  well  insulated.  Connect 
the  paddle  of  the  electrometer  for  a  moment  to  one  terminal  of  a  100  volt 
supply,  the  other  terminal  being  earthed.  These  connections  should  only 
be  made  by  the  student  under  supervision.  Now  let  B  be  also  connected 
to  earth.  To  adjust  the  instrument,  join  a  and  b  by  a  short  wire  connection. 
All  the  quadrants  are  now  earthed.  The  instrument  should  now  l>e 
levelled  and  the  spot  of  light  adjusted  to  zero  by  turning  the  suspension 
head.  When  all  is  ready,  join  one  of  the  cells,  Ep  whose  e.m.f.'s  are 
to  be  compared,  to  c  and  d.  Place  connectors  to  join  a  and  c  and 
also  b  and  d,  and  observe  the  deflection.  Now  remove  the  (onnectois 
to  join  <t  and  d,  b  and  c.  The  deflection  is  reversed  and  should  be  again 
noted. 

Replace  tho  cell  Et  by  another  EL>  and  repeat  the  observations.     Tabulate 
the  iesults  as  follows  : 


S'amo  of  coll 

Deflection  fought 

Deflection  to  left. 

Mt.in  deflection  (0) 

E  in  f  .  of  cell 

Then,  Ej/E.>  — #J(  0,.  If  one  of  the  cells  be  a  standard,  the  e.m.f.  of 
the  other  can  be  calculated. 

Electrostatic  voltmeter. — For  certain  purposes  the  needle  of  the 
electrometer  is  connected  to  one  pair  of  quadrants,  and  has  then 
the  potential  of  that  pair.  Let  it  be  connected  to  the  A  quadrants. 
Then  VC  =  VA,  and  the  expression  for  the  deflection, 


becomes  6  <x   (VA-VB)2. 

The  points  between  which  it  is  required  to  find  the  difference  of 
potential  are  then  connected  to  A  and  B  and  the  deflection  is  pro- 
portional to  the  square  of  the  difference  of  potential.  Moreover, 
since  the  deflection  is  proportional  to  the  square,  it  is  in  the  same 
direction  whether  VA  -  VB  is  positive  or  negative.  Hence,  since  the 
deflection  is  always  in  one  direction,  the  instrument  may  be  used  on 
alternating-current  circuits.  If  the  scale  be  calibrated  to  read  volts, 
then  on  an  alternating-current  circuit  it  reads  virtual  volta. 

A  quadrant  electrometer  is  not  mechanically  strong  enough  to  be 
used  as  a  voltmeter.  It  is  therefore  generally  made  with  a  stout 
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suspension,  and  to  obtain  sufficient  sensitiveness,  the  axle  (Fig.  887) 
has  a  number  of  paddles  attached,  which  hang  in  the  spaces  between 
a  number  of  quadrants  A  pointer  is  attached,  which  moves  over 
a  scale  calibrated  in  volts.  Such  an  instrument  is  usually  called  a 
multicellular  electrostatic  voltmeter. 

One  great  advantage  of  the  electrostatic  voltmeter  lies  in  the  fact 
that  on  a  continuous-current  circuit  no  current  flows  in  the  instru- 
ment. In  this  respect  it  is  an  ideal  voltmeter  (p.  875). 


Fro   887  —Electrostatic  voltmeter 


FlU    .W88 — Comparison  ot 


Comparison  of  capacities.  --There  are  many  ways  of  comparing 
capacities,  but  the  following  is  one  ol  the  simplest.  On  giving  a 
charge  4-Q  to  the  condenser  of  capacity  C,  (Fig.  888)  its  potential 
V\  is  Q/Ct.  Now  let  the  second  condenser  of  capacity  C2  be  connected 
to  the  first,  so  that  the  charge  is  shaied  between  "them.  Their 
potentials  must  now  become  the  same,  a  charge  +  q  passing  from 
the  first  to  the  second  condenser.  This  loweis  the  potential  of  the 
first  from  Vt  to  V2,  the  final  common  potential  ; 


At  the  same  time  the  potential  of  the  second  condenser  is  raised 
from  zero  to  V2  ; 

'  " 


or, 


.'.  C1(V1-V2)  =  C2V2, 
C|         V 
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If  the  potentials  V?  and  V2  are  measured  by  means  of  the  quadrant 
electrometer,  the  ratio  of  the  capacities  can  thus  be  found. 

EXPT.  216. — Comparison  of  capacities.  Set  up  the  electrometer  as  in 
Expt.  215.  Connect  the  insulated  plate  of  each  condenser  to  one  terminal 
a,  b  of  the  key,  the  other  two  terminals,  c  and  rf,  being  joined  to  a  cell. 
The  earth  connections  are  shown  in  Fig.  888.  Connect  a  and  c,  thus 
charging  the  condenser  Cl  to  potential  VT,  and  observe  the  electrometer 
deflection  0,,  while  terminal  b  is  earthed.  Inmlato  b  and  remove  the 
connector  from  c  to  b,  so  that  the  charge  in  C(  is  shared  with  C_,,  and  again 
note  the  deflection  02.  Then,  since  the  deflections  are  proportional  to  the 
potentials,  Q  \/ 1  Q> 

C.  =  V1-"va==01"- 0/ 

Dielectrics. — In  all  the  discussions  so  far,  it  has  been  considered 
that  the  charged  conductors  have  been  surrounded  by  air.  The 
air,  however,  might  be  replaced  by  any  non-conducting  medium 
without  altering  the  distribution  of  the  charges.  If  the  medium 
between  the  charges  were  conducting,  the  charges  would  at  once 
move  in  the  direction  of  the  electrical  field  at  eacli  point,  and  would 
continue  to  move  until  the  potential  throughout  the  whole  of  the 
medium  became  uniform.  Thus  there  would  no  longer  be  any 
electrical  field  in  the  medium.  Hence  there  cannot  be  any  statical 
condition  involving  an  electrical  field  in  a  conductor.  But  when 
the  charges  are  separated  by  a  non-conductor  the  charges  cannot 
move  and  the  electrostatic  field  may  therefore  persist  permanently 
in  the  medium.  For  this  reason  non-conductors  urc  frequently 
called  dielectrics,  or  media  in  which  there  can  be  an  electric  field, 
without  the  charges  being  caused  to  move. 

Dielectric  constant.-  The  definition  of  unit  charge  and  the  law 
of  force  between  charges  (p.  925),  are,  strictly  speaking,  only  valid 
when  the  charges  are  situated  in  a  vacuum.  But  for  most  practical 
purposes,  the  replacing  of  vacuum  by  air  would  not  produce  an 
appreciable  difference.  While  true  for  most  gases  besides  air,  this 
is  certainly  not  true  for  liquid  or  solid  dielectrics. 

If  two  charges,  q{  and  q».  be  immersed  in  a  dielectric,,8uch  asx  say, 
paraffin  oil,  the  force  between  them  will  be  less  than  in  air,  and  must 
be  represented  by  the  modified  equation  : 

Force  =  £J22  dynes, 
where  k  is  some  number  depending  upon  the  nature  of  the  medium. 
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This  quantity  (k)  is  called  the  dielectric  constant,  or  specific  inductive 
capacity  of  the  medium  For  solid  paraffin  the  dielectric  constant  is 
about  2-3,  arid  therefore,  for  charges  immersed  in  it,  the  force  between 
them  is  7ir/2/2'«W2  dynes.  The  following  is  a  table  of  the  dielectric 
constants  of  several  important  substances  • 


Substance 

Ihtlcctiu- 
(  onsttnt  (/) 

Ordinary  glass 
Plate  glass      - 
Ebonite 

8«  15 
1-67 

:H5 

Sulphui            - 
Mica       - 

381 
0  01 

Paraffin  (solid)         -                   i     L>  3 
Petroleum       -         -          -          '     "2  0 

Water    -         -         -         -           SO 

Air  (at  70  cm   pressme)  - 
Hydrogen  (70  cm   press  ) 

1  oooo 

1  OIXKJ 

Effect  of  dielectric  upon  potential.  On  refemng  to  p  MO  it  will 
be  seen  that  the  potential  at  any  point  due  to  a  charge  -f  Q,  is  obtained 
by  finding  the  work  done  in  tiansferimg  a  unit  charge  from  infinity 
to  the  point.  Jn  oidei  to  find  the  work  done  m  anv  small  step  of 
this  transference,  the  average  force  is  multiplied  by  the  distance. 
When  the  dielectric  is  other  than  air  or  vacuum,  the  distances  are, 
of  course,  all  unchanged  but  every  force  is  diminished  in  the  ratio 
I/A:  ;  that  is,  it  becomes  I//  of  what  it  was  for  air  Hence  the 
average  force  for  the  step  A,*  (Fig.  802)  becomes  Q/kax  instead  of 
Q,/ajL,,  and  the  work  becomes 


Q 


Q 

,- 
ka 


Q 
.    . 

kx 


This  factor  \/k  enters   into  every  term  in  the  series,  the  sum  of 
which  jjjivoa  the  woik  done      Therefore 


V7ork  done  • 


Q 
hi 


Q 
13)' 


Considering  B  to  be  at  infinity,  the  potential  at  A  is  Q/ka.  Hence 
the  effect  of  changing  air  for  a  dielectric  of  constant  k,  is  to  reduce  the 
potential  to  i/k  of  its  previous  value. 

Effect  of  dielectric  upion  capacity. — It  is  now  easy  to  see  that  the 
dielectric  surrounding  a  conductor  affects  its  capacity  For  on 
putting  a  charge  +  Q  upon  the  conductor,  the  potential  at  any  point 
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with  air  as  dielectric  would  be,  say,  V.  but  with  the  dielectric  of 
constant  /.*  instead  of  air  tlie  potential  is  V/k  Thus  the  capacity 
will,  by  definition  (p.  «)38),  l)o  Q^-  V/k  &Q/V.  That  is,  it  is  k  times 
the  capacity  with  air  as  dielectric.  It  follows  that 


Capacity  of  sphere 


kab 


Capacity  of  concentric  spheres  ~  1        ; 

u  —  Ct 


Capacity  of  parallel  plates       — 


/;-A 

\7Tt' 


In  tho  ea^e  of  the  sphere,  the  dielectric  must  extend  uniformly  to 
a  jiieat  distance,  piacticully  infinity,  all  lound  the  sphere.  On  tlu3 
other  hand,  for  the  concentric  spheres  and  the  parallel  plates,  the 
dielectric  need  only  occupy  the  space  between  the  earthed  plate 
and  the  insulated  plate  ;  because  this  is  the  only  region  occupied 
by  the  electric  field  under  consideration  It  is  only  the  region 
occupied  by  the  electric  field  that  need  be  filled  with  the  dielectric 

EXPT.  217. — Effect  of  the  dielectric  uponwiapacity.  Connect  one  of  two 
insulated  parallel  plates  A  (I^ig.  889)  to  the  gold  -leaf  electroscope  and  charge 
it.  Earth  the  other  plate  B.  The  diver- 
gence of  the  leaves  now  corresponds  to 
the  potential  due  to  tht  charge  upon  A. 
Now  introduce  a  slab  of  glass  or  ebonite 
between  the  plates.  Note  that  the  leaves 
partially  collapse1.  Tins  sho\\w  that  the 
potential  of  A  has  fallen ,  the  charge 
upon  it  does  not  now  raise  it  to  tho 
original  potential,  so  that  its  capacity 
must  have  increased.  Remove  the  slab 
and  note  that  the  leaves  return  to  their 
original  divergence.  The  effect  of  introducing  the  slab  of  dielectric  is 
therefore  to  increase  the  capacity  of  the  condenser. 

Capacity  of  Leyden  jar.  If  the  glass  of  the,  Leyden  jar  (Fig.  878) 
be  not  very  thick,  the  inner  and  outer  coatings  may  be  considered  to 
be  parallel  plates.  Let  the  total  area  of  the  inner  tinfoil  be  Asq.  cm. 
and  the  thickness  of  the  glass  be  t  cm.,  then  the  capacity  of  the  jar 
is  A:A/4:7r/.  Taking  the  dielectric  constant  of  the  glass  as  8,  the 
capacity  will  be  8A/47T/  Thus  with  an  area  of  inner  tinfoil  of 
750  sq.  cm.  and  a  thickness  of  glass  2  mm.,  the  capacity  would  be 

I o79  =  ^^  units  approximately.     Thus  the  capacity  would  be 

equal  to  that  of  a  sphere  of  radius  2380  cm.,  or  47-6  metres  diameter. 


B 


880.—  Con  den  ser   with   dielectric 
slab 
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EXAMPLE.  —  Find  the  capacity  of  a  condenser  consisting  of  two  rect- 
angular sheets  of  tintoil  30  cm.  x  20  cm.  separated  by  a  sheet  of  mica 
0  2  mm.  thick,  taking  tho  dielectric  constant  ot  mica  as  6  6. 


66x30 


20     ir_Kn 

,-15750  units. 


Capacity  ^ 


Measurement  of  dielectric  constant.  —  From  the  effect  of  the 
dielectric  upon  the  capacity  of  a  condenser  (p  953)  it  is  possible 
to  dei  ive  a  method  for  measuring  dielecti  ic  constants.  If  the  capacity 
C  of  a  condenser,  having  air  as  dielectnc,  can  be  measured,  and  then 
the  capacity  Cl  with  some  other  medium  as  dielectric,  we  have 


where  k  is  the  dielecti  ic  constant  of  the  medium       H  is  not  necessary 
to  measure  the  capacities   in  absolute  measure  ;    the  ratio  of  the 

capacities  with  the  medium 
and  with  au  as  dielectric  only 
need  be  found  Faraday  was 
the  first  to  employ  this  method, 
and  by  means  of  it  he  investi- 
gated the  properties  of  several 
insulators  Two  spherical  con- 
densers, AB,  A'B'  (Fig  890),  as 
ueaily  as  possible  alike,  are 
employed  The  two  insulated 


Fid.  890.-  Faraday's  indhotl  ot  imM-.uium  f> 


conductors  A  and  A'  are  first 


joined  together  and  charged.  Sin  e  they  must  now  be  at  the  same 
potential,  they  will  have  equal  charges  it  the  capacities  aie  the 
same.  On  insulating  B  and  B'  and  connecting  A'  to  B  and  A  to  B' 
the  respective  positive  and  negative  chaiges  neutralise  each  other  if 
they  are  equal,  so  that  no  charge  remains.  If  the  remaining  charges 
are  zero  then  the  two  capacities  must  be  equal.  The  space  inside 
A'B'  is  now  filled  with  the  dielectric  shellac,  or  sulphur,  etc.,  which  is 
poured  into  the  space  in  a  molten  condition  The  ratio  of  the 
capacities  C  of  AB  and  C'  of  A'B'  is  now  measured  as  on  p.  950.  The 
value  C^/C  is  the  dielectric  constant  k 
Faraday  only  half  filled  A'B'  with  the  dielectric,  in  which  case 

C'  =  °4  =  °(l+*),          .-.*  =  2°'-l. 


LXXIII  MEASUREMENT  OF  DIELECTRIC  CONSTANT  955 

The  quadrant  electrometer  was  not  invented  until  after  Faraday's 
time.  He  employed  a  calibrated  electroscope  similar  to  the  gold- 
leaf  electroscope,  but  having  two  light  suspended  pith-balls  instead 
of  the  gold  leaves.  In  this  way  he  found,  for  shellac,  C1  =  I-5C  ; 

.-.  fc  =  (2xl-r>)-l=2. 

Parallel-plate  method  for  measuring  k.    For  solid  substances  Fara- 
day's method  is  not  applicable  unless  the  substance  has  a  low  melting 
point.    For  glass,  ebonite,  etc.,  the 
parallel-plate  method  is  necessary.     A 

The  principle  of  Expt.  217  is  r •*•  *  *s*  *  *  -  *  *  *-*-*^  *  j  A  t/ 
employed.  Before  this  can  be  V:^-^,^.  -  .  ~- ..  ^<^^^,  \  /' ! 
followed,  it  is  necessary  to  find  the  B  T  "  T  * 

capacity  of  a  parallel-plate  conden-  / 

ser  partially  filled  with  dielectric.  \E 

Let  A  bo  the  insulated  and  B  the  Fl(;  m  _ Moasurm,nt  (>n. 

earthed  ])late  (Fig.  891).     Let  t  be 

the  distance  apart  of  the  plates,  and  //  the  thickness  of  the  slab  of 
dielectric  introduced  between  them.  On  p.  !HO  it  was  seen  that  the 
capacity  of  the  condenser  without  the  slab  is  A/4/r^,  and  if  -fo-  mid  —  <r 
are  the  amounts  of  charge  per  square  centimetre  of  the  plates,  ACT  is 
the  charge  upon  A  ; 

.".  Difference  of  potential  between  A  and  B  =     =  — 

C       A 


But  the  difference  of  potential  between  the  plates  is  equal  to 
the  force  oil  unit  charge  x  distance  ; 

.'.   Force  on  unit  charge  x  t=  \7rvt, 
or,  Force  on  unit  charge       --kirar (1) 

This  is  the  force  on  unit  charge  in  air  or  vacuum,  due  to  the  charges 
-\-  IT  and  -  ir. 

Inside  the  slab,  the  force  on  unit  charge  will  be  ^trtr/Jc,  outside  it 
it  is  still  47TO- ; 

/.  Work  done  in  carrying  unit  charge  through  the  slab 

47TCT       7 

-i  -k> 

and,  Work  done  in  carrying  unit  charge  through  the  air  space  (t  -  h) 

- 
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.'.   Work  done  m  carrying  unit  charge  from  B  to  A 

4-7T(T 

-     , 

K 


But  tins  is  also  the  difference  of  potential  between  the  plates  due 
to  the  charge  A<r  upon  A  ; 

Arr  A 

•        C\  'A.  /O\ 

/.   Capacity-:  -  .  .   ^  —  .  -  _.  ..........  (2) 

4...T      «-/,+    '  IT      '-(A-?)! 

t  'l  !  1  \  "V    I 

Thus  the  capacity  has  changed  from  A/!TT£  to  the  value  given  in  (2) 
by  introduction  ol  the  slab.  The  same  change  in  capacity  might 
have,  been  produced  by  bringing  B  nearer  to  A  by  the  amount 
(h-hjk)  instead  of  introducing  the  slab 

This  change  in  value  of  /  gives  ns  a  method  of  measuring  h  Let 
A  be  connected  to  the  electrometei  or  electroscope  with  the  slab  in, 
and  the  deflection  01  divergence  noted  If  the  slab  be  then  with- 
drawn the  deflection  will  mciease.  Move  B  nearer  until  the  original 
deflection  is  restored,  so  that  the  capacity  regains  its  original  value. 
This  travel  of  B  must  be  measured  ,  let  it  be  /. 

Then  '-&-i 

A/ 

1      t      ] 
or  ,  =_  1  -    , 

h          k 
and  k-  hfl  t  ...........................  (3) 

h  and  I  being  known,  k  may  be  found. 


EXERCISES  ON  CHAPTER  LXXIII. 

1.  What  is  meant  by  the  eleetrie  capacity  of  an  insulated  conductor  ? 
Describe  an  experiment  you  would  make  to  bhow  that  the  capacity  of  an 
insulated  conductor  ib  increased  when  a  second  conductor  connected  to 
earth  is  brought  near  it.  Sen.  (Jamb.  Loc. 

2.  Distinguish   between   the  electric   potential   and   the   energy   of  a 
charged  conductor.     An  isolated  sphere  of  radius  8  cm.  receives  a  charge 
of  720  E.S.  units.     Show  how  to  calculate  the  potential  and  the  energy 
when  the  dielectric  is  air,  and  also  when  the  medium  has  a  dielectric 
coefficient  2-5.  L.U. 

3.  Define  dielectric  constant  and  describe  how  it  may  be  measured  in 
the  case  of  a  liquid  such  as  paraffin  oil. 
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4»  Describe  one  form  of  electrometer  and  describe  it^  action. 

L.U. 

5.  How  does  the  energy  of  a  charged  condenser  depend  on  the  sub- 
stance between  the  plates  ? 

What  conclusions  do  you  draw  regarding  the  source  of  the  energy  of 
electrical  charges  ?  L.LT. 

6.  Calculate  the  capacity  of  a  spherical  condenser  of  which  the  radii 
of  the  spheres  are  15  6  and   16  8  cm.  respectively.     What  is  the  energy 
of  the  charge  if  the  insulated  sphere  be  raised  to  a  potent  ml  of  80  units  ? 

7.  A  Leyden  jar  has  a  diameter  of  15  cm.,  a  depth  of  tinfoil  of  18  em. 
and  thickness  of  glass  2  5  mm.     If  the  value  of  k  for  the  glass  is  (>  4.  find 
the  capacity  of  the  jar. 

8.  Explain  why  the  capacity  of  a  condenser  is  changed  when  the  dielec- 
tric is  changed  from  air  to  some  other  substance. 

9.  A  condenser  consists  of  eleven  rectangular  pieces  of  tinfoil  each 
measuring  15   em.  x  20  cm.  all  joined    together,  with    ten  similar  pieces 
of  tinfoil  joined  together  ami  alternating  with  the  first  set.     If  the  tinfoils 
are  separated  by  sheets  of  mica  of  thickness  0  2  nun.  whose  specific  in- 
ductive capacity  is  6-28,  what  is  the  capacity  of  the  condenser  ?     Also 
find  the  amount  of  work  necessary  to  put  a  charge  of  1(X)  electrostatic 
units  upon  it.  L.U. 

10.  An  air  condenser  with   plates   10  centimetres  square  and  half  a 
centimetre  apart  is  charged  with    100  electrostatic    units  of  electricity. 
Find  the  loss  of  electric  energy  when  it  is  plunged  under  oil  of  specific 
inductive  capacity  2.  L.U. 

11.  Two  parallel  plate  condensers,  A  and  B.  have  the  following  dimen- 
sions :   (A)  area  of  plate  35  sq.  cm,,  thickness  of  dielectric  .'}  mm.  ;   (B)  area 
75  sq.  cm.,  thickness  of  dielectric  5  mm.    The  dielectric  of  A  has  a  constant 
6  2  and  that  of  B  7  5.     If  A  receives  a  charge  of  +80  units  and  B  a  charge 
of  +  70  units,  find  the  direction  of  flow  of  the  current  on  connecting  A  to  B. 
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ELECTRICAL  MACHINES 

The  electrophorus.  —Any  apparatus  for  the  production  of  an 
unlimited  supply  of  electrical  charge  may  be  called  an  electrical 
machine.  The  electrophorus  can  hardly  be  given  the  name  of 

'  machine,'  but  it  represents  a  type 
from  which  more  efficient  machines 
have  been  developed.  It  consists 
of  a  sheet  of  ebonite  B  (Fig.  892) 
which  can  bo  rubbed  with  a  piece 
of  fur,  giving  it  a  negative  charge. 
Upon  this,  a  brass  plate  A,  carried 
^  ^  insulating  handle,  can  be 
Plaml  ()l1  ^rthin^  A  by  touching 
it  with  tho  fingei  or  a  wiie,  it 
becomes  positively  charged,  the  negative  charge  upon  it  escaping  to 
earth  (p.  93,5)  On  lifting  A  by  its  insulating  handle,  the  positive 
charge  is  carried  with  it  and  is  available  for  use. 

The  ebonite  sheet  B  may  be  mounted  upon  a  metal  sole-plate  C, 
through  which  passes  a  metal  pin  D  that  makes  contact  with  A 
automatically  when  this  is  placed  upon  Hie  ebonite  and  so  earths  it. 
This,  however,  is  not  essential  ;  the  earthing  may  be  done  by  hand. 
The  plates  A  and  B  are  only  in  actual  contact  at  a  few  points,  so 
that  the  charge  upon  B  diminishes  with  extreme  slowness  Thus 
the  amount  of  positive  charge  produced  by  the  electrophorus 
is  almost  unlimited  Since  this  charge  has  considerable  energy  it 
is  of  interest  to  note  the  source  of  this  energy  After  earthing  the 
plate  A  it  is,  of  course,  at  zero  potential,  but  has  a  positive  charge. 
The  positive  potential  due  to  this  charge  is,  of  course,  equal  to 
the  negative  potential  due  to  the  negative  charge  upon  B.  When 
A  is  lifted  off  B  work  must  be  done  in  opposition  to  the  force  between 
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the  opposite  charges.  This  work  is  the  source  of  the  energy  of  the 
positive  charge,  for  as  A  is  removed  from  the  neighbourhood  of  the 
negative  charge  its  resultant  potential  will  rise,  and  eventually, 
when  A  is  far  from  B;  become  that  due  to  its  own  positive  charge 
alone. 

The  water  dropper. — Two  tin  cans,  A  and  B  (Fig.  803),  with  the 
bottoms  removed,  are  placed  vertically  above  two  others,  C  and  D, 
in  which  funnels  or  pieces  of  gauze  aie  fixed.  A  water  supply  ends 
in  two  jets,  E  and  F,  one  situated  within  each  of  the  cans,  A  and  B. 
The  jets  must  be  so  regulated  that  they  break  up  into  drops  while 
still  situated  within  the  cans  A  and  B.  These  drops  in  lalling  must 
make  contact  with  the  interiors 
of  the  cans  C  and  D.  A  and  C 
are  connected  together,  as  are 
also  B  and  D. 

To  begin  with,  a  small  charge 
is  given  to  one  pair  of  cans  ; 
let  a  positive  charge  be  given  to 
A.  This  makes  the  potential  of  A 
positive,  and  since  the  interior 
of  a  hollow  conductor  acquires 
the  potential  of  the  conductor 
(p.  935)  the  ]et  is  in  a  region  of 
positive  potential.  But  since 
the  jet  is  earthed,  through  the 
water  pipes,  a  current  flows  to 
earth,  leaving  the  jet  negatively  charged.  As  it  breaks  up  into 
diops,  the  negative  charge  is  imprisoned  upon  the  drops  and  is 
carried  to  D,  where,  on  the  drop  making  contact  with  the  interior, 
the  charge  passes  to  the  outside,  and  is,  of  course,  shared  with  B. 
Upon  the  other  side,  B  being  now  negatively  charged,  a  similar 
process  goes  on,  positive  charge  being  carried  to  C  and  A.  The 
higher  the  charges  the  more  rapid  the  process,  so  that  once  started, 
the  accumulation  of  charge  goes  on  more  and  more  rapidly. 

The  source  of  energy  of  these  accumulated  charges  is  the  work- 
done  by  gravity  in  pulling  the  negatively  charged  drops  at  E  out  of 
the  neighbourhood  of  the  positive  charge  upon  A,  and  the  positively 
charged  drops  at  F  out  of  the  neighbourhood  of  B's  negative 
charge. 

In  setting  up  the  apparatus,  the  cans  may  be  fixed  to  a  wooden 
framework  by  means  of  sealing  wax,  and  the  length  of  the  jet  must 
be  adjusted  until  the  accumulation  of  charges  begins.  There  is 
generally  enough  charge  upon  the  apparatus  to  start  the  process 
without  the  necessity  for  putting  any  upon  the  cans. 


D- 


FlG.  893— The  water  dropper 
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Kelvin  replenisher.  -This  type  of  influence  machine  is  almost 
the  same,  electrically,  as  the  water  dropper,  but  it  is  mechanically 
constricted  so  that  the  carriers,  which  are  the  counterpart  of  the 
drops,  are  carried  round  an  axis  continually.  The  conductors  A 
and  B  (Fig.  89 1-)  art  both  as  inductors,  in  this  respect  resembling 
A  and  B  in  the  water  dropper,  and  also  as  collectors  like  the  cans 
C  and  D  The  carriers  E  and  F  are  fixed  upon  an  insulating  arm 

which  is  so  mounted  that  -it  can  be 
made  to  lotate  freely  about  the  axis  O, 
Imagine  A  to  be  given  a  small  positive 
charge  to  begin  with.  As  the  carriers 
rotate  in  the  direction  of  the  arrows 
they  come  simultaneously  into  contact 
with  two  light  strips  of  metal  connected 
by  a  wire,  at  the  position  shown  in  the 
diagram  This  connects  E  and  F  elec- 
trically But  E  being  nearer  than  F 
to  the  positive  charge  upon  A,  is  at  a 
higher  potential  than  F.  so  that  a 
current  flows  from  E  to  F,  leaving  E 
negatively  charged  and  F  positively.  As  the  motion  continues,  E  and 
F  leave  the  contact  pieces  and  carry  away  the  charges  Soon  E 
arrives  in  contact  with  the  metal  tongue  D  and  gives  up  its  negative 
charge  to  the  conductor  B.  At  the  same  time  F  comes  in  contact 
with  C  and  gives  up  its  positive  charge  to  A.  The  process  is  then 
repeated  during  the  next  half  turn.  Owing  to  the  collection  oi 
negative  charge  upon  B  and  positive  charge  upon  A  the  charges 
produced  upon  E  and  F  become  greater  and  greater  as  time  goes  on, 
and  the  rate  of  accumulation  of  charge  becomes  more  rapid. 

Wimshurst  influence  machine.  If  we  could  imagine  the  conductors 
A  and  B  of  the  Kelvin  replenisher  to  rotate  in  the  opposite  direction 
to  the  carriers  E  and  F,  we  should  get  twice  the  number  of  operations 
in  a  given  time  This  alteration  is  accomplished  in  the  Wimshurst 
machine,  together  with  a  further  multiplication  produced  by  in- 
creasing the  number  of  carriers  and  inductors.  These  parts,  in 
this  machine,  are  exactly  like  each  other  in  form  They  consist 
of  metal  sectors,  fixed  to  glass  or  ebonite  discs  which  rotate  in 
opposite  directions  As  the  electrical  arrangements  cannot  very 
well  be  shown  in  a  picture  of  these  discs,  they  are  represented  by 
two  concentric  circles  in  Fig  895  The  plates,  with  their  sectors, 
are  supposed  to  rotate  in  the*  djxections  shown  by  the  arrows. 

As  in  the  previous  two  case»s*,  some  charge  must  be  given  to  one 
set  of  sectors  in  order  to  start  the  action,  but  we  will  describe  the 
s{pte  of  affaire  after  the  discs  have  made  a  few  turns.  At  A  and  B 
a-re  two  wire  brushes,  connected  by  a  conducting  rod,  which  touch 
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simultaneously  two  diametrically  opposite  sectors  upon   one   disc. 
At  this  moment  charges  ot  opposite  sign  upon  the  sectors  on  the  oth% 


.     A 


FIG  89,")  — Diagram  of  the  Wimshurst  machine 

disc  are  passing,  so  that  tie  sector  at  A  will  receive  a  negative  charge 

and  that  at  B  a  positive  chaige.     These  charges  are  eventually  given 

up,   the   negative    to  the  collector,  at  E  and  the 

positive    to    the    collector  F.       Before    arriving   at 

the   collectors    they   play   a  similar   part   to   the 

sectors  passing  the  brushes  C  and  D,  giving  those 

in  contact  with  C  a  positive  charge  and  those  at  D 

a  negative  charge.     It  will  thus  be  seen  whence 

the  charges  passing  A  and  B  were  derived. 

The  collection  of  the  charges  at  E  and  F  requires 
notice.  Consider  Fig.  896.  Several  points  fixed 
upon  the  collector  are  directed  towards  the  sector, 
which  is  supposed*  to  have  a  negative  charge. 
This  causes  the  points  L  to  be  at  lower  potential 
than  the  further  parts  M  of  the  Conductor,  tbp 
consequence  being  that  positive  cnarge  flows  TO 
the  points  and  negative  charge  to  M.  The  effect  of  the  points  is 
to  cause  this  positive  charge  to  flow  from  them,  as  described 
on  p.  937,  and  the  stream  of  positive  charge  falling  upon  the  secror 


FIG   896  — Collection 

of  the  charge*. 
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neutralises  its  negative  charge.  Hence  the  sector  passes  away 
uncharged,  while  a  corresponding  negative  charge  remains  upon  the 
collector. 

Two  discharge  knobs,  P  and  Q  (Fig.  895),  are  connected  to  the 
collectors,  and  on  the  difference  of  potential  between  them  rising 
to  a  sufficient  amount,  owing  to  the  accumulation  of  the  opposite 
charges,  a  spark  discharge  will  take  place  Most  Wimshurst  machines 
are  provided  with  Leyden  jars,  R  and  S,  one  connected  to  each 


FIG  897 —The  ^  untwist  Influence  machine 

collector.  Their  function  is  to  mciea.be  the  capacity  so  that  a 
greater  accumulation  of  charge  takes  place  before  the  difference  of 
potential  between  P  ,uid  Q,  is  sufficient  to  cause  a,  discharge.  The 
disclaim'  \\i11  then  be  much  moie  violent  than  when  only  a  small 
amount  of  charge  has  collected. 

In  Fig  8(.)7  the  general  appearance  of  the  Wimshurst  machine 
is  shown  It  has  M\  plates,  alternate  plates  being  connected  together 
so  that  adjacent  platc.s  lotate  in  .opposite  directions. 

Some  makeis  enclose  the  machine  in  an  oute?  case  which  is  filled 
with  coal  gas  as  it  i.s  thought  that  the  machine  then  works  more 
efficiently  than  in  an 

Influence  mac  hint's  are  sometimes  used  for  working  X-ray  tubes, 
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but  they  are  not  so  convenient  or  reliable  as  the  induction  coil. 
There  are  several  other  forms  of  influence  machine,  but  those, 
described  above  will  serve  as  types 

EXERCISES  ON  CHAPTER  LXXIV. 

1.  A  charged  ebonite  rod  is  brought  near  to  a  pin,  which  is  fixed  to 
the  knob  of  an  electroscope,  and  the  rod  is  then  removed.     State  and 
explain  what  may  be  observed. 

Explain  what  practical  use  is  made  of  the  effect  observed. 

Sen.  Camb.  Loc. 

2.  Explain  the  action  of  some  machine   for   producing  electrostatic 
charge,  indicating  clearly  the  source  of  the  energy  of  Jie  charge  obtained. 

L.U. 

3.  Explain  the  action  of  a  Wimshurst  machine. 

Show  how  the  potential  and  charge  of  a  sector  vary  during  a  revolution. 

4.  Describe  the  action   of  the  electrophorus,   and   explain   why   the 
amount  of  charge  that  can  be  given  to  any  insulated  conductor  by  means 
of  it  is  limited. 

5.  Describe  the   action   of   (a)  the  water  dropper,  or   (6)  the  Kelvin 
replenishes 


CHAPTER   LXXV 

ELE(>TKOMA(JNETICS 

Work  done  in  carrying  a  magnet  pole  round  an  electric  current.— 

It  was  seen  in  Chapter  LXV  that  the  system  of  units  developed  in 
connection  with  electric  currents  is  founded  upon  the  relation  "between 
the  current  and    its  magnetic  field      The  field  in  a  certain  case 
(p   833)  is  taken  as  a  measure  of  the  current,  and  we  may  thus  say 
that  the  strength  of  magnetic  field  at  any  point  is  pioportional  to 
the  current  to  which  it  us  due.     This  leads,  in  a  manner  which  cannot 
here  be  stated,  to  the  fact  that  the  work  done 
/^   ^\  in  carrying  a  magnetic  pole  once  round  a  con- 

r'  \  duct 01  in  which  a  cm i  cut  is  flowing  is  propor- 

jr~~ "P^vB  tional  to  the  em  rent      Further,  if  the  current 

(          \.J          -i-        is  measured  in  absolute  units  (p  833)  the  work 
-     -  done  in  carrying  a  unit  magnetic  pole  once  round 

the  current  is  4-rr  times  the  strength  of  the  current. 
In   taking    the    magnetic    pole    round   the 
FIG   898— Path  linked      current  111  this  way,  its  path  must  be  linked 
with  current  ^^  ^  current  eircmt       Jn  jvg    898   jf  ABC 

be  the  path  of  the  magnetic  pole,  we  know  from  p.  831  that  the  mag- 
netic iield  due  to  the  current  is  in  such  a  direction  that  the  pole, 
if  a  N  pole,  would  be  urged  along  the  path,  and  work  is  thus  done 
upon  it.  if  it  be  carried  round  in  the  direction  CBA,  the  current's 
magnetic  field  opposes  the  motion,  and  energy  must  be  expended  by 

some  outside  agency  to  effect  this  motion.    In  either  case,  however, 
Work   done*=4rr>  ergs. 

Magnetic  field  due  to  a  long  straight  current. — We  will  now  apply 
this  relation  to  calculate  the  magnetic  field  due  to  a  current  in 
several  important  cases.  The  first  case  is  that  of  a  current  flowing 
in  a  straight  wire,  of  sufficient  length  to  be  considered  infinitely 
long.  The  magnetic  lines  of  force  due  to  such  a  current  are  circles 
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whose  centres  lie  upon  the  wire.  Hence,  from  symmetry,  it  is  obvious 
that  the  strength  of  magnetic  field  is  the  same  all  round  any  given 
circle  having  its  centre  upon,  and  its  plane  perpendicular  to,  the  wire. 
To  find  the  strength  of  magnetic  field  H  at  a  point  P  (Fig.  899)  at 
distance  r  from  the  wire,  remember  that  the  force  on  a  unit  magnetic 
pole  at  P  is  H  dynes,  and  is  tangential  to  the  circle  (p.  830).  As 
the  pole  is  carried  round  this  circle. 

Work  done  =  force  x  distance 

=  H  x  2  TIT  ergs. 
But  from  the  law  given  above, 

Work  done  — 4?n  ergs  ; 
.'.  27rHr  =  4*-?; 


H  =  ^   gauss. 
r 


(1) 


It  is  thus  seen  that  the  strength  of  magnetic  field  due  to  a  long 
straight  current  is  inversely  proportional  to  the  distance  from  the 
current.  The  unit  of  magnetic  field  is  defined  on  p.  781  as  the 
force  on  unit  pole,  and  is  sometimes  called  the  gauss. 


v ^ 


FIG  899.— Magnetic.  Held  (hie  t  < 
a  btnught  current 


I'M  000  — Emll"ss  solenoid 


Magnetic  field  inside  an  endless  solenoid.  A  circular  ring  upon 
which  a  wire  is  uniformly  wound,  so  that  the  magnetic  field  is 
everywhere  in  the  direction  of  ^ie  circumference  of  the  ring,  is  called 
an  endless  solenoid.  If  there  are  n  turns  per  centimetre  length  of  the 
vsoleiioid,  measured  circumferentially,  the  total  number  of  turns  is 
27rm,  where  r  is  the  radius  (Fig.  900).  Thus,  for  a,  current  i  in  the 
wire,  a  unit  magnetic  pole  carried  round  the  curved  axis  of  the 
solenoid  passes  2;rm  times  round  the  current,  and  the  work  done  is 
therefore  4ir(27rrm)  ergs.  But  if  H  is  the  strength  of  magnetic  field, 
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this  is  the  force  on  the  unit  pole,  and  .he  work  done  upon  the  pole 
in  making  a  complete  circuit  along  this  path  is  2;rrH  ; 


or,  H=4?rm  gauss    .  .  .    ..(2) 

If  the  current  be  given  in  amperes,  the  strength  of  field  is  then 

H  =  gauss  .     (3) 

Unless  the  circular  path  of  the  magnetic  pole  has  the  mean  radius 
of  the  solenoid,  the  expression  for  the  field  is  not  so  simple  as  the 
above,  lor  the  field  is  not  quite  uniform  over  the  cross-section  of 
the  coil.  If,  however,  the  section  ol  the  solenoid  is  small  compared 
with  the  radius  r,  this  want  of  uniformity  is  negligible,  and  when  r 
is  very  great,  it  may  be  entirely  ignored 

Magnetic  field  inside  a  long  straight  solenoid.  It  will  be  noticed 

that  the  radius  r  does  not  enter 
^ "•-"•;" " : " " " "  l-  : :  V ." :.  V ...  ;  ^  into  the  expiession  \TT)\  ?  lor  the 

'~  il  I  1 1  /  /HP/  /  7  7  //  I  _7 ' I'll  "" N  magnetic  field  inside  the  end- 
*  I  I  \  less  solenoid  If  then  r  be 
\  r  \  /  made  very  great  without  alter- 
\^ v ''  irig  ti  the  number  of  turns  per 

°  "•io")o"Lm«slra,Kl1(,.ol™oi,l  °  ^'"tmietre,  the  magnetic-  field 

remains  the  same  On  con- 
tinuing to  increase  the  radius,  the  solenoid  eventually  becomes 
straight.  Hence  the  strength  of  magnetic  field  inside  an  infinitely 
long  straight  solenoid  is  47r/?i. 

This  may  be  proved  independently  by  considering  a  long  stiaiaht 
solenoid  of  length  /,  having  n  turns  per  centimetre  For  a  path 
ABCD  (Fig  901),  the  woik  done  in  carrying  a  unit  pole  from  A  to  B 
is  Hi  ergs.  For  the  rest  of  the  closed  path  BCDA,  the  field  is  nearly 
zero  if  the  solenoid  is  very  long,  so  that  the  work  for  this  part  of 
the  path  is  zero  , 

.'.   Work  done  for  the  closed 


or,  H  =47r>?&'  gauss  ..........  (4) 

The  only  difficulty  m  the  above  reasoning  arises  from  the  in- 
definiteness  near  the  ends,  but  it  must  be  remembered  that,  strictly 
speaking,  the  field  is  only  l-rrni  for  a  very  long  solenoid,  in  which  case 
the  path  near  the  ends  is  an  insignificant  part  of  the  whole  path. 

Magnetic  field  due  to  a  short  solenoid.  —  The  above  law  cannot 
be  applied  to  the  case  of  a  short  solenoid,  as  it  is  impossible  to  find 
a  complete  path,  enclosing  the  current,  along  which  the  field  has 
constant  strength.  Fig  902  illustrates  the  form  of  the  magnetic 
field  for  a  short  solenoid.  The  lines  of  force  spread  out  from  the 
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of  a  s 


ends,  and  have  even  begun*  to  spread  out  within  the  coil  On  com- 
parison with  the  lines  of  lorce  due  to  a  bar  magnet  (p  778)  it  will  be 
seen  that  the  external  magnetic  field  due  to  the  solenoid  is  very 
similar  to  that  of  the  magnet. 
There  is  the  equivalent  of  a  N 
pole  at  one  end  and  a  S  pole  at 
the  other. 

EXPT.  218.  —  Magnetic  effect  of  a 
short  solenoid.  Wind  some  cotton- 
covered  copper  wire  upon  a  piece  of 
brass  tube,  10  cm.  long  and  about 
1  cm.  diameter.  Pass  a  current  of 
1  or  2  amperes  through  the  coil.  Flo  002  -Magnetic  i 
By  means  of  a  suspended  magnet, 

as  111  15xpt.  Jfi2,  find  the  N  and  S  poles  of  the  solenoid,  and  show  that 
this  agrees  with  the  law  for  relation  of  direction  of  current  to  that  of 
magnetic  field  given  on  p.  831. 

EXPT.  219.  —  Force  between  solenoids.  Wind  another  solenoid  as  in  the 
last  experiment,  but  bring  the  free  ends  of  wire  to  the4  middle  of  the  solenoid 

and  tie  them  firmly  with  cotton,  taking 
care  to  keep  them  insulated  from  each 
other.  Attach  to  each  free  end  a  piece  of 
copper  wire  A  and  B,  and  suspend  the  coil 
as  in  Fig.  903,  so  that  the  cunent  may 
enter  at  A  and  leave  by  B.  Bring  the 
pole  of  a  bar  magnet  near  each  end  of 
the  solenoid  in  turn,  and  show  by  the 
attractions  and  repulsions  that  each  end 
of  the  solenoid  is  a  magnetic  pole,  one 
end  N  and  the  other  S.  Verify  the  state- 
ment that  on  looking  at  the  end  of  the  coil 
at  which  the  current  travels  in  an  anti- 
clockwise direction  that  end  is  a  N  pole. 
The  end  at  which  the  current  flows  clock- 
wise is  a  S  pole  (Fig.  !K)2). 

Repeat  the  experiment,  using  the  coil  of  Expt.  218  in  place  of  the  bar 
magnet. 

Place  a  piece  of  iron  rod  in  each  coil  and  show  that  the  poles  are  now 
veiy  much  stronger,  but  of  the  same  kind  as  before. 

Force  on  a  straight  current  in  a  magnetic  field.—  The  results  of 
Expts.  218  and  219  show  that  electric  -current  circuits  behave  as 
magnets.  It  is  therefore  evident  that  a  conductor  carrying  a  current 


FIG    903  —Magnetic  effect  oi  u 
solenoid 
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will  experience  a  force  when  situated  in  a  magnetic  field.      The 
laws  governing  this  force  are  as  follows  : 

(i)  The  force  on  the  conductor  is  at  right  angles  to  the  plane 
containing  the  direction  of  the  current  and  that  of  the  magnetic 
field.  It  is  in  the  direction  shown  in  Fig,  004,  which  may  be  remem- 
bered by  the  following  Lefb-Hand  Rule.  Place  the  thumb,  fore-finger 
and  middle  finger  of  the  left  hand  mutually  at  right  angles  to  each 


Fro  001  —  Force  on  electric  current, 
in  ,i  iiidtfiictK  field 


FIG  90">  — Force  on  current  inclined 
to  magnetic  field 


othei  Let  the  middle  fiiu»er  point  in  the  direction  of  the  current 
I  and  the  Fore-finger  in  the  diiection  of  the  magnetic  Field  ,  then 
the  thuMb  points  in  the  direction  of  Motion  m  which  the  circuit 
is  urged 

(ii)  When  the  magnetic  field  and  the  current  are  at  right  angles 
to  each  other,  the  force  acting  on  every  centimetre  of  the  conductor 
is  Ht  dynes.  Or,  if  the  current  is  measured  in  amperes,  the  force 
per  centimetre  of  conductor  is  HI/10  dynes. 

If  the  current  and  magnetic  field  are  inclined  to  each  other  at  an 
angle  0,  the  force  per  centimetre  of  the  conductor  is  then  Hisinfl 
dynes.  When  0^0,  that  is,  when  the  current  and  field  have  the  same 
direction,  thoie  is  no  force  on  the  conductor  since  sin  6  =  0.  When, 
however,  0  =  90°,  sin  0  =  1,  and  the  force  isHfc  dynes,  as  given  abovo 

Couple  acting  on  a  rectangular  coil  in  a  magnetic  field.— Let  ABCD 
(Fig.  906  (a) )  be  a  rectangular  coil,  situated  in  a  magnetic  field.  The 
forces  on  the  sides  AB  and  CD  aie  equal,  opposite,  and  in  the  same 
straight  line,  and  therefore  cancel  each  other  out.  The  force  on  the 
side  AD,  however,  is  F-foH  dynes,  where  /  is  the  length  of  AD,  i  the 
current  and  H  the  strength  of  magnetic  field.  There  is  an  equal  and 
opposite  force  on  BC,  and  the  two  give  rise  to  a  couple,  whose 
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moment  =  /?H  xEB,  where  EB  is  the  peipendicular  distance  between 
the  forces.  Flit.  906  (b)  is  a  plan  of  the  coil,  in  which  it  will  be 
seen  that  if  the  normal  to  the  coil  makes  an  angle  0'  with  the  direc- 
tion of  the  magnetic  field,  then  the  angle  EAB^O'  and 


Calling  AB,  the  breadth  of  the  coil,  6,  we  have 

Couple  =--H>lb  sin  0' 

But  lxb  =  area  of  coil  =  A, 

Then  (\mple-H    A/,    sin  Q'. 

Comparing  this  with  the  expression  for  the  couple  on  a  magnet 
situated  in  a  magnetic  field  (p.  781),  that  is,  HM  .  sin  0',  we  see  1hat 
as  regards  the  magnetic  field,  the  coil 
may  be  considered  to  have  a  magnetic 
moment    equal    to   A?'.      This    result    is 
quite   aeneral  for  plane  circuits,  what- 
ever the  shape  of  the  coil.     Thus,  for  a 
circular  coil  of  radius  r  cm  ,  in  which 
a  current  i  flows,  the  magnetic  moment 

is  irrh. 

It  will  be  seen  that  magnetic  lines 
of  force  due  to  the  coif  (Fig.  906) 
emerge  at  the  front  face  and  enter  ai 
the  back.  Thus,  the  front  face  is  a  N 
polar  face,  which  will  correspond  to  the 
direction  of  rotation  shown. 

The  following  is  a  convenient  rule  for 
finding  the  direction  of  rotation  of  a 
current  circuit  situated  in  a  magnetic 
field  :  the  forces  acting  in  the  circuit  are 
in  such  a  direction  that  the  circuit  moves 
to  embrace  the  greatest  number  of  magnetic 
lines  of  force.  This  rule  is  quite  general 

and  applies  to  flexible  as  well  as  to  rigid    FIG  000  _.Coj)  |n  ft  magnrtlo  flel(J 
current  circuits. 

Suspended  coil  galvanometer.  One  of  th<»  most  impoitant  uses  to 
which  the  above  fact  is  put  is  in  the  construction  of  the  modern 
type  of  galvanometer  (p.  866). 

If  the  magnetic  field  between  the  poles  (Fig.  707)  be  uniform, 
and  of  strength  H,  the  couple  acting  on  the  coil  is  nfia  .  H.  where 
n  is  the  number  of  turns  in  it,  provided  that  the  plane  oi  the  coil  is 
parallel  to  the  field.  In  other  positions  the  couple  is  nfriH  cos  0, 
where  6  is  the  angle  between  the  magnetic  field  and  the  plane  of 
the  coil.  The  coil  then  rotates  until  the  twist  in  the  suspension 
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produces  an  equal  and  opposite  couple  Since  the  latter  couple  is 
proportional  to  the  angle  of  twist,  it  may  be  written  cO,  where  c 
is  a  constant  depending  on  the  length,  thickness  and  material  of  the 
strip.  Hence,  for  equilibrium, 


cos  0  = 


0 


(   ' 


For  very  small  deflections  cos  0~  \ ,  and  the  current  is  proportional 
to  the  deflection,  but  for  large  deflections  the  current  is  proportional 

to  0/cos  0,  which  is  so  complicated 
an  expression  that  it  is  not  of 
much  use. 

To  get  over  this  difficulty  the  soft 
iron  cylinder  A  (Fig  907)  is  placed 
between  the  pole  pieces,  so  that  the 
sides  of  the  coil  move  in  the  cylin- 
drical space  between  the  polo  pieces 
and  the  soft  iron  cylinder  This 
ensures  that  the  permanent  magnetic  field  shall  be  radial,  and  there- 
fore the  sides  of  the  coil,  even  when  deflected,  are  still  in  a  field  of 
the  same  strength  Also,  the  lorce  on  the  sides  is  still  at  right 
angles  to  the  plane  of  the  coil  Hence  the  couple  is  always  ?>A?H, 
unless,  ot  course,  the  deflection  be  so  groat  that  the  sides  of  the  coil 
come  near  the  edges  of  the  pole  pieces 
Thus,  with  the  soft  iron  cylinder  present, 


Mu  007    -- 


••'  =  „  AH  °  .......     <2> 

The  current  is  therefore  propoitional  to  the  deflection.     This  is 
of   great   convenience   in  practice,   and   renders   this   arrangement 
particularly     serviceable    for    the 
construction  of  ammeters  (p   870) 

Force  between  currents.  —  Since  a 
Current  has  a  magnetic  field  m  its 
nviirhbouihood,  and  a  current  in 
a  Magnetic  field  experiences  a 
force,  it  follows  that  two  current 
circuits  "xert  forces  upon  each 
other.  Irdeed,  we  have  seen  in 
Expt.  219,  i.  967,  that  this  is  the 
case 

Let  A  and  B  'vFlg.  908)   be  tWO    FIG  908.—  Force  between  parallel  currents. 
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long  straight  parallel  wires  carrying  currents  ?\  and  ?2  in  the  same 
direction.  If  the  distance  between  them  be  r  centimetres,  the 
strength  of  magnetic  field  at  B  due  to  A  is  2/,/r  (p.  1)65).  B  being 
situated  in  this  magnetic  field  experiences  a  force 

F=   *lxi2  =  2'1'-2, 

r       *       r 

per  centimetre  of  its  length.  By  applying  the  left-hand  rule  (p.  968) 
it  will  be  seen  that  the  direction  of  this  force  is  such  that  B  is  urged 
towards  A. 

By  a  similar  reasoning  it  may  be  shown  that  A  is  urged  towp 
with  a  force  2i2ijr  per  centimetre  of  its  length. , 

Further,  we  see  that  currents  in  the  same  direcfiW|p|OTfct  each  other, 
and  currents  in  opposite  directions  repel  each  other.  J*~ v 

When  the  circuits  are  not  of  such  a  simple  form,  it  may  not  be 
easy  to  calculate  the  force  between  them,  but  for  any  given  position 
the  force  is  always  proportional  to  the  product  of  the  current  strengths 
Many  current  measuring  instruments  are  based  upon  this  principle. 

Kelvin  current  balance.  -The  current  to  be  measured  passes  through 
six  coils  CLMABD  in  series  (Fig.  909).  A,  B.  C  and  D  are  fixed,  while 
L  and  M  are  attached  to  an  arm 
which  can  rotate  about  an  axis 
GH.  A  scale  is  also  attached  to 
the  arm  and  carries  a  weight  W 
which  can  be  caused  to  slide 
along  this  scale.  The  arm  and 
scale  must  be  so  balanced  that 
when  the  weight  W  is  on  the 
zero  mark  the  beam  is  hori- 
zontal, as  indicated  by  a 
pointer,  when  no  current  is 
flowing.  The  coils  are  so  con- 
nected that  when  the  current  flows,  the  forces  between  A  and  L, 
C  and  L  are  in  such  a  direction  that  L  is  pushed  downwards. 
Similarly  M  is  pushed  upwards.  The  arm  thus  rotates.  It  is 
brought  back  to  its  equilibrium  position  by  sliding  the  weight  W 
to  the  right,  which  introduces  a  couple  equal  and  opposite  to  that 
due  to  the  current.  The  scale  is  so  graduated  that  the  movement 
of  the  weight  upon  it  gives  a  direct  reading  of  the  current.  This 
scale,  however,  is  not  equally  spaced,  for  the  couple  is  proportional 
to  the  product  of  the  current  strengths  in  adjacent  coils.  Since, 
however,  the  current  in  these  is  the  same,  the  couple  is  proportional 


-Diagram  of  the  Kelvin  current 
hakim  ? 
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to  ^2.  But  the  couple  is  also  proportional  to  the  linear  displacement 
of  the  weight ;  ;>  DiBpiaeement  *  ;t. 

Before  being  sent  out  by  the  instrument  maker,  the  marks  upon  the 
scale  are  so  placed  that  the  scale  reads  directly  in  current 

By  changing  the  weight,  the  range  of  current  to  bo  measured  may 
be  varied 

It  should  be  noted  that  if  the  direction  of  the  current  be  reversed, 
it  is  reversed  in  all  the  coils,  HO  that  the  direction  of  every  force  is 
the  same  as  before.  Hence  the  direction  of  the  current  is  immaterial, 
which  is  essential  if  the  instrument  is  intended  to  measure  alternating 
currents. 

EXPT.  220. — Calibration  of  an  ammeter  by  the  Kelvin  current  balance 
Place  the  ammeter  to  be  calibrated  in  series  with  the  current  balance  and 
an  adjustable  rheostat.  Set  the  movable  weight  W  upon  one  of  the  fixed 
marks  on  the  scale  ot  the  balance,  and  adjust  the  rheostat  until  the  current 
IK  such  that  tho  movable  arm  returns  to  its  zero  position.  Observe  the 
readings  of  both  ammeter  and  current  balance.  Repeat  for  other  currents 
and  record  the  results  in  a  table  as  below  : 


The  current  for  each  position  of  the  movable  weight  is  given  by  the 
instrument  maker  for  eaeh  weight,  in  a  table  supplied. 

Kelvin  watt  balance.  A  similarly  designed  instrument  has  been 
made  for  the  direct  measurement  of  the  power  absorbed  in  any 
circuit.  In  this  case  the  coils  are  differently  connected,  but  tho 
method  of  measuring  the  couple  by  displacing  the  sliding  weight  IB 
the  same  as  before 

Suppose  that  it  is  desired  to  measure  the  power  in  watts  absorbed 
ill  the  lamp  PQ,  (Fig  910)  A,  B,  C  and  D,  the  fixed  coils,  are  then  placed 
ill  series  with  PQ,  so  that  the  current  I  in  the  lamp  also  flows  through 
the\se  coils.  In  this  case  the  movable  coils  LM  consist  of  a  great 
manyx  turns  of  fine  wire,  so  that  they  have  considerable  resistance. 
They  af  e  joined  in  parallel  with  the  lamp,  so  that  the  current  in  them 
is  proportional  to  the  p  d  E  between  the  lamp  terminals  Hence, 
the  force  between  A  and  L  is  proportional  to  E  x  I  ,  that  is,  it  is  pro- 
portional to  ^ie  product  of  the  strengths  of  the  currents  in  A  and  L. 
Similarly,  all  the  other  forces  between  the  coils  are  proportional  to 
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El  ,  therefore  the  couple  acting  on  the  movable  arm  is  also  pro- 
portional to  El.  Thus,  the  displacement  of  the  sliding  weight 
necessary  to  restore  equilibrium  is  proportional  to  El.  But  El  is  the 
power  in  watts  used  in  driving  the  current  through  the  lamp. 
Therefore,  the  arm  on  which  the  movable  weight  slides  may  be 
calibrated  so  that  the  instrument  reads  directly  in  watts. 


'"IG  010  — Diagram  of  the  Kelvin  \\ntt  balance. 

Owing  to  1he  fact  that  the  movable  coils  LM  are  placed  in  parallel 
with  the  lamp,  their  resistance  must  be  high,  for  the  same  reason 
that  the  resistance  of  a  voltmeter  must  bo  high  (p.  875).  For  this 
reason  it  is  customary  to  introduce  an  extra  fixed  resistance  R 
(Fig.  910)  into  the  movable  coil  circuit,  and  the  wattmeter  is  usually 
calibrated  with  this  high  resistance  included  in  the  shunt  circuit. 

Kxpr.  221. — Measurement  of  watts  absorbed  by  an  electric  lamp.     Set  up 
the  wattmeter  and  connect  it  to  the  lamp  as  shown  in  Fig.  010.     Move  the 
sliding  weight  until   equilibrium  is  attained 
and  record  the  power  in  watts.      If  possible, 
measure    the    candle-power   of  the   lamp  at 
the  same  time  (p.  547)  and  obtain  the  watts 
per  candle-power  of  the  lamp.     Repeat  for 
several  other  lamps. 

Siemens'     electrodynamometer.  —  The 

principle  of  the  electrodynamometer  is  the 
same  as  that  of  the  Kelvin  current  balance, 
but  the  design  of  the  apparatus  is  different. 
The  couple  is  here  measured  by  the  twist 

in  a  spring  instead  of  by  means  of  a 
movable  weight.  Two  coils  ABCD  and 
PQRS  (Fig.  911),  approximately  rect- 
angular in  form,  are  connected  m  series. 

POPS  is  fixpd     hut  ARPH   iq  QimnPTiHArl   nn     FlG<  Oil— Diagram  of  Siemens' 
rw«0  IS  nxea,    DUD  AtJUU   IS  Suspended  SO  electrodynamometer 

that  it  can  rotate  about  a  vertical  axis. 

In  rotating  it  twists  the  spring  whose  upper  end  is  attached  to  a 

pointer  at  the  torsion  head  T.    When  the  current  flows,  the  forces 
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between  the  coils  cause  rotation  of  the  suspended  coil  in  the  direc- 
tion of  the  arrows  It  is  then  brought  back  to  its  original  position 
by  rotating  the  pointer  to  which  the  upper  end  of  the  spring  is 
attached.  The  number  of  degrees  twist  thus  given  to  the  spring  is 
a  measure-  of  the  couple  required  to  maintain  the  suspended  coil  in 
its  original  position  This  position  is  indicated  by  the  pointer  G, 
attached  to  the  movable  coil. 

Each  force  acting  between  the  adjacent  sides  of  the  two  coils  is 
proportional  to  the  product  of  the  currents  in  them  But  since 
those  currents  are  both  the  same,  namely,  the  current  I  to  be  measured, 
each  force  is  proportional  to  I2,  and  the  couple  is  proportional  to  I2 
If  the  twist  in  the  spring,  as  measured  by  the  torsion  head,  is  6, 
the  couple  is  also  proportional  to  this 


or,  I 

where  k  and  K  are  constants  whose  values  must  be  found  if  the  current 
is  to  be  measured  in  amperes  If  the  direction  of  the  current  is 
reversed,  that  in  both  coils  is  reversed,  so  that  the  forces  are  in 
the  same  direction  as  before  Hence  the  reading  does  not  depend 
upon  the  direction  of  the  current,  and  the  instrument  is  applicable 
for  use  with  alternating  currents 

Some  typos  of  this  instrument  are  designed  for  use  as  wattmeters, 
when  one  coil  is  placed  in  series  and  the  other  in  parallel  with  the 
apparatus  in  which  the  power  is  to  be  measured  The  arrangement 
is  similar  to  that  of  Fig  910,  but  it  should  be  remembered  that 
the  coil  used  as  shunt  must  have  a  very  high  resistance 

Kxpr.  222  —  To  calibrate  the  Siemens'  electrodynamometer  Connect  the 
i  nst  rumen  t  in  series  with  a  standard  ammeter  and  an  adjustable  iheostat. 
Turn  the  pointer  T  (  Fig.  91  1  )  until  the  indicator  G  is  at  the  yoro  of  the  scale 
when  no  cuirent  is  flowing.  If  T  is  not  at  the  zero  of  the  scale,  its  position 
must  bo  recorded,  and  this  zero  error  applied  to  all  readings  taken  with  the 
instrument.  Pa&s  the  current.  Then  G  moves  from  its  zero  position, 
and  must  bo  bioiight  back  to  it  by  rotating  T.  Note  the  now  position  of 
T  and  also  the  ammeter  reading  for  the  current.  Repeat  for  other  currents, 
until  the  wholo  scale  has  been  traversed.  Record  the  results  in  a  table. 


Cuirent. 

0,   UlH'OJUVtod 

foi  /ei  o  ei  roi 

9,  inflected 
for  /oro 

V0 

Plot  a  graph  connecting  current  and  0.    This  will  be  a  parabola.    Plot 
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anotlier  graph  connecting  current  and  \;0.  This  should  ho  a  straight 
line.  From  the  latter  graph  find  the  constant  K  of  the  instrument  from 
the  relation 


EXERCISES  ON  CHAPTER  LXXV. 

1.  State  the  law  for  the  work  done  when  a  magnetic  pole  is  carried 
round  a  closed  path  linked  once  with  a  current  circuit,  and  apply  the  law 
to  calculate  the  strength  of  magnetic  field  at  distance  r  from  a  long  straight 
wire  carrying  a  current. 

2.  Calculate   the    strength   of    magnetic    field    inside   a   long  straight 
solenoid,  and  state  \vhy  the  result  is  inapplicable  to  the  cas^  of  a  short 
solenoid. 

What  is  the  strength  of  magnetic  field  inside  a  solenoid  of  length  60  cm. 
having  300  turns  m  which  a  current  of  1  2  amperes  is  flowing  ? 

3.  A  straight  solenoid  of  length  75  cm.  consists  of  (iOO  turns  in  which 
a  current  of  (>2  ampere  flows.      What  is  the  magnetic   flux  through  the 
solenoid,  if  its  radius  is  1  8  cm.  ? 

4.  An  iron  ring  forms  a  closed  magnetic  circuit,  having  a  mean  length 
ot  30  centimetres,  and  a  section  of  1  5  sq.  cm.     On  the  ring  are  wound 
100  turns  of  insulated  \vire,  and  1  ampere  in  the  wire  gives  a  total  flux  of 
12,000  lines  in  the  ring.     Find  the  permeability  of  the  iron.  (/.(_». 

5.  Describe,  giving  sketches,  two  forms  of  current-  measuring  instru- 
ments, one  depending  on   the  interaction  of   currents  and   magnets,  the 
other  of  current  and  currents.     Explain  the  action  of  each  instiument. 

L.U. 

6.  A  coil  of  a  single  turn  of  wire  in  the  torm  of  a  rectangle  of  height 
15  cm.  and  width  8  cm.  is  suspended  m  a  horizontal  magnetic  field  of 
strength  2  5.     Draw  a  diagram  indicating  the  forces  acting  on  each  side 
of  the  rectangle,  and  calculate  the  couple  acting  upon  it  when  its  plane 
makes  an.  angle  of  45°  with  the  magnetic  field  and  a  current  of  20  c.g.s. 
units  flow  in  the  wire.  L.U. 

7.  Find  an  expression  for  the  current  flowing  in  a  suspended  coil 
galvanometer  (a)  when  no  soft  iron  cylinder  is  used,  (b)  when  a  soft  iron 
cylinder  is  situated  between  the  pole  pieces. 

8.  Describe  some  form  of  wattmeter  and  the  method  of  using  it  to 
measure  the  watts  per  candle  power  for  an  incandescent  lamp. 

9.  State  in  as  general  a  form  as  possible  the  quantitative  laws  relating 
to  the  magnetic  forces  due  to  electric  currents. 

A  current  of  one  ampere  flows  round  a  wire  bent  into  a  circle  of  20  cm. 
m  diameter.     An  equal  current  flo\vs  round  a  circle  of  2  cm.  in  diameter 
suspended  at  the  centre  of  the  larger  coil.     What  couple  is  required  to 
hold  the  small  circuit  with  its  plane  at  right  angles  to  that  of  the  large* 
one  ?  L.U. 

10.  Two  long  straight  parallel  wires  carry  currents  of  10  and  15  ampere^ 
respectively,  and  are  situated  12  cm.  apart.  Find  the  force  on  5  cm% 
length  of  each  wire. 
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11.  Describe  some  form  of  suspended  coil  galvanometer  and  obtain  an 
expression  for  the  deflection  in  tei  rns  of  the  current  and  the  constants  of 
the  instrument      Why  is  a  soft  iron  cylinder  usually  placed  between  the 
pole  pieces  ? 

12.  A  circular  coil  of  18  tuins  of  ladius  12  cm    carries  a  current  of 
3-5  amperes.     Calculate  the  value  of  the  couple  required  to  maintain  it 
with  its  plane  paiallel  to  a  magnetic  iield  of  strength  25  gauss. 
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ELECTROMAGNETTC8  (COXTIXUED) :   MUTUAL  AND  SELF- 
INDUCTION 

Electromotive  force  due  to  cutting  across  a  magnetic  field. — 

Whenever  there  is  relative  motion  between  a  conductor  and  a 
magnetic  field,  there  is  an  electromotive  force  in  the  conductor. 
This  electromotive  force  is  of  very  great  importance,  its  existence 
being  the  foundation  for  an 
enormous  number  of  applica- 
tions of  electricity,  the  electric 
dynamo,  for  example,  depending 
upon  it.  A  few  simple  experi- 
ments demonstrate  at  once  the 
presence  of  this  electromotive 
force.  If  a  straight  conductor 
(Fig.  912)  be  moved  through  the 
field  of  an  electromagnet  in  a 
direction  indicated  by  the  arrow 
M,  and  a  galvanometer  be  placed  in  series  with  the  conductor, 
the  galvanometer  will  indicate  a  current  flowing,  so  long  as  the  con- 
ductor is  moving  across  the  magnetic  field.  If  the  direction  of  motion 
of  the  conductor  be  reversed,  the  direction  of  the  current  is  aln> 
reversed.  When  the  conductor  is  part  of  a  closed  circuit,  a  current 
will  flow,  but  the  primary  effect  of  the  motion  across  the  magnetic 
field  is  to  produce  an  electromotive  force.  The  resulting  current 
depends,  of  course,  upon  the  resistance  of  the  circuit. 

The  direction  of  the  electromotive  force  and  current  is  given  by  the 
Right-Hand  Rule,  similar  in  form  to  the  left-hand  rule  given  on  p.  968. 
Place  the  thnmb,  fore-finger  and  middle  finger  of  the  right  hand 
mutually  at  right  angles  to  each  other.  Let  the  Fore-finger  point 

D.S.P.  3Q 


FIG.  912. — Conductor  cutting  across  a  mag- 
netic field. 
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in  the  direction  of  the  magnetic  Field,  and  the  thuMb  in  the  direction 

of  Motion  ;  then  the  middle  finger  will  point  in  the  direction  of  the 

current  I,  or  the  electromotive  force. 

A  further  experiment  illustrates  this  production  of  electromotive 

force.  Let  a  magnet  NS  (Fig.  913)  be  brought  up  to  a  coil  of  wire 
connected  in  series  with  a  galvanometer. 
While  the  magnet  approaches  the  coil  there 
Will  be  a  deflection  of  the  galvanometer, 
which  ceases  directly  the  magnet  comes  to 
rest.  A  reverse  current  is  produced  on 
withdrawing  the  magnet,  or  on  using  the  S 
pole  of  the  magnet  instead  of  the  N  pole 

If,  instead  of  moving  the  magnet,  the  coil 
be    advanced    towards    it,    the    effects    are 

exactly  the  same  as  though  the  coil  were  at  rest  and  the  magnet 

moved.      Thus   the   electromotive   force   depends    only    upon    the 

relative  motion  of  the  magnet  and  the  coil 

EXPT.  223. — Induced  electromotive  forces.  Connect  a  coil  or  solenoid  of 
about  100  turns  of  wire  in  series  with  a  galvanometer.  Push  a  magnet 
into  the  coil,  N  pole  first,  and  observe  the  direction  of  the  kick  of  the  galvano- 
meter. After  letting  the  magnet  remain  in  the  coil  until  the  galvano- 
meter needle  comes  to  rest,  withdraw  the  magnet  quickly  from  the  coil 
and  again  note  the  direction  of  the  kick  Repeat,  using  the  S  pole  of  the 
magnet.  Again  repeat,  keeping  the  magnet  at  rest  and  moving  the  coil 
on  to  the  magnet.  Tabulate  the  results  as  follows  : 


FIG.  91 3  — Induced  e  m  f 


Magnet  advancing 
to  coil 

Pueetum 
of  kick 

Magnet  withdrawn 
fiom  coil 

Pnectum 
of  kick 

N  pole 
S     „ 

N  pole 

s   „ 

Coil  advancing 
tu  magnet 

N  pole 

S     „ 

N  pole 

S     „ 

Value  of  e.m.f.  due  to  cutting  magnetic  flux. — In  any  case  in  which 
magnetic  flux  is  cutting  across  a  conductor,  the  value  of  the  eleetro- 
motive  force  is  the  rate  of  cutting  of  magnetic  flux,  or  the  amount  of 
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magnetic  flux  cut  per  second.  Magnetic  flux  being  usually  measured 
in  terms  of  magnetic  lines  of  induction,  we  may  say  that  the 
electromotive  force  in  a  conductor  is  equal  to  the  number  of  magnetic  lines 
of  induction  cut  per  second. 

Thus,  if  a  conductor  cuts  a  number  of  magnetic  lines  of  induction 
in  t  seconds, 

-     number  of  lines  of  induction  cut 
e.m.t.  =  -----  ---------  c.g.s.  units. 

(/ 

number  of  lines  of  induction  cut 


Since  in  air  the  magnetic  induction  is  identical  with  the  magnetic 
field,  lines  of  induction  are  lines  of  force,  and  hence, 

,      number  of  lines  of  force  cut      ,, 
e.m.f.=  --------  r()8x>-  volts. 

In  the  cases  with  which  we  shall  deal,  in  which  the  conductor  is 
situated  in  air;  or  at  any  rate  in  a  medium  of  unit  permeability,  we 
shall  always  refer  to  lines  of  force  rather  than  lines  of  induction, 
but  if  the  permeability  should  differ  from  unity  the  above  distinction 
must  be  observed. 

Application  to  a  closed  circuH.  —  On  applying  the  above  rule  to 
every  part  of  a  closed  circuit,  a  simple  rule  for  the  whole  circuit  may 
be  found.     The  electromotive  force 
in  a  closed  circuit  is  equal  to  the 
rate  of  change  of  the  magnetic  flux 
(number  of  lines  of  magnetic  induc- 
tion) threaded  through  the  circuit. 
To  find  the  direction  of  the  elec- 
tromotive  force,  look  along  the 

lines  of  induction  at  the  circuit         m  014._EuIe  for  option  of  e  m  f. 
(Fig.  91  i),  then  if  the  number  of 

lines  threaded  through  the  circuit  is  increasing  the  direction  of  the  current 
is  anticlockwise,  if  the  number  is  decreasing  the  current  is  clockwise. 

Again,  if  the  circuit  consist  of  a  number  of  turns,  the  total  electro- 
motive force  is  that  given  by  the  above  relation  multiplied  by  the 
number  of  turns,  since  the  above  relation  applies  to  each  turn. 

EXAMPLE.  —  If  the  number  of  lines  of  induction  threaded  with  a  coil  oi 
1500  turns  is  10,000  and  if  this  induction  is  removed  at  a  constant  rate 
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in  one-tenth  of  a  second  ;   find   the  momentary  electromotive  force  in 

the  coil.  10000 

e.m.f.  for  each  turn  -lfks     f.-r  volts  ; 
10s  xO-l 

r    .        irrvn^  1500x10000       ., 

.     e.m.f.  for  1500  turns  =      ,,,„     „  ..     volts 
108  xO  1 

=  1  5  volt. 

Mutual  induction. — It  has  now  been  seen  that  the  electromotive 
force  in  a  closed  circuit  depends  upon  the  fact  that  there  is  a  change 

in  the  amount  of  magnetic  flux 
passing  through  it  The  electro- 
motive force  depends  only  upon 
this  flux  and  not  at  all  upon  the 
origin  of  the  flux.  Thus  it  may 
be  due  to  a  magnet,  or  it  may,  on 
the  other  hand,  be  due  to  a  current 
in  its  neighbourhood  if  the 

---^---  current  in  a  coil  A  (Fig    915)  be 

FIG  915  —Mutual  induction  .     ^  ,  .    e 

started,    magnetic    lines    of   iorce 

due  to  it  become  established,  and  in  doing  so,  some  of  them  cut  into 
the  coil  B.  With  the  direction  of  current  and  field  as  shown,  the 
momentary  current  in  B,  as  seen  from  A,  will  be  anticlockwise 
(p  979).  The  cuiient.  in  B  only  lasts  while  the  current  in  A  is 
growing.  Directly  the  current  in  A  ceases  to  grow,  the  current  in 
B  stops.  On  stopping  the  current  in  A,  the  magnetic  lines  due  to  it 
disappear,  and  there  is  a  momentary  current  in  B  in  a  clockwise 
direction.  It  is  usual  in  an  arrangement  like  this  to  call  A  the 
primary  circuit  and  B  the  secondary  circuit  It  will  then  be  seen  that 
for  two  neighbouring  circuits,  while  the  current  in  the  primary 
circuit  is  growing  there  is  an  induced  current  and  e.m  f.  in  the 
secondary  circuit,  opposite  in  direction  to  that  in  the  primary.  While 
-the  current  in  the  primary  is  diminishing  the  induced  current  and 
e.m.f.  are  in  the  same  direction  as  the  current  in  the  primary. 

This  effect  of  one  circuit  upon  another  is  called  mutual  induction. 
The  coefficient  of  mutual  induction,  or  the  mutual  inductance  of  two 
circuits,  is  the  magnetic  flux  Hnked  with  the  secondary,  when  unit  current 
flows  in  the  primary. 

V  If  this  magnetic  flux  be  removed  by  the  current  in  the  primary 
flow,  and  if  this  change  takes  place  uniformly  in  one  second, 
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the  electromotive  force  in  the  secondary  is  numerically  equal  to 
the  amount  of  flux  which  has  disappeared  ,  that  is,  the  mutual 
inductance  of  two  coils  is  the  e.m.f.  in  the  secondary,  when  the  current  in 
the  primary  changes  at  the  rate  of  one  unit  per  second.  It  does  not 
matter  which  of  the  two  coils  is  primary  and  which  secondary,  the 
mutual  inductance  is  the  same  in  either  case. 

If  the  e.m.f.  in  the  secondary  is  1  volt  when  the  current  changes  at  the 
rate  of  1  ampere  per  second  the  mutual  inductance  is  1  henry. 

Since  the  volt  is  108  absolute  c.g.s.  units  and  the  ampere  is  10""1 
absolute  c.g.s.  unit,  it  follows  that 

]()8 

]  henry  =     -    =  109  absolute  c.g.s.  units  of  inductance. 

Foucault  or  eddy  currents.-  -When  a  mass  of  metal  is  situated  in 
tht1  neighbourhood  of  a  changing  current,  it  acts  as  a  secondary 
circuit,  electromotive  forces  and  currents 
being  developed  in  it.  The  electromotive 
force  is  great  when  the  rate  of  change  of 
magnetic  flux  is  considerable,  and  the 
current  further  depends  upon  the  conduc- 
tivity of  the  material.  As  a  good  example, 
take  the  iron  core  of  an  electromagnet, 
represented  diagrammaticaliy  in  Fig.  916. 
A  few  of  the  magnetic;  lines  of  induction 
are  shown.  These,  in  becoming  established, 
cut  the  iron  core  and  produce  considerable 
momentary  currents  which  circulate  as 
shown  by  the  arrow.  These  currents  are 
considerable,  for  the  conductivity  of  the 
mass  of  iron  is  great.  Such  currents  aie  called  eddy  currents,  or 
Foucault  currents. 

Part  of  the  energy  of  these  currents  becomes  dissipated  into  heat 
in  the  iron  ;  for  when  the  primary  current  ceases  to  grow,  these 
eddy  currents  stop.  In  fact,  the  iron  core  acts  as  a  very  low  resist- 
ance secondary  circuit.  This  heat  means  so  much  energy  wasted. 
It  is  not  of  great  consequence  in  starling  or  stopping  the  current 
once  only,  but  in  some  cases,  such  as  the  core  of  an  armature  of  a 
dynamo  (p.  992)  or  of  a  transformer  (p.  981),  the  magnetic  flux  is 
reversed  many  times  per  second,  and  the  waste  of  energy  and 
heating  of  the  iron  are  highly  objectionable. 

To  diminish  the  amount  of  eddy  current  in  such  cases  the  iron 
core  is  built  up  of  laminae,  or  of  wires,  each  lamina  or  wire  having 
a  thin  coat  of  iron  oxide  upon  it  which  insulates  it  from  its  neighbours. 


Fid   016    -Eddy  currents 
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The  direction  of  lamination  is  so  chosen  that  a  maximum  of  resist- 
ance is  opposed  to  the  eddy  currents  The  core  in  such  a  case  as 
Fig.  916  would  therefore  be  built  up  of  sheets  (or  wires)  parallel 
to  the  axis  of  the  magnetising  coil.  Such  lamination  enormously 
reduces  the  eddy  currents  and  the  consequent  energy  losses  and 
heating. 

Lenz's  law. — Since  a  current  in  a  magnetic  field  experiences  a 
force,  it  follows  that  whenever  induced  currents  arise,  forces  come 
into  play  between  these  and  the  field  which  causes  them  which  may 
be  a  moving  magnet  or  a  changing  current  By  applying  the  laws 
already  given,  the  direction  of  these  forces  can  be  found,  but  there 
is  a  simple  general  expression  of  them  known  as  Lenz's  law  which 
enables  us  to  give  the  direction  of  such  forces  at  once. 

When  a  circuit  and  a  magnetic  field  move  with  respect  to  each  other,  the 

induced  currents  bring  about  forces  which  always  tend  to  oppose  the  motion. 

Let  us  apply  this  law  to  the  case  of  a  magnet   NS  (Fig.  917) 

approaching   a  solenoid  AB     The'  law  on  p  979  tells  us  that  the 

induced  cuirent,  as  seen  from  the 
magnet,  is  anticlockwise.  Thus 
there  is  a  N  pole  of  the  solenoid 
at  A  (p  967).  This  repels  the  N  pole 
of  the  magnet,  and  thus  opposes  the 
r,  M»  *  ,-  ^  ,  T  *  ,  motion  of  the  magnet. 

FIG.  917.— Application  of  Lena's  law  e 

Whatever  may  be  the  nature  of 

the  motion  of  the  magnet  or  coil,  the  same  opposition  to  the  motion 
will  be  brought  about. 

This  effect  has  many  important  applications.  For  example,  if  it 
is  desired  to  render  the  motion  of  the  suspended  coil  of  a  galvano- 
meter dead-beat,  the  coil  is  wound  upon  a  copper  frame.  If  the 
coil  oscillates,  this  copper  frame  cuts  the  magnetic  field  of  the  per- 
manent magnets,  and  according  to  Lenz's  law,  forces  are  brought 
into  play  which  quickly  bring  the  coil  to  rest.  A  useful  method 
of  bringing  the  coil  of  a  galvanometer  to  rest  when  it  is  not  provided 
with  a  copper  frame,  is  to  short  circuit  the  terminals  of  the  galvano- 
meter. As  the  coil  oscillates,  induced  currents  then  flow  in  it  and 
\t  is  rapidly  brought  to  rest.  In  fact,  the  coil  itself  acts  as  the 
copper  frame  just  described. 

"'Many  modern  forms  of  electro-motor  also  depend  upon  this 
phenomenon.     A  mass  of  metal  mounted  upon  an  axle  is  subjected, 
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to  a  rotating  magnetic  field  By  Lena's  law  the  currents  induced 
in  the  metal,  by  their  magnetic  action,  tend  to  oppose  the  relative 
motion  of  the  conductor  and  the  rotating  magnetic  field.  The  con- 
ductor is  thus  dragged  round  after  the  field. 

Induction  coil.— It  is  clear  rrom  the  definition  of  mutual  inductance 
(p.  981)  that  for  a  given  rate  of  change  of  current  in  the  primary 
circuit,  the  greater  the  mutual  inductance  of  the  two  coils,  the  greater 
will  be  the  electromotive  force  produced  in  the  secondary,  in  the 
case  of  the  induction  coil,  the  mutual  inductance  is  made  so  great 
that  the  electromotive  force  in  the  secondary  amounts  to  hundreds 
of  thousands  of  volts.  The  mutual  inductance  is  made  large  by 
providing  an  iron  core  for  the  coils,  .and  by  making  the  number  of 
turns  in  the  secondary  coil  very  great. 


FIO   918  — Jiulucnon  roil 


The  arrangement  of  the  circuits  in  the  induction  coil  is  shown 
diagrammatical ly  in  Fig.  918.  Upon  the  soft  iron  core  AB.  consisting 
of  a  bundle  of  soft  iron  wires,  the  primary  coil,  consisting  of  a  few 
layers  of  thick  wire,  is  wound.  The  secondary  coil,  consisting  of 
many  thousands  of  tutns  ot  fine  wire,  is  shown  in  section,  the  ends 
being  connected  to  the  sparking  terminals  CD. 

In  a  circuit  such  as  the  primary,  the  current  does  not  become 
established  or  die  away  instantaneously.  It  dies  away,  however,  more 
quickly  than  it  is  established,  and  consequently  the  rate  of  change 
of  magnetic  flux  through  the  secondary  is  greater  at  the  4  break  ' 
of  the  primary  circuit  than  at  the  '  make.'  A  higher  electromotive 
force  is  therefore  produced  at  the  break  of  the  primary  than  at 
the  make.  In  practice  the  electromotive  force  at  '  break  '  is  the 
only  one  high  enough  to  cause  the  secondary  current  to  jump  the 
air  gap  at  CD. 

In  order  to  render  the  making  and  breaking  automatic,  a  spring 
EF  is  usually  provided.  The  soft  iron  head  E  is  pulled  towards  th$ 
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iron  core  AB  when  this  is  magnetised  by  the  primary  current.  This 
breaks  the  contact  at  G,  where  both  contact  surfaces  are  faced 
with  platinum,  to  dimmish  the  sparking  that  occurs  whenever  the 
circuit  is  broken.  When  the  break  occurs,  the  iron  core  becomes 
demagnetised  and  the  pull  on  E  ceases.  The  spring  then  flies  back, 
making  contact  again  at  G,  and  so  the  process  is  repeated.  The 
number  of  makes  and  breaks  occurring  per  second  depends  upon 
the  stiffness  of  the  spring  and  the  mass  of  the  iron  head  E. 

Another  form  of  interrupter  sometimes  employed  consists  of  a 
rapidly  rotating  toothed  wheel,  against  which  a  mercury  ]ot  is  directed. 
The  primary  current  is  broken  every  time  a  tooth  leaves  the  jet 

A  commutator  for  reversing  the  direction  of  the  primary  current  is 
usually  provided,  but  this  is  not  shown  in  Fig  918 

For  the  purpose  of  increasing  the  efficiency  of  the  induction  coil, 
a  tinfoil  condenser  is  usually  connected  across  the  spark  gap.  The 
effect  of  this  is  to  increase  considerably  the  length  of  spark  obtain- 
able from  the  coil.  The  function  of  this  condenser  is  complicated, 
but  its  effect  is  best  understood  by  considering  that  on  the  break 
occurring  at  G,  the  current  does  not  merely  fall  to  zero,  but  proceeds 
to  flow  in  the  opposite  direction  for  a  time,  the  current  flowing  into 
the  condenser.  Thus,  instead  of  a  mere  stoppage  of  the  current 
at  the  break  there  is  an  actual  reversal  of  it  Hence  the  electro- 
motive force  in  the  secondary  lasts  for  a  longer  time.  The  drop 
of  current  also  occurs  more  quickly,  and  both  effects  increase  the 
efficiency  of  the  coil 

The  transformer.— It  will  have  been  noticed  in  the  case  of  the 
induction  coil,  that  the  primary  current  is  supplied  at  low  voltage 
from  probably  a  few  secondary  cells,  while 
th>  current  in  the  secondary  circuit  is  at 
very  high  voltage.  Of  course  the  secondary 
current  is  correspondingly  smaller  than  the 
primary  current.  In  the  supply  of  alter- 
nating currents  it  is  often  desirable  to  be 
able  to  convert  from  one  voltage  to 
another.  This  is  done  by  means  of  the 
transformer  A  '  step-up  '  transformer  is 
one  in  which  the  voltage  is  changed  from 
low  to  high.  In  a  '  step-down  '  transformer 
the  reverse  is  the  case.  Let  the  alternating 
'Sonner  °f  th"  ^^  current  enter  at  the  terminals  AB  (Fig.  919) 
of  the  coil  wound  upon  a  laminated  soft  iron 
core,  which  in  this  case  has  the  form  of  a  ring.  Considering  this  as 
the  primary,  the  secondary  consists  of  a  great  number  of  turns  of 
fine  wire  having  terminals  CD. 
An  alternating  current  may  be  represented  by  a  curve,  such  as 
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the  thick  line  curve  in  Fig.  i>2().  At  points  such  as  A,  C  and  E  the 
current  is  changing  most  rapidly,  and  the  magnetic  flux  through 
the  secondary  is  also  changing  rapidly.  Hence  the  secondary  e.m.f. 
is  great.  It  is  positive  at  A  and  E  and  negative  at  C.  At  B,  D  and  F 
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FIG.  920. — Current  uml  e.m.f.  curves  for  the  transformer. 

the  primary  current  is  for  a  moment  constant  and  the  secondary1 
e.m.f.  is  zero.  The  dotted  curve  represents  the  secondary  e.m.f,  It 
should  be  noticed  that  the  curves  are  not  dfawn  to  scale. 

For  a  step-down  transformer  CD  (Fig.  919)  would  be  the  primary 
and  AB  the  secondary.  In  this  case^  small  current  at  high  voltage 
would  be  supplied  and  large  current  at  small  voltage  obtained  from 
the  transformer. 

The  ratio  of  the  primary  and  second- 
ary voltages  is  approximately  the  same 
as  that  of  the  number  of  turns  in  the 
primary  and  secondary  coils. 

Thus, 

primary  voltage 
secondary  voltage         ? 

__   number  of  primary  turns 
~  number  of  secondary  turns 

The  use  of  the  transformer  is  to 
cheapen  the  transmission  of  electric 
current  over  long  distance ;  the  small 
current  at  high  voltage  only  requires 
thin  copper  wires  to  transmit  it.  while 
for  the  same  rate  of  transmission  of  energy  at  low  voltni/o.  1  lie  current 
must  be  great  and  stout  copper  leads  are  then  necessary.  Jlenee  it 
is  cheaper  to  transmit  at  high  voltage  and  transform  down  to  low 
voltage  at  the  place  where  the  current  is  being  used.  An  illustration 
of  a  transformer  is  given  in  Fig.  921. 

Self-induction. — The  \\\\\  that  the  changing  magnetic  flux  threaded 
through  a  circuit  causes  an  electromotive  force,  applies  to  the 
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circuit  in  which  the  current  is  changing  as  well  as  to  neighbouring 
circuits.  Consider  the  circuit  ABC  (Fig.  922)  in  which  the  current 
is  supposed  to  be  growing.  The  magnetic  flux  through  the  circuit 
is  increasing,  and  by  applying  the  rule  on  p.  979  we  see  that  the  c  m.f 
due  to  this  acts  in  the  direction  CBA  That  is,  it  is  in  the  opposite 
direction  "to  the  current.  The  current,  therefore,  is  less  at  any  given 
instant  than  it  would  be  if  this  induced  e.m  f  were  absent. 

On  the  other  hand,  if  the  current  is  decreasing,  then  the  magnetic 
flux  is  also  decreasing,  and  the  induced  e.m  f.  acts  in  the  same 
direction  as  the  current,  and  therefore  tends 
to  prevent  it  irom  dying  away.  The  current, 
therefore,  decays  more  slowly  than  would  be 
ihc  case  if  no  such  e.m.f.  were  present. 

This  effect  is  called  self-induction,  and  its 
general  effect  is  to  oppose  any  change  in  the 
current,  and  hence  to  make  the  current 
change  more  slowly  than  it  would  if  there 
were  no  self-induction 

The  electromotive  force,  being  equal  to  the 
no  922-sei«,Ddu,no,,       rate  of  change  of  magnetic  fluX)  lg  greater; 

the  greater  the  rate  at  which  the  current  dies  away.  Hence  on 
breaking  a  circuit  the  rate  of  change  is  very  great,  and  is  generally 
sufficient  to  produce  an  e.m.f.  that  will  cause  the  current  to  jump 
the  gap  for  an  instant.  This  is  the  cause  of  the  spark  that  occurs 
when  a  current  circuit  is  broken.  With  a  large  magnetic  flux,  as 
in  the  case  of  an  electromagnet,  the  e.m.f.  due  to  self-induction 
may  be  so  great  that  the  spark  is  very  violent. 

The  measurement  of  self-induction  is  similar  to  that  of  mutual 
induction  (p.  981),  being  the  e.m.i.  in  the  circuit  due  to  unit  rate 
of  change  of  current.  It  is  therefore  measured  in  henrys.  The 
value  is  called  the  coefficient  of  self-induction,  or  the  self-inductance. 

The  effect  of  belf -induction  on  Wheatstone's  bridge  measurements 
may  be  important  if  precautions  are  not  taken.  Thus,  on  closing  the 
battery  circuit  the  currents  in  the  branches  may  not  grow  at  the 
same  rate.  There  will  then  be  a  momentary  kick  of  the  galvano- 
meter, although  the  balance  may  be  perfect  for  steady  currents. 
It  is  for  this  reason  that  the  battery  key  is  always  closed  before  the 
galvanometer  key  (p.  887).  This  ensures  that  the  currents  will 
become  steady  before  the  galvanometer  is  joined  to  the  circuit. 
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In  order  to  render  lie  disturbing  effect  as  small  as  possible,  resist- 
ance coils  are  usually  wound  non-inductively.  That  is,  the  wire  is 
first  doubled  and  then  wound  upon  the  bobbin  (p.  880).  In  this 
way  the  current  going  and  returning  is  so  nearly  in  the  same  position 
that  the  magnetic  field  due  to  it  is  extremely  small,  and  hence  the 
self -inductance  is  small. 

EXERCISES  ON  CHAPTER  LXXVI. 

1.  Write  an  account  of  the  theory  and  construction  of  a  moving  coil 
galvanometer.     Why    is    the   coil    sometimes    enclosed    in   a   thm   silver 
tube  ?    In  what  circumstances  would  the  presence  of  the  silver  tube  be 
disadvantageous  ?  L.U. 

2.  Describe  two  forms  of  interrupter  that  may  bo  used  \\ith  an  in- 
duction coil. 

Discuss  the  action  that  takes  place  in  the  induction  coil,  and  the  char- 
acteristics of  the  currents  in  the  two  roils. 

What  is  the  function  of  the  condenser  sometimes  employed  ?          L.U. 

3.  Explain  the  terms  mutual  inductance  and  self-inductance.     How 
may  a  resistance  coil  be  wound  so  that  it  shall  have  extremely  small  self- 
mductancc  ? 

4.  Explain  the  construction  and  action  of  a  transformer  L.U. 

5.  Give  the  laws  of  production  of  an  electromotive  force  in  a  circuit 
when  this  is  cutting  across  a  magnetic  Held. 

A  closed  coil  of  wire  rotates  slowly  about  a  vertical  axis,  and  a  magnetic 
needle  is  suspended  at  its  centre.  As  the  coil  rotates,  it  cuts  the  earth's 
magnetic  field.  Represent  by  a  curve,  or  other  diagram,  the  defleetmg 
couple  acting  on  the  needle  during  one  rotation  of  the  coil.  L.U. 

6.  A  copper  disc  of  radius  18  cm.  rotates  with  its  axle  parallel  to  a 
magnetic  field  of  strength  20  c.g.s.  units.     If  the  disc  makes  250  revolu- 
tions per  minute,  find  what  e.m.f.  acting  along  a  radius  will  be  developed. 

7.  A  solenoid  of  length  50  cm.  consisting  of  1000  turns  of  radius  3  cm. 
carries  a  cuirent  of  0-6  amp.     A  secondary  coil  of  500  turns  is  wound 
upon  the  middle  part  of  the  solenoid.     Calculate  the  average  e.m.f.  in 
the  secondary  coil  if  the  primary  current  falls  to  zero  in  0  00]  sec. 

8.  Explain  why  the  resistance  coils  used  in  connection  with  a  Whcat- 
stone'«  bridge  should  have  very  small  self-inductance.  If  the  coils  are 
known  to  have  considerable  self-inductance,  what  precaution  must  be 
taken  in  making  the  test. 
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Coil  rotating  in  magnetic  field. — Consider  a  plane  coil  of  wire 
mounted  so  that  it  can  rotate  about  an  axle  O  (Fig.  923)  at  right 

angles  to  a  uniform  magnetic  field 
of  strength  H.  As  the  coil  rotates 
it  cuts  across  the  field  and  an 
electromotive  force  is  produced  in 
it  When  the  plane  of  the  coil  is 
at  right  angles  to  the  field  as  at 
CD,  the  e.m  f.  is  zero,  since  the 
edges  of  the  coil  are  not  in  this 
position  cutting  across  the  field. 
At  EF,  where  the  plane  of  the  coil 
is  parallel  to  the  field,  the  e.m.f.  is  a  maximum,  for  the  edges  of 
the  coil  are  now  cutting  perpendicularly  across  the  lines  of  force. 

For  a  position  AB,  where  the  coil  makes  an  angle  0  with  the  magnetic 
field  H,  only  the  component  of  the  field  H  sin  0  at  right  angles  to  the 


FIG  023  — Kotatmg  coil 


Q 


W 


FIG  024  —Curves  of  magnetic  flux  and  e  m  f  for  a  rotating  coil 

coil  passes  through  it.  Hence  the  number  of  lines  passing  through 
the  coil,  it  it  consists  of  n  turns  of  area  A  sq  cm.  each,  is  AnH  sin  0. 
If  this  be  plotted  in  the  form  of  a  graph  for  different  values  of  0 
as  the  coil  rotates,  we  get  the  curve  OLMNP  (Fig.  924).  0  corresponds 
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to  the  position  EF  (Fig.  923)  and  L  to  position  CD  As  the  coil 
rotates  with  uniform  angular  velocity,  the  e.m.f.  is  proportional  to 
the  rate  of  change  of  the  flux,  which  is  given  by  the  slope  of  the 
curve  OLMNP.  This  is  greatest  at  O,  M  and  P,  and  zero  at  L  and  N. 
It  is  well  known  that  the  rate  of  change  of  a  sine  curve  OLMNP 
is  a  cosine  curve  QRSTW.  Hence  the  curve  QRSTW  represents  1he 
e.m.f.  in  the  coil  rotating  with  uniform  angular  velocity 

In  the  neighbourhood  of  O,  M  and  P,  0  is  very  small,  and  we  may 
write  0  for  sin  6.  If  the  time  in  which.  0  is  described  is  t,  then  the 
rate  of  change  of  AnHO  is  A??H0//=A?*Hw,  where  oj  =  0//,  the  angular 
velocity  of  rotation  of  the  coil.  Hence  Ay/Hw  is  the  maximum  e.m.f. 
in  the  coil.  The  equation  for  the  e.m.f  is  therefore 
e.m  f.  -  A'jfHcu  cos  0. 


It  will  be  seen  that  the  direction  of  the  e.m.f  in  the  coil  is  reversed 
twice  in  every  revolution.  If  the  ends  of  the  coil  are  connected 
to  metallic  rings  A  and  B  (Fig.  925),  with  metal  brushes  C  and  D 
touching  them,  there  will  be  an  alternating  e.m.f.  acting  in  the  circuit 
joined  to  C  and  D.  This  arrangement  of  slip-rings  with  brushes 
touching  them  permits  continuous  rotation  of  the  coil.  The  alter- 
nating-current (A.C.)  dynamo  is  built  upon  this  principle. 


FIG.  9-5. — Coil  producing  an 
alternating  c  m  f. 


FIG.  92C  —Rotating  coil  \\ith 
commutator 


Principle  of  the  direct -current  dynamo. — When  the  current  in  the 
external  circuit  is  required  to  be  always  in  the  same  direction,  that 
is,  to  be  direct  current  (D.C.),  the  slip-rings  (Fig.  925)  must  be  modified 
in  such  a  way  that  the  connection  is  reversed  every  half  revolution. 
This  reversal  is  obtained  by  using  one  ring,  split  into  two  parts 
diametrically,  the  two  halves,  A  and  B  (Fig.  926),  being  mounted 
on  a  non-conducting  axle.  One  end  of  the  coil  is  connected  to  A  and 
the  other  to  B.  The  brushes  C  and  D,  connected  to  the  external 
circuit,  bear  against  the  split  ring.  This  arrangement  is  called  a 
commutator.  The  current  is  now  always  in  the  same  direction  in  the 
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external  circuit.  An  inspection  of  Fig.  926  shows  that  the  reversal 
of  the  direction  of  the  e.m.f.  in  the  coil  takes  place  when  the  coil  is 
vertical.  It  will  be  seen  that  the  descending  side  of  the  coil  is 

always  in  connection  with  the 
brush  C  and  the  ascending  branch 
with  the  brush  D.  Hence  the 
e.m  f  is  always  directed  the  same 
way  round  the  external  circuit. 

The  electromotive  force  pro- 
duced by  a  single  coil  of  this 
type  is  always  in  the  same 
direction  It  is  not,  however, 
constant  m  value.  The  commu- 
tator has  merely  changed  the  direction  of  the  Averse  halves  of  the 
curve  of  e.m.f  so  that  for  the  external  circuit  the  e.m  f.  curve  will 
tfe  of  the  form  shown  in  Fig.  927. 

Gramme  ring  armature. — In  a  dynamo  for  actual  use,  the  e.m.f. 
must  be  as  nearly  steady  as  possible.     Hence  the  unevennesses  of 


FIG  927  — e  m  f  curve  when  a  commutator 
is  used 


FIG  928  — Gramme  ring  armature 


FIG  929 —Commutator 
and  brushes 


the  e.m.f.  curve  for  a  single  coil  must  be  smoothed  out  in  some  way. 
The  rotating  coil  or  coils  of  the  dynamo  is  called  the  armature,  and  the 
Gramme  ring  form  of  armature  produces  a  much  more  nearly  constant 
e.m.f  than  is  possible  with  a  single  coil.  A  number  of  coils  are  wound 
continuously  upon  an  iron  ring.  In  Fig.  928  there  are  eight  such 
coils,  a,  b}  c,  d>  e,  /,  g  and  h.  The  commutator  is  also  in  eight  sections, 
and  each  bar  of  the  commutator  is  connected  to  the  junction  of  a 
pair  of  the  coils  in  the  ring.  The  brushes  A  and  B  bear  upon  the  com- 
mutator as  shown.  A  better  view  of  the  commutator  and  brushes 
is  given  in  Fig.  929  The  commutator  segments  are  made  of  hard 
drawn  copper,  and  are  insulated  from  each  other  by  means  of  sheet 
mica?  which  wears  down,  by  the  rubbing  of  the  brushes,  at  the  same 
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rate  as  the  copper.  The  segments  are  also  insulated  from  the  shaft 
by  means  of  mica,  and  are  held  in  position  by  two  nuts  (not  shown), 
from  which  also  they  are  insulated.  The  brushes  are  generally 
made  of  copper  or  brass  gauze  compressed  into  a  block  ;  but  they 
are  sometimes  of  hard  carbon. 

N  and  S  are  the  poles  of  the  field  magnet  (Fig.  928). 

When  the  armature  rotates  in  the  direction  shown  (Fig;  928)  it- 
can  be  seen,  by  applying  the  rule  on  p.  979,  that  the  e.m.f.  in  every 
coil  is  as  indicated  by  the  arrows.  The  coils  c  and  </,  at  the  instant 
shown,  have  maximum  e.m.f.,  while  at  this  same  instant  there  is 
no  e.m.f.  in  a  and  b.  It  should  be  noticed  that  the  currents  in 
b,  c  and  d  are  all  flowing  towards  the  commutator  bar  in  contact 
with  the  brush  A,  and  that  those  in  f,  (j  and  L  are  also  flowing 
towards  A,  and  the  current  in  the  external  circuit  will  therefore 
flow  from  A  to  B. 

At  the  instant  given,  the  coils  a  and  b  are  on  the  point  of  being 
skort  circuited  ;  but  since  there  is  no  e.m.f.  in  them  this  does  no 
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FIG.  930. — Resultant  e.m.f.  in  the  gramme  ring 

harm.  Further,  since  6;  c  and  d  are  in  series,  the  resulting  e.m.f. 
will  be -the  sum  of  the  separate  e.m.f. 's,  and  the  same  applies  to 
/,  g  arid  h.  As  the  armature  rotates,  the  e.m.i.  in  each  coil  will 
vary  as  shown  in  Fig.  927.  Thus  the  e.m  f.  in  coil  a  will  correspond 
to  the  thick  line  in  Fig.  930.  The  e.m.f. 's  for  b,  c  and  d  are  drawn 
dotted,  to  avoid  confusion.  At  any  instant  the  resultant  e.m.f. 
between  A  and  B  is  the  sum  of  the  e.m.f. 's  for  the  four  coils  in  one 
side  of  the  armature.  These  e.m.f.'s  are  added  up  in  Fig.  930  and 
the  resultant  curve  LM  is  obtained.  It  is  then  seen  that  with  eight 
coils  in  the  armature  the  e.m.f.  is  very  nearly  steady.  With  a 
greater  number  of  coils  the  e.m.f.  would  be  still  more  nearly 
constant. 

Lead  of  the  bhishes. — It  will  be  remembered  that  each  coil  in  the 
armature  is  short  circuited  twice  in  a  revolution,  as  the  two  com- 
mutator segments  to  which  its  ends  are  attached  come  under  a  brush. 
Hence  it  is  necessary  that  this  should  take  place  when  there  is  no 
e.m.f.  in  the  coil,  or  else  the  short  circuiting  will  mean  a  big  current 
in  it,  with  consequent  heating  of  the  coil  and  sparking  when  the 
circuit  is  broken  an  instant  later.  If  the  magnetic  field  in  which 
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the  coil   lotates  \ui<>  symmot  tical  about  a  veitical  plane,  as  it  is 


when  the  aiiuatuic  us  at  iebt  (Fig 

be  placed  at  the  ends  of  a  vertical  diameter. 


the  brushes  would  have  to 
When  the  current  flows 

A 


FIG  031  — M.imiotie  field  with 
uim.it  un  .it  rest 


FIG  032  — Magnetic  field  when  current 
flows  in  armature 


in  the  armature,  however,  it  produces  a  component  of  the  magnetic 
field  perpendicular  to  that  of  the  field  magnets,  and  the  resultant 
field  is  as  shown  in  Fig.  932. 

Tin1  biushes  must  now  be  placed  at  the  ends  of  the  diameter 
A'B'  The  coil  short  circuited  by  the  brush  will  then  be  moving 
parallel  to  the  magnetic  field,  and  the  e  in  f.  in  it  is  zero,  and 
~~  ~  excessive  sparking  will  be 

avoided  The  angle  by 
which  the  line  joining 
the  brushes  must  be  ad- 
vanced from  AB  -to  A'B' 
to  stop  sparking  is  called 
the  lead  of  the  brushes. 

To  facilitate  this  adjust- 
ment the  brushes  are 
carried  m  brush  holders 
(Fig. -933)  attached  to  a 
framework  which  can  be 
rotated  through  any  de- 
sued  angle,  the  position 
for  sparkless  running  being 
found  by  f  rial. 

Drum  armature. — In  the  ring  armature  the  conductors  lying 
outside  the  iron  core  cut  the  magnetic  field  as  the  armature  rotates, 
but  those1  lymn  on  the  inside  of  the  img  do  not  cut  any  appreciable 
magnetic  held,  and  therefore  they  do  not  give  rise  to  any  e.m.f. 
They  are  merely  idle  conductors,  and  for  this  reason,  the  ring  form 
of  armature  is  only  used  in  certain  small  machines.  The  simple 
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rotating  coil  (Fig.  926)  does  not  have  any  idle  conductors  except 
at  the  ends,  but  the  electromotive  force  in  it  is  not  sufficiently  steady 
for  industrial  purposes.  If,  however,  a  number  of  such  coils  in 
series  arranged  at  various  angles  to  each  other  can  be  employed, 
their  resultant  e.m.f.  will  be  much  more  nearly  constant  than  when 
one  is  used  alone.  The  connecting  up  of  such  coils  presents  diffi- 
culties, but  the  arrangement  is  practically  realised  in  the  drun 
armature  (Fig.  934). 

A  number  of  straight  copper  conductors,  properly  insulated,  lie 
in  slots  cut  in  the  cylindrical  surface  of  the  armature,  and  are  pro- 
perly insulated  from  it.  The  simple  case  of  eight  such  conductors 
will  now  be  considered,  al- 
though of  course  the  number 
would  be  much  greater  in 
practice.  There  is  also  great 
variety  in  the  methods  of  con- 
necting the  conductors  to  each 
other  arid  to  the  commutator 
bars.  When  there  are  eight 
conductors  a,  6,  c,  d,  e,  f,  g  and 
/>  (Fift.  934)  there  will  he  four 
commutator  bars  A,  B,  C  andD. 
With  the  direction  of  rotation 
shown,  the  e.m.f.  in  b,  c  and  d 
is  from  back  to  front  of  the 
armature,  while  in  /,  g  and  h  it 
is  from  front  to  back.  The  conductors  are  joined  to  the  commutator 
bars  as  indicated  by  the  thick  lines,  while  the  dotted  lines  show  how 
the  conductors  are  joined  together  at  the  back  of  the  armature. 

Starting  with  the  bar  A,  the  cuirent  enters  the  armature  from 
the  external  circuit  and  divides  into  two  circuits  in  parallel.  Thus 
one  part  passes  to  a;  and  flowing  down  this  comes  at  the  back  of  the 
armature  to  d,  thence  it  passes  across  the  front,  down  g  and  across 
the  back  to  6,  and  then  to  the  brush  at  C.  It  then  flows  out  to  the 
external  circuit.  The  other  part  of  the  current  flows  from  A  to  /, 
thence  by  way  of  c,  h  and  e  to  the  brush  at  C. 

We  see,  then,  that  there  are  two  circuits  in  parallel.  Also,  as  the 
brushes  pass  from  one  commutator  bar  to  the  next,  one  coil  is  short 
circuited  and  the  brushes  must  have  such  an  angle  of  lead  that  the 
e.m.f.  in  this  coil  is  zero  at  this  particular  moment  (p.  992). 

Electromotive  force  in  armature. — Since  there  are  two  sets  of 
conductors  in  parallel,  the  e.m.f.  of  the  dynamo  is  equal  to  the 
e.m.f.  in  either  one  of  these  sets.  In  the  simple  case  of  eight  con- 
ductors, there  will  be  four  in  each  set,  but  in  practice  the  number 
will,  of  course,  be  very  much  greater. 
P.S.P,  SB 


Fio.  034  — Drum  armature 
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Let  F  be  the  total  magnetic  flux,  or  number  of  lines  of  force  that 
each  conductor  cuts  across  in  passing  from  top  to  bottom  of  the 
field.  Again,  let  Z  be  the  total  number  of  conductors  round  the 
armature  Then  |Z  is  the  number  of  conductors  in  series.  Each 

conductor  cuts  F  lines  in  a  half 
turn,  so  that  if  the  armature 
makes  N  revolutions  per  second, 
it  makes  2N  half  revolutions  per 
second,  and  2NF  is  the  number  of 
lines  cut  per  second  by  each  con- 
ductor 'It  is  therefore  the  average 
e.m.f  in  each  conductor.  As  the 
number  of  conductors  in  series  is 
|Z  2NFxlZ-FNZ  is  the  e  m  f. 
between  brush  and  brush.  This 
is,  of  course,  in  absolute  c.g.s. 
units  *  f  e.m.f. 

.*.  e.m  f.  of  machine 
-FNZ  xl()-8  volts 

FIG  935  —Four-pole  field  magnet.  In  some  machines  a  number  of 

pairs  of  poles  are  arranged  round 

the  circumference  of  the  armature,  and  the  above  result  gives  the 
e  in  f  for  each  pair  of  poles.  For  the  resultant  e.m.f.  we  must 
multiply  by  the  number  of  pairs  of  poles. 

Field  magnets. — For  the  production  of  the  magnetic  field  of  the 
dynamo,  powerful  field  magnets  are  necessary  These  have  various 


1  IG.  936  —Series  wound  field  magnet 


FIG  937  —Shunt  wound  field  magnet. 


forms,  one  form  being  that  given  in  Fig.  936.  Here  the  current 
flowing  in  the  field  coils,  which  causes  the  magnetisation,  flows  also 
in  the  external  circuit.  The  field  coils  are  thus  in  series  with  the 
armature  and  the  external  circuit.  When  this  arrangement  is 
adopted  the  dynamo  is  said  to  be  '  series  wound  '  Series  winding  has 
this  advantage,  that  as  the  current  m  the  external  circuit  increases, 
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the  magnetisation  of  the  field  magnets  is  thereby  increased.  There 
is  usually  enough  residual  magnetisation  in  the  iron  cores  of  the 
field  magnets  to  produce  a  feeble  current  when  the  machine  starts, 
provided  that  the  external  circuit  is  closed.  The  voltage  and 
current  then  mount  up  rapidly  as  the  magnetisation  increases. 
The  series  winding  consists  of  few  turns  of  low  resistance,  since 
the  resistance  of  the  coils  is  included  in  the  internal  resistance  of 
the  machine. 

In  Fig.  937  the  field  coils  consist  of  a  great  many  turns  of  fine 
wire  and  are  placed  in  parallel  with  the  armature  and  external 
circuit.  For  this  reason  this  is  called  a  *  shunt  wound  machine.' 

If  the  resistance  of  the  external  circuit  decreases,  so  that  the 
external  circuit  takes  more  current,  the  current  in  the  field  coils 
drops,  and  hence  the  e.m  f.  of  the  machine  falls.  The  shunt  woimd 
machine  is,  however,  useful  for  charging  accumulators  ;  since  on 
connecting  the  machine  tr  the  accumulators,  current  flows  in  the 
field  coils  and  produces  excitation  of  the  field  magnet  in  the  proper 
direction.  Also,  as  the  cells  become  more  fully  charged,  their  e.m.f. 
rises,  and  hence  more  current  flows  in  the  shunt  coils,  thereby 
increasing  the  magnetisation  and  the  e.m.f.  of  the  dynamo.  Series 
winding  must  not  be  exclusively  employed  in  a  machine  for  cell 
charging,  as  on  connecting  the  machine  to  the  cells,  they  cause  a 
current  which  produces  the  magnetisation  in  the  wrong,  direction 
in  the  field  magnets,  and  the  e.m.f.  of  the  dynamo  becomes  reversed, 
with  disaster  to  both  dynamo  and  battery. 

Characteristic  curve  of  a  dynamo. — Considerable  information  can 
be  deduced  from  a  curve  of  current  and  voltage  for  a  dynamo  running 
at  constant  speed.  Such  a  curve  is  called 
a  characteristic  curve  for  the  machine.  On 
running  the  machine  at  constant  speed 
with  an  ammeter  in  series  and  a  volt- 
meter across  the  machine  terminals, 
current  and  voltage  can  be  observed. 
On  varying  the  external  load  the  current 
can  be  changed.  OAB  (Fig.  938)  is  the 
type  of  curve  obtained  for  a  series 


wound  machine.     The  curve  rises  at  first      ^  Amperes 

owing  to  the  rapid  increase  in  magneti-      FlQ-  938.--Characteristic  curve 

,.G      ri        /.-Si        M          '  1     •  •  ofadjnaino 

sation  of  the  field  coils  with  increasing 

current.  At  high  currents  it  drops  slightly,  as  the  external  resist- 
ance becomes  less  in  proportion  to  the  internal  resistance  of  the 
machine. 

For  a  shunt  wound  machine  the  characteristic  is  of  the  form  CD 
(Fig.  938).  The  e.m.f.  is  greatest  when  there  is  no  external  current, 
.the  whole  current  then  going  through  the  field  coils.  As  the  external 
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current  becomes  greater,  that  flowing  in  the  shunt  coils  gets  less, 
and  the  e.m.f.  therefore  drops. 

By  suitably  combining  these  types  of  winding,  a  machine  having 
a  nearly  flat  characteristic  may  be  produced,  which  therefore  has 
nearly  constant  voltage  at  all  loads.  The  machine  has  an  ordinary 
shunt  winding  consisting  of  many  turns  of  fine  wire,  but  upon  the 

outside  of  this  a  few  series  turns  are 
wound.  Such  an  arrangement  is  called 
compound  winding. 

If  the  curve  OAB  (Fig.  939)  give*?  the 
e.m  f.  due  to  the  series  turns,  and  CD 
that  due  to  the  shunt  turns,  the  curve 
CE,  which  is  the  sum  of  the  other  two, 
will  be  the  characteristic  when  both 

windings  are  employed. 

Amperes  Sufch  compound  wound  dynamos  are 

FIG.  939 —Characteristic  curve  of  a    largely  used    for    purposes  of    public 
compound  wound  dynamo  i  i    •         11  i  ,     • 

supply,  and  m  all  cases   where  it  is 

desired  to  maintain  automatically  a  constant  voltage  of  supply  at 
all  loads. 

Efficiency  of  dynamos.— There  are  several  points  of  view  from 
which  the  efficiency  of  a  dynamo  may  be  regarded  The  fraction 
of  the  electric  power  generated  in  the  machine  which  is  available 
in  the  external  circuit  is  called  the  electrical  efficiency.  Thus, 

-^     ,  .     ,     ™  watts  in  external  circuit  /1X 

Electrical  efficiency  =  -—-/-, -,-—       (1 ) 

total  watts  generated 

This  quantity  will,  of  course,  vary  with  the  current  produced, 
and  will  be  determined  by  the  p  d  between  terminals  E,  the  current 
I,  and  the  resistances  of  the  armature  Rrt,  and  of  the  field  coils,  Rm 
for  a  series  machine,  or  R,v  for  a  shunt  machine. 

Thus,  for  a  series  machine, 

Electrical  efficiency  =  ______     (2) 

tl  +  1  (r(a  +  r(m) 

and  for  a  shunt  machine, 

Electrical  efficiency  =—      2  2  — (3) 


The  user  of  the  dynamo  is  usually  chiefly  concerned  with  its 
commercial  efficiency,  which  may  be  expressed  as  follows  : 

~  •  i    .02  •  watts  in  external  circuit  //lx 

Commercial  efficiency  = , = ,.   .,  A — = .  ...(4) 

J     mechanical  power  supplied  to  dynamo 

The  mechanical  power  supplied  to  the  dynamo  is  used  in  supplying 
the  energy  in  the  form  of  current,  and  also  in  providing  for  certain 
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unavoidable  hxsses,  such  as  friction  at  the  bearings,  magnetic  hyster- 
esis losses  in  the  armature  core  (p.  823),  etc.  If  these  losses  constitute 
a  total  of  W  watts,  the  equation  for  a  series  machine  becomes, 


Commercial  efficiency  = 


El 


.(5) 


with  a  corresponding  equation  for  the  shunt  machine. 

To  the  mechanical  engineer  the  chief  question  of  interest  in  the 
dynamo  is  the  ratio  of  the  total  watts  generated  to  the  mechanical 
power  supplied,  which  is  called  the  mechanical  efficiency.  Thus, 

Tiyr    ,      •    i    YC  •  total  watts  generated  ta\ 

Mechanical  emciency  = -j — .--,—    — T=~I w) 

J      mechanical  power  supplied 

It  will  further  be  seen  that 

, ,    ,      •     i    ,*•  •  commercial  efficiency  ln. 

Mechanical  efficiency  =  — p-r r— m--- (') 

J       electrical  efficiency 

Electromotors. — Although  it  is  a  general  rule  that  any  dynamo 
can  be  run  as  a  motor,  still  the  design  of  the  motor  is  usually  different 
from  that  of  the  dynamo, 
to  suit  the  purposes  to 
which  the  motor  is  to  be 
put.  That  a  dynamo  will 
run  as  a  motor  if  supplied 
with  current  may  be  seen 
from  Fig.  940,  which  is 
similar  to  Fig.  934.  In  this 
case,  however,  current  pro- 
duced by  some  external 
source  enters  at  the  brush 
A  and  leaves  at  C.  Hence 
the  current  flows  in  the 
conductors  a,  b,  c,  etc.,  ex- 
actly as  in  the  previous  case.  That  is,  in  6,  c  and  d  the  current 
flows  from  back  to  front  and  in  f,  g  and  h  from  front  to  back.  Now, 
taking  into  account  the  direction  of  the  magnetic  field  and  applying 
the  left-hand  rule  (p.  968),  it  will  be  seen  that  the  forces  upon  the 
armature  conductors  are  in  such  a  direction  that  the  armature  is 
urged  to  rotate  in  an  anticlockwise  direction.  Hence  the  brushes 
must  be  set  for  this  direction  of  rotation. 

It  should  further  be  noted,  that  if  the  directions  of  the  current 
in  the  armature  and  in  the  field  magnets  be  both  reversed,  the 


Fio.  940. — Drum  wound  motor  armature. 
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direction  of  rotation  will  remain  the  same.  In  order  to  reverse 
the  direction  of  rotation  of  the  motor  either  the  direction  of  the 
field,  or  that  of  the  current  in  the  armature  must  be  reversed,  but 
not  both. 

For  the  direction  of  rotation  of  the  motor  to  be  the  same  as  that 
for  the  dynamo,  the  field  having  the  same  direction,  the  current 
in  the  armature  is  in  the  opposite  direction  in  the  motor  to  that 
in  the  dynamo,  and  the  brushes  will  require  to  have  a  lag,  if 
sparkless  running  is  to  be  attained,  instead  of  the  lead  required  in 
the  case  of  the  dynamo  (p.  992). 

Back  e.m.f.  in  motor. — in  the  conductors  of  the  armature  of  a 
motor,  an  c  m  i.  is  produced,  because  these  conductors  cut  across  the 
magnetic  field  Its  direction  is  such  that  it  opposes  the  current  driv- 
ing the  motor  It  therefore  tends  to  reduce  the  current  in  the  armature 
and  is  known  as  a  back  e.m.f.  Hence  the  current  in  the  armature 
may  be  calculated  from  the  expression  (E  -  E')/R,  where  E  is  the  e.m.f. 
applied  to  the  armature  terminals,  E'  the  back  e.m.f  in  the  arma- 
ture, and  R  its  resistance.  The  power  IE  watts  is  thus  applied  to 
the  armature,  and  of  this  I(E-E')^I2R  is  wasted  as  heat  in  the 
armature,  while  IE'  is  the  power  in  watts  converted  into  work  in 
turning  the  armature 

It  is  clear  that  E '  depends  upon  the  speed  of  rotation  of  the  motor. 
When  the  motor  is  at  rest  E7  =  0,  and  if  the  e  m  f  E  were  then  applied 
to  it,  a  very  great  current  would  flow,  sufficiently  great  to  injure 
the  insulation  of  the  conductors  and  perhaps  melt  the  solder  used 
in  making  the  joints.  For  this  reason  it  is  necessary  to  employ  a 
starting  resistance  in  series  with  the  motor.  By  means  of  a  switch, 
the  coils  of  the  starting  resistance  can  be  cut  out  one  at  a  time,  so 
that  the  current  never  rises  to  an  excessive  amount.  As  the  speed 
rises,  the  back  e.m.f.  increases,  and  at  full  running  speed  the  starting 
resistance  is  entirely  cut  out. 

Efficiency  of  motors.— Just  as  in  the  case  of  the  dynamo  (p.  996) 
the  efficiency  of  a  motor  may  be  considered  from  several  points  of 
view.  Three  of  the  most  important  are  as  follows  : 

Electrical  efficiency 
=  Elecl 

Commercial  efficiency 


__  Electrical  power  spent  in  producing  rotation  /-.v 

Total  electrical  power  supplied 


Brake  output 
Total  electrical  power  supplied 
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Mechanical  efficiency 

_  Brake  output  ,*. 

Electrical  power  spent  in  producing  rotation  ........ 

^commercial  efficiency  /,v 

electrical  efficiency 

The  brake  output  is  the  power  which  the  motor  is  capable  of 
giving  out  for  driving  purposes,  and  may  be  measured  by  means 
of  a  brake  (p.  51:]). 

If  the  back  c.m.f.  E'  be  known  (p.  998),  these  efficiencies  may  be 
simply  expressed;  for  E'l  is  the  rate  at  which  electrical  power  is 
converted  into  mechanical  power,  while  El  is  the  total  electrical 
power  supplied  to  the  motor,  E  being  the  p.d.  between  terminals  ; 

E'l     E' 

Electrical  efficiency^    -^  =      (for  a  series  motor)  .    ..    (5) 

I  E' 

a  motor),  .  .  .(6) 


where  la  and  I.s  are  the  currents  in  the  armature  and  the  shunt  coils 
respectively. 

Again,  if  W  is  the  waste  of  power  in  friction,  hysteresis  loss,  etc., 

Commercial  efficiency  =  —  ---  —  (for  a  series  motor)  ........  (7) 

*«E 

=  -TJ  —  —  rp  (for  a  shunt  motor)  .......  (8) 

The  most  profitable  speed  at  which  to  run  a  motor  is  not  necessarily 
the  speed  at  which  its  efficiency  is  greatest.  For,  take  a  series 
motor  in  which  the  back  e.m.f.  is  E'  at  any  given  speed.  This,  of 
course,  depends  upon  the  speed,  increasing  with  it,  arid  R  is  the 
resistance  of  the  machine. 

Now,  electrical  efficiency  =  E'/E.  and  the  greatest  possible  value 
of  this  is  unity,  when,  of  course,  E'  =  E,  and  since  I  =  (E-E')/R 
(p  998),  1=0.  This  means  that  the  efficiency  increases  as  the 
speed  increases;  but  as  the  speed  for  which  E'  =  E  is  approached, 
the  current  becomes  so  small  that  the  output  of  the  motor  is 
negligible. 

To  find  the  speed  for  greatest  output,  note  that, 

Electrical  power  spent  in  producing  rotation  =  E'I 
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Draw  a  line  OB  (Fig.  9H)  such  that  CB/OC  =  R,  then  the  greatest 
possible  current  that  the  motor  will  take  is  E/R  =  OC,  if  CB  =  E. 

Now  complete  the  rectangle  OABC  For  any  other  current  OH, 
the  electrical  power  spent  in  producing 
rotation  is  represented  by  the  area  of  the 
rectangle  AF,  for 

(F  H\ 
OH2  x  —  ) 
UH/ 

=  (OHxOA)-(OHxFH) 
=  area  of  rectangle  AF. 

This  area  is  very  small  when  the  current 
I  represented  by  OH  is  small,  and  vanishes 
when  1=0.  It  vanishes  again  when  I  =  OC,  since  in  this  case  the 
motor  is  at  rest,  and  it  has  its  maximum  value  equal  to  the  area  AK 
when  the  current  has  the  value  OL,  which  is  half  its  maximum  value. 
Also,  the  speed  for  greatest  output  is  half  the  speed  for  which  the 
back  e.m.f.  would  equal  the  applied  e  m.f.  if  the  field  be  constant,  for 


FlQ.  941  — Diagram  for  motor 
efficiency 


2R' 


or, 


Alternators.  —  It  was  seen  (p.  988)  that  a  single  coil  rotating  in 
a  magnetic  field  gives  rise  to  an  alternating  electromotive  force. 
To  produce  a  sufficiently  high 
e.m.f.  for  any  useful  purpose, 
the  coil  would  require  to  have 
an  immense  number  of  turns, 
or  else  its  rate  of  rotation  would 
have  to  be  very  High.  Also,  in 
using  a  single  turn,  a  large 
amount  of  space  would  be 
wasted  In  order  to  get  over 
these  difficulties,  many  coils 
arc  arranged  in  series  round  a 
cylindrical  core,  and  pole  pieces 
lie  outside  the  coils.  The  alter- 
nator shown  in  Fig.  942  has 
four  poles  and  four  rings.  The 
field  magnets  in  the  case  of  an  alternator  must  be  separately  excited 
by  means  of  a  continuous  current.  In  small  machines  this  current 
is  supplied  by  a  battery,  but  in  large  machines  a  separate  direct- 


no  942  — Four-pole  alternator. 


LXXVII 


ALTERNATORS 


1001 


"xternat 
Circuit 


FlQ    043  — Rotor  connections  for  a  six-pole 
alternator. 


current  dynamo  is  used  foi^  producing  the  field  current.  The  regu- 
lation of  the  alternating  voltage  to  secure  constancy  is  performed 
by  altering  the  resistance  in 
the  field  circuit  by  means  of  a 
rheostat. 

The  e.m.f.  in  the  coils  de- 
pends only  upon  the  relative 
motion  of  the  coils  and  the 
field  magnet.  In  the  case  given 
(Fig.  942)  the  field  magnets 
are  fixed,  and  the  coils  rotate 
in  the  direction  of  the  arrow. 
Some  machines,  however,  are 
designed  so  that  the  coils  are 
fixed  and  the  field  magnets 
rotate.  For  the  e.m.f.  in^he 
above  case  to  remain  un- 
changed, the  magnets  would 
have  to  rotate  in  a  direction  opposite  to  that  indicated  by  the 
arrow.  Whichever  part  is  fixed  is  called  the  stator.  The  rotating 
part  is  called  the  rotor. 

As  was  seen  on  p.  992,  the  ring  form  of  armature  is  wasteful  in 

copper,  hence  it  is  desirable 
to  arrange  the  conductors 
upon  the  outside  only  of 
the  iron  core.  In  Fig.  943 
an  arrangement  of  thirty-six 
conductors  round  the  surface 
of  the  rotor  is  shown.  These 
are  supposed  to  be  connected 
at  the  front  as  shown  by 
the  thick  lines  and  at  the 
back  by  the  dotted  lines. 
There  are  three  pairs  of  poles 
in  the  state/.  It  will  be 
seen  that  all  the  conductors 
of  the  rotor  are  in  series  and 
that  they  are  grouped  into  sets  in  such  ;»  \\n\  that  the  e  m  f  in 
the  sets  at  any  one  instant  is  the  same,  but  in  passing  from  one 


FIG.  944.— Stator  connections  for  a  six-pole 
alternator. 
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pole  to  the  next  of  the  same  kind  a  complete  alternation  in  e.m.f. 
is  made. 

In  Fig.  944  is  shown  a  similar  arrangement,  but  with  the  field 
magnets  as  rotor,  and  the  conductors,  in  which  the  alternating  e.m.f 
is  being  produced,  as  stator.  The  field  is  shown  as  though  it  were 
excited  by  a  battery,  but  a  separate  direct-current  dynamo  is  usually 
employed  for  this  purpose. 

EXERCISES  ON  CHAPTER  LXXVII 

1.  Explain  the  principle  of  the  dynamo,  arid  give  sketches  of  (a)  a 
series-wound,  (6)  a  shunt-wound  dynamo. 

2.  Give  the  laws  ol  production  of  an  electromotive  force  in  a  circuit 
when  this  is  cutting  across  a  magnetic  field. 

A  closed  coil  of  wire  rotates  slowly  about  a  vertical  axis,  and  a  magnetic 
needle  is  suspended  at  its  centre.  As  the  coil  rotates  it  cuts  the  earth's 
magnetic  field.  Represent  by  a  curve,  or  other  diagram,  the  deflecting 
couple  acting  on  the  needle  during  one  revolution  of  the  coil.  L.U. 

3.  Describe  some  form  of  commutator  by  which  the  alternating  e.m.f. 
in  a  coil  rotating  in  a  magnetic  field  may  give  rise  to  a  current  always  in 
the  same  direction  in  an  external  circuit. 

4.  Describe  the  Gramme  ring  armature,  and  account  for  the  fact  that 
the  brushes  must  be  given  a  '  lead,'  in  order  to  obtain  sparkless  running 

5.  Give  a  sketch  of  the  connections  of  a  drum  armature,  and  trace 
the  current  through  one  set  of  conductors  from  one  brush  to  the  other. 

6.  What    is    *  compound  winding '  ?    Account    for    the    advantages 
obtained  bv  means  of  it. 

7.  Describe  some  form  of  alternator,  giving  the  connections  of  the 
conductors  of  tho  armature. 

8.  An  electromotor  is  supplied  with  current  from  the  mains  at  a  fixed 
difference  of  potential.     When  heavily  loaded  and  running  slowly  the 
current  passing  is  about  5  amperes.     As  the  load  is  progressively  diminished 
and  the  speed  increased  the  current  diminishes,  attaining  its  minimum 
value  when  the  speed  of  the  motor  is  greatest.     Explain  how  this  occurs. 

Madras  University. 

9.  A  continuous  current  shunt  motor  011  being  installed  is  found  to 
rotate  in  the  wrong  direction.    Describe  what  you  would  do  in  order  to 
reverse  the  direction  of  rotation,  and  give  reasons.  C.G. 

10.  Describe  some  form  of  armature  for  a  continuous  current  dynamo, 
stating  the  material  of  which  each  part  is  made  and  the  reason  why  that 
material  is  used.     Why  is  the  armature  core  made  up  of  a  number  of  thin 
plates  instead  of  a  solid  cylinder  ?  C.G. 

11.  What  is  the  "  counter  "  or  "  back  "  electromotive  force  of  a  motor 
and  on  what  does  it  depend  ?     What  change  takes  place  in  the  speed  of  a 
series  motor  if  the  load  is  reduced  ?  C.G. 
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12.  In  what  forms  may  the  efficiency  of  an  electro-motor  be  expressed  ? 
How  will  the  efficiency  depend  upon  the  speed  in  the  case  of  a  series  motor  ? 

13.  Describe  some  form  of  electro-motor,  and  state  how  you  would 
calculate  the   horse-power,    neglecting   friction  and  other  losses,   given 
that  there  are  n  straight    conductors    in   the  armature,  each  of  which 
cuts  across  a  magnetic  field  consisting  altogether  ot  20,000  lines,  N  times 
per  second,  if  1  ampere  flows  in  each  conductor.  L.U. 

14.  Find  the  electrical  and  commercial  efficiencies  of  a  series  dynamo, 
if  p.d.  at  terminals  is  125  volts,  current  —  100  amperes,  resistance  of  dynamo 
is  0  04  ohms  and  power  supplied  is  155  kilowatts. 

15.  Explain  the  terms  electrical,  commercial,  and  mechanical  efficiencies 
of  a  dynamo. 

Calculate  the  electrical  and  mechanical  efficiency  of  a  shunt  dynamo 
when  the  p.d.  between  terminals  is  150  volts,  the  external  current  70 
amperes,  if  the  resistance  of  the  armature  is  0-06  and  of  the  shunt  coils 
30  ohms,  and  the  power  wasted  in  friction  etc.  is  500  watts. 


CHAPTER   LXXVIII 


THE  TELEGRAPH,  TELEPHONE,  AND  ELECTRIC  LAMPS 

The  electric  telegraph.  —  One  of  the  most  important  applications 
of  the  electric  current  is  its  use  tor  conveying  messages.  When  the 
message  is  conveyed  by  means  of  a  number  of  intermittent  currents 
passing  along  a  wire  or  cable  from  the  transmitting  to  the  receiving 
station,  the  arrangement  is  generally  called  a  telegraph.  A  simple 
of  telegraph  is  shown  in  Fig.  945.  A  magnetic  needle  NS 


FIG.  945.— Simple  telegraph. 

is  pivoted  on  the  axis  of  a  coil  C,  the  arrangement  being  a  simple 
form  of  galvanometer  Attached  to  the  axis  of  rotation  of  the  needle 
is  a  pointer  P,  so  that  the  movement  of  the  needle  may  be  seen  from 
outside  the  coil.  This  simple  galvanometer,  or  indicator,  is  situated 
at  the  receiving  station.  At  the  transmitting  station  is  a  battery 
in  circuit  with  a  key  K,  The  circuit  between  the  two  stations  is 
completed  by  the  line  or  cable  LL,  the  return  part  of  the  circuit 
being  either  another  line  EE,  or  in  most  cases  the  earth  itself.  For 
this  purpose  a  plate  is  buried  in  the  earth  at  each  station  and  the 
end  of  the  circuit  E  connected  to  the  plate. 

It  will  thus  be  seen  that  on  closing  the  key  K,  the  needle  and 
pointer  are  deflected,  and  by  a  code  of  signals  any  desired  message 
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may  be  transmitted.  The  code  most  frequently  used  is  the  Morse 
code.  A  long  depression  of  the  key  corresponds  to  a  dash  and  a 
short  one  to  a  dot.  The  Morse  code  is  as  follows  • 


E 
I 
S 

A 
U 
V 
W 

R 

L 
F 
P 


T  _ 
M  

Short  numerals 
preceded  by  FI. 

Long  numci  als 

.  .  .                 O   
H     

N    
.  D    . 
.  .  .  B    ... 

1    ._ 

2  
3  
4  ...  

5  . 

1    .  

2  
3  
4  
5  

G    
C    
K    

.  .               Y    .  

6  

7  

8  
9  . 

0 

6  
7  
8  

9  . 
0 

_  .           Y 

J    .    

z  

Followed  by  FF 

With  the  arrangement  shown  in  Fig.  945  it  is  only  possible  to 
send  messages  in  one  direction.  It  must  therefore  be  understood 
that  the  apparatus  is  duplicated,  so  that  at  each  end  there  is  a 
transmitting  battery  and  key,  and  also  a  receiving  indicator.  The 
line  can  only  be  used  for  sending  messages  in  one  direction  at  a  time. 

Sounders  and  ink-writers. — It  is  generally  preferable  in  receiving 
messages  to  take  them  by  ear  rather  than  by  sight.  Thus  the 
pointer  P  (Fig.  945)  strikes  a  bell  when  the  needle  is  deflected.  Also, 
it  is  usually  arranged  that  the  current  in  the  line  can  be  sent  in  one 
direction  or  the  reverse  so  that  the  deflections  are  to  right  or  left, 
right  corresponding  to  a  dash  and  left  to  a  dot  in  the  code.  If 
there  are  two  bells  of  different  tones,  one  struck  by  P  when  the  de- 
flection is  to  the  right  and  the  other  when  it  is  to  the  left,  this  does 
away  with  the  necessity  of  watching  the  instrument.  The  observer 
recognises  the  dots  and  dashes  by  the  tones  of  the  two  bells. 

There  are  also  special  sounders  that  can  be  used  in  conjunction 
with  the  galvanometer  at  the  receiving  station.  The  Morse  sounder 
is  used  in  this  way.  A  two-pole  electromagnet  A,  only  one  pole  of 
which  can  be  seen  in  the  diagram  (Fig.  946),  attracts  a  soft  iron 
armature  D  when  the  current  from  the  line  flows  in  its  coils.  This 
pulls  down  the  arm  to  which  D  is  attached,  the  sound  being  produced 
by  the  screw  C  coming  into  contact  with  a  stop.  The  screw  B 
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enables  the  distance  of  the  soft  iron  D  above  the  pole  face  to  be 
adjusted  to  the  proper  amount.     When  the  current  ceases  the  arm 

is  pulled  up  again  by  a  spring 
which  is  not  shown  in  the 
diagram 

In  the  Morse  ink-writer  a 
wheel  which  is  kept  inked  is 
carried  by  the  pivoted  arm. 
When  the  current  from  the 
line  flows  through  the  coils  of 
the  electromagnet  the  arm  is 
pulled  down  and  the  inky 
wheel  is  brought  into  contact 
Ym  946  —Morse  sounder  with  a  strip  of  paper  which  is 

driven  past  it  by  clockwork. 

A  dash  then  corresponds  to  a  line  inked  by  the  wheel  upon  this  paper, 
a  dot  being  a  very  short  line. 

For  the  purpose  of  signalling,  a  small  buzzer  is  often  employed. 
This  is  a  small  electio-magnet  with  a  soft  iron  armature  arranged 
as  a  make  and  break  in  the  same  manner  as  the  interrupter  of  the 
induction  coil  (Fig.  918)  A  long  buzz  is  used  for  a  dash  and  a 
short  one  for  a  dot 

Duplex  telegraphy. — In  the  simple  system  described  above,  the 
line  can  only  be  used  for  transmission  of  messages  in  one  direction 
at  a  time.  This  means  very  low  efficiency  for  the  line,  so  that  it 
is  desirable  to  increase  the  efficiency  by  arranging  that  messages 
can  be  sent  in  both  directions  at  the  same  time.  This  is  called  a 
duplex  arrangement.  There  are  also  multiplex  arrangements,  but 
only  the  duplex  telegraph  will  be  described  here.  There  are  two 
widely  used  duplex  systems,  namely,  the  differential  system  and  the 
bridge  system 

The  differential  method  is  illustrated  in  Fig.  947.  G1  and  G2  are 
the  galvanometers  at  the  two  stations.  These  galvanometers  are 
wound  in  two  similar  sections  so  that  the  current  from  the  battery 
B1  will  flow  through  these  two  sections  in  opposite  directions  when 
the  key  K/  is  depressed.  If  these  two  currents  are  equal,  then  the 
effect  upon  the  galvanometer  Gt  is  zero.  In  order  to  make  the 
currents  equal,  a  resistance  Rt  is  placed  in  series  with  one  of  the 
coils,  and  the  line  in  series  with  the  other,  the  resistance  Rx  being  so 
adjusted  that  it  is  equal  to  the  joint  resistance  of  the  line  and  the 
instruments  at  the  far  end.  It  follows  that,  on  depressing  K1?  current 
goes  to  the  line,  but  the  instrument  G1  is  not  affected.  However, 
the  instrument  G2  at  the  other  end  of  the  line  is  affected  by  this 
current,  since  it  flows  through  the  first  coil  and  the  key  K2  to  earth, 
and  also  partly  through  the  other  coil  and  the  resistance  R2.  But  in 
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this  case  it  flows,  through  the  two  coils  in  series,  so  that  the  effect  is 
the  sum  of  the  two,  and  the  instrument  G2  therefore  indicates  the 
signals  from  the  first  station.  ^ 


FIG  947  —Duplex  telegraph  (differential). 

With  this  arrangement  the  line  is  available  for  sending  messages 
in  both  directions  simultaneously,  since  at  either  station  a  depression 
of  the  key  does  not  affect  the  galvanometer  at  that  station,  but  does 
affect  the  galvanometer  at  the  other  end  of  the  line.  This  differential 
system  is  chiefly  used  for  land  telegraphs. 


FIG  948. — Duplex  telegraph  (Wheatstone's  bridge) 

The  bridge  method  is  employed  for  submarine  cables.  At  one  station 
the  battery  Bl  (Fig.  948)  is  connected  by  means  of  the  key  to  one 
corner,  A1?  of  a  Wheatstone's  bridge.  The  four  arms  of  the  bridge 
are  P19  Q1}  the  line  L  and  the  resistance  RL. 
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Then,  if  Rx  is  so  adjusted  that 


10  current  flows  through  the  galvanometer  Gj  on  depressing  Kt. 
Che  current  from  the  line  on  reaching  B2  will  pass  to  earth,  partly 
;hrough  P2  and  partly  through  G2,  so  that  the  signal  is  recorded  at 
;his  end.  A  similar  bridge  arrangement  is  at  each  end  of  the  line, 
;o  that  messages  can  be  sent  simultaneously  in  both  directions 

The  galvanometer  must  be  of  a  sensitive  type,  either  a  reflecting 
galvanometer,  or  the  siphon  recorder  described  below  being  used. 

JJ&JLays. — For  working  an  ink-writing  machine,  or  a  sounder,  the 
currents  from  the  line  are,  in  many  cases,  too  feeble.  A  rejax  is 
then  employed.  This  consists  of  an  electro- 
magnet whose  coils  arc  in  the  circuit  of  the 
current  at  the  receiver  These  coils  consist 
of  a  great  many  turns  of  wire  so  that  a  feeble 
current  is  able  to  magnetise  the  core  The 
arrangement  of  the  Post  Office  standard 
relay  is  shown  in  Fig  9-M). 

PP  are   the   soft   iron  pole  pieces  of  the 
.electromagnet,  the  coils  of  which  are  wound 
;     )  differentially  and  connected  up  in  the  same 
J '    way  as  the  galvanometer  coils  in  Fig  917. 
At  A  is  pivoted  a  soft  iron  arm  which  lies 
between  P  and  P.      This  soft  iron  arm  is 
maintained   permanently  magnetised  by  a 
steel  permanent  magnet,  so  that  it  is  de- 
flected to   left   or   right  according    to    the 

direction    of    the    current    from    the    line. 
FIG.  949  -Post  Office  relay      M__^  n 


Mou?ted^  llpon  th(J   ^  ax,e   as   tk>  goft 

iron  arm  is  a  light  lever  ending  in  the  contacjfc^pjiice  B,  which  makes 
contact  with  C  or  D.  This  closes  the  lojcaL  circuit,  consisting  of  a 
battery  and  the  sounder  or  ink- writer  S.  Thus  the  current  in  the 
ine,  which  is  not  itself  strong  enough  to  work  the  sounder,  can  close 
:he  local  circuit  by  means  of  the  much  more  sensitives/relay,  and 
ihus  enable  the  strong  local  current  to  work  the  soundetf.  ' " 

Siphon  recorder. — In  long-distance  submarine  telegraphy  the 
currents  are  so  feeble  that  a  very  sensitive  recorder  is  necessary. 
The  siphon  recorder  due  to  Lord  Kelvin  is  commonly  employed. 
Et  is  really  a  suspended  coil  galvanometer.  The  coil  A  (Fig.  950) 
is  suspended  between  the  poles  of  a  strong  permanent  magnet,  ab 
and  cd  are  two  fibrjes  connecting  the  suspended  coil  to  a  small  block 
which  can  turn  about  the  wire  e/  as  axis,  s  is  a  fine  tube  fixed  to 
the  block  bd,  having  one  end  dipping  into  an  ink-pot  and  the  other 
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resting  upon  the  paper  at  />,  which  is  caused  by  rollers  to  travel 

under  it.     It  will  then  be  seen  that  a  current  in  &  will  cause  the 

point  p  to  travel  laterally  upon  the  'paper  and  so  record  the  signal. 

g  is  a  fibre  attached  to  s  at  one 

end  and  to  a  vibrator  at  the 

other.     This  causes  the  point  p 

to  be  continually  lifted  off  and 

allowed    to    touch    the    paper, 

producing  a  fine  dotted  line  as 

the  paper  travels  forward.    This 

reduces  to  a  great  extent  the 

friction    between    p    and    the 

paper. 

The  telephone. — Sounds  aris- 
ing at  one  place  may  be  repro- 
duced at  another  place  by  the 
arrangement  due  to  A.  Graham 
Bell  known  as  the  telephone. 
The  sound  waves  arriving  at 
the  thin  sheet-iron  diaphragm  A 
(Fig.  951)  causing  it  to  vibrate, 
a  compression  of  the  air  (p.  682)  driving  it  inwards  and  a  rarefaction 
causing  it  to  bulge  outwards.  Behind  the  diaphragm  is  a  permanent 
horseshoe  magnet  NS,  provided  with  a  pair  of  soft  iron  pole  pieces 
which  nearly  but  do  not  quite  touch  the  diaphragm.  Coils  having 
a  great  number  of  turrs  are  situated  upon  these  pole  pieces,  and  are 

in  series  with  the  line  LL,  and  a 
similar  instrument  acting  as  re- 
ceiver at  the  other  end.  Magnetic 
flux,  therefore,  passes  from  the  N 
/ 'vvi/wnw  ^  pole  of  the  permanent  magnet 


through  one  pole  piece,  and  by 
way  oTIihe  soft  iron  diaphragm  to 
the  other  pole  piece,  and  the  S 
pole  of  the  magnet.  The  less  the 
air  apace  between  the  pole  pieces 
ancr  the  diaphragm  the  greater 


FIG  950  —Siphon  recorder 


FIG  951  — The  Bell  telephone. 


will  be  this  magnetic  flux,  and  since  this  magnetic  flux  is  threaded 
through  the  coils  upon  the  pole  pieces,  it  follows  that  any  variation  in 
position  of  the  diaphragm  causes  an  alteration  in  the  magnetic  flux, 
and  hence  produces  an  electromotive  force  in  the  coils.  As  the 
diaphragm  follows  the  compressions  and  rarefactions  of  the  air,  a 
corresponding  variation  of  the  e.m.f.  and  therefore  of  current  in  the 
coils  and  in  the  line  will  take  place. 
On  arrival  at  the  receiving  end,  the  current  passes  through  a  similar 


D.S.P. 


3s 


1010 


MAGNETISM  AND  ELECTRICITY 


CHAP. 


pair  of  coils  upon  the  pole  pieces,  and  the  variation  in  magnetic  flux 
causes  a  varying  attraction  between  the  pole  pieces  and  the  soft  iron 
diaphragm.  Hence  the  diaphragm  of  the  receiver  copies  the  motion 
of  the  -transmitter  and  m  doing  so  sets  the  air  in  motion,  and 
reproduces  the  sounds  which  caused  the  motion  of  the  diaphragm 
of  the  transmitter. 

It  is  clear  that  the  permanent  magnet  of  the  transmitter  is  neces- 
sary, otherwise  there  would  be  no  magnetic  flux  at  all,  and  conse- 
quently no  current  produced  by  the  movement  of  the  diaphragm. 
That  the  permanent  magnet  of  the  receiver  is  necessary  is  not  at 
first  sight  obvious,  since  the  varying  current  would  produce  a  varying 
magnetic  flux  even  without  the  presence  of  the  permanent  magnet. 
But  it  must  be  remembered*  that  the  movement  of  the  diaphragm 
of  the  receiver  depends  upon  the  vanation  in  the  pull  of  the  magnets 
upon  it.  Now,  the  pull  per  square  centimetre  is  B2/8?r,  whore  B  is  the 
magnetic  induction  (p.  815).  If;  now,  B  changes  by  the  small  amount 
fc,  it  becomes  B  +  &,  and  the  pull  is  (B  +  ?;)2/87r,  or  (B2  +  2Bfc  +  &2)/87r. 
The  increase  of  the  pull  is  therefore  (2B6  +  62)/87r,  or  2Bb/Sir  approx. 
Thus  it  is  proportional  to  the  increase  in  induction  6,  and  also  to  the 
value  of  the  induction  B.  Hence  the  permanent  magnet  maintains  a 
fairly  high  value  of  B.  This  must  not,  however,  be  too  high,  for  if 
the  iron  approaches  saturation,  the  current  will  produce  very  little 
alteration  in  B,  as  will  be  seen  from  the  curve,  Fig.  763,  p.  823. 

The  carbon  microphone.— The  Bell  receiver  can  be  used  as  a 
transmitter,  as  described  above.  But,  owing  to  the  feebleness  of 

the  currents  produced,  the  in- 
tensity of  the  sound  produced 
by  the  receiver  is  small.  For 
this  reason  the  microphone  is 
nearly  always  used  for  the 
transmitter.  This  employs  the 
fact  that  the  resistance  of  a 
carbon  contact  is  considerable, 
but  is  highly  sensitive  to  me- 
chanical disturbance.  Thus,  if 
a  pointed  carbon  rod  C  (Fig. 
952)  is  supported  by  two  carbon 
blocks  A  and  B,  and  the  circuit  is  completed  through  a  few  cells  and  a 
Bell  receiver,  any  disturbance  of  the  carbon  rod  causes  a  loud  noise 
to  be  heard  in  the  receiver  The  carbon  contacts  at  A  and  B  vary 
so  much  in  resistance  with  any  slight  mechanical  disturbance,  that 
the  current  in  the  circuit  varies  sufficiently  to  produce  a  loud  sound 
in  the  receiver. 

In  telephoning,  single  carbon  contacts  are  not  used,  but  granu- 
lated carbon  is  placed  between  a  carbon  diaphragm  and  a  carbon 


FIG  952  — Carbon  microphone 
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plate.  The  arrangement  of  the  transmitter  is  given  in  Fig.  953. 
D  is  a  thin  carbon  diaphragm  which  vibrates  in  accordance  with 
the  sound  waves  arriving  by  the  mouthpiece  M.  A  is  a  carbon 
block  having  corrugations  or 
protuberances.  Between  D 
and  A  granules  of  carbon,  G, 
are  situated.  The  movement 
of  the  diaphragm  thus  causes 
corresponding  changes  in  the 
resistance  of  the  carbon  con- 
tacts between  D  and  A,  and 
therefore  corresponding  vari- 
ations of  the  current  going  to 
the  receiver  by  way  of  the 
line  L. 

Use  of  a  transformer,  or 
induction  coil. — In  order  to 
keep  the  resistance  of  the 
microphone  circuit  low,  so 
that  any  variation  in  resistr 


FIQ.  953. — Carbon  microphone  transmitter. 


ance  of  the  carbon  contacts  shall  be  as  large  a  proportion  of  the 
total  resistance  as  possible,  and  so  produce  large  variations  in 
current,  it  is  usual  to  use  a  transformer  or  induction  coil,  as  shown 
in  Fig.  954.  C  is  the  induction  coil,  the  low  resistance  primary 
of  which  is  in  series  with  the  microphone  M  and  a  battery.  The 
secondary,  consisting  of  many  turns,  is  in  series  with  the  line  and  the 

receiver  at  the  other  end  of  the 
line.  In  the  position  shown, 
the  receiver  R  is  supposed  to 
be  in  use.  When  not  in  use 
it  is  hung  up  on  the  key  K, 
which  then  throws  the  induc- 
tion coil  out  of  circuit  and 
joins  the  line  to  the  key  K2, 
and  the  distant  station  can 
then  call  up,  since  the  line  is 
in  series  with  the  electric  bell 
B.  To  call  up  the  distant  station,  the  button  of  the  key  K2  must 
be  pressed.  This  puts  the  battery  in  series  with  the  line  and  the 
electric  bell  at  the  distant  station. 

Arc  lamps. — Whenever  an  electric  circuit  is  suddenly  broken  a 
spark  occurs,  owing  to  the  inductance  in  the  circuit  (p.  986).  As 
a  rule  this  spark  is  very  soon  quenched ;  but  if  the  electromotive 
force  in  the  circuit  is  sufficiently  high,  and  the  materials  where  the 
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Fl«   !)55  — Elertne  aro 


break  occurs  are  suitable,  the  current  persists,  the  spark  becoming 
transformed  into  an  arc.  The  most  suitable  material  for  forming 
the  arc  is  carbon,  since  this  does  not  melt,  even  at  the  very  high 
temperature  of  the  arc. 

The  arc  between  carbon  rods  cannot  exist  permanently  unless 
the  e.m.f.  in  the  circuit  exceeds  a  certain  value,  about  40  volts. 
When  the  carbons  are  allowed  to  touch,  and  are 
then  drawn  apart,  the  positive  carbon  soon 
burns  out  into  the  form  of  a  crate?*  C  (Fig  955). 
Both  positive  and  negative  carbons  burn  away, 
but  the  positive  more  rapidly  than  the  negative. 
There  is  a  small  area  within  the  crater,  at 
which  the  temperature  is  the  highest,  and 
reaches  3500°  C.  to  4000°  C.  It  is  from  this 
point  that  most  of  the  light  of  the  arc  is 
emitted  The  crater  forms  most  readily  if  the 
positive  carbon  has  a  soft  core,  and  for  this  reason  the  positive 
carbons  are  usually  '  cored,'  the  negative  carbons  being  solid. 

It  is  usual  to  run  arc  lamps  with  a  resistance  in  series.  Thus, 
to  run  a  10  ampere  arc  lamp  on  a  100  volt  circuit,  a  resistance  must 
be  placed  in  series  with  it.  To  calculate  the  resistance  required, 
remember  that  40  volts  is  required  to  maintain  the  arc,  apart  from 
its  resistance.  Then,  (100-40)/10  =  6  ohms 
resistance  must  be  placed  in  series. 

Owing  to  the  very  high  temperature  of  the 
arc,  it  has  now  many  industrial  applications. 
Silica  may  be  fused  in  it ;  welding  of  iron 
and  steel  is  performed  by  it ;  and  the  calcium' 
in  lime  can  be  caused  to  unite  with  carbon 
forming  the  calcium  carbide  used  for  the 
production  of  acetylene  gas. 

Automatic  arc  lamp.— There  are  many 
arrangements  for  the  maintenance  of  the  arc, 
but  that  illustrated  in  Fig.  956  is  a  good 
example.  Two  soft  iron  plungers,  A  and  B, 
are  attached  to  a  rocking  arm  pivoted  at  P.  FlG-  956.— Principle  of  tjie 

.   1  •  ,1  . .  i  .  i         •  i     i  i        T  •    ,  automatic  air  lamp      !  » 

A  lies  partly  within  a  solenoid  through  which 

the  main  current  in  the  arc  passes,  while  B  has  a  high  resistance 
and  is  in  parallel  with  the  arc.  Before  switching  on  the  current, 
the  carbons  are  in  contact,  but  on  completing  the  circuit  the  current 
flows  in  the  series  coil  thiough  the  arc,  This  pulls  down  the  plunger 
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A,  which  by  a  suitable  mechanism  draws  the  carbons  apart,  and  the 
arc  is  '  struck.'  As  the  carbons  burn  away,  the  resistance  of  the  arc 
increases  so  that  more  current  will  flow  in  the  shunt  coil  and  the 
plunger  B  is  pulled  down.  This  releases  a  brake  and  allows  the 
mechanism  to  bring  the  arcs  closer  together.  If  the  mechanism, 
which  is  not  shown  in  the  diagram,  be  properly  adjusted,  the  differ- 
ential effect  of  these  two  processes  keeps  the  carbon  the  proper 
distance  apart. 

Incandescent  lamps. — For  the  purpose  of  ordinary  lighting,  the 
incandescent  or  glow  lamp  is  the  most  convenient.  It  consists  of  a 
filament  of  fairly  high  resistance  which  is  rendered  incandescent  by 
the  keat  produced  by  the  current  in  it.  The  filament  is  attached 
at  the  ends  to  pieces  of  platinum  wire  sealed  into  the  walls  of  a 
glass  bulb.  The  air  is  exhausted  from  the  bulb  containing  the 
filament,  for  two  reasons  ;  the  air  would  cause  oxidisation  of  the 
filament  when  hot,  and  would  also  remove  heat  so  rapidly  by  con- 
duction and  convection  that  the  lamp  would  have  very  low  efficiency. 

The  older  type  of  incandescent  lamp  has  a  carbon  filament.  The 
filament  is  constructed  by  dissolving  cotton  wool  in  zinc  chloride 
solution,  to  form  a  paste,  which  is  squirted  through  small  holes  into 
alcohol.  On  remaining  in  the  alcohol  for  several  hours  the  filaments 
harden.  They  are  then  removed,  cleaned,  and  bent  into  the  shape 
required  for  the  lamp.  This  is  done  upon  a  carbon  "  former,"  and 
they  are  then  packed  round  with  carbon  powder  and  heated  to  a 
temperature  of  about  .550°  C.  in  a  carbon  crucible,  which  converts 
them  into  the  well  known  hard  carbon  filaments.  The  final  treat- 
ment is  the  flashing,  which  consists  in  heating  in  benzine  vapour 
by  means  of  a  current.  Where  the  filament  is  thin,  the  temperature 
rises  most  and  the  benzine  vapour  is  decomposed,  and  carbon  is 
deposited  upon  the  filament,  thus  rendering  the  thickness  uniform. 
The  filament  is  then  fixed  in  its  bulb  which  is  exhausted  and  sealed 
off. 

Carbon  filament  lamps  have  now  been  largely  superseded  by 
metallic  filament  lamps,  the  chief  advantage  of  which  is  their  high 
efficiency.  The  efficiency  of  the  carbon  lamp  varies  irom  about 
4  watts  per  candle  power  for  small  lamps  to  2-5  watts  per  candle 
power  for  large  lamps,  while  the  metallic  filament  lamp  can  be  run  at 
a  higher  temperature,  and  has  an  efficiency  of  about  1*0  to  1*5  watts 
per  candle  power.  Recently,  lamps  taking  only  0-5  watt  per  candle 
power  have  been  produced,  but  these  are  only  made  in  candle  powers 
of  300  and  upwards. 

The  metallic  filaments  have  been  constructed  of  various  metals. 
Platinum  is  unsuitable  as  its  temperature  when  running  is  not  much 
below  the  melting  point.  Filaments  constructed  gf  the  metal 
tantalum  have  proved  of  considerable  efficiency.  The  later  lamps, 
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of  which  the  Osram  lamp  is  a  type,  have  filaments  of  tungsten, 
annealed  and  drawn  into  wire. 
Resistance  and  efficiency  of  incandescent  lamps. — From  Expt.  190, 

E.  878,  it  will  be  seen  that  the  resistance  of  a  carbon  filament  lamp 
ills  as  the  temperature  rises.  Carbon  is,  in  this  respect,  unlike 
the  metallic  conductors,  whose  resistance  increases  with  rise  in 
temperature.  The  resistance  of  carbon  when  white  hot  is  about 
half  that  when  cold.  Thus  a  carbon  filament  lamp  whose  resistance 
when  incandescent  is  150  ohms,  will  have  a  resistance  of  about 
300  ohms  when  cold.  It  follows  that  the  luminosity  of  carbon 
filament  lamps  varies  considerably  for  small  fluctuations  in  the 
voltage  of  the  supply.  A  slight  drop  in  voltage  reduces  the  current 
in  the  lamp  and  the  consequent  cooling  causes  an  increase  in  resist- 
ance with  further  drop  in  current.  The  reverse  effect  is  observed 
with  a  slight  rise  in  voltage.  On  the  othei  hand  metallic  filaments 
are  much  more  steady  in  running,  as  a  slight  increase  in  voltage 
produces  a  rise  in  temperature  and  therefore  an  increase  in  resist- 
ance in  the  filament.  This  prevents  any  considerable  rise  in  the 
current. 

The  term  efficiency  of  a  lamp,  in  its  common  use,  is  not  logically 
applied.  It  is  usually  given  in  terms  of  watts  per  candle  power. 
Thus  the  higher  the  number  of  watts  per  candle  power,  the  less 
will  be  the  real  efficiency  of  the  lamp.  The  measurement  of 
candle  power  has  already  been  described  (p  547),  and  to  determine 
the  efficiency,  the  watts  must  be  measuied  (p.  878  or  973)  at  the 
same  time. 

The  life  of  the  lamp  is  also  of  great  importance  ;  it  should  be 
at  least  1000  hours  for  an  efficient  lamp.  The  watts  per  candle 
power  in  the  case  of  a  carbon  filament  lamp  rises  throughout  the 
life  of  the  lamp,  owing  to  deposition  of  carbon  upon  the  glass  bulb 
with  consequent  absorption  of  light  and  lowering  of  the  candle  power. 
In  the  metallic  filament  lamp,  there  is  a  slight  drop  in  watts  in  the 
first  100  hours  with  gradual  increase  afterwards,  but  the  change 
is  not  nearly  so  great  as  in  the  carbon  lamp. 


EXERCISES  ON  CHAPTER  LXXVIII. 

1.  Describe  some  simple  form  of  telegraph  for  the  transmission  of 
messages  electrically. 

2.  Explain  clearly  the  use  of  *  Relays '  in  the  Morse  telegraph,  giving 
a  diagram  showing  the  connections.  Allahabad  University. 

3.  In  what  ways  does  the  presence  of  a  permanent  magnet  in  a  telephone 
receiver  enhance  its  working  efficiency  and  how  is  the  result  brought 
about  ?  C.G. 
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4.  Give  an  account  of  some  system  in  which  messages  may  be  sent 
in  both  directions  simultaneously  through  a  telegraphic  cable. 

5.  Give  a  skeleton  diagram  and  explain  the  working  of 
(a)  A  single  current  differential  duplex  circuit ; 

(6)  A  single  current  bridge  duplex  circuit.  C.G. 

6.  Describe  some  arrangement  for  the  automatic  feeding  of  an  arc 
lamp. 

7.  Sketch  and  describe  the  construction  of  any  type  of  galvanometer 
used  on  a  telegraph  circuit,  and  state  its  simple  function.  C.G. 

8.  Describe  briefly  the  process  of  making  the  carbon  filament  for  an 
incandescent  lamp.     What  is  the  reason  for  the  process  of  u  flashing  "  ? 

9.  Describe  some  foim  of  incandescent  electric  lamp,  giving  figures  for 
volts,  amperes,  and  candle  power,  and  state  how  the  resistance  varies  with 
change  of  temperature.  C.G. 

10.  Why  are  metal  filament  lamps  more  efficient  than  carbon  filament 
lamps  ?  A  metal  filament  lamp  costing  2s.  3d.  gives  25  c.p.  with  30  watts, 
and  is  discarded  after  500  hours  ;  a  carbon  filament  lamp  costing  8d.  gives 
25  c.p.  with  100  watts  and  is  discarded  after  800  hours.  Find  the  cost 
per  1,000  candle  hours,  inclusive  of  lamp  renewals,  in  each  case,  the  price 
of  current  being  Hd.  per  B.O.T.  unit.  C.G. 
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FIG   957  —Copper-iron  thermal  couple 


THERMO-ELECTKICITY 

Thermo-electric  couples.  -When  all  parts  of  a  circuit,  composed 
entirely  of  metals,  are  at  the  same  temperature,  there  is  no  resultant 
electromotive  force  in  the  circuit  and  therefore  no  current.  If, 

however,  any  point  at  which 
two  different  metals  are  in 
contact  be  at  a  different  tem- 
perature to  the  rest  of  the 
circuit,  there  will  be  an  electro- 
motive force,  and  if  the  circuit 
be  complete,  a  current  will 
flow  in  it 

This  may  easily  be  shown 
by  joining  a  piece  of  copper 
and  a  piece  of  iron  wire  (Fig. 
957),  either  by  twisting  them  together,  or,  better  still,  by  soldering 
them,  the  free  ends  being  connected  to  a  sensitive  galvanometer. 
Such  a  pair  of  metals  is  called  a  thermal  couple.  On  heating  the 
copper-iron  junction  a  deflection  will  be  observed,  showing  that  a 
current  is  flowing,  and  therefore  that  an  electromotive  force  exists 
in  the  circuit.  This  thermo-electric  effect  was  discovered  by  Seebeck 
in  1826,  and  bears  his  name.  He  arranged  a  number  of  metals  in 
a  list  so  that  the  current  flows  across  the  hot  junction  from  the 
earlier  to  the  later  metal  in  the  list.  Amongst  these  metals  were  : 

Bismuth  (Bi),  Platinum  (Ft),  Copper  (Cu),  Lead  (Pb). 
Tin  (Sn),  Silver  (Ag),  Zinc  (Zn),  Iron  (Fo),  Antimony  (Sb), 
Tellurium  (Te). 

That  the  electromotive  force,  for  a  copper-iron  couple,  is  not  pro- 
portional to  the  excess  of  temperature  of  the  hot  junction  over  the 
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rest  of  the  circuit  may  easily  be  seen.  For,  as  the  temperature  rises 
the  current  gets  greater  for  a  time  and  then  ceases  to  grow.  After 
this  it  decreases  to  zero  and  eventually  becomes  reversed,  after  which 
it  gets  greater  and  greater  in  this  reverse  direction. 

Measurement  of  thermo-electric  e.m.f. — If  the  deflection  pro- 
duced by  a  known  e.m.f.  in  the  circuit  of  Fig.  957  be  determined,  the 
galvanometer  deflections  can  then  be  converted  into  volts  or  micro- 
volts. A  more  satisfactory'  way  of  determining  the  relation 
between  e.m.f.  and  temperature  consists  in  employing  a  potentio- 
meter method.  The  two  similar 
resistance  boxes  A  and  B  are 
placed  in  series  with  a  cell  C 
(Fig.  958)  of  known  e.m.f.  A 
Daniell's  cell  will  do,  if  great 
accuracy  is  not  required,  the 
e.m.f.  being  taken  as  1-1  volt. 
In  making  the  measurements, 
the  circuit  ABC  must  have  con- 
stant resistance,  so  that  the 
current  may  remain  constant. 
Tliis  is  attained  by  starting 
with  all  the  plugs  out  of  B  and 
only  transferring  plugs  from  A 
to  their  similar  positions  in  B 
for  producing  a  balance. 

The  thermo-electric  couple  is 
connected  across  the  box  A,  the 
galvanometer  G  being  in  its 
circuit.  One  junction  of  the  couple  is  situated  in  ice  at  D  to 
keep  its  temperature  constant,  the  other  junction  being  raised  to 
various  temperatures  in  E.  This  is  the  potentiometer  arrange- 
ment (p.  895)  in  which  the  pair  of  boxes  A  and  B  replace  the 
stretched  wire  of  Fig.  827.  The  e.m.f.  in  the  thermo-electric  couple 
is  proportional  to  the  resistance  in  A  when  the  galvanometer 
deflection  is  zero,  or 

e.m.f,  of  couple  _  resistance  in  A 

e.m.f.  of  cell  C       total  resistance  in  A  arid  B 

The  resistance  of  the  cell  may  be  neglected  in  comparison  with 
that  in  A  and  B,  which  is  usually  of  the  order  of  10,()00  ohms.  It  is 
desirable,  if  possible,  to  attain  a  fairly  high  temperature  for  the  hot 
junction.  For  the  zinc-iron  couple,  the  vessel  E  may  be  a  crucible 
containing  solder  with  the  couple  in  an  oil  capsule.  The  e.m.f.  is 
usually  small,  and  is  therefore  conveniently  measured  in  micro- volts. 
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The  curve  in  Fig.  959  is  that  for  a  zinc-iron  couple,  one  junction 
being  at  0°  C. 

Thermo-electric  diagram.— It  will  be  seen  that  to  include  the 
s.m.f.'s  for  all  possible  pairs  of  metals  upon  one  diagram,  such  as 


tooc 


FIG  959  — e  in  f  -temperature  curve  for  zinc-Iron  couple. 

Fig  959,  would  lead  to  great  complexity.  Another  method  of  repre- 
sentation due  to  Prof.  Tait  is  therefore  usually  adopted.  Instead  of 
plotting  e.m.f.  against  temperature,  the  e  m.f.  with  unit  difference  of 
temperature  between  the  Junctions  is  plotted.  Thus,  in  Fig.  960,  tH6 

ordinate  tC  represents  the  e  m  f . 
m  the  circuit  of  a  couple  when 
one  junction  is  half  a  degree 
below  t°  and  the  other  junction 
is  half  a  degree  above  t°,  so 
that  the  average  temperature 
is  t°.  For  nearly  all  metals  in 
pairs,  such  a  curve  for  any  pair 
is  a  straight  line  AB, 

On  such  a  diagram,  the  e.m  f. 
with  one  junction  at  ^°,  and 
the  other  t2°,  the  area  EtJJF 
represents  the  corresponding 
e.m.f.  in  the  circuit.  For,  the  area  of  a  strip  such  as  tC  is 
equal  to  the  e.m.f.,  since  the  width  of  the  strip  is  unity.  In 
adding  up  such  strips  between  ^E  and  tf,  the  whole  area  is  the 
sum  of  the  areas  of  the  corresponding  strips,  and  thus  represents 
the  total  e.m.f. 


fi-K) 


FIG.  960  —Principle  of  the  thermo-electric 
diagram 
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For  a  reason  to  be  given  later,  curves,  such  as  AB,  are  drawn  for 
all  the  metals,  using  lead  as  one  element  of  the  couple.  When 
this  is  done,  a  diagram  such  as  Fig.  96,1  is  obtained.  This  is  known 
as  the  thermo-electric  diagram,  and  the  ordinate  of  each  point  on  a  line 


100  20O 

FIG.  961.— Thermo-electric  diagram. 


400°C 


E, 


is  known  as  the  thermo-electric  power  of  the  metal  at  each  temperature. 
The  advantage  of  such  a  diagram  as  this,  lies  in  the  fact  that  the 
e.m.f.  for  any  pair  of  metals  for  any  difference  of  temperature 
between  the  junctions  can  be  found. 

Let  us  suppose  that  A1B1C1DE1  (Fig.  962)  is  the  thermo-electric 
line  for  one  metal  and  ALB2C2DE2 
that  for  another  metal,  plotted  with 
respect  to  lead.  Then,  for  tempera- 
tures represented  by  B  and  C,  the 
e.m.f.  for  a  couple  consisting  of  the 
first  metal  and  lead  is  represented 
by  the  area  BB^C.  Again,  the 
e.m.f.  for  the  second  metal  and  lead 
is  represented  by  the  area^BB2C2C. 
Hence  the  e.m.f.  for  a  couple  con-  FIG-  062'""S!teaS22ril(i the  thcimo" 
sisting  of  the  first  metal  and  the 

second  is  represented  by  the  difference  of  these  two  areas,  that  is, 
by  area  B1B2C2C1. 

Neutral  point. — We  can  see  from  the  thermo-electric  diagram  why 
there  should  be  a  diminution,  followed  by  a  reversal,  of  the  e.m.f.  in 
the  case  of  a  thermal  couple  (p.  1017).  The  thermo-electric  diagram 
is  so  drawn  that  for  any  pair  of  thermo-electric  lines  such  as  A]B1C1 
and  A2B2C2  (Fig.  963)  the  e.m.f.  acts  one  particular  way  round  the 
circuit.  This  direction  is  anticlockwise.  Thus  for  the  two  given 
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metals,  if  the  junctions  are  at  temperatures  A  and  B  the  e.m.f.  is 
represented  by  the  area  A1B1B2A2  and  acts  across  the  hot  junction 
from  the  metal  1  to  the  metal  2. 

Since  the  thermo-electric  lines  are  in  general  inclined  to  each  other, 
they  intersect  at  some  point  such  as  D.  Hence,  if  the  temperature  of 
the  hot  junction  be  gradually  raised,  the  lower  junction  being  kept  at 
fixed  temperature,  the  area  A1B1B2A2  gradually  increases,  which  means 
that  the  e.m  f  in  the  couple  increases.  But  the  rate  of  increase 
gets  less  as  the  point  D  is  approached.  When  the  hot  junction  is 
at  a  temperature  above  that  represented  by  the  point  D,  as  at  C,  the 
area  DC2Ct  must  be  deducted  from  AjDA2  in  order  to  obtain  the  e.m.f. 
in  the  circuit.  It  will  be  seen  from  the  arrows  that  the  e.m.f. 


A  B       T/i  C 

Fio  963  — Neutral  point 


T// 


FIG.  <)(H  — Calculation  of  e  m  f  from 
tU«  thermo-electric  diagram 


corresponding  to  the  part  00^  must  be  deducted  from  ALDA2  in 
orc'er  to  obtain  the  e.m.f.  m  the  circuit.  The  arrows  show  that  the 
e.m.f.  corresponding  to  the  part  DC^  is  acting  the  opposite  way 
round  the  couple  to  that  corresponding  to  A1DA2.  D  therefore  corre- 
sponds to  the  turning  point  D  of  the  e.m.f.  curve  in  Fig.  959.  The 
temperature  corresponding  to  the  point  D  is  called  the  neutral  tem- 
perature, T,i,  for  the  two  given  metals. 

Thus,  when  the  temperature  of  one  Junction  passes  the  neutral  tem- 
perature, the  e.m.f.  begins  to  decrease.  Also,  if  one  junction  is  as 
much  above  the  neutral  temperature  as  the  other  is  below  it,  the 
e.m.f.  in  the  circuit  is  zero  Again,  when  the  difference  of  tem- 
perature between  Jn  and  C  (Fig.  963)  becomes  greater  than  the 
difference  between  A  and  T,,,  the  e.m  f.  becomes  reversed. 

It  is  possible  to  find  from  ,the  thermo-electric  diagram,  an  equation 
for  the  e.m.f.  in  any  couple,  in  terms  of  the  neutral  temperature  and 
one  other  constant,  depending  upon  the  metals  forming  the  couple. 
All  that  is  necessary  is  to  find  the  area  of  A1B1B2A2  (Fig.  964).  Thus, 

Area  of  triangle  A^D  = 
Area  of  BjBD  = 


e.m.f.  =  |(AiA2  x  ED)  - 


g  x  ED. 

B2  x  FD  ; 

x  FD). 
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Again,  from  similar  triangles,  the  sides  AjAg  and  BjBa  are  propor- 
tional to  ED  and  FD  respectively. 

.'.  e.m.f.  oc  (ED2  -  FD2). 

But  ED^T^-Tj     and     FD  =  T,,-T2; 

/.  e.m.f.  oc  (T.-T^-^-T.J2 


)-  21^  -T2) 


or 


e.m.f  .  =  K  (T,  -  T2)      l-2  -  T,,J 


where  K  is  some  constant,  which  together  with  TM  must  be  found  by 
experiment  for  each  pair  of  metals. 

The  above  equation  shows  that  the  e.m.f.  in  any  couple  is  pro- 
portional to  the  difference  of  temperature  of  the  junctions  and  also  to  the 
difference  between  the  neutral  temperature  and  the  average  temperature  of 
the  junctions.  It  thus  appears  that  the  e.m.f.  vanishes  either  when 
the  Junctions  are  at  the  same  temperature,  or  when  their  average  is  the 
neutral  temperature. 

Peltier  effect.  —  When  we  seek  for  the  origin  of  the  energy  required 
to  maintain  the  current  in  a  thermo-electric  couple,  we  see  that 
since  the  metals  are  unchanged  in  any  way,  the  heat  supplied  by 
external  agencies,  such  as  the  bunsen  burner  (p.  1016),  is  the  only 
source  of  energy  available.  It  is  natural  then  to  turn  to  the  junction 
of  the  two  metals  as  the  place  where  heat  energy  is  converted 
into  current  energy.  This  implies  that  there  is  an  electromotive 
force  acting  across  the  junction  from  one  metal  to  the  other.  It 
is  clear  that  if  both  junctions  are  at  the  same  temperature  the 
e.m.f.  's  at  the  two  junctions  are  directed  in  opposite  ways  round 
the  circuit  and  the  resultant  e.m.f,  is  zero.  But  if  the  e.m.f.  at 
the  junction  changes  with  temperature,  it  follows  that  when  there 
is  a  difference  of  temperature  between  the  junctions,  these  e.m.f.'s 
do  not  balance,  and  there  will  be  some  resultant  e.m.f.  available  for 
driving  a  current. 

This  e.m.f.  at  the  junction  of  two  metals  was  discovered  by  Peltier 
and  is  known  as  the  Peltier  coefficient.  Like  all  other  electro- 
motive forces  (p.  853),  it  implies  a  reversible  condition.  If  the 
current  flows  in  the  direction  in  which  the  e.m.f.  tends  to  drive  it, 
heat  energy  is  converted  into  electrical  energy,  but  if  it  flows  in  the 
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Heat 
absorbed 


Heat 
given  out 

FIG  96;> -Peltier  effect 


reverse  direction,  electrical  energy  is  converted  into  heat.  Thus,  at  a 
copper-iron  junction  the  e.m  f  causes  a  current  to  flow  from  copper 
to  iron  at  the  hot  junction,  that  is,  where  heat  is  being  absorbed. 

This  is  the  state  of  affairs  in  the  upper 

CM e  *          Fe    ^     diagram  (Fig.  965).     Indeed,  if   the 

current  be  caused  to  flow  by  applying 
some  external  source  of  e.m.f.,  such  as 
a  cell,  heat  will  still  be  absorbed  at 
this  junction,  and  if  this  heat  is  not 
supplied  by  some  agent,  such  as  a 
burner,  the  heat  is  absorbed  from  the 
metal  itself,  which  is  thereby  cooled. 
In  the  lower  diagram  the  current  is  reversed,  and  in  this  case  the 
junction  becomes  warmed. 

If  the  copper  be  replaced  by  bismuth  and  the  iron  by  antimony, 
the  same  effect  will  follow,  but  it  is  much  greater  in  this  case,  since 
a  bismuth-antimony  junction  has  a  greater  Peltier  coefficient  than 
one  of  any  other  pair  of  the  common  metals. 

Even  in  the  case  of  bismuth  and  antimony,  the  Peltier  coefficient 
is  only  of  the  order  of  0-03  volt,  so  that  for  a  current  of 
1  ampere  the  work  done  at  the  junction  per  sec.  is  only 
0-03x1  joule  or  0-03  x  0-24  =0-007  calorie.  The  amount  of 
warming  or  cooling  is  there- 
fore not  easy  to  observe.  It 
may,  however,  be  detected  by 
soldering  a  bismuth  bar  be- 
tween two  antimony  bars,  as 
in  Fig.  966,  and  passing  a  few 
amperes  through.  Then  one 

junction   is    cooled    and    the 
, ,  i  $  ,          FIG  966  —Demonstration  of  the  Peltier  offec 

other    warmed,    as    may    be 

shown  by  means  of  two  similar  pieces  of  fine  platinum  wire,  A  and  B, 
wrapped  round  near  the  junctions.  The  difference  in  temperature 
produced  by  the  Peltier  effect  causes  one  platinum  wire  to  have  a 
different  resistance  from  the  other  (p.  851).  Hence,  if  the  two  re- 
sistances are  balanced  upon  a  metre  bridge  before  the  main  current 
flows,  the  heating  and  cooling  will  disturb  the  bridge  balance,  and 
we  can  see  which  junction  is  warmed  and  which  cooled.  With  the 
current  as  shown  in  Fig.  966,  A  is  warmed  and  B  cooled. 
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This  heating  and  cooling,  known  as  the  Peltier  effect,  must  not 
be  confused  with  the  heating  produced  by  all  currents  due  to  the 
resistance  of  the  conductor.  The  latter  is  proportional  to  the  square 
of  the  current,  and  is  not  reversible.  If  r  be  the  resistance  of  the 
junction,  i2r  is  the  energy  in  ergs  converted  into  heat  per  second. 
Then,  if  TT  be  the  Peltier  coefficient,  iri  is  the  energy  in  ergs  converted 
from  electrical  energy  to  heat  or  vice  versa  in  one  second.  Thus  the 
total  heating  of  any  junction  per  sec.  is  i2r±7ri  ergs.  The  positive 
or  negative  sign  must  be  taken,  according  to  the  direction  of  the 
current.  In  observing  the  Peltier  effect,  i2r  is  made  small  by  making 
r  as  small  as  possible,  although  in  the  above  experiment  i2r  will  be 
approximately  the  same  for  both  junctions,  so  that  the  difference  of 
temperature  is  due  to  the  Peltier  effect  only. 

Thomson  effect. — It  was  pointed  out  by  Lord  Kelvin  (then  Sir 
Wm.  Thomson),  on  theoretical  grounds,  that  there  must  be  thermo- 
electric effects  in  a  couple  other 

than  those  occurring  at  the  °o1*  "^  c^er  ^~  Co^ 
junctions.  Pie  found  that  there  Heat  Heat 

•*  ,  -  absorbed  given  out 

is   an  electromotive   force  between 

different  parts  of  the  same  metal 

when     at    different     temperatures.  Cotd      ^£_         Hot         _e^      Cold 

Thus,    in    copper   there    is    an  — •»»_                 lron =*- 

P  ,  •        r/  , ,  P  Heat  Heat 

e.m.f.   acting  from  the  parts  of  given  out  absorbed 

lower  to  those  of  higher  tempera-  Fiu  007.__T,I01Iwon  effect. 

ture,  and  in  iron  from  parts  of 

higher  to  those  of  lower  temperature.  Hence,  if  a  copper  bar  be 
heated  in  the  middle  and  a  current  passed  through  it,  heat  is 
absorbed  as  the  current  flows  from  colder  to  hotter  parts,  and  given 
out  as  the  current  flows  from  hotter  to  colder  parts.  In  fact, 
the  current  behaves  exactly  as  a  stream  of  liquid  would  do  on 
account  of  its  specific  heat.  On  the  other  hand,  in  the  case  of  iron 
the  current  gives  out  heat  in  passing  from  colder  to  hotter  parts 
and  absorbs  heat  in  passing  from  hotter  to  colder  parts.  It  is 
sometimes  said  that  in  iron  the  current  behaves  like  a  liquid  of 
negative  specific  heat.  The  metals,  cadmium,  zinc,  and  silver 
behave  like  copper,  while  palladium  behaves  like  iron.  In  fact,  the 
direction  of  the  slope  of  the  thermo-electric  line  (Fig.  961)  gives  the 
sign  of  the  Thomson  effect. 

In  lead  the  Thomson  effect  is  zero,  and  it  is  for  this  reason  that  thermo- 
electric powers  are  always  plotted  with  respect  to  lead  (p.  1019). 

Both  the  Peltier  effects  and  the  Thomson  effects  may  be  identified 
upon  the  thermo-electric  diagram.  For,  if  the  temperature  be 
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reckoned  from  the  absolute  zero  (p.  402)  and  A1B1,  A2B2  (Fig.  968)  are 
the  thermo-electric  lines  for  two  metals,  we  have  already  seen  that 
the  e.m.f.  of  the  couple  is  represented  by  the  area  Ax  Bx  B^2  Further,  it 

may  be  shown  from  thermo  dynamic 
reasoning  that  the  Peltier  coefficients 
at  the  two  junctions  are  represented 
by  the  areas  HAjA2E  and  GB1B2F  re- 
spectively. Also  the  e.m.f.  duo  to 
the  Thomson  effect  in  the  first  metal 
is  represented  by  HA^G  and  m  the 
second  by  FB2A2E. 
Also, 

+HAjB,G  -HA^E 

=A1B1B2A2. 

That  is,  the  resultant  e.m.f.  in  the  couple  is  the  algebraic  sum  of  all  the 
Peltier  and  Thomson  e.m.f. 's. 

The  thermopile. — These  electromotive  forces  due  to  thermal  effects 
are  used  for  the  measurement  of  radiant  heat  In  the  thermopile  a 
number  of  rods  of  antimony  and  bismuth  are  connected  in  series, 
the  two  metals  alternating  (Fig.  969).  One  set  of  junctions,  B^  is 


FIG  008  — Peltier  and  Thomson  effects 
upon  the  thermo-electric  diagram 


FIG  969. — The  thermopile 


FIG.  970  — Demonstration  of  thermal 
e  m  f  '%  by  the  thermopile 


protected  from  external  variations  in  temperature  by  means  of  a 
brass  cap,  while  the  radiant  energy  to  be  measured  is  allowed  to 
fall  upon  the  other  set  of  junctions  A.  The  junctions  A,  therefore, 
rise  slightly  in  temperature,  and  the  resulting  electromotive  force 
is  equal  to  that  for  one  bismuth-antimony  couple  multiplied  by 
the  number  of  couples.  The  resistance  of  the  thermopile  being  smal^ 
it  is  desirable  to  .use  a  low -resistance  galvanometer  to  obtain  as  large 
a  current  as  possible.  The  galvanometer  in  series  with  the  thermopile 
then  gives  a  deflection  proportional  to  the  difference  of  temperature 
of  the  junctions. 
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By  means  of  the  thermopile,  the  existence  of  the  thermal  e.m.L's 
may  be  shown  indirectly.  Connecting  it  up  to  a  cell  B,  galvanometer 
G,  and  a  key  K,  as  shown  in  Fig.  970,  then  on  depressing  the  key  a 
current  flows  through  the  thermopile.  Owing  to  the  Peltier  effect, 
one  set  of  junctions  becomes  warmed  and  the  other  set  cooled.  On 
raising  the  key  the  battery  is  cut  out,  and  the  galvanometer  placed 
in  series  with  the  thermopile.  The  difference  of  temperature  between 
the  junctions  produced  by  the  current  in  the  first  part  of  the  experi- 
ment now  causes  the  thermo-electromotiv^  force,  and  a  current  will 
flow  in  the  galvanometer  until  the  junctions  are  all  brought  again  to 
uniform  temperature. 

Radio-micrometer. — In  the  radio-micrometer,  due  to  Prof.  C.  V 
Boys,  the  thermo-electric  couple  and  the  galvanometer  are  combined 
in  one  instrument.  Two  small  bars,  one  of  antimony  and  the  other 
of  bismuth,  touch  at  their  lower  ends,  the  upper  being  connected 


V 

86  B/ 
FIG.  971. — Boys's  radio-micrometer 


FIG.  972.— Thermo-milliammeter. 


through  a  loop  of  wire  which  hangs  in  the  field  of  a  powerful  magnet 
NS  (Fig.  971).  The  radiation  to  be  detected  falls  upon  the  bismuth- 
antimony  junction,  and  the  resulting  current  in  the  coil,  which  is 
suspended  by  a  quartz  fibre  and  is  provided  with  a  mirror  M,  pro- 
duces a  large  deflection  for  a  very  small  amount  of  radiant  energy. 

forms  of  thermal  galvanometer,  or 


thermo-miiliammeter,  have  come  into  use.  The  current  to  be  measured 
passes  through  a  fixed  wire  of  constantan  AB  (Fig.  972),  which 
therefore  becomes  heated.  A  couple  consisting  of  bismuth  and 
tellurium  has  one  junction  soldered  to  the  constantan  wire  at  C, 
the  other  ends  being  connected  to  a  galvanometer  G  by  means  of 
the  leads  E  and  D.  The  galvanometer  scale  can  be  calibrated  by 
sending  known  currents  through  AB,  and  observing  the  deflection. 
The  instrument  is  very  sensitive  and  can  be  used  equally  well  for 
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direct  or  alternating  currents  The  sensitiveness  is  increased  by 
enclosing  the  thermo-electric  part  of  the  apparatus  in  an  exhausted 
glass  bulb 

Pyrometers.— It  will  be  seen,  on  referring  to  Pig.  959,  that  on 
attempting  to  use  the  thermal  electromotive  force  for  the  measure- 
ment of  temperature,  the  result  is  ambiguous,  for  each  e.m.f.  corre- 
sponds to  two  different  terrir 
peratures.  If,  however,  we  could 
find  two  metals  for  which  the 
thermo-electric  lines  are  parallel, 
or  very  nearly  parallel,  it  would 
follow  fiom  the  reasoning  on 
p.  1020  that  the  e.m.f.-tempera- 
ture  curve  would  be  a  straight 
line,  and  each  e  m  f  would  cor- 
respond to  one  particular  tem- 
perature.^ The  couple  can  then 
Fiu  97  i — Thermo-ele  trie  pyrometer  *  r 


galvanometer  or   milliarnmeter, 
constant   temperature    the 


be  placed  in  series  with  a 
tf  one  junction  be  kept  at 
the  galvanometer  can  be  so 

calibrated  that  it  indicates  the  temperature  of  the  other  junction. 
Such  an  arrangement,  when  used  for  measuring  high  temperatures, 
such  as  furnace  temperatures,  is  called  a  thermo-electric  pyrometer 
The  couple  for  this  purpose  usually  consists  of  platinum  and  rhodium, 
or  of  platinum  and  an  alloy  of  platinum  and  rhodium.  In  Fig  973 
such  a  pyrometer  is  shown.  The  couple  is  placed  in  an  iron  or 
porcelain  tube,  and  the  scale  of  the  reading  instrument  is  graduated 
in  degrees,  up  to  1000°  or  2000°  C. 


EXERCISES  ON  CHAPTER  LXXIX 

1.  What  is  meant  by  a  thermo-electric  couple  ?     I  escribe  the  con- 
struction of  a  tht'i  mopile.     State  whether  you  would  select  a  galvano- 
meter of  high  resistance  or  one  of  low  resistance  for  use  with  the  thermo- 
pile, givmg  reasons  for  your  answer.  L.U. 

2.  Describe  some  method  of  measuring  the  e.m.f.  of  a  given  thermo- 
electric couple,  and  its  variation  with  temperatiire. 

3.  How  does  the  thermo-electric  electromotive  force  for  a  given  pair 
of  metah  vary  as  the  temperature  of  one  junction  is  raised  while  the  other 
is  kept  at  constant  temperature  ? 

4.  Describe  the  Seebeck,  the  Peltier  and  the  Thomson  effects. 

5.  Show  how  thei mo-electric  powers  may  be  represented  on  a  diagram, 
and  describe  how  the  various  thermal  e.m.f.'n  in  a  circuit  may  be  repre- 
sented by  areas  upon  this  diagram. 

6.  Give  an  account  of  thermo-electric  in  version  and  neutral  temperature. 
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7.  Describe  some  form  of  thermo-electric  pyrometer  for  measuring 
high  temperatures. 

8.  Describe  the  Peltier  effect,  .and  give  an  account  of  some  method  by 
which  its  existence  and  sign  may  be  determined. 

9.  What  is  the  meaning  of  the  term  thermo-electric  power  ?    In  what 
units  is  it  measured  ? 


CHAPTER   LXXX 

CURRENT  TN  GASES      X-RAYS:    RADIOACTIVITY 

Electric  spark.  —The  fact  that  the  air  space  between  two  conductors 
may  become  conducting  has  been  mentioned  several  times  With 
air  at  atmospheric  pressure,  the  difference  of  potential  that  must 
exist  between  the  conductors  before  any  current  passes  is  consider- 
able. It  depends,  moreover,  upon  the  distance  apart  of  the  con- 
ductors and  also  upon  their  shape.  It  was  seen  on  p.  937  that  the 
discharge  takes  place  most  readily  from  points.  Since  the  shape  of 
the  conductor  is  of  such  importance  in  determining  whether  the 
discharge  will  take  place,  it  is  usual  in  making  measurements  upon 
^-^  the  sparking  potential  to  em- 

f         i^-v^xf    B     i P^°y  sPneres  as  terminals. 


.         ,  ,        .  As  the  difference  of  potential 

T,     ,  „  4     _.    A  .         ,  between  two   knobs   A  and  8 

FIG.  974,— Electric  sparks  . 

(.big.  974)  is  caused  to  rise  by 

connecting  them  to  an  electrical  machine  or  induction  coil,  the  first 
form  of  the  discharge  to  be  observed  is  nearly  silent  A  faint 
hissing  noise  is  heard,  and  in  the  dark  a  faint  violet  coloured  glow 
can  be  seen.  This  is  called  the  brush  discharge.  On  further  raising 
the  potential,  a  point  is  eventually  reached  at  which  a  sudden 
crackling  discharge  takes  place.  This  consists  of  a  succession  of 
discharges,  each  one  being  accompanied  by  a  luminous  streak  of 
light  between  the  knobs,  of  a  form  almost  exactly  like  a  flash 
of  lightning.  This  is  called  the  spark  discharge. 

The  presence  of  points  or  roughness  upon  the  conductors  facilitates 
the  bjush  discharge.  Hence  the  use  of  lightning  conductors  to 
protect  buildings.  For,  the  earth  being  at  a  considerably  different 
potential  from  the  thunder  cloud  above,  the  lightning  conductor, 
which  consists  of  a  strip  of  copper,  earthed  at  its  lower  extremity  and 
ending  in  a  number  of  sharp  points  above,  facilitates  a  quiet  or  brush 
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discharge  between  earth  and  the  cloud.  This  reduces  the  difference 
of  potential  and  lessens  the  probability  of  a  disruptive  discharge 
taking  place. 

Current  in  gas  at  low  pressure. — If  the  pressure  of  the  air  is  con- 
tinually reduced,  the  character  of  the  discharge  undergoes  a  number 
of  changes.  At  about  one-half  to  one-third  of  the  atmospheric 
pressure  the  crackling  nature 
of  the  discharge  ceases,  and  it 
assumes  a  silent  streamer-like 
form,  and  becomes  coloured. 
The  colour  depends  upon  the 
nature  of  the  gas  in  the  tube, 
being  a  pinkish  colour  in  the  I 

case  oi  air.     With  further  re-  To  J,  pump 

duction  in  pressure,  the  dis-  FlG.  97:,  _Biacharge  at  moderately  low  pressure. 
charge  spreads  out  until  it  fills 

the  tube,  and  at  this  stage  it  is  highly  luminous.  This  is  the  form 
known  as  the  Geisler  tube,  and  the  difference  of  potential  between 
the  ends  of  the  tube  is  very  much  less  than  that  lor  the  discharge 
at  atmospheric  pressure. 

At  this  stage,  a  want  of  symmetry  in  the  discharge  becomes  apparent. 
Near  the  electrode  at  which  the  current  leives,  that  is,  at  the  kathode 
K  (Fig.  975),  a  dark  space  appears  and  this  bepomes  more  pronounced 
as  the  pressure  is  reduced.  It  is  called  the  Faraday  dark  space,  F, 

and  is  separated  from  the 
kathode  by  a  bluish  glow. 
From  the  Faraday  dark  space 
to  the  anode  A  and  extending 
quite  up  to  it  is  the  positive 
column. 

When  the  pressure  falls  to 
t  0-1  mm.  of  mercury 
the  appearance  is  somewhat  as  shown  in  Kg.  976.  The  kathode  glow 
has  increased  in  size  and  is  seen  to  be  separated  from  the  kathode  by 
a  dark  space  C  of  constant  thickness.  This  is  called  the  Crookes  dark 
space.  The  positive  column  is  seen  to  consist  of  disc-shaped  striations  8. 
On  reduction  of  pressure,  the  scale  of  the  whole  phenomenon  grows, 
the  place  from  which  it  grows  being  the  kathode.  Hence  the  Crookes 
dark  space,  the  kathode  glow,  and  the  Faraday  dark  space  all  increase 
in  size.  The  striations  also  become  larger  and  more  distinct,  but, 
of  course,  fewer  in  number,  as  they  always  extend  as  far  as  the 
anode  however  near  or  distant  that  may  be. 

It  will  easily  be  seen  that  on  further  reduction  of  pressure,  say 
to  O'Ol  mm.,  there  will  not  be  room  in  an  ordinary  vacuum 


FIG  976.— Discharge  at  low  prebsiire 
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for  any  positive  column  at  all  The  Crookes  dark  space  will  then 
occupy  the  greater  part  of  the  tube  and  only  part  of  the  kathode 
glow  will  be  present. 

Kathode  rays.-— In  the  Crookes  dark  space  several  phenomena 
may  be  observed  The  boundary  of  this  dark  space  is  always 
luminous.  When  the  boundary  is  the  gas  in  the  tube,  the  lumin- 
escent gas  constitutes  the  kathode  glow,  but  when  the  dark  space 

emends  to  the  walls  of  the 
tube,  a  bright  fluorescence 
is  produced.  This  is  usually 
coloured,  the  colour  depend- 
ing upon  the  nature  of  the 
material.  With  soda  glass 
the  wall  of  the  tube  fluor- 
ine 977  -Kathode  rayn  stopped  by  metallic  screen  esces  a  bnght  £reen>  as  ™ay 

be  *een  in  the  case  of  the 

A-ray  tube  (p.  1033).  With  lead  glass  the  fluorescenae  is  blue.  Many 
minerals  give  characteristic  colours  ,  corundum  is  a*  bright  crimson 
and  zinc  sulphide  a  bright  blue 

Whatever  it  is  that  produces  this  effect  is  travelling  m  straight 
lines  from  the  kathode  and  can  be  stopped  by  dense  bodies; 
for  a  metallic  screen  C  (Fig  977)  placed  in  front  of  the  kathode 
casts  a  shadow  rpon  the  walls  of  the  tube  The  name  kathode 
rays  is  given  to  the  emission  Irorn  thq  kathode  which  produces  these 
effects. 
Mechanical  effect  of  kathote  rays.  If  the  kathode  rays  fall  upon 

a  little  mill  wheel  W  having  Tight  mica  vanes,  the  wheel  is  caused* 

to  rotate  when  one  half  of  it  is 

shielded  from  the  rays.    Thus 

in  Fig.  978  if  A  is  kathode  the 

rotation  is  as  shown,  but  if  B 

is  kathode  the  rotation  is  in 

the    opposite    direction        The       I<IG  °78  ~"Mechanical  effect  of  kathode  rays, 
explanation  of  this  is  not  qi-te  so  simple  as  might  at  first  appear, 
but  it  is  undoubtedly  due  to  the  rays  from  the  kathode  falling  upon 
the  vanes. 

Heating  effect  of  kathode  rays.— When  failing  upon  a  surface, 
the  kathode  rays  always  heat  the  material  upon  which  they  fall. 
If  the  rays,  which  are  emitted  normally  from  the  kathode,  are 
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FIG.  979. — Electric  chaiRe  carried  by  kathode 
rays 


concentrated  upon  a  small  area  of  a  platinum  surface  (Fig.  982),  the 
platinum  may  be  raised  to  red  heat. 

Electrical  charge  carried  by  kathode  rays. — On  catching  the 
kathode  rays  in  a  hollow  metallic  vessel,  placed  within  the  vacuum 
tube,  the  vessel  acquires  a  negative  charge.  Thus,  if  the  vessel  V 
(Fig.  979)  be  connected  to  an  electrometer  or  electroscope,  it  will  be 
found  to  acquire  a  negative 
charge  when  the  kathode  rays  1+ 

enter  it.  Thus,  whatever  their 
nature  may  be,  the  kathode 
rays  are  certainly  accompanied 
by  a  stream  of  negative  electri- 
city. 

Effect  of  magnetic  field  upon 
kathode  rays.-  Kathode  rays 
are  easily  deflected  by  a  magnetic  field.  They  are  driven  in  a  direction 
at  right  angles  to  both  their  owr^  path  and  the  magnetic  field.  This 
may  easily  be  shown  by  allowing  the  beam  of  kathode  rays  passing 
through  a  narrow  slot  in  the  screen  3  (Fig.  980)  to  pass  along  a 
screen  AB  covered  with  a  layer  of  zinc  sulphide.  The  zinc  sulphide 
fluoresces  a  bright  blue  in  the  kathode  rays.  Their  path  is  therefore 
marked  by  a  straight  streak  upon  the  screen.  On  advancing  the 
N  pole  of  a  magnet  towards  the  .vacuum  tube  the  beam  becomes 
/ ' ..  curved  downwards.  Consider- 

ing the  kathode  rays  to  be  a 
stream  of  charged  particles 
emitted  by  the  kathode,  the 
direction  of  their  deflection,  as 
indicated  by  the  left-Hand  rule 
given  on  p.  968,  shows  that 
the  charges  must  be  negative 
electricity.  This  confirms  the 
conclusion  from  the  last  ex- 
periment (Fig.  979). 
NatuM  of  the  kftthode  rays, — electrons. — It  is  beyond  the  scope  of 
this  work  to  consider  the  methods  by  which  the  nature  of  the  kathode 
rays  was  established.  It  is,  however,  of  interest  to  note  that  they 
are  now  considered  to  consist  of  particles  whose  mass  is  r  8Vir  °*  ^na^ 
of  an  atom  of  hydrogen  (i.e.  8-8x  10~28  gr.),  and  with  each  particle 
is  associated  a  negative  charge  of  1*57  x  10"20  electromagnetic  units. 
They  are  now  universally  called  electrons. 

Owing  to  the  negative  charge  of  the  electron  it  has  an  acceleration 
in  the  electric  field  applied  to  the  tube;  which  acceleration  is  very 
great  owing  to  the  small  mass  of  the  electron.  Since  their  discovery 


FIG  980 


-Deflection  ot  kathode  rays  in  a 
magnetic  field. 
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it  has  been  found  that  they  are  fundamental  constituents  of  all 
atoms  and  play  a  part  in  phenomena  as  widely  separated  as  the 
conduction  of  electricity  and  the  emission  of  light. 

The  mass  and  charge  of  the  electron  are  constant,  whatever  may 
be  the  material  of  the  electrode  or  gas  in  the  tube,  in  fact,  the 
charge  of  an  electron  seems  to  be  the  ultimate  and  indivisible  unit 
of  electricity. 

Canal  rays  -Positive  particles. — Electrons,  owing  to  their  negative 
charges,  experience  forces  driving  them  away  from  the  kathode. 
There  are,  however,  positively  charged  particles  which  travel  towards 
the  kathode.  Since  these  positive'  particles  travel  towards  the 

kathode  and  eventually  strike 
it,  they  were  not  discovered 
until  a  perforated  kathode  was 
used.  This  is  a  kathode  having 
a  number  of  holes  or  canals 
bored  through  it  (Fig.  981). 
IK  Many  of  the  positive  particles, 

FIG  OBI  —Canal  ravs  travelling  towards  the  kathode 

pass  through  these  canals,  and 

form  faintly  luminous  si  reamers  called  positive  rays  or  canal  rays 
upon  the  side  remote  from  the  anode. 

.  These  positive  rays  can  be  deflected  only  by  very  powerful  magnetic 
fields.  The  direction  of  deflection  is  tMi  found  to  be  opposite  to  that 
of  the  kathode  rays,  which  indicates  that  their  charges  are  positive. 
They  are  much  more  complex  than  electrons,  and  have  masses 
depending  upon  the  nature  of  the  gas  in  the  tube.  The  smallest 
mass  of  any  particle  is  equal  to  the  mass  of  an  atom  of  hydrogen, 
and  their  masses  are  proportional  to  the  atomic  weights  of  the 
various  elements.  Their  charges  are  always  multiples  of  that  of 
the  electron,  the  lowest  being  equivalent  to  an  electronic  charge, 
but,  of  course,  of  opposite  sign.  It  seems  probable  that  the 
positive  rays  consist  of  ordinary  atoms  which  have  lost  one  or  more 
electrons. 

Eontgen  rays,  or  X-rays.— One  of  the  most  important  properties 
of  the  kathode  rays  is  that  whenever  they  strike  any  material  sub- 
stance a  new  fo  m  of  radiation  is  emitted.  This  radiati  n  has  great 
penetrating  power  and  produces  photographic  and  electrical  effects 
It  was  discovered  by  Eontgen  and  was  called  by  him  x  rays.  A 
modern  form  of  X-ray  tube  is  shown  in  Fig.  982.  It  is  exhausted 
until  the  Crookes  dark  space  is  larger  than  the  tube  itself,  so  that 
there  is  no  kathode  glow  present 

The  kathode  K  is  of  aluminium  and  is  concave,  so  that  the  kathode 
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rays  come  to  a  focus  at  a  small  spot  upon  a  sheet  of  platinum  B 
placed  at  an  angle  of  45°  to  the  axis  of  the  kathode.  B  is  some- 
times called  the  antikathode  and  is  connected  to  an  aluminium 
anode  A.  The  presence  of  A  is  not  essential. 

The  X-rays  arise  from  the  small  spot  upon  B,  upon  which  the 
kathode  rays  impinge.  They  have  so  great  a  penetrative  power 
that  they  pass  through  the  walls  of  the  tube.  Their  presence  may 
be  detected  by  the  fluorescence  they  produce  in  certain  substances. 
Barium  platino-cyanide  is  one  of  the  best  substances  for  this  purpose, 


FIG  982  —Production  of  X-rays 


and  it  is  usually  spread  upon  a  cardboard  screen  C.  On  looking  at 
the  side  D  upon  which  the  fluorescent  material  is  spread,  a  pale 
blue  fluorescence  due  to  the  X-rays  may  be  seen. 

The  penetrative  power  of  the  X-rays  depends  upon  the  vacuum 
in  the  tube  and  also  upon  the  density  of  the  material  through  which 
they  are  passing.  Thus  the  higher  the  vacuum,  the  greater  the 
penetrativ^  power  of  the  X-rays.  With  very  high  vacuum  and  great 
penetrative  power  of  the  X-rays,  these  are  said  to  be  hard  X-rays. 
The  reverse  are  said  to  be  soft  X-rays.  Since  the  penetrative  power 
depends  upon  the  density  of  the  material,  a  body  such  as  E 
(Pig.  982),  placed  in  the  path  of  the  X-rays  will  cast  a  shadow  upon 
the  screen,  indicating  the  variation  in  density  of  structure  of  the 
body.  If  the  body  E  be  the  human  hand,  the  bones  being  dense, 
obstruct  the  rays  and  cast  a  dense  shadow.  The  fleshy  parts  are 
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not  so  dense,  and  the  parts  of  the  screen  illuminated  by  the  rays 
passing  through  these  parts  are  brighter. 

If  the  screen  C  be  replaced  by  a  photographic  plate,  the  plate  is 
acted  upon  by  the  rays  to  an  extent  depending  upon  the  intensity 
of  the  rays.  On  developing  the  plate  a  negative  of  the  object  is 


FIG  983  —X-ray  tube 

obtained  and  a  positive  may  be  printed  from  it  in  the  ordinary  way. 
Such  a  photograph  is  called  a  radiograph.  A  modern  form  of  X-ray 
tube  is  shown  in  Fig.  983. 

lonisation  produced  by  X-rays. — Even  more  important  than  their 
fluorescent  and  photographic  effects  is  the  power  which  X-rays 
possess  of  rendering  the  gas  through  which  they  pass  a  conductor  of 
electricity.  If  a  battery  consisting  of  a  number  of  cells  be  joined 

to  two  conductors  between 
which  is  situated  a  gas,  aji 
appreciable  current  will  flow 
through  the  gas  when  X-rays 
are  passing  through  it  The 
reason  is  that  the  X-rays  have 
the  power  of  liberating  elec- 
trons from  the  atoms  of  the 
FIG  984  -lonieation  current  gas-  Tliese  electrons,  having 

negative  charges,  the  remain- 
ing parts  of  the  atoms  are  therefore  positively  charged,  and  these 
ions,  as  they  are  called,  experience  forces  m  the  electric  field,  causing 
the  positive  ions  to  move  towards  the  kathode  and  the  negative  ions 
towards  the  #node.  These  drifts  of  charges  constitute  an  electric 
current.  The  process  is  called  iomsation  and  the  gas  is  said  to  be  ionised. 
An  ionisation  current  may  be  exhibited  by  insulating  a  wire  B 
(Fig.  984)  which  passes  axially  down  a  thin  aluminium  tube  A,  also 
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insulated.  B  is  connected  to  one  pair  of  quadrants  of  an  electro- 
meter, the  other  pair  being  earthed.  A  is  connected  to  one  terminal 
of  a  battery  of  cells  of  which  the  other  terminal  is  earthed.  Start- 
ing with  B  at  zero  potential,  by  momentary  earthing,  it  will  be  seen 
that  on  passing  a  beam  of  X-rays  through  the  tube  A,  the  needle 
of  the  electrometer  will  have  a  continually  increasing  deflection. 
This  shows  that  a  current  is  passing  through  the  gas  and  is  charging 
the  wire  B  and  the  quadrants  of  the  electrometer. 

Nature  Of  X-rays. — It  is  now  known  that  X-rays  are  identical  in 
character  with  light,  that  is,  they  consist  of  a  wave  motion.  But 
whereas  the  shortest  wave-length  of  light  waves  is  about  04  x  10~* 
cm  ,  that  of  X-rays  is  of  the  order  of  10~8  cm.  For  this  reason  their 
penetrative  power  is  much  greater  than  that  of  light  waves.  The 
wave-length  of  X-rays  has  been  determined  by  observing  their  mode 
of  reflection  from  certain  crystals,  and  has  given  rise  to  a  more 
intimate  knowledge  of  the  nature  of  crystalline  structure  than  had 
hitherto  been  attainable. 

Secondary  X-rays.—  When  X-rays  fall  upon  any  material,  other 
X-rays  are  emitted.  These  are  of  various  types.  Some  are  merely 
the  incident  X-rays  scattered  by  the  material,  but  others  are  of 
an  extremely  homogeneous  form,  and  have  a  wave-length  char- 
acteristic of  the  material  upon  which  the  primary  X-rays  fall.  There 
are  two  types  of  these  homogeneous  secondary  X-iays,  one  the 
<w  Series  K  "  being  very  '  hard  '  or  penetrating,  and  the  other  "  Series 
L  "  being  '  soft '  or  less  penetrating.  The  quality  of  secondary 
X-rays  emitted  depends  only  upon  the  material  emitting  them  and 
not  upon  the  quality  of  the  primary  X-rays  which  cause  thei| 
emission,  but  the  primary  X-rays  must  always  be  '  harder  '  than  the 
secondary  rays  emitted.  The  higher  the  atomic  weight  of  the 
element-  constituting  the  material,  the  harder  will  be  the  secondary 
X-rays  emitted. 

Radioactivity.  There  are  a  few  rare  substances  which  emit  rays 
which  are  in  some  respect  similar  to  X-rays.  That  is,  they  can 
penetrate  ordinary  materials  and  can  produce  fluorescence,  photo- 
graphic effects  and  ionisation.  Such  substances  are  said  to  be  radio- 
active, and  are  uranium,  radium,  thorium  and  actinium,  Of  these 
substances  radium  is  by  far  the  most  active,  but  the  property  of 
radioactivity  was  discovered  by  observations  on  uranium. 

Of  the  various  effects  produced  by  the  rays  emitted  by  radioactive 
substances,  that  of  ionisation  lends  itself  best  to  a  study  of  the 
properties  of  different  substances.  To  measure  the  ionisation,  the 
gold-leaf  electroscope  is  very  convenient,  and  several  forms  of  this 
instrument  have  been  devised  for  the  purpose.  That  described 
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not  so  dense,  and  the  parts  of  the  screen  illuminated  by  the  rays 
passing  through  these  parts  are  brighter. 

If  the  screen  C  be  replaced  by  a  photographic  plate,  the  plate  is 
acted  upon  by  the  rays  to  an  extent  depending  upon  the  intensity 
of  the  rays.  On  developing  the  plate  a  negative  of  the  ob]ect  is 


Fiu  083    -.X-ra>  tube 

obtained  and  a  positive  may  be  printed  from  it  in  the  ordinary  way. 
Such  a  photograph  is  called  a  radiograph.  A  modern  form  of  X-ray 
tube  is  shown  in  Fig.  983. 

lonisation  produced  by  X-rays. — Even  more  important  than  their 
fluorescent  and  photographic  effects  is  the  power  which  X-rays 
possess  of  rendering  the  gas  through  %hich  they  pass  a  conductor  of 
electricity.  If  a  battery  consisting  of  a  number  of  cells  be  joined 
'  to  two  conductors  between 
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which  is  situated  a  gas,  ajl 
appreciable  current  will  flow 
through  the  gas  when  X-rays 
are  passing  through  it.  The 
reason  is  that  the  X-rays  have 
the  power  of  liberating  elec- 
trons from  the  atoms  of  the 
gas.  These  electrons,  having 
negative  charges,  the  remain- 
ing parts  of  the  atoms  are  therefore  positively  charged,  and  these 
ions,  as  they  are  called,  experience  forces  in  the  electric  field,  causing 
the  positive  ions  to  move  towards  the  kathode  and  the  negative  ions 
towards  the  anode.  These  drifts  of  charges  constitute  an  electric 
current.  The  process  is  called  lonisation  arid  the  gas  is  said  to  be  Ionised. 
An  ionisation  current  may  be  exhibited  by  insulating  a  wire  B 
(Fig.  984)  which  passes  axially  down  a  thin  aluminium  tube  A,  also 
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insulated.  B  is  connected  to  one  pair  of  quadrants  of  an  electro- 
meter, the  other  pair  being  earthed.  A  is  connected  to  one  terminal 
of  a  battery  of  cells  of  which  the  other  terminal  is  earthed.  Start- 
ing with  B  at  zero  potential,  by  momentary  earthing,  it  will  be  seen 
that  on  passing  a  beam  of  X-rays  through  tho  tube  A.  the  needle 
of  the  electrometer  will  have  a  continually  increasing  deflection. 
This  shows  that  a  current  is  passing  through  the  gas  and  is  charging 
the  wire  B  and  the  quadrants  of  the  electrometer. 

Nature  of  X-rays. — It  is  now  known  that  X-rays  are  identical  in 
character  with  light,  that  is,  they  consist  of  a  wave  motion.  But 
whereas  the  shortest  wave-length  of  light  waves  is  about  04  x  10~* 
cm  ,  that  of  X-rays  is  of  the  order  of  10~8  cm.  For  this  reason  their 
penetrative  power  is  much  greater  than  that  of  light  waves.  The 
wave-length  of  X-rays  has  been  determined  by  observing  their  mode 
of  reflection  from  certain  crystals,  and  has  given  rise  to  a  more 
intimate  knowledge  of  the  nature  of  crystalline  structure  than  had 
hitherto  been  attainable. 

Secondary  X-rays.-  When  X-rays  fall  upon  any  material,  other 
X-rays  are  emitted.  These  are  of  various  types.  Some  are  merely 
the  incident  X-rays  scattered  by  the  material,  but  others  are  of 
an  extremely  homogeneous  form,  and  have  a  wave-length  char- 
acteristic of  the  material  upon  which  the  primary  X-rays  fall.  There 
are  two  types  of  these  homogeneous  secondary  X-rays,  one  the 
"  Series  K  "  being  very  '  hard  '  or  penetrating,  and  the  other  "  Series 
L  "  being  '  soft '  or  less  penetrating.  The  quality  of  secondary 
X-rays  emitted  depends  only  upon  the  material  emitting  them  and 
not  upon  the  quality  of  the  primary  X-rays  which  cause  thei$ 
emission,  but  the  primary  X-rays  must  always  be  '  harder  '  than  the 
secondary  rays  emitted.  The  higher  the  atomic  weight  of  the 
element  constituting  the  material,  the  harder  will  be  the  secondary 
X-rays  emitted. 

Radioactivity.  There  are  a  few  rare  substances  which  emit  rays 
which  are  in  some  respect  similar  to  X-rays.  That  is,  they  can 
penetrate  ordinary  materials  and  can  produce  fluorescence,  photo- 
graphic effects  and  ionisation.  Such  substances  are  said  to  be  radio- 
active, and  are  uranium,  radium,  thorium  and  actinium.  Of  these 
substances  radium  is  by  far  the  most  active,  but  the  property  of 
radioactivity  was  discovered  by  observations  on  uranium. 

Of  the  various  effects  produced  by  the  rays  emitted  by  radioactive 
substances,  that  of  ionisation  lends  itself  best  to  a  study  of  the 
properties  of  different  substances.  To  measure  the  ionisation,  the 
gold-leaf  electroscope  is  very  convenient,  and  several  forms  of  this 
instrument  have  been  devised  for  the  purpose.  That  described 
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on  p  946  (Fig  882)  was  devised  by  C  T.  R.  Wilson.  The  motion 
of  the  leaf  D  is  observed  by  means  of  a  short  focus  telescope  with 
a  scale  in  the  eyepiece  The  rate  at  which  the  image  of  the  leaf 
passes  the  divisions  of  the  scale  is  then  a  measure  of  the  rate  of 
leak  to  oarth  of  the  charge  upon  the  leaf,  and  this  in  turn  is  a 
measme  oi  the  <  onduclivity  of  the  air,  or  the  ionisation  due  to  the 
i a  \  :•  cut  cnng  the  chamber. 

II  a  minute  amount  of  radium  be  situated  below  B,  the  leaf  will 
collapse  rapidly,  but  if  some  salt  of  uranium  or  thorium  be  spread 
upon  a  piece  of  paper  and  placed  below  B  the  leaves  will  collapse 
comparatively  slowly. 


FlO  ()Hr»  — Effect  produced  by  thorium  upon  a  photographic  plate. 

The  photon? a ph ic  effect  of  the  rays  from  thorium  may  be  shown 
in  ,ui  infciesimu.  manner.  If  an  ordinary  incandescent  gas  mantle 
be  placed  in  contact  with  a  photographic  plate  and  left  for  about 
a  >\eek,  liicn  on  developing  the  plate  the  pattern  of  the  mantle  will 
be  seen  The  mantle  is  impregnated  with  thorium  and  the  radiation 
from  the  thorium  aflects  the  plate.  Fig.  985  has  been  obtained  m 
this  war,  the  letter,  bemu  produced  by  placing  a  piece  of  tinfoil, 
from  \\lnch  tho  letters  have  been  cut,  between  the  mantle  <tnd  the 
pl.de  This  tml  >il  shields  the  plate  from  the  rays 

a  />  and  y  rays,  The^c  ia\s  omitted  bv  a,  radioactive  substance, 
aie  complex  Th-  \  niav  be  distmmnshed  one  from  the  other,  by 
measininn  b\  mean-  <>|  an  "!'v<  1  loscope  tl.<  ii  r>enctratini>  ]>ower 
loi  \anoiis  laveis  oi  iii.ucii.i!  So.ue  thoiium  oxide  nu'v  nc  s])iead 
upon  ,.  -hci't  oi  Lil.i^-s  .md  j)l.uid  imm<di«dol\  und«'i  1  lio  api-itim*  B 
oi  tJio  clcLtios(op'  (Fu  oSj)  tli'»  covei  Ix  niii  nmo\od  Tho  time 
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required  for  the  leaf  to  pa^s  irom  some  paitieular  scale  division 
to  another  is  then  noted  A  thin  sheet  of  paper  is  then  placed 
upon  the  thorium  oxide  and  the  observation  jepeated.  Other  layers 
of  paper  are  then  added,  and  it  will  he  found  thai  the  ionisation 
is  cut  down  to  a,  small  fraction  l>y  the  first  sheet,  say  to  ],  but  the 
second  sheet  will  not  produce  much  further  reduction.  The  reason 
for  this  is  that  some  ol  the  rays  have  very  little  penetrating  power 
and  are  neaily  all  absorbed  by  the  fnsl  lavei  ol  paper.  These  are 
called  the  a  rays. 

II  now  a  sheet  of  paper  be  placed  upon  the  thorium  oxide,  to  cut 
oil  the  a  ravs,  and  a  .similar  expeiuncnt  be  performed  by  adding 
layers  of  thm  alurmmmn  'oil,  it  will  be  ioiind  that  the  first  layer 
produces  a  disproportionately  large  decrease  in  the  ionisation.  Tins 
shows  as  before  that  the  icmaminu  rays,  when  th^  a  rays  have  been 
removed  are  still  complex  The  most  easily  absorbable  of  these1 
remaining  rays  are  called  j)  rays  and  the  most  penetrating  of  all 
are  called  the  y  rays. 

The  iollowmg  table  illustiates  the  relative  penetrating  powers 
of  the  a,  /)  and  y  rays 
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The  methods  by  which  the  properties  of  these  rays  have  been 
studied  cannot  here  be  entered  into,  but  it  should  be  noted  that 
the  a  rays  are  of  the  same  nature  as  the  positive  rays  in  the  discharge 
tube,  the  ft  rays  are  like  the  kathode  rays  arid  the  y  rays  are  identical 
in  kind  with  the  X-rays.  Thus  the  a  rays  consist  of  positively 
charged  particles,  emitted  with  a  volocily  which  sometimes  reaches 
2-5  x  109  cm.  per  sec.  The  /?  rays  consist  of  electrons  with  velocity, 
in  some  cases,  as  high  as  2-85  x  ]010  cm.  per  sec  ,  which  is  very  near 
the  velocity  of  light. 

The  spinthariscope. — Many  minerals  fluoresce  when  a  rays  fall 
upon  them.  Thus,  the  diamond  exhibits  a  blue  fluorescence  which 
enables  a  true  stone  to  be  distinguished  from  a  false  one.  Zinc 
sulphide  fluoresces  brightly  in  a  rays.  This  fact  has  been  made 
use  of  in  constructing  the  spinthariscope,  which  is  a  thin  layer 
of  zinc  sulphide  behind  which  a  speck  of  radium  bromide  or  some 
other  material  which  emits  a  rays  is  placed.  The  zinc  sulphide 
is  examined  by  a  short  focus  lens,  and  a  bright  and  continuous 
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shower  of  sparks  is  seen  when  the  observation  is  made  in  the  dark. 
Each  flash  is  due  to  the  rupture  of  a  minute  crystal  of  zinc  sulphide 
when  struck  by  an  a  ray  particle. 

Emission  of  heat  by  radium. — It  is  a  well-established  fact  that 
radioactive  substances  emit  heat.  In  the  case  of  radium  bromide, 
the  temperature  is  always  about  2°  C.  above  that  of  its  surroundings. 
The  rate  of  emission  of  heat  has  been  measured  by  means  of  the 
Bunsen's  ice  calorimeter  (p  118),  and  it  has  been  found  that  1  gram 
of  radium  emits  100  calories  per  hour,  and  that  th«  rate  of  emission  is 
constant  whatever  the  temperature  of  the  radium  That  there  is  an 
immense  store  of  energy  in  radioactive  materials  is  evident  from 
the  fact  that  during  its  whole  life  1  grain  of  radium  omits  about 
10l°  calories.  This  store  of  energy  accounts  to  some  extent  for  the 
energy  continually  emitted  from  the  sun  in  the  form  of  heat 

Radioactive  changas.  -An  examination  of  the  changes  occurring 
m  a  radioactive  material  has  shown  that  the  piocess  of  radioactivity 
accompanies  a  change  in  nature  of  the  substance  Thus  the  a  ray 
particle  has  an  atomic  weight  of  about  4  and  is  probably  a  helium 
atom,  for  it  has  been  hown  that  radium  is  continually  producing 
the  element  helium. 

As  a  type  of  the  change  that  goes  on  in  a  radioactive  substance, 
let  us  take  the  case  of  radium.  A  new  substance  can  be  separated 
from  radium  on  heating  it  or  dissolving  it  in  water.  This  substance 
is  a  gas  at  ordinary  temperatures,  but  can  be  condensed  at  the  tem- 
perature of  liquid  air  It  is  called  radium  emanation.  The  emana- 
tion decays  to  half  its  quantity  in  3-85  days,  and  in  doing  so  changes 
in  turn  to  radium  A,  radium  B,  Ra  C,  Ra  D,  Ra  E  and  Ra  F.  The 
change  from  radium  to  the  emanation  is  accompanied  by  the  emission 
of  a  and  p  rays  That  from  the  radium  emanation  to  Ra  A  by  the 
emission  oi  a  lays  ,  from  Ra  A  to  Ra  B  by  a  lays  ,  Ra  B  to  Ra  C 
by  ft  rays  ,  Ra  C  to  Ra  D  by  a,  ft  and  y  rays  The  change  from 
Ra  D  to  Ra  E  occurs  without  the  emission  of  rays  Ra  E  to  Ra  F 
by  ft  rays,  and  Ra  F  in  changing  to  some  unknown  product  by  emis- 
sion of  a  rays  The  decay  to  half  its  quantity  for  the  successive 
substances,  radium,  etc  ,  to  Ra  F  occur  respectively  in  about  2000 
years,  3-85  days,  3-0  minutes,  26-7  minutes,  19-5  minutes,  15  years, 
4-8  days  and  140  days. 

The  other  radioactive  materials  undergo  similar  changes,  some 
being  more  and  others  less  complicated  than  those  of  radium.  It  is 
interesting  to  note  that  in  the  course  of  its  changes,  a  uranium  atom 
emit*  three  a  ray  particles,  and  since  each  has  an  atomic  weight  4, 
this  would  reduce  the  atomic  weight  of  uranium  from  238*5  to  226*5, 
and  the  atomic  weight  of  radium  is  225.  Further,  a  radium  atom 
during  its  changes  emits  five  a  ray  particles,  which  would  bring  its 
atomic1  weight  to  206-5,  and  that  of  lead  is  206-9.  It  is  a  significant 
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fact  that  minerals  containing  uranium  and  radium  always  contain 
a  large  proportion  of  lead. 

Whether  it  will  be  found  that  all  elements  are  radioactive  and  are 
undergoing  changes  similar  to  those  of  the  radioactive  materials, 
but  vastly  slower,  only  the  future  can  decide. 

EXERCISES  ON  CHAPTER  LXXX. 

1.  Describe  the  changes  which  occur  m  an  electric  spark  in  air  as  the 
pressure  of  the  air  is  gradually  reduced  to  a  high  vacuum. 

2.  Give  an  account  of  kathode  rays  and  the  effects  they  produce. 
What  are  canal  rays  ? 

3.  Describe  the  effect  of  a  magnetic  field  upon  kathode  rays,  and  deduce 
some  property  of  these  rays. 

4.  Describe  the   production  of   X-rays   and  state   what    you  know 
icgarding  their  nature. 

5.  (live  some  account  of  radioactivity,  and  describe  how  its  intensity 
may  be  measured. 

6.  Give  a  short  account  of  the  radioactive  changes  which  occur   in 
the  ca.se  of  some  one  substance. 

7.  Describe  the  apparatus  you  would  use  for  obtaining  Kontgen  rays, 
and  show  how  you  would  arrange  the  apparatus  to  obtain  a  radiograph 
of  the  hand,  '  L.U. 


CHAPTER  LXXXI 
WIRELESS  TELEGRAPHY 

Radio-telegraphy.—  There  are  many  methods  of  signalling  in  which 
a  code  of  dots  and  dashes,  or  short  and  long  sounds,  such  as  the 
Morse  Code  (p  1005)  is  employed.  In  ordinary  telegraphy  a  buzzer, 
sounder,  or  galvanometer  at  the  receiving  station  is  connected  with 
a  battery  and  key  at  the  sending  station,  by  means  of  a  wire,  or  pair 
of  wires,  so  that  the  circuit  may  be  completed  by  the  key  at  the 
sending  station.  But  it  is  essential  to  this  method  that  the  stations 
should  be  connected  by  the  wire  or  cable,  which  in  many  cases  has 
a  length  of  several  thousand  miles.  In  radio-telegraphy — or,  as  it  is 
generally  called,  wireless  telegraphy — this  wire  or  cable  is  dispensed 
with,  a  series  of  electro- magnetic  waves  being  given  out  at  the 
sending  station,  which  on  arriving  at  the  receiving  station  actuate 
a  telephone,  producing  long  or  short  sounds  corresponding  to 
dashes  and  dots,  according  to  the  length  of  each  series  of  waves. 

In  the  middle  of  the  last  century  Lord  Kelvin  showed  by  calcula- 
tion, that  if  a  charged  condenser  (p.  940)  be  discharged  by  connecting 
the  plates  by  a  conductor  of  sufficiently  small  resistance,  the  charge 
does  not  merely  disappear  It  surges  backwards  and  forwards 
between  the  plates,  just  as  the  water  in  a  U  tube  does  when 
disturbed,  the  discharge  being  then  said  to  be  oscillatory.  It  was 
shown  afterwards  by  experiment  that  this  is  the  case 

The  next  stop  is  the  Electro-magnetic  theory  of  James  Clerke 
Maxwell,  according  to  which  any  sudden  alteration  in  the  electrical 
field  anywhere  causes  a  disturbance  to  travel  outwards  through 
space  with  the  velocity  of  light  (3  x  1010  cm.  per  sec.)  It  follows 
that  the  oscillatory  field  due  to  the  discharge  of  a  condenser  causes 
waves  to  travel  outwards  The  presence  of  these  waves  was  at  a 
later  date  demonstrated  by  Hertz  and  also  by  Lodge.  It  only 
remained  to  find  a  sensitive  detector  of  these  waves,  and  this  was 
discovered  by  Branley,  and  took  the  form  of  a  tube  of  loosely 
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packed  metal  filings;  whose  conductivity  was  enormously  increased 
when  the  electro-magnetic  waves  fell  on  them.  The  process  of 
signalling  here  briefly  sketched  was  adapted  to  practical  telegraphy 
by  Marconi  and  others. 

Oscillatory  discharge.-  On  p.  926  the  electric  lines  of  force  are 
given  for  the  case  in  which  two  spheres  have  opposite  electric 
charges.  Suppose  that  these  spheres  arc  now  connected  by  a  wire 
AB  (Fig.  986  («) ).  A  being  at  a  higher  potential  than  B,  a  current 
immediately  begins  to  flow  from  A  to  B,  that  is,  the  positive  charges 
or  positive  ends  of  the  electric  lines  of  force  travel  from  A  to  B  and 
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Fjo.  986.— Oscillatory  discharge. 


the  negative  ends  from  B  to  A  This  is  of  course  accompanied  by 
the  production  of  magnetic  lines  of  force  (p.  830),  which  are  circles 
surrounding  the  wire  (Fig.  986  (6)  ).  These  grow  until  the  current 
has  reached  its  greatest  value,  at  which  instant  the  electric  charges 
and  electric  lines  of  force  have  just  disappeared.  The  magnetic 
lines  of  force  now  begin  to  collapse  upon  the  wire,  and  in  so  doing 
produce  an  e.m.f.  which  causes  the  current  to  continue  flowing  from 
A  to  B  until  the  magnetic  lines  of  force  have  all  collapsed  and  disap- 
peared. This  continued  current  means  that  B  is  acquiring  a  positive 
charge  and  A  a  negative  charge  (Fig.  986  (c)  ),  and  at  the  end  of  this 
stage  the  charges  and  electric  field  are  exactly  the  reverse  of  those  in 
Fig.  986  (a),  except  that  there  may  be  a  diminution  of  charge  due  to 
energy  being  dissipated  in  the  heat  produced  by  the  current  in  the 
conductor,  and  also  by  any  radiation  to  be  described 
p.  9.?,  »3u 
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The  return  current  then  immediately  begins,  and  is  shown  at  its 
greatest  value  in  Fig  986  (r/). 

The  discharge  in  this  case  is  said  to  be  oscillatory,  and  it  is  easily 
seen  that  the  energy  exists  alternately  m  the  form  of  electric  field 

and  magnetic  field.  If  there  is  no 
dissipation  of  energy,  or  if  energy 
is  supplied  continuously  by  some 
source,  the  curve  representing  the 
amount  of  electric  charge  at  suc- 
ceeding intervals  of  time  is  a  sine 
curve,  shown  dotted  in  Fig.  987, 
and  the  oscillation  is  said  to  be 
undamped.  If,  on  the  other  hand, 
the  energy  dies  away,  the  oscilla- 


Time 


Fiu.  087  -  Damped  and  undamped 
oscillations 


tion  is  said  to  be  damped,  and  LS  shown  by  the  continuous  line  curve 
in  Fig.  987  In  the  case  of  wireless  telegraphy  the  frequency  of 
oscillation  may  vary  from  2X104  to  3  x  106  complete  oscillations 
per  second 

Radiation  -  It  must  be  understood  that  the  process  of  radiation 
can  only  be  described  with  completeness  in  terms  of  mathematics 
of  a  higher  ordei  than  is  required  for  the  rest  of  this  book,  but  the 
following  explanation  may  help  the  student  to  some  understanding  of 


,    (1) 

Fia.  988. — Production  of  electric  waves. 

the  manner  in  which  electric  waves  arise.  When  the  difference  of 
potential  between  the  ends  of  the  conductor  is  very  great,  the  electric 
lines  ol  i'orcc  may  be  similar  to  AQB  (Fig.  988  (a) ),  and  if  the  con- 
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ductivity  of  the  conducting  bridge  AB,  which  is  usually  a  spark 
(p.  1028),  is  great,  the  ends  of  the  lines  of  force  travel  as  in 
Fig.  988  (6)  and  may  reach  each  other  during  the  discharge,  and 
even  cross,  before  the  part  C  reaches  the  conductor,  thus  forming 
a  loop  DC  (Fig.  988  (c)  ).  The  intersection  D  is  a  point  of  instability 
and  the  lines  immediately  break,  forming  a  closed  loop  DC  and  a 
shortened  line  AEB  (Fig.  988  (d)  ).  The  loop  DC  travels  outwards, 
and  the  part  AEB  continues  the  oscillation  previously  described. 

In  wireless  telegraphy  the  conductor  is  of  considerable  length, 
in  order  to  produce  waves  ot  sufficient  size,  and  is  then  called  an 
aerial  or  antenna.  Aerials  are  of  many  forms,  but  their  function  is  the 
same,  that  is,  to  increase  the  size  of  wave  produced.  It  should  be 
remembered  that  only  half  of  each  complete  loop  is  produced  by  the 
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FIG.  980.—  Waves  from  an  aerial. 


aerial,  the  other  part,  which  would  be  produced  if  the  aerial  were 
symmetrical  about  the  spark  gap  S  (Fig.  989),  being  suppressed  by 
the  earth.  A  few  waves  emitted  by  an  aerial  are  illustrated  in  Fie 
989.  fe 

The  waves  are  transmitted  with  the  velocity  of  light,  thai  is 
3  x  1010  cm.  per  sec.  as  has  been  noted  above  ,  in  fact,  they  are 
waves  of  the  same  character  as  light  waves,  but  are  of  vastly  greater 
length.  The  average  wave-length  of  light  is  about  6  x  10~5  cm., 
while  those  used  in  wireless  telegraph  v  have  a  wave-length  varying 
from  1  00  metres  to  15,000  metres. 

The  usual  relation  between  frequency  (n),  wave-length  (A),  and 
velocity  (v)  holds  here  as  in  the  case  of  all  other  waves  (p.  680), 
that  is,  velocity  =  wave-length  x  frequency, 

or  v  =  \n. 

^  As  an  example,  consider  a  case  in  which  the  frequency  of  oscilla- 
tion is  120,000.    Then,  since  the  velocity  is  3  x  1010  cm.  per  sec. 
3  x!010=  Ax  120,000, 
A  =  2-5x105  cm, 
That  is,  the  wave-length  is  2500  metres. 
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Production  of  oscillations.  There  are  several  methods  of  produc- 
ing electric  oscillations  in  the  aerial,  but  that  most  commonly 
used  consists  in  raising  the  p  d.  between  two  conductors  to  such  a 
high  value,  by  means  of  an  induction  coil  (p  983),  that  a  spark 
occurs.  The  spark  gap  may  be  in  the  aerial  itself  (Fig.  990),  which 
shows  an  open  oscillatory  circuit,  or  the  secondary  coil  of  a  trans- 
former may  be  in  the  aerial  (Fig  991),  which  is  an  example  of  a  closed 


>— f 
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^ 

FK.    WO  —Open  otcill.itory  circuit. 


FIG.  991  —Closed  oscillatory  circuit. 


oscillatory  circuit.  In  this  case  the  induction  coil  I  raises  the  p.d. 
between  A  and  B  to  such  a  magnitude  that  a  spark  occurs  between 
A  and  B.  This  is  accompanied  by  oscillations  in  the  circuit  consisting 
of  the  spark  gap  AB,  the  condenser  C  and  the  primary  coil  L5  of  the 
transformer  LjL2,  sometimes  called  a  JJggar.  This  oscillation  is  really 
an  alternating  current,  so  that  an  alternating  e  m  f  is  produced 
(p.  985)  in  the  secondary  coil  1_2.  Thus  for  every  spark  at  AB  a 
train  of  waves  will  be  given  out  into  space  by  the  aerial.  Such  a 
train  of  waves  is  of  the  damped  type  (Fig  987),  because  the  energy 
corresponding  to  each  discharge  of  the  condenser  C  is  rapidly  radiated 
outwards  from  the  aerial  in  the  form  of  waves. 

The  frequency  of  oscillation  in  any  circuit  in  which  the  resistance 
is  small  is  given  by  the  equation 

1 

n~ 


where  L  is  the  self-inductance  (p.  986)  and  C  the  capacity  (p.  943) 
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in  the  circuit.  As  an  example,  let  the  capacity  be  6x]0~°  farads 
or  0-006  micro-farads,  and  the  self-inductance  80  micro-henrys  or 
8  x  10~5  henrys. 


Then 


1 


1 

10~9x  8~x  10~5 

=  2-3x10* 

3xJOi° 

1 300  metres. 


Receiving.— -  It  should  be  remembered  that  an  elect ric  line  of  force 
is  really  the  representation  of  an  electric  field  (p.  926)  and  that  a 
difference  of  potential  exists  between  different  points  on  a  line  of 
force.  Hence  the  arrival  of  an  electric  wave  at  a  conductor  causes 
differences  of  potential  between  the  parts  of  a  conductor  and  gives 
rise  to  an  electric  current.  Thus,  imagine  waves  travelling  from 
left  to  right  to  arrive  at  the  conductor  AB  (Fig.  992). 

j/  ^  <       A     \ 

m»  r-  r\  r*     **     ! 


Fm.  092.     Wavos  ai living  at  a  conductor. 

On  the  arrival  of  the  part  C  or  E  of  the  wave,  there  will  be  a  current 
in  the  conductor  from  A  to  B  while  the  parts  D  and  F  will  produce 
current  from  B  to  A.  Alternating  current  will  therefore  flow  in  AB 
during  the  arrival  of  electric  waves.  It  might  perhaps  be  thought 
that  by  including  a  telephone  receiver  in  AB  a  sound  would  be  heard  ; 
but  a  moment's  consideration  will  show  that  this  is  not  the  case. 
The  frequency  of  the  waves  employed  in  wireless  telegraphy  is  such 
that  any  note  produced  would  be  of  too  high  a  pitch  to  be  audible 
(p.  672).  Moreover,  the  oscillations  are  too  rapid  for  the  diaphragm 
of  the  telephone  to  follow  to  any  appreciable  extent.  Some  other 
means,  such  as  the  coherer  or  the  rectifier,  must  be  employed  for  their 
detection. 
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The  Coherer  -  -The  coherer  is  the  earliest  device  used  in  wireless 
telegraphy,  and  consists  of  a  tube  AB  (Fig.  993)  into  which  the 
conductors  C  and  D  enter,  the  gap  between  which  is  completed  by 
a  small  quantity  of  metal  filings  E,  usually  silver.  When  the  feeble 

current  produced  in  the  aerial  F  by 
the  waves  received,  passes  through  the 
coherer,  its  resistance  is  reduced  to  such 
an  extent  that  the  current  in  the  local 
circuit  due  to  the  cell  H  becomes  large 
enough  to  actuate  the  galvanometer,  or 
sounder  (p.  1006),  or  a  relay  G  (p.  1008) 
Thus  long  or  short  trains  of  waves  give 
rise  to  dashes  or  dots  according  to  the 
Morse  system  (p  1005) 

One  great  diawback  to  the  coherer  is 
that  it  does  not  automatically  "  deco- 
here "  ;  that  is,  the  conductivity  remains 
comparatively  high  after  the  tram  of 
waves  has  ceased  It  recoveis,  however, 
its  normal  high  resistance  when  subjected  to  mechanical  disturbance, 
such  as  tapping,  and  this  necessitates  the  employment  of  some 
device  for  tapping  it  to  cause  it  to  decohere  after  each  train  of  waves. 

Crystal  detector  It  will  be  remembered  that  the  waves,  and  there- 
fore the  oscillatory  currents,  in  the  receiving  aerial  are  too  lapid  to 
produce  any  effect  m  the  telephone  If,  however,  the  negative  halves 
of  the  waves,  B,  D  and  F  (Fig.  994)  could  be  suppressed,  the  positive 
halves  A,  C  and  E,  which  follow  each  other  very  rapidly,  would 
combine  to  produce  a  pull  on  the  diaphragm  of  the  telephone.  This 
can  be  effected  by  the  crystal  detector. 

A  crystal  of  suitable  substance,  carborundum,  zincite,  or  galena 
is  placed  with  one  of  its  sharp  angles  in  contact  with  a  metal  plate. 
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FIG    1)94.— Damped  wave     t  FK,.  995.— Crystal  detector. 

This  conducts  much  more  freely  for  a  current  in  one  direction  than 
for  a  current  in  the  reverse  direction.     The  crystal  C  (Fig.  995) 
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y(M).— fhystal  detector 
circuit. 


is  embedded  in  solder  in  the  brass  holder  B,  and  can  be  screwed 
forward  in  order  to  make  contact  with  the  metallic  plate  A.  It  is 
impossible  to  say  from  inspection  whether 
any  particular  crystal  will  be  a  gdod 
rectifier.  Numbers  of  crystals  are  tried 
and  the  bad  ones  rejected.  In  Fig  99G 
the  crystal  detector  C  is  shown  in  series 
with  the  telephone  T,  and  this  circuit  is 
placed  in  parallel  with  the  inductance  I 
which  is  in  series  with  the  aerial  A. 
Sometimes  it  is  advantageous  to  placo 
the  detector  circuit  in  parallel  with  the 
capacity  C1  instead  of  with  the  inxliJ£Ja»ce 
Whenever  a  train  of  waves  arrives  at  the 
receiving  station,  a  rapidly  intermittent 
current  will  pass  in  the  telephone  and  a 
short  sound  will  be  heard,  one  correspond- 
ing to  each  spark  at  the  sending  station.  This  will  build  up  into  a 
buzz  or  hum  whose  duration  is  equal  to  that  for  which  the  sending 
key  is  pressed  and  the  sparks  produced. 

It  frequently  happens  that  the  rectifying  power  of  the  crystal 
is  greatest  when  there  is  a  constant  e  m.f.  acting  across  the  contact. 

The  reason  for  this  may  be  seen  by 
examining  the  curve  connecting  cur- 
rent across  the  contact  and  the  p.d. 
(Fig.  997).  This  curve  is  usually  con- 
cave upwards  as  shown.  If  then  the 
constant  potential  difference  Oa  be 
applied  by  means  of  a  battery  and  fib 
and  ac  be  the  positive  and  negative 
values  of  the  p.d.  due  to  the  waves 
received,  ab  causes  an  increase  ef  in 
the  current  through  the  crystal  and 
ac  causes  a  decrease  gh.  As  ttie  former  is  greater  than  the  latter 
the  resultant  is  an  excess  of  current  in  one  direction,  which  is  the 
condition  for  a  sound  to  be  heard  in  the  telephone. 
;  In  order  to  apply  this  steady  p.d.,  an  auxiliary  battery  with  a 
J)(^entiometer  arrangement  is  employed.  The  battery  B  and  re- 
Distance  AC  (Fig.  998)  form  a  closed  circuit  so  that  there  is  a  drop  of 
botfiutial  from  A  to  C.  One  of  the  telephone  leads  makes  confeet 
pit  a  point  of  AC  which  can  be  varied,  so  that  a  greater  or  less  fraction 


f/ 


p.d. 


Fie.  997. -Rectification. 
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:>f  the  whole  p  d  between  A  and  C  can  be  included  in  the  crystal 
circuit.  The  point  of  maximum  distinctness  of  the  signals  is  found  by 
trial.  This  diagram  also  shows  how  the  variations  in  p.d.  in  the 


Fio    998.— Potentiometer  arrangement  for  crystal. 

receiver  circuit  may  be  increased  from  those  in  the  aerial  circuit  by 
means  of  the  transformer,  whose  primary,  P,  is  in  the  aerial  circuit 
and  secondary,  S,  in  the  detector  circuit. 

Rectifying  valve. — It  is  well  known  that  hot  bodies  emit  electrons 
(p.  1031),  which  are  small  charges  of  negative  electricity.  If  the  hot 
body  is  at  a  higher  potential  than  surrounding  bodies,  these  electrons 


FIG    909  — Rectifying  valve. 


will  not  pass  0rway  from  it  but  will  tend  to  remain  upon  it.  On  the 
other  hand,  if  it  is  at  a  lower  potential  than  surrounding  bodies,  the 
electrons,  being  negative  charges,  will  be  driven  away  from  it.  This 
stream  of  negative  charges  from  it  constitutes  a  positive  electric 
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current  towards  it.  Hence  the  current  parses  through  the  surroupd- 
ing  space  more  readily  in  one  direction /than  in  the  other,  anetihe 
arrangement  therefore  forms  a  rectifying  valve  whose  function  is 
similar  to  that  of  the  crystal  detecto/  There  are  many  forms  of 
the  apparatus,  one  being  shown  in  Fig.  999.  The  hollaw^cylin<drical 
conductor  C  surrounds  tho  carbon  filament  F  of  an  in  candescent  Janipi 
TEe  battery  B  serves  to  maintain  the  filament  in  a  state  of  incandes- 
cence, and  may  also  be  used  in  conjunction  with  the  resistance  R2 
to  maintain  the  necessary  pJ,.  between  F  and  C  to  obtain  the  best 
rectification.  In  fact,  the  valve  plays  a  part  similar  to  the  crystal 
contact  in  the  case  of  the  crystaljctetector. 

Arnjilifying  valve  or  Audion.  In  an  incandescent  lamp  employed 
as  a  valve,  the  gas  is  almost  entirely  exhausted  from  it,  and  any 
current  which  passes  on  to  the  filament  does  so  on  account  of  the 
elections  emittedJbcQDji  it.  If  then  a  wire  gauze  or  grid  G  (Fig.  1000) 


FIG.  1000. 

surrounds  the  filament,  the  electrons  emitted  will  charge  the  gauze 
negatively  and  the  passage  of  them  will  nearly  cease  ;  the  sjmce 
round  the  filament  is  then  practically  a  non-conductor  for  positive 
current  towards  the  filament.  This  effect  is  increased  if  the  grid 
be  made  at  a  negative  potential  with  respect  to  the  filament  by 
bringing  the  movable  contact  A  to  the  negative  C.  The  battery  "B 
is  then  unable  to  send  current  from  the  sheath^  to  the  filament. 
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If,  however,  A  be  raised  until  the  grid  is  at  a  positive  potential 
with  respect  to  the  filament,  electrons  will  now  pass  freely  towards 
the  grid  and  reach  the  sheath,  which  means  that  the  battery  B  can 
now  produce  considerable  current.  A  small  negative  potential 
of  grid  over  filament  therefore  nearly  stops  the  current  from  B  and 
a  small  positive  potential  allows  a  large  current.  This  amplifica- 
tion is  just  of  the  kind  necessary  to  enable  feeble  oscillations  in  the 
aerial  to  produce  a  large  effect  in  the  telephone.  The  airaiigement  is 
shown  in  Fig.  1001  E  and  F  are  the  condenser  terminals  and  the 


FIG    1001  —Receiving  circuit  with  amplifying  valve.  > 

small  oscillatory  current  produces  alternations  in  p.d.  between  the 
grid  and  the  filament,  which  in  turn  allow  large  unidirectional 
currents  in  the  telephone.  In  Figs.  1000  and  1001  the  battery  for 
maintaining  the  incandescence  of  the  filament  is  not  shown.  The 
battery  B  in  the  telephone  circuit  should  have  an  e.m.f.  of  about 
100  volts.  _W  ^ 

Tunjng  and  resonance.-  It  was  seen  on  p.  1044  that  every  electrical 
circuit  has  a  natural  frequency.i)JLoscillation  of  current  in  it.  If  an 
oscttlatmgjeun.f .  acts  upon  a  circuit,  the  oscillating  current  produced, 
will  be  greatest  when  the  frequency  of  the  applied  e.m.f.  is  thtf 
same  as  the  natural  frequency  of  oscillation  for  the  circuit.  In  other 
words,  the  circuit  resounds  to  the\  applied  e.m.f.  just  as  a  vibrating 
body  resounds  to  an  impulse  of  Suitable  frequency  (p.  713).  This 
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resonance  plays  a  most  important  part  in\  wicelees^-fceiegmphy  .  The 
oscillatory  circuit  of  the  aetial  muskJie-iuajw*  to  the  frequency  of 
the  received,  waves,  and  the  secondary  circuit  .(Fig.  998)  must  be 
tuned  to  the  same  frequency.  This  applies  to  all  ^^oscillatory 
circuits  used.  The  method^fJjLLiiiiig  is  to  vary  th  conductance  or 
capacity  or  both,  in  each  circuit,  but  the  means  of  doing  this  and 
the  results  obtained  are  beyond  the.^scope  of  this  work.  It  may, 
however,  be  noted  that  the  possibility  of  picking  out  the  signals 
from  ^  one  station  and  ignoring  those  from  others  rests  upon  this 
principle  of  tuning  and  resonance. 


EXERCISES  ON  CHAPTER  LXXXI. 

1.  Give  a  short  account  of  the  development  of  wujeleH8jLel.egnLphy. 

2.  Describe  the  processes  occurring  during  the  oscillatory  discharge  of 
a  condenser.  ^ 

3.  Give  the  difference  between  an  ope«-  oscillatory  circuit  and  a  closed 
osciUatoy  circuit,  for  the  production  of  electro-magnetic  jkvaves. 

4.  Dcsciibc  some  form  of  leceiver  for  the  detection  of  minute  oscillatory 
currents. 
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2594 

2600 

2606 

2612 

2618 

2624 

2 

2  3  4 

455 

•42 

26  jo 

2636 

2642 

2649 

2655 

2661 

2667 

2673 

2679 

2685 

2 

234 

4  5  6 

•43 

2692 

2698 

2704 

2710 

2716 

2/23 

2729 

2735 

2742 

2748 

2 

3  3  4 

4  5  6 

•44 

2754 

2761 

2767 

2773 

2780 

2786 

2793 

2799 

2805 

2812 

2 

334 

456 

45 

28l8 

2825 

2831 

2838 

2844 

2851 

2858 

2864 

2871 

2877 

2 

3  3  4 

5  56 

•46 

2884 

2891 

2897 

2904 

2911 

2917 

2924 

2931 

2938 

2944 

2 

3  3  4 

5  56 

•47 

2951 

2958 

2965 

2972 

2979 

2985 

2992 

2999 

3006 

3013 

2 

3  3  4 

556 

•48 

3O2O 

3027 

3034 

3°4i 

3048 

3055 

3062 

3069 

3076 

3083 

2 

344 

566 

-49 

3090 

3097 

3105 

3112 

3»9 

3126 

3133 

3Hi 

3148 

3155 

2 

344 

566 
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0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1  23 

456 

789 

50 

3162 

3i7o 

3177 

3184 

3192 

3i99 

3206 

32M 

3221 

3228 

I  I  2 

344 

5  6  7 

•51 

3236 

3243 

3251 

3258 

3266 

3273 

3281 

3289 

3296 

3304 

2  2 

3  4  5 

5  6  7 

/52 

33ii 

3319 

3327 

3334 

3342 

3350 

3357 

3365 

3373 

338i 

2  2 

3  4  5 

5  6  7 

•53 

3388 

3396 

3404 

3412 

3420 

3428 

3436 

3443 

3451 

3459 

2  2 

3  4  5 

6  6  7 

•54 

3467 

3475 

3483 

3491 

3499 

3508 

35^ 

3524 

3532 

3540 

2  2 

3  4  5 

6  6  7 

55 

3548 

3556 

3565 

3573 

358i 

3589|3597 

3606 

3614 

3622 

2  2 

3  4  5 

6  7  7 

•56 

3631 

3639 

3648 

3656 

3664 

3673 

3681 

3690 

3698 

3707 

2  3 

3  4  5 

678 

•57 

37i5 

3724 

3733 

374J 

375° 

3758 

3767 

3776 

3784 

3793 

2  3 

3  4  5 

6  7  8 

-58 

3802 

3811 

3819 

3828 

3837 

3846 

3855 

3864 

3873 

3882 

2  3 

4  4  5 

6  7  8 

•50 

3890 

3899 

3908 

3917 

3926 

3936 

3945 

3954 

3#3 

3972 

2  3 

4  5  5 

6  7  8 

60 

393i 

3990 

3999 

4009 

4018 

4027 

4036 

4046 

4055 

4064 

2  3 

4  5  6 

678 

•61 

4074 

4083 

4093 

4102 

4111 

4121 

4UO 

4140 

4150 

4159 

2  3 

4  5  6 

7  8  9 

•62 

4169 

4178 

4188 

4198 

4207 

4217 

4227 

4236 

4246 

4256 

2  3 

4  5  6 

7  8  9 

•68 

4266 

4276 

4285 

4295 

4305 

43i5 

4325 

4335 

4345 

4355 

2  3 

4  5  6 

7  8  9 

•64 

4365 

4375 

4385 

4395 

4406 

4416 

4426 

4436 

4446 

4457 

2  3 

4  5  6 

7  8  9 

65 

4467 

4477 

4487 

4498 

4508 

45i9 

4529 

4539 

4550 

4560 

I  2  3 

4  5  6 

7  8  9 

•66 

457i 

458i 

4592 

4603 

4613 

4624 

4634 

4645 

4656 

4667 

I  2  3 

4  5  6 

7  9  10 

-67 

4677 

4688 

4699 

4710 

472i 

4732 

4742 

4753 

4764 

4775 

I  2  3 

4  5  7 

8  9  10 

68 

4786 

4797 

4808 

4819 

4831 

4842 

4853 

4864 

4875 

4887 

I  2  3 

467 

8  9  10 

•69 

4898 

4909 

4920 

4932 

4943 

4955 

4966 

4977 

4989  5000 

I  2  3 

5  6  7 

8  9  10 

70 

5012 

5023 

5035 

5047 

5058 

5070 

5082 

5°93 

5105  5117 

I  2  4 

5  6  7 

8  9  ii 

•71 

5129 

5M0 

5152 

5164 

5176 

5188 

5200 

5212 

5224  ^236 

I  2  4 

5  6  7 

8  10  n 

72 

5248 

5260 

5272 

5284 

5297 

5309 

532i 

5333 

5346  5358 

I  2  4 

5  6  7 

9  10  ii 

•73 

5370 

5383 

5395 

54o8 

5420 

5433 

5445 

5458 

5470  5483 

i  3  4 

5  6  8 

9  10  n 

•74 

5495 

5508 

5521 

5534 

5546 

5559 

5572 

5585 

5598 

5610 

I  3  4 

5  6  8 

9  10  12 

75 

5623 

5636 

5649 

5662 

5675 

5689 

5702 

5715 

5728 

574i 

i  3  4 

5  7  8 

9  10  12 

•76 

5754 

5768 

5781 

5794 

5808 

5821 

5834 

5848 

5861  5875 

I  3  4 

5  7  « 

9  II  12 

•77 

5888 

5902 

5916 

5929 

5943 

5957 

597o 

5984 

5998  6012 

1  3  4 

5  7  8 

10  II  12 

•78 

6026 

6039 

6053 

6067 

6o8l 

6095 

6109 

6124 

6138,6152 

i  3  4 

6  7  8 

10  n  13 

•79 

6166 

6180 

6194 

6209 

6223 

6237 

6252 

6266 

6281  6295 

i  3  4 

679 

10  n  13 

80 

6310 

6324 

6339 

6353 

6368 

6383 

6397 

6412 

6427  6442 

i  34 

6  7  9 

10  12  13 

•81 

6457 

6471 

6486 

6501 

6516 

653i 

6546 

6561 

6577  6592 

2  3  5 

689 

II  12  14 

•82 

6607 

6622 

6637 

6653 

6668 

6683 

6699 

6714 

6730  6745 

2  3  5 

689 

II  12  14 

•83 

6761 

6776 

6792 

6808 

6823 

6839 

6855 

6871 

6887  ,  6902 

2  3  5 

689 

11  13  14 

•84 

6918 

6934 

6950 

6966 

6982 

6998 

7015 

7031 

7047  i  7063 

2  3  5 

6  8  10 

11  13  15 

85 

7079 

7096 

7112 

7129 

7H5 

7161 

7178 

7i94 

7211  7228 

235 

7  8  10 

12  13  15 

•86 

7244 

7261 

7278 

7295 

73ii 

7328 

7345 

7362 

7379  ;  7396 

2  3  5 

7  8  10 

12  13  IS 

•87 

7413 

7430 

7447 

7464 

7482 

7499 

7516 

7534 

755i  7568 

2  3  5 

7  9  10 

12  14  16 

•88 

7586 

7603 

7621 

7638 

7656 

7674 

7691 

7709 

7727  7745 

2  4  5 

7  9  n 

12  14  16 

•89 

7762 

778o 

7798 

7816 

7834 

7852 

7870 

7889 

7907  ,  7925 

2  4  5 

7  9  ii 

13  14  16 

90 

7943 

7962 

7980 

7998 

8017 

8035 

8054 

8072 

8091  8no 

246 

7  9  ii 

13  15  17 

•91 

8128 

8147 

8166 

8185 

8204 

8222 

8241 

8260 

8279  8299 

246 

8  9  ii 

13  15  17 

•92 

8318 

8337 

8356 

8375 

8395 

8414 

8433 

8453 

8472  8492 

246 

8  IO  12 

14  J5  17 

•93 

8511 

8531 

8551 

8570 

8590 

8610 

8630 

8650 

8670  8690 

246 

8  IO  12 

14  16  18 

-94 

8710 

8730 

875° 

8770 

8790 

8810 

8831 

8851 

8872  8892 

246 

8  10  12 

14  16  18 

95 

8913 

8933 

8954 

8974 

8995 

9016 

9036 

9057 

9078  9099 

246 

8  10  12 

15  17  19 

•96 

9120 

9141 

9162 

9183 

9204 

9226 

9247 

9268 

9290  9311 

246 

8  ii  13 

15  17  19 

•97 

9333 

9354 

9376 

9397 

9419 

9441 

9462 

9484 

9506  9528 

247 

9  n  n 

15  17  20 

•98 

9550 

9572 

9594 

9616 

9638 

9661 

9683 

9705 

9727  9750 

2  4  7 

9  «  13 

16  IS  20 

•99 

9772 

9795 

9817 

9840 

9863 

9886 

9908 

9931 

995*  9977 

2  5  7 

9  n  14 

16  18  20 
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Angle. 

Radians 

Sine. 

Tangent. 

Cotangent. 

Cosine 

0° 

0 

0 

0 

00 

1 

1  -5708 

90° 

1 

•0175 

•017f. 

•0175 

572900 

9008 

1  5533 

89 

2 

0349 

•034$ 

•0349 

28-6363 

•9904 

15359 

88 

3 

•0524 

•0523 

•0524 

19-0811 

•9986 

1  -5184 

87 

4 

069S 

•0698 

•0699 

143006 

•9976 

15010 

86 

6 

0873 

•0«72 

•0875 

11  4301 

9962 

14835 

85 

6 

1047 

•1045 

•1051 

9  5144 

•9045 

14661 

84 

7 

1222 

•1219 

•1228 

8  1443 

9925 

1  4486 

83 

8 

•1396 

•1392 

•1405 

7  1154 

9903 

1  4312 

82 

9 

•1571 

•lc.64 

•1584 

63138 

9877 

1*1137 

81 

10 

•1745 

•1736 

•1763 

56713 

•9848 

13963 

80 

11 

•1920 

•1908 

•1944 

5  1446 

9816 

1  3788 

79 

12 

•2094 

2079 

•2126 

4  7046 

9781 

1  3614 

78 

13 

•2269 

•2250 

•2309 

43315 

9744 

1  3439 

77 

14 

•2443 

•2419 

•2403 

40108 

•9703 

1  3265 

76 

16 

•2618 

•2588 

•2679 

3-7321 

•9659 

1  3090 

75 

16 

•2793 

•2756 

•2867 

8  4874 

9613 

12915 

74 

17 

•2967 

•2924 

•3057 

32709 

•9563 

1-2741 

73 

18 

•3142 

3090 

•3240 

30777 

•9511 

1  2566 

72 

19 

•3316 

3256 

•3443 

29042 

•9455 

1  2392 

71 

20 

•3491 

•3420 

•3C40 

2  7475 

•9397 

T2217 

70 

21 

•3665 

3584 

3839 

26051 

•9336 

12043 

69 

22 

•3840 

•3746 

•4040 

2  4751 

9272 

11868 

68 

23 

•4014 

•3907 

4245 

23559 

9205 

1-1694 

07 

24 

•4189 

4067 

•4452 

2  2460 

9135 

1  1519 

66 

•  25 

•4363 

•4226 

•4663 

2  1445 

•9063 

11345 

65 

26 

•4538 

•4384 

•4877 

20503 

8988 

11170 

64 

27 

•4712 

•4540 

•5095 

1  9<>20 

•8910 

10996 

63 

28 

•4887 

409.) 

•5317 

18807 

•8830 

10821 

62 

29 

•5061 

•4848 

5543 

1-8040 

8746 

1  0647 

61 

30 

•5236 

•5000 

•5774 

1-7321 

•8660 

1  0472 

60 

31 

•5411 

•5150 

*6000 

1-6643 

8572 

10297 

59 

32 

•5585 

•5299 

•6240 

16003 

•8480 

10123 

58 

S3 

•5760 

•5446 

•6494 

1  5309 

•8387 

9948 

57 

34 

•5934 

•5592 

•6745 

1-4826 

•8290 

•9774 

66 

35 

•6109 

5736 

•7002 

1-4281 

•8192 

•0599 

55 

3b 

•6283 

•5878 

•7265 

1-3764 

•8090 

9425 

54 

37 

•6458 

•6018 

•7536 

1-3270 

•7986 

9250 

53 

38 

•6632 

•6157 

•7«13 

1-2799 

•7880 

•9076 

52 

39 

•6807 

•6293 

•8098 

12349 

•7771 

8001 

51 

40 

•6981 

•6428 

•8391 

1-1918 

•7660 

•8727 

50 

41 

•7156 

•6561 

SG93 

1-1504 

•7547 

•8552 

49 

42 

•7330 

•6691 

•9004 

1-1106 

•7431 

8378 

48 

43 

•7505 

•6820 

•9325 

10724 

•7314 

•8203 

47 

44 

•7679 

•6947 

•9657 

1  0355 

•7193 

•8029 

46 

45 

•7854 

•7071 

10000 

i-oooo 

•7071 

•7654 

45 

Cosine. 

Cotangent. 

Tangent. 

Slue 

Radians. 

Angle. 
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PAOT   I.     DYNAMICS 

CHAPTER  I.    p.  11. 

1.  Miles  x  1-609  —  kilometres  ;  5-129  kilometres. 

2.  1)  ft,  7-75  in.  3.  7-208  sq.  in. 

4.  154  sq.  cm.  ;  1*54  grams  wt.  5.  381  -0  cub.  in.  ;  99-45  pounds. 
6.  19,500  Ib.  wt.                          7.  4,400  sq.  cm.  8.  1,200  sq.  ft. 
9.  17-49  Ib.  wt.                       10.  3-055  Ib.  wt.                   11.  8-710  inches. 

12.  1-125:  0-96:1.  13.  2-347. 

CHAPTER  II    p.  24. 

1.  Length  of  forward  reading  vernier  1  -2  inches  ;  vernier  has  25  divisions. 
Length  of  backward  reading  vernier  1-3  inches  ;   vernier  has  25  divisions 

2.  Length  of  vernier,  59  circle  divisions  ;  vernier  has  30  divisions. 

3.  20  divisions  on  thimble  scale.  4.  250  divisions. 

5.  5-013  cm.  8.  81 -05  cm.  7.  0-0660  mm. 
8.  0-288  Ib.  wt.  per  cub.  inch.                                           11.  2-6356  mm, 

12.  24-467  mm.  ;  7,668  cub.  mm. 


CHAPTER  III    p.  37. 


3.  49-94  cm.  at  19°  53'  east  of  north. 

4.  3-101  inches  at  64°  8'  to  OX. 

6.  0-729  mile.  7.  J  mile. 

9.  32-73  miles/hour. 
11.   -0-02778  metre/sec.2 
13.  0-447  metres/sec.2 
15.  0-2291  mile. 
17.    -1-613  feet/sec.2 
19.  98-28  feet/sec.  ;  6-104  seconds. 
21.  101-2  feet. 

D.S.-P.  3  x 


5.  12-91  ft./sec. 

8.  26-67  miles/hour. 
10.  0-9778  feet/sec.8 
12.    - 106-7  feot/sec.2 
14.  18-75  miles/hour  ;  0-0651  mile. 
16.  367-1  seconds  ;  4154  seconds. 
18.  31-32  metres/sec.  ;  3-19  seconds, 
20.  100-6  feet. 
22.  116-6  feet/sec.  ;  204-9  feet. 
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23.  400  feet ;  181-3  feet/sec,  (taking  j/^32  feet/sec  2). 

24.  1  second  ;  48  feet  above  the  ground. 
25. 


No  of  body 

1 

2 

3 

4 

5 

6 

7 

8 

Distance  from  top,  in  feet     - 

196 

144 

100 

64 

36 

10 

4 

0 

Relative  velocity  =  16  feet/sec.,  downwards. 

26.  Acceleration  is  not  uniform. 

27.  139  feet ;  94  32  fret/sec.  ;  4  947  seconds  29    i  railo 
30. 


Accel.,  ft  /sec  2     - 

80 

70 

00 

35 

0 

-10 

-  35 

--60 

-70 

-70 

Displacement,  ft 

1  6 

4  0 

72 

9  1 

98 

96 

87 

6  8 

42 

1  4 

Total  displacement  =  63  feet 


CHAPTER  IV.    p.  50. 

1.  17 -32  cm /sec   at  30°  ;    10  cm /sec  at  00°  ;   zero;    14-14  cm /sec  at  315°. 

2.  5  563  feet/sec   ;  2  248  feet/sec   ;  53  93  seconds. 

3.  1,612  feet/sec   at  7°  8'  to  the  horizontal. 

4.  18-05  feet/sec,  at  57°  48'  east  of  north. 

5.  24  18  feet/sec,  at  6°  58'  to  the  vertical 

6.  (a)  65°  33'  to  the  vertical ;  (b)  62°  51'  and  (c)  67°  48'  to  the  vertical. 

7.  4 '106  miles/hour  at  76°  56'  with  the  direction  of  the  rails. 

8.  36°  52'  with  the  edge  of  the  platform  ;  5-999  feet/sec. 

9.  22  36  feet /sec   from  a  point  10°  18'  east  of  south 

10.  25  miles/hour  at  36°  52'  east  of  north. 

11.  8-544  miles/hour  at  20°  33'  east  of  north  ;  20°  33'  west  of  south. 

12.  77  16  miles/hour  ;  55°  46'  west  of  north. 

13.  60  miles/hour  at  120°  to  Ox  ;  1-732  miles. 

14.  40°  33'  east  of  north  ;  35°  38'  east  of  south. 

16.  (a)  Relative  velocity,    16  22  knots ;    direction  of  motion  17°   6'  east  of 

north ;   (6)  Relative  velocity,  4-988  knots  ;   direction  of  motion  72°  54' 
east  of  north 

17.  10-62  metres/sec    at  86°  58'  west  of  north  ;   0  531  metres/sec  a 

18.  7-727  feet/sec,    in   a   direction  bisecting  the  angle  -included  between  the 

straight  portions  of  the  pipe. 

19.  4-77  feet/sec   at  26°  69'  to  the  original  direction  of  motion. 

20.  720  cm./sec.2  21.  6-453  feet/sec.a 
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22.  64-49  feet/sec,  at  82°  53'  to  the  horizontal. 


23. 

24. 
25. 

Time,  sec. 

0 

0-1 

0-2 

0-3 

0-4 

0-5 

y  feet    - 
y  feet    - 

0 
0 

0-8 
0-16 

1-6 
0-64 

2-4 
1-44 

3-2 

2-56 

4-0 
4-0 

1,500  feet  ;  1°  54'. 

Anglo. 

30° 

40°           45° 

50° 

60° 

Horiz  range,  ft 
Time,  peoonds 
(Greatest  height,  ft.- 

130,082 

68-75 
18,906 

148,951  151,250 
88  38  97  23 
31,248  37,812 

148,051 
105-3 
44,260 

130,082 
110-1 
56,711 

26.  26°  48'. 


1.  9-425  radians/sec. 

3.  286  4  re  vs. /mm. 

5.  12  radians/sec. 

7.    -  4  radians/sec.2 

9.  78-57  seconds  ;  08-21  revs. 
11.  0-0633  radian/sec.2 
13.  32  inches. 
16.  40-74  revs./min. 


27.  Angle  of  elevation,  4°  22',  or  27°  10'. 

CHAPTER  V.    p.  61 

2.  0-1047  radian /sec. 

4.  9-546  revs. /min. 

6.  0-873  radians/sec.2 

8.    - 1  radian/see.2 
10.  750  radians. 

12.   15-00  radians/sec.  ;  720  revs. 
15.  71-55;  281-7. 


14.  60  revs./min. 
17.   1  :  8. 


18.  24  teeth. 


19. 


v  xON 
OP  ' 


CHAPTER  VI.    v.  73. 

1.  670  poundals.  2.  3-816  cm./sec.2 

3.  Dynes  x  0-000072328 -poundals;  poundals  x  13, 826  =  dynes. 

4.  34  06  poundals.  5.  4-141  tons  wt. 

6.  (a)  1000  Ib.  wt.  ;  (6)  037-9  Ib.  wt.  ;  (c)  1062-1  Ib.  wt. 

7.  2-236  tons  wt. 

8.  160  Ib.  wt.  ;    80  Ib.  wt.  ;   he  would  have  a  downward  acceleration  of  0-5  g. 

9.  2-027  foot/sec.  ;    20  27  poundals ;   that  tho  table  offers  a  resistance  to 

sliding  equal  to  1  Ib.  wt.  ;  1  Ib.  wt. 

10.  280-3  cm./sec.2  ;  630,600  dynes.  ' 

11.  Close  agreement ;  actual  a  :  theoretical  a  — 2-785  :  2-8. 

12.  4-5  miles  ;  28-7  Ib.  wt.  13.  264  ton-feet/sec. ;  0-4099  ton  wt. 
14.  1,800,000  pound-feet/sec.  ;  5,590,000  Ib.  wt. 

16.  0-976  feet/sec.  ;  arithmetical  sum  of  momenta  =2 -013  pound- feet/sec, 

17.  23-06  pound-feet/sec. ;   at  116°  34'  to  initial  direction  of  motion. 

18.  30  ounce-feet/sec.  ;  5  feet/sec.  ;  1  -035  feet. 
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19.  40°  54' ;  33-58  pound -feet/sec 

20.  (a)  2  236  seconds  ;  (6)  3-354  seconds  (taking  #  =  32  feet/sec.2). 
22.  40  feet/sec.  ;  30° 

CHAPTER  VII.    p.  90. 

1.  10-58  Ib.  wt  at  19°  8'  to  the  8  Ib  force. 

2.  6  928  Ib  wt  at  30°  to  the  8  Ib.  force. 

3.  1-951  Ib.  wt  at  41°  13'  to  the  resultant. 

4.  27°  40'  between  7  Ib.  and  10  Ib.  ;  40°  32'  between  5  Ib.  and  10  Ib. 

5.  5-292  Ib.  wt.  ;  48°  36'.  6.  3-085  Ib.  wt  ;  40°  30'. 
7. 


Anglo,  degrees 

105 

170 

174 

178 

180 

Equili  brant,  Ib.  wt 

2610 

1-744 

1-046 

0  3500 

0 

8. 


9. 
10. 
11. 
13. 
14. 
15. 
16. 
18. 
20. 
21. 
22. 

24. 


(a)  P=-l-28561b  wt   ;   R  =  15321b   wt   ;  (b)  P=^l  6782  Ib   wt  ; 
R=r2'6108  Ib   wt.  ;     (r)  P- 1-368  Ib.  wt.  ;  R  =  1-064  Ib  wt.  ; 
(d)  P^  1-485  Ib.  wt ;  R-2-274  Ib.  wt. 
13-61  m  poundals  ;  13-61  feet/sec.2  ;  1-084  seconds. 
5-571  Ib.  wt  ;  3-571  Ib  wt 

2-996  Ib.  wt  at  26°  27'  to  the  vertical.  12.  102°  38' ;  120°. 

Coordinates  of  the  weight  are  3-2  and  -2-4  feet ;  41-67  Ib.  wt. 
89-94  Ib.  wt.  ;  113-7  Ib.  wt  at  34°  36' to  AC. 
0-16  ton  wt.  in  AB  ;  0  89  ton  wt.  in  AC. 

5-28  tons  wt.  ;  2-36  tons  wt.  17.  7  78  tons  wt  ;  4-86  tons  wt. 

19  24  tons  wt. ;  7-76  tons  wt.         19.  1  Ib.  wt.  in  direction  from  0  to  D. 
P=28-28,  8  =  45  95,  V-17  67,  all  in  tons  wt. 
1-732  tons  wt. ;  11  928  tons  wt 
P  =  Wsin0;   P  cos  a  +  Q  cos  |Q  +  R  cos  7  =  W  sin  6; 
P  sm  a  +  Q  sin  ft  -f  R  sin  y  -  0. 


Distance  of  knot\ 
from  A,  foot      J 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Tension,  Ib.  wt.  - 

4 

4 

3-85 

3-65 

335 

305 

2-5 

1-85 

0-67 

0 

0 

25.  16,000  Ib.  wt  ;  8000  Ib.  wt. 


CH/PTER  VIII.    p.  103. 


Angle,  degrees 

0 

30 

60 

90 

120 

150 

180 

Turning  moment,  Ib.  -inches 

0 

70 

121-2 

140 

121-2 

70 

0 

2.  Two  positions  differing  by  180° ;    OA  makes  26°  34'  with  the  vertical 
through  O. 
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3.  14  Ib.  wt.,  falling  between  the  given  forces  at  5-143  inches  from  the  8  Ib.  wt. 

4.  2  Ib.  wt.,  falling  outside  the  given  forces ;   of  same  sense  as,  and  distant 

36  inches  from  the  8  Ib.  wt. 

5.  At  0-667  foot  from  the  pivot,  on  the  side  opposite  to  the  12  Ib.  wt. 

6.  10-95  inches  from  A.  7.  1-667  tons  wt.  ;  0-833  ton  wt. 

8.  1,425  Ib.  wt.  ;  3,150  Ib.  wt.  9.  20  kilograms  at  59-5  cm.  from  A. 

10.  2-309  Ib.  wt.  at  30°  to  the  vertical ;  1-527  Ib.  wt.  at  49°  (>'  to  tho  vertical. 

11.  2-506  Ib  wt ,  vertical ;   1-856  Ib.  wt.  at  47°  29'  to  the  vertical. 

12.  23-53  Ib.  wt.  ;  423-53  Ib.  wt. 

13.  Reaction  at  A  ^=220 -6  Ib.  wt.  at  24°  56'  to  the  vertical;    reaction  at 

B^931b.  wt.,  horizontal. 

14.  96-22  Jb.  wt.  ;  178-2  Ib.  wt.  at  32°  41'  to  tho  vertical. 

15.  Reaction  at  A  =  2-267  tons  wt.  ;    reaction  at  6  =  25-73  tons  wt. 
16. 


17. 


Distance  from  left-hand  support,  feet 

2 

4 

0 

8 

10 

25 
125 

Reaction  of  left-hand  support,  Ib.  wt. 
Reaction  of  right-hand  support,  Ib.  wt. 

125 
25 

100 

50 

75 
75 

50 
100 

Distance  of  A,  feet     - 

12 

10 

_. 

8 

6 

4 

2 

0 

Reaction,  Ib.  wt. 

0 

25 

• 

50 

100 

150 

200 

250 

18.  742  Ib.  wt.,  at  5-622  feet  from  bow. 

19.  Both  spring  balances  are  attached  at  points  on  tho  rod  between  the  loads  ; 

one  is  at  3  inches  from  the  3  Ib.  wt.,  and  the  other  is  at  7  inches  from 
the  2  Ib.  wt. 

CHAPTER  IX.    p.  121. 

1.  4750  Ib.  wt.  ;  1750  Ib.  wt.  2.  400  Ib.  wt.  3.  19-2  feet  from  A. 

4.  16-67  Ib.  wt.  5.  J-  =  3-083  inches  ;  y=4-583  inches. 

6.  G  is  2-37  inches  from  A  and  2-65  inches  from  B  ;  0-81  Ib.  wt. 

7.  In  the  median,  4-33  inches  from  the  18  inches  side. 

8.  Coordinates  of  G  from  centre  of  plate,  0-72  and  0-37  inches. 

9.  #  =  3-32  inches  ;  y  =  4-5l  inches  ;  £=6-49  inches. 

10.  133-3  and  266-7  Ib.  wt.  ;  400  Ib.  wt.  ;  0  and  800  Ib.  wt. 

11.  600  Ib.  wt.  12.  26°  34' 

13.  Taking  the  origin  at  D,  x=5-59  feet  ;  y  =6-54  feet  ;   P=654,000  Ib.  wt. 
15.  5-825  inches.  16.  AB  makes  65°  with  the  vertical. 

17.  1-72  inches  from  AB.        18.  0-55949  Ib.  wt.  ;  0-00001  Ib.  wt.  too  much. 
19.  237-1  grams  wt.  21.  51  degrees. 


22*  In  the  radius  bisecting  the  quadrant,  at  t^  .  ^  from  the  centre  of  the  circle. 

3          7T 


1062 


ANSWERS 


23.  The  zero  mark  on  FDE  is  I     °c  —     l   j  from  F  ;  the  length  of  graduation 
corresponding  to  unit  load   in   the  scale  pan  is  c]w;    c=0-25  inch; 


24.  Is  and  ^^s,  where  «s=the  side  of  the  square. 

25.  22°  37'.  26.  83-6  inches. 


CHAPTER  X.     p.  136. 

1.  Two  opposing  couples  ;  a  force  of  400  Ib.  wt  along  each  long  edge  ;  a  force 

of  133-3  Ib  wt.  along  each  short  edge. 

2.  Top  hinge,  upwaid  pull  of  75  Ib  wt.  away  from  the  door  at  36°  52'  to  the 

vcitioal ;    bottom  lunge,  upward  push  of  75  Ib.  wt.  towards  the  door 
at  36°  52'  to  the  vortical 

3.  A  vertical  force  of  5  tons  wt.  m  the  axis,  and  a  couple  of  40  ton  inches 

4.  112,000  Ib    wt    acting  veitically  at  the  centre  of  the  base,  and  a  couple 

of  186,700  Ib  -feet 

5.  20  Ib.  wt.  at  B,  at  30°  to  AB  produced. 

6.  The  system  reduces  to  a  couple,  having  a  moment  represented  by  2AABC- 

7.  R=2-828  Ib   wt ,  at  45°  to  the  sides  of  the  square,  and  acting  at  a  point 

2  feet  from  CD  produced  and  3  feet  from  AD  produced. 

8.  36  96  Ib.  wt.  at  A,  at  23°  6'  to  the  vertical ;   14  5  Ib  wt  at  B,  horizontal. 

9.  825-3  Ib.  wt.  at  B  ;  950  2  Ib.  wt.  at  A,  at  62°  10'  to  the  horizontal. 
10. 


0,  degrees 

45 

30 

15 

5 

P,  Ib.  wt.  - 

12-5 

21-65 

46  65 

142-9 

S,  Ib  wt  - 

2-5 

25 

25 

2-5 

Q,  Ib.  wt.  - 

17-68 

25-00 

48-30 

143-4 

11. 


0, 

degrees 

(a) 

(&) 

P,  Ib.  wt 

S,lb  wt 

Q,  Ib.  wt. 

P,  Ib.  wt. 

S,  Ib.wt. 

Q,  Ib  wt. 

45 
30 
15 
5 

10-00 
1732 
37  32 
1143 

0 
0 
0 
0 

14-14 
2000 
38-64 
114-7 

8-75 
15-16 
32-66 
100-0 

-1-25 
-1-25 
-1-25 
-1-25 

12-37 
1750 
33-81 
100-4 

12.  184-8  Ib.  wt.  at  39°  40'  to  the  horizontal. 
13. 


ar,  feet 

4 

8 

12 

16 

19 

P,  Ib.  wt.  - 

35-80 

53-12 

70-44 

87-76 

100-75 

The  graph  is  a  straight  line. 
14.  33'33  Ib.  wt. 
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15.  2-828  Ib.  wt.,  parallel  to  CA  and  passing  through  a  point  on  CD  produced 

at  twice  the  side  of  the  square  from  D. 

16.  3  749  feet  from  the  end  having  the  rope  inclined  at  60°. 

17.  Reaction  =  JW,  horizontal.  19.  22-66  Ib.  wt. 

20.  l\N/2a  ;  Wv^-T^a . 

21.  5  Ib.  wt.  ;  5-176  Ib.  wt.  compression  ;  4-226  Ib.  wt.  tension  ;  2-887  Ib.  wt. 

tension. 

22.  1^14-43  Ib.  wt.  ;  R^  14-43  Ib.  wt.  ;  Rv  =  7'5  Ib.  wt. 
25. 


Bai 

AB 

BC 

CD 

DE 

EF 

FA 

CF 

Force,  Ib.  wt.   - 
Nature  of  force 

11-54 
Pull 

23  09 
Pull 

23-09 
Pull 

1  1  -54 
Pull 

23  -0<) 

Pull 

23-00 
Pull 

23-01) 
Push 

CHAPTER  XI.     p.  150. 

R  acts  downwards  towards  th<>  right,  at  40°  to  AD,  and  passes  through  a 
point  5-33  foot  from  A  on  AD  produced  ;    R  =8-65  Ib.  wt. 

1,500  Ib.  wt.  at  4-47  feet  from  P. 
RA~ 5-44  tons  wt  ;   RB  —  5-56  tons  wt. 


Bar          ... 

AB 

AC 

BC 

BE 

CD 

CE 

DE 

Force,  Ib  wt.  - 

460 

460 

0 

080 

310 

540 

78 

Nature  of  force 

Push 

Push 

Push 

Push 

Push 

Pull 

Reactions:     RD  =  300  Ib.   wt.   vertical; 
vertical. 


^  1,040  Ib.   wt.   at  35°  to 


4-08  Ib.  wt.  horizontal  ;  4-5  Ib.  wt.,  5-68  Ib.  wt.,  7-2  Ib.  wt.,  at  angles  to  the 
horizontal  of  26-5,  45,  56  degrees  respectively. 


Bar           ... 

1,2 

2,3 

4,5 

1,4 

2,  4 

2,5 

3,5 

Force,  Ib.  wt.  - 
Nature  -of  force 

500 
Pull 

700 
Pull 

600 
Push 

707 
Push 

141 
Pull 

141 

Push 

1)90 
Push 

Reactions  :   At  1,  500  Ib.  wt.,  at  3,  700  Ib.  wt. 

2-72  Ib.  wt.  passing  through  a  point  whoso  coordinates  with  respect  to  A 
are  (  - 1-45,  4-5)  inches,  and  making  54°  58'  with  AB. 

AB,  10  cwt.  ;  AD,  17-3  cwt.  ;  both  pulls.      AC,  11-6  cwt. ;  BC,  23-2  cwt. ; 
»CD,  20  cwt.  ;    all  pushes.     Reaction  at  A,  11-5  cwt.  ;    reaction  at  B, 
15  3  cwt. 

Outside  D,  at  66°  to  horizontal ;   between  A  and  B,  at  51°  to  horizontal ; 
outside  A,  at  63°  to  horizontal. 
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10. 

Bar  ... 

BF 

FA 

AE 

EC 

BD 

DC 

FD 

AD 

DE 

Force,  tons  wt.  - 
Nature  of  force  - 

238 
Push 

1  7 
Push] 

1-7 

Push 

3-05 
Push 

16 

Pull 

2-05 
Pull 

067 
Push 

1-52 
Pull 

1  -35 
Push 

Reactions  :    RB  =  2  75  tons  wt  ;    Rc  =  2  25  tons  wt. 


11. 


Bar      - 

Force,  in  terms) 

o£W=l  -        / 

Nature  of  force   - 


DA      AF      CB     BE      CD 


0  45     09      09     0  45    0'45 
Pull    Pull    Pull    Pull    Pull 


AB 

EF 

BD 

AE 

0-45 

045 

062 

062 

Pull 

Pull 

Push 

Push 

')cot  ABC. 


13. 


Bar 

1,2 

2,  4 

4,5 

5,  7 

2,  3 

5,6 

Force,  Ib  wt.  - 
Nature  of  lorce 

4610 

Push 

4250 
Push 

4700 
Push 

5240 

Push 

710 

Push 

1080 
Push 

Bar 

- 

1,3 

3,  6 

6,  7 

3,  4 

4,  6 

Force,  Ib.  wt. 
Nature  of  force 

• 

4180 
Pull 

2430 
Pull 

4730 
Pull 

1900 
Pull 

2450 
Pull 

Reactions  :  At  1,  1800  Ib.  wt.  ;  at  7,  2,600  Ib.  wt. 
CHAPTER  XII.    p.  164. 

1.  2-8  tons  wt.  per  sq.  inch.  2.  12-5  tons  wt. 

3.  1-784  inches.  4.  86-62  tons  wt.           5.  1-697  tons  wt.  per  sq.  inch, 

6.  0-000806.  7.  0-000417.  8.  0-0556  inch. 

9.  3,600  Ib.  wt.  per  sq.  inch  ;  0-000125  ;  28,800,000  Ib.  wt.  per  sq.  inch. 

10.  6-11  tons  wt   per  sq.  inch  ;  0  000456  ;  0  040  inch. 

11.  13,440,000  Ib.  wt.  per  sq.  inch.  12.  0-0485  inch. 

13.  0-0794  cubic  inch.  14.  12,520,000  Ib.  wt.  per  sq.  inch. 

15.  Bending  moments  :  at  middle,  15  ton-feet ;  at  each  1  ton  load,  10  ton-feet. 


Shearing  force  1  ton  wt. 


18. 


7.  30,190,000  Ib.  wt.  per  sq.  inch. 


Distance  of  section  from  wall,  ft. 

0 

2 

4       |       6 

8 

Bending  moment,  Ib.-ft.    - 

1,600 

900 

400     I     100 

0 

Shearing  force,  Ib.  wt. 

400 

300 

200     1     100 

I 

0 

18.  15,000  Ib.  ft. ;  18,750  Ib.  ft. 


ANSWERS 


1065 


19.  RA-=50  Ib.  wt.  ;   RB-40  Ib.  wt. 


Distance  from  A,  ft.    - 

1 

3 

5 

7 

Bending  moment,  Ib.-ft.     - 

50 

110 

80 

0 

Shearing  force,  Ib.  wt. 

50 

10 

-40 

-40 

3.  097,000  foot-lb. 
6.  49  7  foot-lb. 
8.  1-559  tons  wt. 
11.  60-61  H.P  ;  lOlii.p. 
14.  3-28  feet. 


CHAPTER  XIII.    p.  180. 

1.  4,032,000  foot-lb.  2.  4,752,000  foot-lb. 

4.  24,550,000  foot-lb.  5.  18,000,000  foot-lb. 

7.  265,800  foot-tons  ;  100-7  tons  wt. 

9.  298-1  Ib.  wt.  10.  0-64  H.P. 

12.  10-96  H.P.  ;  48-1  amperes.    13.  ji =0-267  ;  0  =  14°  57'. 
15. 


16. 


17. 


P  =  oo    when  0  --  76°  nearly. 

18.  18-21  feet/sec.2          19.  643  Ib.  wt.  20.  14-5  H.P.  21.  1,796  Ib.wt. 

22.  (Energy  wasted  in  impact  =  50  ft.-cwt.,  see  p.  235) ;  pile  is  driven  10  inches. 

24.  3,366  Ib  wt  ;  62-4  miles /hour. 

25.  (a)  Times  are  equal ;  (b)  $A/$B=0-5. 

26.  1  in  55-8.  27.  mF/P  ;  mP/&  ;  8-96. 

28.  (a)   17-2  feet/sec.  ;  (b)  12-15  feet/sec.  ;  46-6  Ib.  wt.        29.  36  inch-lb. 
30.  5-367  feet/sec.2  ;  268-3  poundala.  32.  w(±  tan  0  -/*). 

CHAPTER  XIV.    p.  195. 

1.  Velocity  ratio  =  3;   mechanical  advantage  =  2 -143  ;   effect  of  friction  =60 

Ib.  wt.  ;  efficiency —  71-43  per  cent. 

2.  5-625  Ib.  wt.  ;  16  ;  20-83  Ib.  wt. 

3.  1-067  Ib.  wt.  ;  5-714  Ib.  wt.  4.  20  ;  420  Ib.  wt.  ;  14. 


0  degrees           -           0 

15 

30 

45 

60 

75 

P,  Ib.  wt.         -      0-25W 
Work,  foot-lb.       0  25W 

0-242W 
0-234W 

0-253W 
0-219W 

0  284W 
0-201W 

0-351 
0-lli 

60 

)W 

>W* 

0-5CK 
0-121 

75 

)W 
)W 

90 

0  degrees   - 

0 

15 

30 

45 

P,  Ib  wt.   - 
Work,  ft  -Ib. 

0-250W 

00 

0-500W 
1-932W 

0-716W 
1-432W 

0  884W 
1  -250W 

0-991W 
1-145W 

1-031W 
1-067W 

W 
W 

0  degrees   - 

0 

15 

30 

45 

60 

75 

90 

P,  Ib.  wt.    - 
Work,ft.-lb. 

0-250W 

OD 

0-559W 
2-086W 

0-966W 
1-673W 

HH57W 
1-667W 

3-460W 
1  996W 

59  -4W 
15-92W 

00 
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5.  32  ;  27-5  ;  90  Ib.  wt.  ;  85-9  per  cent. 

8.  48  ,•  936  Ib   wt  ;  31  2  ;  ,504  Ib   wt. 

7.  3,140  degrees  ;  187,900  mch-lb.  8.  18-75  Ib.  wt.  ;  100  per  cent. 

9.  Neglecting  friction,  40  Ib.  wt ;    taking  account  of  friction,  74-3  Ib.  wt. 
10.  R  =  1vW+  7| ;  18J  Ib.  wt.  ;  29-5  per  cent. 

12.  P«=o,7~l~(    <^T-  W  where  w~ the  weight  of  each  pulley,  n—thc   number 

of  pulleys,  and  friction  is  neglected  ;   101  Ib.  wt.  ;    100  Ib.  wt.,  assuming 
that  there  is  no  fixed  pulley  attached  to  the  beam. 

13.  377-1;    93-33;    24-75  pei  cent  14.  12-37  per  cent. 

15.  Work  done  --  W(  H  +  pB) ;  mechanical  advantage  -  L/2H. 

16.  Mechanical  advantage,  neglecting  Inction  -number  of  ropes  passing  fiom 

the  upper  to  the  lower  block  ;  n.  p.  —  11-07. 

CHAPTER  XV.    p.  213. 

1.  200  3  Jb.-fcet.  2.  25,143,000  dyne-cm. 

3.  45-90  pound  and  foot  units. 

4.  (a)  0-1778  ;  (b)  4-8  ;  (c)  1-2  ;  all  m  pound  and  foot  units. 

5.  (a)  0-364  ;  (6)  0-182  ;  (c)  0-540  ;  all  in  pound  and  foot  units. 

6.  (a)  0  5625  ;  (b)  0-2812  ;  (c)  1-400  ;  (d)  1-087  ;  (e)  0-8437  ;  all  in  pound  and 

foot  units 

7.  («)  2  ;    (6)  4  5  ;   (c)   0-5  ;   (d)  1-125  ;   (e)  1-625  ;   (/)  6  5  ;   all  in  pound  and 

foot  units. 

8.  859-2  pound  and  foot  units.  9.  21,270  pound  and  foot  units. 

10.  23-57  ;  82-49  ;  both  in  pound  and  foot  units. 

11.  6-78  ton-feet.  12.  12  49  pound  and  foot  units. 

13.  7,071  pound,  foot  and  sec.  units  ;  0-360  Ib.-feet. 

14.  2-514  pound,  foot  and  sec.  units  ;  1042  revs./min, 

15.  166,000  foot-lb.  ;  1,660  foot-lb. 

16.  (a)  8-31  foot-lb.  ;   (6)  9-62  foot-lb  ;   (c)  17-93  foot-lb. 

17.  Kinetic  energy   of  translation  =  2  -325  foot-lb.  ;    kinetic   energy  of  rota- 

tion =  1  -163  foot-lb. 

18.  1-872  feet/sec.2;  7-488  radians/sec.2 

19.  A  reaches  the  bottom  first.  20.  x=6'03  inches ;  i/=6'05  inches. 

21.  2?r2n2I  absolute  units  ;  16-3  pound  and  foot  units. 

22.  0  -69  ^fg  radians/sec.  23.  18-33  feet. 
26.  122,500  pound  and  foot  units ;  4,900  pounds. 
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CHAPTER  XVI.    p.  230. 

1.  1,325  Ib.  wt.        2.  3,270  Ib.  wt.  3.  16-7  poundals. 

4.  230  Ib.-fect.          5.  1-691  tons  wt.  ;   7-971  tons  wt.  ;   12-029  tons  wt. 
6.  49°  33'.  7.  19°  39';  64-2  Ib.  wt.  ;  0-357. 

8.  20-95  feet/sec.  ;  438-8  feet/sec.2 

9.  0-2319  second  ;  18-45  cm   ;   1J, 550  cm  /sec.3 

10.  0-2038  fool,  ;  8-64  seconds  gain  per  day. 

11.  7-211  inches  ;  0-5882  radian. 


Rovs./min. 

20 

40 

60 

80 

100 

120 

H  feet      - 

7'33 

1-83 

0-814 

0-457 

0-293 

0-203 

13.  0-904  second  ;  96-6  poundals  ;  64-4  revs./min. 


15.  7-196  pounds. 
18.  27-3  miles/hour. 


14.  0-0513  foot. 
17.  5  37  inches 

20.  v—  \/</atan  a. 

21.  Velocity— pA  sin  (pt-a);    1-95  feet/sec.  ;   0-07  second  nearly. 
23.  0-328  second.         24.  0  452  second.  25.  2  019  icvs./sc 

27.  0-15  foot/sec.  ;  0-268  foot/sec.2  ;  3  503  seconds. 

28.  Pull  in  upper  cord,  5-817  Ib.  wt.  ;    in  lower  cord,  4-404  Ib.  wt. 


16.  171  and  189  revs./min. 
19.  98-29  feet/sec. 


CHAPTER  XVII.    p.  241. 

1.  7-143  feet/sec    ;  22-86  foot-poundals. 

2.  -  1-429  feet/sec   (same  sense  as  B) ;  365-7  foot-poundals. 

3.  VA --9-086  metres/sec.  ;    VB  —  11-89  metres/sec.  ;     69  3  x  106  ergs. 

4.  VA—  -2  571  metres/sec.  ;   VB  — 11-43  metres/sec,  j  1,747  x  10°  ergs. 

5.  (a)  VA  — 8-571  metres/sec.  ;  vB~12-57  metres/sec.  ; 
(b)  VA—  -5-143  metres/sec.  ;  ?>B  — 14-86  metres/sec. 

6.  -  144  feet/sec.  ;    -  78  feet/sec. 

7.  Heights  in  feet  :   5-76,  3-69,  2-36,  1-50  ;   energy  wasted,  0-664  foot-Jb. 

8.  20-58  feet/sec.,  at  35°  47'  to  the  normal  to  tho  plane. 

9.  r~ —  —  -  -       - 

Angle,  degrees 
Forces,  Ib.  wt. 


0 
0 

30 

__ 

5'39 

45 
7-62 

60 
9'34 

90 
1078 

10.  m/M  ;  69,320  Ib.  wt.          18.  1,155  feet/sec.        14.  12  Ib.  wt. ;  20  foot-lb. 
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CHAPTER  XVIII.    p.  255. 

3.  333-2  grams  wt./sq.  cm.  4.  4,693  Ib.  wt./  sq.  inch. 

5.  156  and  260  Ib  wt./sq.  foot 

7.  2  544  feot ;  15  01  Ib.  wt  /sq.  inch.  8.  34  feet. 

10.  1,000  Ib.  wt.  ;  500  Ib.  wt.  ;  250  Ib.  wt. 

11.  4,978  Ib.  wt.  12.  4,563  Ib.  wt. 

13.  15,000  Ib  -wt.  ;  15,910  Ib  wt  ;  9,000  Ih.  wt. 

14.  1,000  Ib  wt.  ;  37,500  Ib.  wt. 

15.  6,154  grams  wt.  16.  1-113  Ib  wt.  ;  1-855  Ib.  wt. 

17.  AB,  1,125  Ib  wt.  ;    BC,  1,299  Ib.  wt.  ;  end,  1624  Ib.  wt.  ;  depth,  1-5  feet 

18.  16,500  Ib.  wt.  ;  2  06  feot  below  the  top  of  the  door. 

19.  1,963  Ib.  wt.  at  a  depth  of  10  02  feot. 

20.  450  Ib  wt.  ;  495  Ib  wt.  ;  45  Ib.  wt.  at  a  depth  of  2  feet. 

21.  22,500  Ib.  wt  ;  3  27  feet. 

22.  52,500  Ib.  wt. ;  22,780  Ib.  wt. ;  57,220  Ib.  wt.  at  23°  27'  to  the  vertical  • 

12 -23  feet  from  B. 

23.  16,875  Ib.  wt.  at  3-8  feet  from  the  bottom. 

24.  ml/t2;  m/lt2 ;  ml*/t*;  1451  Ib  wt./sq  inch. 

25.  20-83  Ib.  wt.  28.  21,600  llx  wt.  ;  33,250  Ib.  wt.         27.  3,633  Ib.  wt. 

CHAPTER  XIX.    p.  271. 

1.  356  Ib.  wt.  2.  56,340  Ib.  wt.  ;  40,570  Ib.  wt.  ;  27,045  Ib.  wt. 

3.  56-25  ;  3,142  Ib.  wt.  ;  176,700  Ib.  wt. 

4.  2,765  foot-lb.  5.  71-6  gallons  per  hour. 

8.  (a)  100,800  foot-lb.  ;  (6)  1,613  foot-lb,  ;  806,500  foot-lb. 

7.  294,300  ergs  8.  926  Ib.  wt  /sq.  inch. 

9.  26,950  Ib.  wt. ;  5,544  cubic  inches  ;  323,400  foot-lb. 

10.  4,950  Ib.  wt.  ;  59,400  foot-lb. 

11.  4-725  horse-power  ;  3-071  horse-power. 

12.  164-6  Ib.  wt./sq.  inch.          13.  1,636  c.c.  14.  9-67  inches. 
15.  2,567  cubic  feet.                     16.  1,153  Ib.  wt.                17.  42-5  feet. 
18.  4-036  inches  ;  2,045  Ib.  wt. 

CHAPTER  XX.    p.  283. 

1.  11,160  tons  wt. ;  390,600  cubic  feet.  2.  286-7  sq.  feet. 

3.  8,270  Ib.  wt.  4.  7-454  Ib.  wt.  5.  3-555  Ib.  wt. 

7.  8-23.  8.  0-0289  Ib.  wt.  9.  7-68. 
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10.  1,166  cubic  inches  ;  28-12  Ib.  wt.  11.  7-00. 

12.  1-80"  !b.  wt.  13.  173-7  tons  wt.  14.  8-59 ;  0-2167. 

15.  8-76;  135-9  cm.  16.  8-69.  17.  1-2  cm. 

18.  23-53  cm.  19.  0-864 ;  0-8698.  22.  27-2  cubic  inches 

CHAPTER  XXI.    p.  295. 

4.  85-37  foot-lb. 

6.  (a)  40  ;  3.1-9  ;  0-559  ;  (b)  6  ;  67 -9  ;  0-559  ;  all  in  foot-lb. 

7.  9  33  Ib.  wt  ,/sq.  inch.  9.  12-5  Ib.  wt./sq.  inch. 

11.  24  07  feet/sec.  ;  23-3  foot/see. 

12.  0-0262  cubic  feet/sec. 

13.  15-57  feet/sec.  ;  0-8  inch  ;  0-0543  cubic  foot/sec. 

14.  45,(KK)  Ib.  wt.  ;  17-72  horse-powor. 

16.  146,400  foot-lb.  ;  213  horse-power. 

CHAPTER  XXII.    p.  308. 

2.  73-7  dynes/cm.  3.  5-958  cm.  5.  2-35  mm. 

6.  2-10  mm.  7.  74-3  dynes/cm.  9.  3-2  minutes. 


PART   II.     HEAT 

CHAPTER  XXIII.    p.  322. 

4.  (a)  284°  F.  ;  (b)  21°  F.  ;  (c)    -459-4°  F. 

5.  (a)  37-78°  0.  ;  (b)    - 12-22°  C.  ;  (r)    -51-11°C. 

6.  -40°C.  =  -40°F.  9.    ~0-52CF.  12.    -1-6°F. 

17.  Either  the  Centigrade  thermometer  should  read  43-33°,  or  the  Fahrenheit 
thermometer  should  read  113°. 

CHAPTER  XXIV.    p.  331. 

2.  1-963  inches.  3.  10-2  x  10-°.  4/0-01397  inch. 

5.  188-9  cm.  6.  12-0099  sq.  feet. 

8.  True  length,  2,000  feet ;  recorded  length,  2000 -119  feet  5  error,  -f  0-119  foot. 

9.  40-087  cm. 

11.  42,057  Ib.  wt.  (this  is  probably  in  excess  of  the  elastic  limit,  see  p.  155). 

12.  41.980  Ib.  wt.  (see  note  to  Answer  11).  13.  0-3305  cubic  inch. 
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CHAPTER  XXV.    p.  341. 


1.  8-403  grams  per  c.c.         2.  0-00000936. 
4.  0-0211 8  c.c.  '         5.000000667. 

8.  2  624  c.c.  9.  0  000006. 

13.  389,600  cub.  feet ;  39,600  cub.  feet. 


3.  7-78  grams  per  c.c 

7.  76-062  cm 
10.  0-0000489 
15.  18-02  cm. 


CHAPTER  XXVI.    p.  350. 

1.  2,545  lb.-deg.-Fah.  units  ;  641,390  calories. 

2.  432-2  Ib  -dog  -Cent,  units  ;  196,060  calories. 

3.  1  -504  Ib  -deg  -Cent  units  ;  0  0376  pound. 

4.  1,752,000  Ib.-deg  -Cent,  units 

5.  41  4°  C  6.  0  0991.  7.  390  7°  C. 
8.  04933.                             9.  0-6  nearly.              12.  30-55°  C 

13.  936  :  837.  14.  0  601. 


CHAPTER  XXVII.    p  364. 

1.  1,980,000  foot-lb.  ;    1,414  Ib.-dcg.-Cent.  ;    2,545  lb.-dcg.-Fah.  ;      641,400 
calories. 

3.  60  6  minutes.  4.  748  4  Ib  -deg. -Cent          8.  4-46  per  cent 

11.  Heat  per  penny,  in  Ib.-deg -Cent  :    Coal,  67,880;   petrol,  3,285;    lighting 

gas,  8,333. 

12.  19,320  Ib.-deg  -Cent.  18.  41  5  x  106  ergs 

17.  6,728  Ib.-deg. -Cent,  per  pound.  18.  10,920  Ib.-deg. -Cent,  per  pound. 


CHAPTER  XXVIII.    p.  378. 

7.  40-32  x  106  calories  per  hour.  8.  262-1  calories  per  hour. 

9.  104-92°  C.  13.  411,500  calories  per  hour. 

16.  Temperature  of  faces  in  contact,  72°  C.  ;  6-667  ;  15-24. 

CHAPTER  XXIX.    p.  388. 

15.  0-7264. 

CHAPTER  XXX.     p.  399. 

2.  1,011  grams  wt./sq.  cm.  3.  1,764  Ib.  wt./sq.  inch. 

6.  76-025  cm.  ;  1-00035.  7.  29-39  inches  of  mercury. 

10.  75,  50,  37-5,  30,  25,  all  in  Ib  wt./sq.  inch, 
13.  24-87  metres.  15.  23-4  c.c.  16.  58-2  cm. 
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CHAPTER  XXXI.     p.  416. 

I.  206-3°  absolute  (Cent.).      2.  441-8  cubic  feet.  3.  530-6°  C. 

6.  96-08;  1,387.  7.  2-87  xlO6.  8.  047 -8°  (I 

9.  47-12  litres  11.  122-3°  0.  12.  41  45  x  10«-. 

13.  3-512  grams  14.  578-4  Ib.  wt.  16.  0-00128  grams/c.c. 

17.  6-93  tons  wt.  18.  308-6  cm.  of  mercury.       19.  28-1°  C. 

CHAPTER  XXXII.    p.  426. 

7.  (a}  2J17fooUb  ;  (/>)  26,460  foot- Ib. 

8.  10-75  sq  cm.  ;  5,376  cm. -kilograms. 

9.  33,210  Ib  -cleg  -Cent  10.  9,617  Ib  -cleg. -Cent. 

11.  1  -69  x  10°  calories  12.  41  6  x  10°  ergs. 

13.  2-418  ;   1  407. 

CHAPTER  XXXIII.    p.  440. 

4.  (<i)  22  5  ;  (/;)  12-91  ;  (c)  17-05  ;  all  in  Ib.  wt./sq.  in. 

5.  -93-5°C.  7.  500  cubic  inches.  8.  100  cubic  feet. 

9.  55  cm   of  mercury  10.  360  cubic  inches. 

14.  1-547  Ib.  wt./sq.  inch  ;  8.         15.  0-00203  mm.         16.  0-65  inch. 

CHAPTER  XXXIV.    p.  456. 

6.  3°  C.  nearly.  7.  219,500  Ib.-deg.-Cent. 

10.  307  x  106  foot-lb.  ;   155  H.T.  11.  Yes  ;  0-39°  C. 

12.  2,566  calories.  15.  81 '13  calories. 

18.  25-1  Ib.-deg.-Cent  ;  30-3  cubic  feet. 

20.  35-45  cm.  of  mercury.  24.  («)  0083;  (!>)  0-1098. 

25.  0-515.  26.  0  0753. 

CHAPTER  XXXV.     p.  470. 

*.  54  85  cm.  of  mercury. 

2.  Pressure  of  the  aqueous  vapour  is  1 1  8  Ib.  wt./sq.  inch. 

3.  226  c.c.  4.  32-5.  6.  22-5 

9.  646  3  Ib.-deg  -Cent.  10.   17-9  Ib.  wt. 

II.  45-5  c.c.  13.  29-9  grams.  17.  65-5  cm. 
18.  68-1°  C.                         19.  0-209. 

CHAPTER  XXXVI.    p.  480. 

2.  7-81  ;   19-2  minutes.  4.  30-05°  C.  ;  0-597. 

5.  0-603  7.  48  2  per  cent.  ;  6-8°  C. 

9.  9-4°  C.  11.  8-923  grams  ;  0-5. 
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CHAPTER  XXXVII.    p.  492. 
1.  45-15  calories  ;  453-8  calories.  14.  8-93  Ib. -dog. -Cent. 

15.  0  00776  grams/c.c.  ;  7-76/872. 

CHAPTER  XXXVIII.    p.  500. 

1.  20-28  per  cent.          6.  22-07  per  cent.  ;  15,450,000  foot-lb. 

CHAPTER  XXXIX.    p.  518. 

3.  73-3  per  cent.  4.  10-23  per  cent. 

7.  15-0  per  cent  ;  21 -7  per  rent  12*  473  H. p. 

13.  4  8  B  H.P.  ;  5-71  I.H  p  ;  0  91  H.P. 

16.  2-78°  C.  per  cm.  ;  0-268. 

CHAPTER  XL.    p.  531. 

3.  6-64.  4.  5  39.  5.  21  3  per  cent. 
11.  14-82  per  cent.              12.  169-5.                             13.  133  tons. 

PART  III.    LIGHT 
CHAPTER  XLI.    p.  542. 

4.  Annular.  5.  2-6  inches.  6.  3-33  cm.  ;  10-67  cm.  8.  5-6  cm. 

CHAPTER  XLII.    p.  550. 

4.  Electricity  costs  twice  as  much  as  gas.  5.  1920  candle-power. 

6.  58  6  cm   from  the  32  c.p.  lamp. 

7.  At  1-414  feet  on  other  side  of  screen. 

8.  81  candle-power.  9.  2  feet.  10.  1142  per  cent. 

11.  164  candle-power. 

CHAPTER  XLIII.    p.  560. 

4.  2  ft.  10  in.  6.  60°.  8.  65°. 

12.  A  =  UTT  -  2(  ij  +  iz  +  f „  +  etc. ). 

18.  Two  mirrors  including  an  angle  of  70°.  14.  270°. 

CHAPTER  XLIV.     p.  571. 

2.  79 '4  cm.  5.    +51 -4  cm.  ;  4-28  cm.,  inverted. 

7.  (a)  +100  cm. ;    10  cm.  diam.,  inverted;    (6)   -60  cm.  ;  *  10  cm.  diam., 

upright. 

8.  2-5  cm  ,  inverted  ;   +22-5  cm. 
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9.  Distance  of  rod,   +45  cm.  ;   distance  of  image,  +22-5  cm.,  inverted. 

10.  (a)    +27  cm.  ;  (6)    +13-5  cm. 

11.  4-5-33  inches  ;  0-607  inch.  13.    +11-11  cm. 

14.  Final  image  6  cm.  behind  convex  mirror,  0  cm.  long,  and  inverted. 

15.  Image  formed  by  one  reflection   14  cm.,  and  by  two  reflections  38  cm 

behind  plane  mirror  :  r  —  70  cm. 

16.  515-7  cm.  17.    -46-67  cm. 

CHAPTER  XLV.     p.  585. 

3.  r^28°8'.  4.  4-5  feet  nearly.  8.  1-467. 

9.  r,  =  130  11' ;  r2^36°  40';  «a=64°.  11.  38°  41'.  13.  1-667  cm. 

CHAPTER  XL VI.     p.  600. 

1.  2-8  inches,  inveited,  at  -11-0  inches  from  lens. 

2.  +24  em.  from  lens.  4.  23-7  cm.,  or  120-2  em.  from  soureo. 

5.  On  axis,  on  side  of  lenr.  opposite  to  object,  pointing  away  from  lens  ;  3-33  cm. 

long  ;  head   —20  cm.  from  lens 

6.  Distance  of  object  from  riearei  lens  must  be  greater  than  2/. 

7.  4  cm.  ;  4  cm  ,  inverted. 

8.  r  -  0  0  inches  ;    -  3  or   -  1  -5  inches.  9.    -  20  cm. 

0.  ?>=  -  28  cm.  beyond  second  lens  ;  image  real,  inverted,  and  3-2  cm.  high. 

1.  -60  cm.  12.  Infinity;  infinity. 

3.  Image  inverted  and  virtual,  twice  si/e  of  object ;     +  0  inches  from  the 

0  inch  lens. 

4.  At  5  68  cm.  fioin  surface  of  sphere,  on  radius  through  object. 

5.  Imago  virtual  ;    object   +5  cm.  from  lens. 

6.  Virtual  image,  erect;    object   at    +2-6G7  inches   from  Ions;    real  image, 

inverted  ;  object  at  +5-33  inches  from  lens. 

7.  -10cm.  ;    -6 -667  cm. 

CHAPTER  XLVII.    p.  620. 

b.  +8-18  inches  focal  length.  5.2. 

|6.    -22-15  inches  focal  length.  8.    +  100  cm.  focal  length  ;  8-7  cm. 

'9.   +1-067  cm   ;  80.  10.    -0-6  inches. 

1.  +3-75  cm. ;  4.  13.  6.  14.  Lenses  20  cm.  apart ;  4. 

5.  (i)  15  ;  32  inches  ;  (ii)  17-5  ;  31-71  inches. 

6.  -11-6  niches  focal  length.  17.    -  33-33  cm.  focal  length. 

CHAPTER  XL VIII.    p.  634. 

;.  2-1°.  8.  0  =  0* -l)a.  13.    +160-7  cm.  ;    - 140-5  cm. 

1.  oo ;  111-4  cm.  ;  111-4  em.  ;  64-37  cm, 
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CHAPTER  L.    p.  654. 
6.  65-1°. 

CHAPTER  LI.    p.  660. 

2.  201000  miles/sec  6.  8  333  revs  /see  7.  9  26  revs  /sec. 


PAET   TV.     SOUND 

CHAPTER  LII.    p.  668 

4.  365-3 

CHAPTER  LIII.     p.  677. 

6.  880  8.  599]£  before  loading      599^  after  loading. 
9.  2-75  x  10"'  ergs 

CHAPTER  LIV.     p  687. 

2.  440.  4.  238  1  ;   142  8  cm  7.  18330  ;  36-7  ;  8  97. 

CHAPTER  LV.     p.  704. 

2.  4495  ft  and  3  75  feet  per  sec.  *  4.  (a)  No  •  (6)  yes. 

5.  2240  ft  6.  nl  :  ?z2  =  (V  +?>)  :  (V  -  v).  8.  4  98. 
9.  517  ft.                             10.  50  miles  per  hr 

CHAPTER  LVI,     p.  717. 

7.  (1)  2  ;  (2)  4  10.  1037 

11.  256,  1st  diff.  ;  1280  1st  sum  ;    1536  and  1024  self-comb. 
13.  260.  14.  517. 

CHAPTER  LVIII.    p.  741. 

4.  23-26.  5.  2:3.  6.  1-2N'& 

7.  Tension,  25  :  4  ;  length,  2  :  5.       8.  3  52  per  sec  9.  1  308  gram. 

10.  42  2.  13.  1  :  9.         14.  5  kilos,  wt  18.  49-5 

CHAPTER  LIX.    p.  756 

1.  64*4  cm.  and  329  8  metres  per  sec. 

2.  2  :  1.               3.  95-3°  C.  •                     5.  194°  C.  open  pipe. 

6.  186-7,  373-3.  560,  746-7  open  pipe  ;  93-3,  280,  466-7,  653-3  closed  pipe. 
7.1-009.            10.  Open.  11.  1105-5  ft.  per  sec. 

13,  110-5.  10.  Wide  pipe  to  be  shortened  by  6  cm,  18,  5  :  8. 
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PAET  V.     MAGNETISM  AND  ELECTRICITY 
CHAPTER  LXI.    p.  775. 

5.  13-5  dynes.  6.  8/9  dyne,  parallel  to  needle.  7.   ±18-91  dynes. 

8.  564  units.  10.  1-633  cm.  ;  1-067  dynes. 

CHAPTER  LXII.     p.  791. 

4.  0-453  C.G.S.  units.  5.  5-68  sec.  7.  1/8  C.G.S.  unit. 

8.  25  :  7.  9.  450  C.G.S.  units. 

10.  9  :  16  (same  direction) ;  41  :  16  (opposite  direction).        11.  0-278  dyne. 

13.  (a)  S0>°  ;  (b)  36°;  (<•)   -  32°  with  axis  of  magnet. 

14.  12500  C.G.S.  units.       15.  1-236  C.G.S.  unit. 

CHAPTER  LXIII.    p.  808. 

7.  tan  (dip)  —  2  cot  (magnetic  latitude). 

8.  (a)  0-766  ;  (b)  0  541.  9.  0-208  C.G.S.  unit. 
10.  tan  (true  dip)— sin  A  tan  (observed  dip).  11.  18-4. 

CHAPTER  LXIV.    p.  828. 

2.  Magnetic  moment  —  3  -508  x  106  C.G.S.  units  ;  time  changes  in  ratio  1  :  0-98. 

4.  53-39  C.G.S.  units;  1005  4  c.<;  s.  units.  6.  3307  C.G.S.  units. 

7.  0-926.  8.  5-03  x  10~4  C.G.S.  unit. 

9.  IYI=2000;  m  =  100;  1  =  100  C.G.S.  units. 

10.  M==1470  C.G.S.  units  ;  0-00267  C.G.S.  unit. 

11.  5260  C.G.S.  units.  12.  M  =2500  C.G.S.  units  ;  ?n=250  C.G.S.  units. 
13.  1-766  xlO8  dynes.  ^  ^;      ' 

CHAPTER  LXV.    p.  838.  - 

8.  104-7  C.G.S.  units.  4.  0-0487  absolute  C.G.S.  unit. 

7.  WA  :  r&B-10  :  6.  8.  0-01504  to  0-1489  amperes. 

9.  Increase  number  of  turns  to  2292.     10.  0-943  C.G.S.  unit ;  0-943ra  dynes. 
11.  0-0231  absolute  c.o.s.  unit.  12.  0-288  amp.  ;  0*866  amp. 

'     ^  ' 

CHAI-TER  LXVI.    p.  846. 

8.  57-5  volts  ;  143-7  watts.  4.  7-2  x  1010  ergs. 

5.  0-0603  H.P.  ;  0-225  amp.       8.  0-997°  C.        7.  14-4  ohms. 

9.  0-015  volt ;  25  volts.  10.  27-8  volts  ;  55-6  ohms. 
11.  7-488  x  105  joules  ;  104  volts.                    12.  2*.  8-4rf. 

13.  18  4  kilowatts ;    2-47  H.P.  14.  9-13  amp. 

15.  3-58  amp.  ;  3-58d. 
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CHAPTER  LXVII.    p.  857. 

2.  2-73  ohms.  3.  1  6364,  0  8182,  0-5454  amp. 

4.  210  ohms.  5.  4-91  x  10~6.  6.  40-5  ohms. 

7.  140  calories.  8.  3  ohms  ;  0-5  amp. 

9.  0-727  amp  ;  4-36  volts.  10.  32  : 15. 

11.  I=^amp  ;  resistance  Q£  battery  —  6  ohms. 

12.  (a)  0  6  amp  ;  (b)  0  75  amp  ;  (r)  0  6  amp. 

13.  0  976,  0-732  amp          14.  (a)  0-48  amp  ;  (b)  0  04  amp  15.  280  ohms 
16.  Reduce  external  resistance  to  6'j  or  3]  ohms.             17.  0  5  ohm  ;  1-5  volt. 
18.  0-0513  ohm  ;  48  watts.                  19.  0  75  volt ,  0-375,  0-25  amp. 

20.  18  6  H.P.  ,  22.  60000  ohms. 

'  vy 

CHAPTER  LXVIII.    p.  875. 

1.  3  37  cm.  2.  343-3  ohms.  3.  0  0240,  0-00120  ohm. 

4.  0-2001  ohm  ;  2-7  amp.  5.  3  03  ohms  ;  3  ohms. 

8.  (a)  0  04  ohm  in  parallel  with  G  ;   (b)  961  ohms  in  series  with  G. 

9.  24  6,  8-77  milhamp          10.  (a)  995  5  ohms  ;  (b)  0  004504  ohm. 

11.  766  2  ohms.  v. 

r     CHAPTER  LXIX.    p.  896. 

1.  0  5628  ohm.  2.  EA  :  EB  ^3  :  5.  4.  0-266  ohm. 

5.  0-0000262.  6.  3-733 :  1.  7.  I  36  ohm. 

8.  G  =-40  ohms.  9.  1-15  volt. 

10.  5  505  calories  ;  1-966  calorie.  11.  21-38  ohms. 

12.  2-72  x  10-B,  13.  1-185  ohm.  14.  0-02  ohm.  15.  ,  +0-4  cm. 

i    t  3 

CHAPTER  LXX.    p.  918.          -.  s  ^  - 

2.  39-05.  6.  19°  25'.  7.  0-1795  C.G.S.  unit. 

9.  0-0261.  11.  20-2°  C.  12.  0-1838  gram. 
15.   -0-04.                                                                       t    //;,    v 

CHAPTER  LXXI.    p.  927.    ^ 

2.  60  cm.  from  - 18  and  on  side  opposite  to  +50. 

3.  q*/60  dynes,  attraction  ;  ?2/900  dynes,  re/ulsion. 

4.  0-6  dyne,  from  B  towards  D. 

5.  (a)  4(r»-tP)VrP;  (b)  8(r»  +  J/»)3/J».  8.  F/3  dyr^es,  repulsion. 

CHAPTER  LXXIL    p.  944./ ,, 

2.  Q  =  5850  c.a.s.  units  ;  87750  ergs.  ^ 

3.  QA  =  556-25  ;  QB  =  333-75.  4.  <T,  :  <ra  =  l  :  ^2. 
5.  (a)C,  +  Ca;  (6)  CA/(C,  +  C2). 
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6.  At  first,  charges  4- 1'  outside,  -  e  inside,  potential  =  +  e/r* ;  (a)  charges 
0  outside,  -c  inside,  potential  =  0  ;  (b)  charges  -  (r»  -  r^cfa  outside, 
~ri('/r>2  inside,  potent ial  =  (r1~r2)e/r/,  where  rl  and  ra  arc  the  radii  of 
the  inner  and  outer  spheres  respectively. 

8.  Q2/2r  units.  9.  (a)  0-0444  dyne  ;  (6)  +  2  C.G.S.  units. 

10.  312  C.G.S.  units;  0'040erg. 

11.  0-2  microcoulomb ;  0-3  microfarad. 

12.  14  units  13.  From  A  to  B, 
14.  5-139  eigs;  3-354  ergs.  15.  134-4  ergs. 

CHAPTER  LXXIII.    p.  956. 

2.  90  c  <:.s.  units,  32400  ergs  in  air ;    30  c.u.s.  units,  129(50  ergs  in  the  other 

medium. 

6.  218-4  c  ts.s   units  ;  098880  ergs.  7.  2088  c  c,  s.  units. 

0.  150000  c.u.s.  units  ;  0-0333  erg.  10.  157-1  figs. 

.1.  From  A  to  B. 

CHAPTER  LXXV.    p.  975. 

2.  7-55  gauss.  3.  20-5  o  G.H.  units.          4.  1910. 

6.  4240  c.cj.s.  units.  9.  0-0197  c.u.s.  unit. 

10.  1-25  dyne.  12.  7-12  x  104  C.G.S.  units. 

CHAPTER  LXXVI.    p.  987. 

6.  8-48  x  10~4  volt.  7.  2-13  volts. 

CHAPTER  LXXVII.    p.  1002. 
13.  H.P.  =0-0268  wN.  14.  0-969  ;  0-806.  15.  0-900  ;  0-958. 

CHAPTER  LXXVIII.    P.  1014. 

10.  3-96  pence  ;  64  pence. 
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a  rays,  1036.        -'     '''r^* 
Absolute,  scales  of  temperature,  401, 

497, 

units  of  foreo,  8,  67..  ^         *       *  v 
zero,  402,  403,  498^  '''-'  ''  '# 


Absorption  of  heat,  386.  I  rf  J 
Acceleration,  30.  ' 

and  couple,  Angular,  190. 

and  force,  Law  for,  67 

Angular,  53,  55-57,  60,  199,  200 

Composition  and  resolution  of,  44. 

duo  to  gravitation,  34. 

Equations  for  uniform,  33. 

in  circular  motion,  45-47. 

Linear,  30-37,  4447. 

Relation  of  linear  and  angular,  55, 

Varying,  36 

Acceleration  -time  diagrams,  30-32 
Accumulator,  Hydraulic,  266. 
Accumulators  (electric),  916 
Achromatic  prism  and  lens,  631,  632. 
Actinic  rays,  637. 
Actinium,  1035 
Adiabatic,  correction  for  velocity  of 

sound,  692. 

^  expansion,  428,  429,  484.  495. 
Aerial,  1043.       ^A   -\*f?  -wf 
Aeroplane  compass,  805. 
Agonic  lines,  799. 
Air,  compressors,  436-440. 

Density  of,  412-414. 

Liquefaction  of,  487. 
Air  pump,  Gaedo's  molecular  ,  433-435. 

Mercurial,  433. 

Piston,  431. 

Air  receivers,  Charging  of,  438-440. 
Air-ships,  Buoyancy  of,  415,  416. 
Air  thermometer,  408*410. 
Air-vessel  for  pumps,  271.  _ 

Alternators,  JOOO. 
Ammeter,  Calibration  of,  894. 

Hot-wire,  872. 

Soft  iron,  873. 


i  Ammeters,  860,  870. 

Use  of,  H74 
Ampere,  843, 
Amperemeter,  870. 
Amplifying  valve,  1049 
Amplitude  of  vibration,  220,  664 
Angle,  of  resistance,  Limiting,  176. 

of  sliding  ti ict ion,  175. 

of  twist,  159. 

Anglos,  Measurement  of,  15. 
Angulai,  acceleration,  53,  55-57,  60, 
199,  200. 

momentum,  205,  206. 

motion,  Equation  of,  55-57 
Angular  velocity,  53,  55-63. 
Relative,  61. 
Representation  of,  53 
Uniform,  53,  55 
Varying,  60. 

Annallatic  telescope,  613. 
Annual  variation  of  earth's  magnetic 

field,  802. 

Annular  eclipse,  540. 
Anode,  899. 
Antenna,  1043 
Antmodcs,  730,  746. 
Aplauatic  surface,  590. 
Arc  lamps,  1011 
Archimedes,  Principle  of,  275. 
Areas,  Measurement  of,  21-23. 
Armature,  Drum,  992. 

e.m.f.  in,  994. 

Gramme  ring,  990. 
Artificial  horizon,  559. 
Astatic  couple,  861. 
Astigmatism,  609. 
Astronomical  telescope,  612 
Athermancy,  386. 

Atmosphere,    Density    at    different 
heights,  413. 

State  of,  473-470. 
Atmospheric,  circulation,  377, 

refraction  and  sound,  701. 
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Attraction,  Law  of  gravitational,  6. 

of  light  bodies,  (.)33. 
Attwood's  machine,  71. 
Audibility,  Limits  of,  672 
Audion,  1049. 
Automatic  arc  lamp,  1012. 
Average  resistance  to  motion,  171. 
Avagadro's  law,  421. 

|3  rays,  1036. 

Back  e.m  f.  in  motor,  098 
Balance,  Common,  7,  119-121. 
Kelvin  current,  971. 
Kelvin  watt,  972. 
Spring,  7. 

Truth  and  sensitiveness  of,  119-121. 
Use  of,  21. 

Ballistic  pendulum,  240. 
Balloons,  415. 
Banking  of  roads  and  railways,  218, 

219. 

Barograph,  392. 
Barometer,  259,  390-394. 
—  Aneroid,  392. 
./Errors  in  standard  mercury,  393, 

394. 

""FortinX  391. 

Bar  magnet,  Field  due  to,  782. 
Beats,  711. 
Beat  tones,  712. 

Becqucrel's  phosphoroscope,  645. 
Bell  telephone,  1009. 
Bells,  740. 
fBeam  of  light,  538. 
Beams,  102,  107,  143,  159-164. 
Bending  moment  in,  160. 
Bending  of,  159. 
Deflection  of,  163. 
Nature  of  stresses,  in,  160. 
Reactions  of,  102,  107,  143. 
Shearing  force  in,  160. 
Belts,  Driving  by,  57,  179. 
Bending  moment,  160-163. 
Bernoulli's  theorem,  288. 
Bifilar  suspension,  868. 
Binoculars,  Prism,  615. 
Blow,  Average  force  of,  72. 
Board  of  Trade  unit,  845. 
toiler,  Lancashire  steam,  516-518. 
~  Water -tube  steam,  502. 
3oiling  point,  315,  316,  454-456. 
Boiling  with  bumping,  454. 
Bourdon  pressure  gauge,  395. 
Bowed  string,  Vibration  of,  760. 
Bow's  notation,  80. 
Boyle's  law,  269,  396-399. 


^Boyle's  law,  Graph  for,  398. 
!    Boys'  radio-micromctoi,  1025. 
|   Bradley  (velocity  of  light),  657. 
^  Brake  horse-power,  513. 
1    Bramali  press,  262. 
!    Branley,  1040. 

Bridge,  metre,  887. 
WhcatstoneX  885. 

Brightness,  Sensation  of,  544. 

Broca  galvanometer,  861. 

Brush  discharge,  1028. 

Bulk  modulus,  156. 

"Bunscn  ice  calorimeter,  448. 

Buoyancy,  274. 


Cadmium  cell,  914. 
Calibration  of  ammeter,  894. 
of  galvanometer,  862. 
of  potentiometer,  894. 
Calipers,  13 

XCallrndar's  machine  for  J,  355-359. 
^Calorie,  344. 
^Calorimeter,  Bomb,  363. 
^  Boys,  363. 
x^Bunsen  ice,  448. 
^  Darling,  361. 
— -Joly's  steam,  408-470. 
>  Calorimeters,  345,  354,  355,  361-364, 

448,  408-470. 

Calonmetry,  343-350,  361-364. 
Camera,  Photographic,  603. 

Pin-hole,  540. 
Canal  lays,  1032. 
Candle,  Foot-,  549. 
Candle-metre,  550. 
Candle-power,  548. 

International,  549. 
Cantilever.  100. 
Capacities,  Comparison  of  electrical, 

950. 

Capacity,  Electrical,  937. 
^-for  heat,  345. 

of  concentric  spheres,  939,  953. 
of  Leyden  jar,  953. 
of  parallel  plates,  940,  953. 
of  sphere,  938,  953. 
Capillary  elevation,  299-301. 
Carbon  microphone,  1010. 
'  Carburettor,  529. 
'Carnot's  cycle,  494-497. 
'Carnot's  engine,  Efficiency  of,  496, 498. 
Caustic,  562. 
Cell,  Internal  resistance  of,  895. 

Voltaic,  909. 
Centigrade  scale,  315. 
Central  force,  217. 
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Centre,  Instantaneous,  62. 
Centre  of  gravity,  100-119. 
by  expeiiment,  119. 
Calculation  of,  109-113 
Graphical  methods,  115-117. 
Centre,  of  mass,  198. 
of  parallel  forces,  10(1 
of  pressure,  253 
Centrifugal  force,  217-219. 

on  vehicles,  218 
Centrifugal,  governors,  227-229,  500 

pumps,  295. 
Centripetal  force,  217. 
Characteristic  of  dynamo,  995 
Charge,  Distribution  of  electi  i< ,  936 

Energy  of,  942 
Charge  of  electricity,  921 
Charging  by  influence,  932 
Charles's  law,  401,  402-403,  407-408 
Chemical  effect  of  current,  832 
Chemical  equivalent,  901. 
Cheshire's  disc,  749. 
Chladm's  figures,  739. 
Chromatic  dispersion,  632. 
Chromosphere,  644. 
Chronograph,  667. 
•Chronometer  balance  wheel,  329 
Circuit,  Diagram  of  electrical,  854 

Magnetic,  82b 
Circular  path,  Motion  in,  45-47,  217- 

219 

Clark  cell,  913. 
•Clouds,  474. 
Coal,  360. 

.-""Heating  value  of,  361. 
Cobalt,  Magnetic  properties  of,  822 
Coefficient  of  friction,  173-177 
Coefficient   of   increase   of   lesiativity, 

851,  857. 

Coefficient,  Peltier,  1021. 
Coherer,  1046. 
Coil,  Induction,  983 

Rotating,  988. 
'Cold,   Production  of,   440,   447,   468, 

486-491. 

'  Collection  of  gases  over  water,  460. 
Colhmator,  625. 
Collision,  233-241. 
Colloidal  solutions,  305. 
Colloids,  305. 
Colour,  636. 
Colour-blindness,  639. 
Colour  photographs,  641,  642. 
Colour  vision,  Theory  of,  638. 
Coloured  light,  Wave-lengths  of,  637, 
048, 


Colours,  Complementary,  639,  640 

of  bodies,  637. 
Colour-top,  641. 
Combination  tones,  712. 
Combustion,  359,  361. 

of  carbon,  361. 

of  hydrogen,  361. 
Compass,  Magnetic,  804. 

Variation  of  the,  794. 
Complementary  colours,  639 
Components  of  a  force,  81,  82 
Compound  winding,  996 
Compounding  of  vibrations,  225,  673. 
Compression  curve   for  sound  wave, 

686 

Comprossivo  stress,  153. 
Concentric  spheres,  Capacity  of,  939, 

953 

Concoid  and  discoid,  720-722 
Concurrent  forces,  76-90 
Concurrent  forces  not  in  same  plane, 

85. 
/Condensation    of   vapours,    449,   460, 

467,  474,  484,  485-488,  504,  509 
Condenser,  Electric,  940. 
-""Jet,  foi  steam   509 

—  Sui  face,  foi  steam,  504. 
Condenseis  in  parallel,  Electric,  941. 

in  series,  942. 
Conductance,  850 
-"Conduction  of  heat,  367-375 

-^  through  plates,  374-375 
'  Conductivity,   Coefficient  of  thermal, 

370,  371. 
— -  Comparative  thermal,  372. 

Electrical,  852. 
- — •  of  liquids,  Thermal,  373. 

—  Coefficient  of  thermal,  370. 
Conductors  in  parallel,  Electric,  848. 

in  series,  848. 

Conical  pipes,  751 

Conjugate  foci,  570. 

Conservation,  of  energy,  170. 
of  momentum,  239 

Constant  deviation  reflector,  619 

Constant,  Dielectric,  951 

Controlling  magnets,  862,  863. 
•("Convection,  367,  368,  375-378. 

-*  in  gases,  368. 

-~  in  liquids,  367. 

Convention  of  signs  m  mirrors,  567. 
,  X^oolmg  correction,  357-359. 
*~  Cooling  experiments,  445. 

Cooling,  Newton's  law  of,  348. 

Copper  voltameter,  904. 

Cornu  (velocity  of  light),  658. 
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Coulomb,  The,  902. 

Couple,  acting  on  magnet,  781. 

Equilibrant  of  a,  125-127. 

Moment  of  a,  125. 
Couples,  99,  125-129. 
Couples  and  forces,  1'27,  128. 

Composition  of,  127. 
Crab,  184,  186-189. 
Critical,  angle,  580. 
'pressure,  485. 
'  tcmperatui  e,  484. 

velocity  m  liquids,  2S7. 
Crookcs  daik  space,  10*29. 
Crova's  disc,  684. 
Crystal  detector,  1046.  " 
Crystalloids,  305. 
Current,  Circular,  834. 

by  potentiometer,  893. 

Effects  of,  830. 

Heating  effect  of,  832,  841. 

Magnetic  field  due  to,  830. 

Unit  of,  833. 

[?ycle,  Beau-de-Bochas,  521. 
^•Carnot,  494. 
-Four-stroke,  521,  522. 

of  magnetisation,  822. 
•—of  operations,  484. 
^Rankine,  507. 
x  Reversible,  496. 
^  Steam  engine,  502,  507. 
s  Two-stroke,  521,  530. 

Daily  variation   of  earth's  magnetic 

field,  803. 
Dalton's  law,  459. 
Darnell's  cell,  911. 
Dark  space,  Crookcs,  1029. 

Faraday,  1029. 

Davy's  ice- rubbing  experiment,  352. 
Declination,  Magnetic,  794. 

Determination  of,  795. 
Defects  of  vision,  607. 
Demagnetisation  of  steel,  823. 
Density,  4. 
--altered  by  expansion,  333. 

and  specific    gravity,    Relation   of, 

277. 

.-of  air,  412. 
*-^)f  gases,  411. 
***of  vapours,  461-465. 
^~of  water,  Maximum,  338. 
Derrick  crane,  89. 
Deviation,  Quadrantal,  807. 

Semicircular,  805. 

by  prism,  623. 

by  reflection,  624. 


Deviation,  by  plane  mirrors,  558 
—Dew  point,  475,  4T£-478. 
-Dewar's  flask,  386. 
Diagram  of  circuit,  854. 
Dialysis,  305. 
I    Diamagnetism,  825. 
Diaphragm  of  camera,  603. 
Diathermancy,  386-388. 
Diatonic  scale,  719. 
Dielectric  constants,  951,  952. 

Measurement  of,  954 
Dielectric,  Effect  of,  on  capacity,  952. 
Dielectrics,  951 
Difference  tones,  712. 
^Diffusion  of  gases,  303,  304,  307. 
^f  of  liquids,  302. 
•^through  porous  plugs,  «i07. 
Dimensions  of  a  quantity,  5. 
Dioptre,  600. 
Dip  eirc  le,  797. 
Dm,  Magnetic,  794 

Determination  of,  796. 
Direct-current  dynamo,  989. 
Direct-vision  spectroscope,  631. 
Discharge  from  points,  937. 
Discord  and  concord,  720-722. 
Dispersive  power,  630. 
Dispersion,  628 

Chiomatic,  632. 
Displacement,  28,  29. 

curve  foi  wave  motion,  685. 

from  graph,  Total,  37. 

Polygon  of,  28,  29. 

Triangle  of,  28,  29. 
Displacement- tune  graphs,  30,  32. 
Distribution  of  electric  charge,  936. 
Divided  tube.  Interference  by,  709. 
Dock  gates,  254. 
Doppler  effect,  702-704. 
-Dowson  gas,  361. 
Droppei,  Water,  959. 

Dropping  plate,  665,  666. 

Drum  armature,  992. 

Dry  cells,  912. 

Ductility,  155. 

Duplex  telegraphy,  1006. 

Dynamics,  3. 

Dynamo,  Characteristic  of,  995. 

Direct-current,  989. 
Dynamos,  Efficiency  of,  996. 
Dyne,  8,  67. 

Ear,  The  human,  758. 
Earth  as  a  magnet,  801. 
Earth's  field,  Determination  of,  790. 
Resultant,  793. 
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Ebullition,  454. 
Echoes,  699. 
Eclipses,  540. 
Eddy  currents,  981. 
Efficiency,  of  dynamos,  996 
**•  of  engines,  Mechanical,  514 

-  of  engines,  Thermal,  494,  500. 

•  of  internal  combustion  engines,  524, 

527. 

of  lamps,  1014. 

of  machines,  185. 

of  motors,  Electrical,  998. 
Elastic  limit,  155 
Elasticity,  154-164. 

modulus  of,  155,  156,  158,  164. 
Electric  charge,  Unit  ot,  925. 

field,  925. 

intensity,  926. 

spark,  1028 
Electrical,  circuits,  848 

machines,  958 

resistance,  842 

Electrically  driven  tuning-fork,  737. 
Electro -chemical     equivalents,     902, 

903. 

Electrodes,  898. 

Electro-dynamometer,  Siemens',  973. 
Electrolysis,  898. 
Electrolysis,  Laws  of,  900,  902. 

Mimimum  e.m  f.  for,  915 

of  water,  915. 

Theory  of,  907 
Electrolytes,  898. 
Electrometer,  Quadrant,  947. 
Electromotive  force,  852 
Electromotive  forces,  Comparison  of, 

880. 

Electromotors,  997. 
Electrons,  1031. 
Electrophorus,  The,  958. 
Electroplating,  908. 
Electrotypmg,  909. 
Electroscope,  922. 
Electrostatic  voltmeter,  949. 
Eleven-year  period,  803. 
Emanation,  Radium,  1038 

E.m.f.'s  by  potentiometer,  891. 
Emissivity,  Thermal,  385. 
End  correction  of  pipe,  750. 
Endless  solenoid,  965. 
Energy,  170. 

Conservation  of,  170. 

Hydraulic  transmission  of,  263-267. 

Kinetic,  170,  171,  206-208,  210-212, 
287. 

Loss  of,  on  sharing  charges,  943. 


Energy  of  a  liquid,  Pressure,  263. 

Total,  287-289 
Energy,  of  cell,  914. 

of  charge,  942. 

of  gases,  Internal,  422 

ot  rotation,  Kinetic,  206-208,  210- 

212 
—of  vapour,  Internal,  482,  483. 

of  vibration,  671,  672. 

Potential,  170,  287. 

wasted  in  impact,  235. 

—  Engines,  Action  in  steam,  505. 

—  Compound  steam,  508. 

-  Gas,  522-524. 
—Heat,  494-499 

-  Hot  air,  499 
Hydraulic,  267 

.—  Internal  combustion,  521-531. 

.  Oil,  524-531 

-Potiol,  528-531. 

-Steam,  502-516. 

~-  Waste  in  steam,  507. 

—  Work  done  in  steam,  509,  510. 
Equihbrant,  79. 
Equilibrium,  78 

Positions  of,  117. 

States  of,  113-115. 
Kquipotcntial  surfaces,  931. 
Equivalent,  Chemical,  901. 

Electro-chemical,  902. 

length  of  magnet,  787 
Erecting  prism,  583,  605 

—  Evapoiation,  from  free  surfaces,  473 

—  in  closed  vessel,  449,  482 

-  of  snow  and  ice,  474 
Ewmg's  molecular  theory,  823. 

—  Exchanges,  Thooiy  of,  369 
—•Expansion,   and   compression  of  va- 
pours, 483. 

Coefficient  of  absolute,  33. 
~  Coefficient  of  apparent,  334 
-"Coefficient  of  cubical,  326. 
— Coefficient  of  linear,  325. 

—  Coefficient  of  superficial,  326. 

-of  gases,  396-399,  401-411,  423-426, 
429. 

—  of  gases,  Laws  of,  430. 

—  of  liquids,  334-338. 

"  of  mercury,  Absolute,  336. 
^  of  metal  rods,  326 

*  of  pipes  and  rails,  324,  329. 
^  of  solids,  324. 

+  of  vessel,  333. 

s  of  water,  314. 

+*  of  water  while  freezing,  340. 

^  Work  done  during,  423,  484. 


INDEX 


1083 


Eye,  The  human,  605-609. 
Eyepiece,  610,  612. 

Fahrenheit  scale,  315. 
Falling  bodies,  34-36. 
Farad,  The,  943. 
Faraday  dark  space,  1029. 
Faraday's,  ice-pail,  934 

law  of  electrolysis,  902. 
Far  point,  607. 
Faure  cell,  918. 
Ferromagnetism,  825. 
Field,  due  to  bar  magnet,  782. 

due  to  plane  sheet,  814. 

Electric,  925. 

lens,  610. 

Magnetic,  777. 

magnets,  994. 
Figure  of  merit,  861,  865. 
Filament,  Metallic,  ]013. 
Fizeau  (velocity  of  light),  657. 
Flinder's  bar,  808. 
Floating  bodies,  274-277. 
Floating  dock,  276 
Flotation,  Stability  of,  275. 
Flue  pipe,  761. 
Fluids,  244. 

in  motion,  286-295. 

Normal  stress  in,  244. 
Fluorescence,  644. 
Flux,  Magnetic,  826, 
Flywheel,  Acceleration  of,  204. 

Kinetic  energy  of,  210-212. 
Focal  length,  of  concave  mirrors.  569. 

of  mirrors,  564. 
Foci,  Conjugate,  570. 
FOCUH,  of  a  lens,  Principal,  587. 

Principal,  562. 

Virtual,  566. 
Force,  3. 

between  charges,  924. 

between  currents,  970. 

between  plane  poles,  815. 

between  poles,  770. 

Centrifugal,  217. 

Components  of,  81,  82. 

Electromotive,  852. 

Impulse  of,  73. 

Magnetic  lines  of,  778. 

mass  and  acceleration,  Relation  of, 
67. 

Moment  of,  94. 

on  current,  967. 

Rectangular  components  of,  81. 

Specification  of,  76. 

Time  average  of,  72. 


Force,  Transmission  of,  76. 

Units  of,  7,  67,  68. 
Forced  vibration,  714. 
Forces,  Analysis  of  uniplanar,    129- 
136. 

and  angles,  Relation  oi,  81. 

Equilibrium  of  uniplanar,  131. 

Graphical    solutions   of   uniplanar, 
140. 

Impulsive,  72 

in  same  straight  line,  78. 

on  charges.  922. 

Parallel,  97-103,  106,  141. 

Parallelogram  of,  77. 

Polygon  oi,  85. 

Resultant  of  parallel,  141. 

Resultant  ot  uniplanar,  130. 

Systems     of     umplanai,     129-136, 
'140-150. 

SyHtomH    of   uniplanar   concurrent, 
76-90. 

Triangle  of,  78,  79. 
Forming  the  plates  of  cells,  916. 
Foucault  currents,  981. 
Foucault  (velocity  of  light),  659. 
Frames,  Rigid,  144-148. 
Fraunhofer  lines,  644. 
-Fiee  expansion  of  a  gas,  422. 
Free  surface  of  a  liquid,  248. 
>* Freezing  by  evaporation,  468. 

machines  (aec  Refrigerators), 
—•mixtures,  447. 
—  point,  315,  316. 
—  point,  Lowering  of,  444. 
— '*'  points  ol  solutions,  447. 
Frequency,  222,  664,  1044 

by  chronograph,  067. 

by  dropping  plate,  665,  666. 

by  stroboscope,  738. 

of  stretched  strings,  734,  735. 
Friction,  173-180. 

angle,  176. 

in  bowing  a  string,  760. 

in  machines,  ]84,  185. 

of  dry  surfaces,  173,  174. 

of  rope  coiled  round  post,  178. 

on  inclined  planes,  175,  177,  178. 
» Fuels,  Solid,  liquid  arid  gaseous,  359- 

364. 
Fundamental  note,  673. 

units,  3. 

Fuses,  843. 

•  Fusion,  443. 

g,  Determination  of,  229. 
g,  Variations  in,  35. 


7  rays,  1036. 

Galilean  telescope,  615. 

Galvanometer,  Resistance  ol,  883 

Sensitiveness  of,  860,  866. 

Suspended  coil,  866,  969. 


Tangent,  834. 
Gal  ton's  i 


i  whistle,  709. 
Gas,  390,  485. 
—Density  of  a,  411. 

-  Perfect,  396. 

-  Pressure  of  a,  390,  419. 
Gas  thermometer  scale,  402. 

Gases,  Characteristic  equation  of,  40fJ 
'   Coefficient  of  increase  of  pressure  of, 

407. 

Internal  energy  of,  422 
"  Kinetic  theory  of,  419-421. 

-  Liquefaction  of,  486-488 
over  water,  Collection  of,  460. 

-  Practical   expansion   and  compres- 

sion of,  428-431. 
"  Pressure  of  mixtures  of,  410 
^Properties  of,  390-416. 
•~  Relation  of  p,  T,  in,  406 

-  Relation  of  $,  v,  in,  269,  396. 
"Relation  of  p9  v,  T,  in,  405 

-  Specific  heat  of,  424-426 
Gauss's  law,  813 

Glass,  Expansion  of,  333 

Gold-leaf  electroscope,  922,  946 

Goniometer,  627. 

Governors,  Centrifugal,  227-229 

Gram,  The,  4. 

Gramaphone,  765 

Qramme  ring  armature,  990 

Graphs  for  rectilinear  motion,  30-32 

Gravitation,  6. 

Gravitational  units  ol  force,  7. 

Greenwich,  Magnetic  elements  at,  808. 

Gridiron  pendulum,  328. 

Gyration,  Radius  of,  204. 

Harmonic  motion,    Simple,   220-224, 

664,  673. 

Head,  Pressure  stated  in,  247 
Heat,  a  form  of  energy,  343,  352 

capacity,  345. 

engines,  494-499 

engines,  Efficiency  of,  494,  498. 

flow  in  bare  bar,  371. 

flow  in  insulated  bar,  370. 

insulators,  373. 

Mechanical  equivalent  of,  353-359, 
426. 

Natural  sources  of,  359-361. 

Nature  ot,  352. 


•Heat,  Quantity  of,  343. 
— -  Specific,  344 

-Transference  of,  346,  367,  380. 
-» transmission  across  a  vacuum,  380. 
— •  Units  of,  344 
Heating,  of  buildings,  37b 

effect  of  current,  832,  841. 
-value,  360,  361-364 
Helical  blocks,  192 
Helmholtz's,  bell-mouthed  pipe,  751. 

dissonance  curve,  722. 
|    Hcite,  1040. 
— Hoar-frost,  474. 

Hoisting  tackle,  190-193. 
I    Hooke's  law,  155. 
j— Hope's  expciiment,  338. 
|    Horizon,  Artificial,  559. 
Horse -power,  172. 
—  Brake,  513. 

—  Indicated,  510. 

—  of  internal  combustion  engines,  531. 
_  of  steam  engine,  509-515 

transmitted  by  belt,  179 
Hot-wire  ammeter,  872 

-  Hot-water  supply,  375. 

-  Humidity,  Relative,  475,  476. 
Hydraulic,  accumulatoi ,  266. 

engine,  267. 
lift,  267. 
press,  262. 
pump,  266. 
Hydrometer,  Nicholson's.  280. 

Variable  immeision,  279. 
•+  Hygrometer,  Chemical,  478, 

—  Darnell's,  477 

—  Jlcgnault's,  476. 

-  Hygrometric  state,  473. 

—  effect  on  sound,  689. 

-  Hygrometry,  473,  476-479. 
Hyper metropia,  608 

— Hypsometer,  317. 
Hysteresis,  821. 


Ice  calorimeter,  Bunsen's,  448 
-L  Ice,  Contraction  of  melting,  340,  444, 

448 

—Density  of,  340. 
—  Specific  heat  of,  345. 
tee-pail  experiments,  934 
^  9  Illumination,  544 
Practical,  549. 
Standards  of,  548,  549. 
Illuminating  power,  545. 
Image,  Acoustical,  698. 

and  object,  Size  of,  569,  595. 
formed  by  mirrors,  Point,  565-567. 
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Image,  formed  by  refraction,  588-596. 

Virtual,  567,  594,  596. 
Images,  553-557,  565-567,  588-596. 

in  mirrors,  not  points,  568. 
Immersed,  body,  Force  on,  275 

plates,  Totaf  force  on,  250-252. 
Immersion  objective,  611. 
Impact,  233. 

of  a  jet,  238. 

of  gaseous  molecules,  419. 

of  imperfectly  elastic  spheres,  237. 

of  inelastic  bodies,  Direct,  234. 

of  perfectly  elastic  bodies,  235. 

of  sphere  on  plane,  237. 
Impulse,  72. 
Impulsive  forces,  72. 
Incandescent  lamps,  1013. 
Inclined  planes,  82,  83. 
Index  of  refraction  of  liquid,  598. 
Indicated-horse- power,  510. 
Indicator,  The,  511-513. 
Induced  e  m  f ,  977 
Inductance,  Mutual,  980. 

Self-,  986. 
Induction,  coil,  983. 

Magnetic,  812,  815. 

Magnetic  lines  of,  812. 

Mutual,  980. 
Inertia,  66. 

Moment  of,  200-204. 

Rotational,  199. 
Influence,  Charging  by,  932. 
Ink-writers,  Telegraphic,  1005. 
Instantaneous  centre,  62. 
Insulation,  Electric,  856. 
Insulators,  Electric,  856,  923. 

—  Heat,  373. 
Intensity,  Electric,  926. 

Magnetic,  780 

of  magnetisation,  810,  819. 
Interference,  in  divided  tube,  708. 

of  sound  waves,  706. 
internal  energy  of  gases,  422. 

—  of  vapours,  482. 

Internal  resistance  of  cell,  895. 
Inverse  square  law.  Gravitational,  6. 

for  electric  charges,  924. 

for  light,  544. 

for  magnetism,  774,  786. 

for  sound,  696. 

for  thermal  radiations,  384. 
lonisation,  1034. 
Ions,  899,  1034 

Iron,  Magnetic  properties  of,  822. 
Isocnromatic  plates,  646. 
Isoclinals,  801. 


Isodynamic  lines,  801. 

Isogonals,  799. 
—isothermal,  curves,  399,  403,  459,  485. 

-^expansion,  428,  429. 

—lines  of  a  gas,  403. 
^~  laothermals,  for  vapour  and  gas,  459. 
,    —for  carbon  dioxide,  485. 

Jiggar,  1044. 

tfoly's  steam  calorimeter,  468-470. 
Joule,  The,  845. 

.-^Joule's,  experiment  on  gases,  422. 
wwater-stirrmg  experiment,  352-355. 
Jupiter,  Eclipses  oi  satellite  of,  656. 

Kathode,  S99. 

rays,  1030. 

j   Keepers  for  magnets,  817. 
Kelvin,  current  balance,  971. 

oscillations,  1040. 

replemshcr,  960. 

watt  balanoe,  972. 
Kelvin's  absolute  scale,  497 
Keynote,  722. 
Kilowatt,  845. 
Kineinaeolor,  641. 
Kinetic  energv,   170.  171. 

of  lolation,' 206-208. 
— ^>f  gases,  419. 
Kundt'g  dust  figures,  754. 

Lamps,  Arc,  1011. 

Incandescent,  1013. 

Metallic  filament,  1013. 
Lantern,  Projection,  604. 
-• Latent  heat,  of  fusion,  446,  447. 
—of  vaporisation,  466-468. 
Latimer  Clark  cell,  913. 
Lead  of  the  brushes,  991. 
Least  distance  of  distinct  vision,  608. 
Leclanehe  cell,  912. 
Left-hand  rule,  968. 

Length  of  magnet,  Equivalent,  787. 
Lens,  Achromatic,  632-634. 

Annallatic,  613. 

Focal  length  of  converging,  592,  597 

Focal  length  of  diverging,  599. 

Optical  centre  of,  593. 

Radii  of  curvature  of  faces  of,  597. 
Lenses,  587-600. 

Classification  of,  588. 

Conjugate  positions  in,  596. 

for  photographic  cameras,  603,  604. 

in  contact,  Thin,  598,  599. 

Point  object  and  image  in,  591,  592. 

Refraction  by,  591,  592. 
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Lenses,  Size  of  image  in,  594-596. 

Sound,  700. 
Lenz's  law,  982. 
Leslie's  cube,  384. 
Levers,  Principle  of  work  applied  to, 

189. 
Leyden  jar,  940. 

Capacity  of,  953. 
Light,  Law  of  inverse  squares,  544. 

Velocity  of,  656 
Lightning  conductors,  1028 
Linde's  machine,  487. 
Lines  of  force,  Magnetic,  778. 

Electric,  926 
Link  polygon;  140.  * 
Liquefaction  of  gases,  485,  486-488, 
Liquid,  Index  of  refraction  of,  598. 

Resultant  force  exerted  by,  252. 
Liquids,  Common  surface  of,  301. 

in  motion,  286. 
Lissajous  figures,  675-677. 
Loaded  cords,  149. 
Local  action  in  colls,  911. 
Loci  of  moving  points,  27. 
Lodge,  1040. 
Longitudinal,  strain,  153. 

waves,  680,  682. 

vibration  of  rods,  763. 
Long-sight,  608, 
Louaness,  671. 

Machines,  184-195. 

Effect  of  friction  in,  185. 

Efficiency  of,  185,  186. 

Electrical,  958. 

Experiments  on,  186-189. 

Hydraulic,  262,  265-268 

Mechanical  advantage  of,  185. 

Velocity  ratio  of,  185,  190-195. 
Magnetic,  circuit,  826. 

compass,  804. 

declination,  794. 

dip,  794. 

elements,  794,  808. 
Magnetic  field,  777. 

due  to  straight  current,  965. 

due  to  current,  830. 

Strength  of,  780. 
Magnetic  fields,  Comparison  of,  787, 

789. 
Magnetic,  flux,  826. 

induction,  812,  815. 

intensity,  780. 

lines  of  induction,  812. 

maps,  799. 

meridian,  794. 


Magnetic  moment,  781. 

moments,  Comparison  of,  787. 

permeability,  811,  817,  825. 

poles,  770. 

resistance,  827. 

storms,  804 

susceptibility,  811,  817,  826. 
Magnetisation,  Intensity  of,  810,  81 

Molecular  theory  of,  770. 

Ship's,  805 

Magnetism,  Terrestrial,  793 
Magnetite,  769. 
Magnetometer,  784. 
Magneto -motive  force,  827. 
Magnets,  Controlling,  862.  863. 

Field,  994. 
Magnification,  605. 
Magnifying     power,     of    microscoj 
609,  610 

of  telescope,  616 
Manometric,  flame,  707. 

flames  applied  to  pipes,  749. 
Maps,  Magnetic,  799. 
Marconi,  1041. 
Mass,  Centre  of,  198. 

Units  of,  \ 

Mathematical  formulae,  8-11. 
Maxwell,  1040. 
Mechanical,  advantage,  185. 
—equivalent  of  heat,  353,  426. 
Melde's  experiment,  735 
-Melting  point,  443-446. 
Mensuration,  Rules  of,  8-9. 
Meridian,  Magnetic,  794. 
Metacentre,  275. 
Metallic  filament  lamps,  1013. 
—Method  of  mixture,  346 
Metre  bridge,  887. 
Metre,  The,  3. 

Michelson  (velocity  of  light),  660. 
Micro-farad,  The,  944. 
Micrometer,  16. 

microscope,  20,  611. 
Microphone,  Carbon,  1010. 
Microscope,  Compound,  610. 

yw,  by  means  of,  578. 

Simple,  609. 
MiUiammeter,  870. 

Thermo-,  1025. 
Minimum  deviation,  623. 

Determination  of,  627. 
Mirror,  for  reflecting  sound,  698. 

galvanometer,  864. 

Image  in  plane,  553. 
Parabolic,  563. 
Plane,  662,  653-566. 
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Mirror,  Plato-glass,  557. 

I  Reflection  by  plane,  554. 

|  Rotating,  557,  659,  708,  700. 

jtarrors,  552-571. 

1  Convention  of  signs  in,  567. 

Inclined,  555. 

Parallel,  556. 
b   Spherical,  562-571. 
Mist,  cloud,  dew,  473,  474. 
Moduli  of  elasticity,  Io5-159,  164. 
Molecular  motion,  in  gases,  353,  300, 

419,  449. 

*  in  liquids,  353,  443. 
*»  in  solids,  352,  443. 
Molecular    theory    of    magnetisation, 

770-,  823. 

Moment,  Magnetic,  781. 
j  of  a  couple,  125. 
'  of  a  force,  94. 

of  inertia,  200-204. 

of  momentum,  205. 

Representation  of,  94. 
Moments,  of  component  and  resultant, 
95. 

of  parallel  forces,  99. 

Principle  of,  96. 
Momentum,  68. 

Angular,  205. 

Conservation  of,  239. 

in  impact,  233. 
Mond  gas,  361. 
Moucr-hord,  733. 
Monsoons,  378. 
Morse  code,  1005,  1040. 
Motion,    Average    resistance    during 
change  of,  171. 

in  a  jet,  47. 

in  a  circular  path,  45. 

in  fluids,  Steady  and  unsteady,  28o. 

Newton's  laws  of,  66-73. 

of  a  point,  26-34. 

of  a  projectile,  48,  49. 

of  rotation,  53-63,  198-213. 

of  rotation,  Transmission  of,  57-60. 

Rectilinear,  26. 

Uniplanar,  26. 

Motors,  Efficiency  of  electro-,  998. 
Multicellular  electrostatic  Toft  meter, 

950. 
Musical,  instruments,  759. 

intervals  and  scales,  719. 
Mutual  induction,  980. 
Myopia,  607. 

Near  point,  608. 
Neutral  layer,  160. 


Neutral  point,  783,  1019. 
•  Newton's,  law  of  cooling,  348. 

laws  of  motion,  66-73. 
Nickel,  Magnetic  properties  of,  822. 
Nicol's  prism,  649. 
Nodes,  730,  746 
Null  method,  886,  891. 

Objective,  610,  612. 

Immersion,  611. 
Ohm,  The,  843. 
Ohm's  law,  842. 
Oil  engines,  524-5:27. 
Opacity,  541. 
Opera-glass,  615. 
Optical  bench.  .*"" 
Optical  fr'      >~^ 
OP^  -    '- 

?t 

,;;•    *       .gn,  289-291 
,^  *.u,ceB,  646. 

v  *'         ,    ^ /amped,  1042. 

'«toMon  of,  1044. 
on  damped,  1042. 
Oscillatory  discharge,  1041. 
Osmosis,  304. 
Osmotic  pressure,  306. 
Overtones,  673. 
Overturning,  Conditions  of,  114,  115, 

176,  177. 
Oxygen,  Liquefaction  of,  486. 

Panchromatic  plates,  646. 
Parabolic  mirror,  563. 
Parallel,  Conductors  in,  848. 
Parallel  forces,  97-103,  106,  107,  141, 
142,  143. 

Centre  of,  106. 

Moments  of,  99. 

Resultant  of  any  number  of, 
141. 

Resultant  of  two,  97. 
Parallel  plates,  Capacity  of,  940,  952T 
Parallelogram,  of  forces,  77,  78,  81, 8k 

of  velocities,  41,  42. 
Paramagnetism,  825. 
Paste  plates,  918. 
Peltier  coefficient,  1021. 

effect,  1021. 
Pendulum,  Ballistic,  240. 

Conical,  226-229. 

Forces  in  a,  87. 

Simple,  224. 
Pendulums,  Compensated,  328. 

Forced  vibration  of,  714, 
Pelton  wheel,  294. 


INDEX 


Period  of  vibration,  221, 
Periscope,  616 

Permanent  magnetisation,  773 
Permeability,  Magnetic,  811,  817,  825. 
Persistence  of  vision,  640 
Personal  equation,  (589. 
Phonograph,  764 
Phosphorescence,  645 
Phosphoroscope,  Bocquerel's,  645, 
Photographs,  Colour,  641. 
Photography,  646 
Photometer,  Grease-spot,  547. 

Lummer-Brodhun,  547. 

Shadow,  546 
Photometers,  546-548. 
Photosphere,  644. 
Pigments,  640. 
Pinhole  camera,  540. 
Pipe,  Closed,  745. 

Conical,  751. 

End  correction  of,  750. 

Flue,  761. 

Modes  of  vibration  in  closed,  745, 
746 

Modes  of  vibiation  in  open,  748 

Organ,  663,  761-764. 

Reed,  762. 

Reflection  at  open  end  of,  746-748. 
Pipes,  743-753,  761-764 

Tuning  of,  763 
Pitch,  and  frequency^" 669  » 

Change  of,  703. 

Effect  of  wind  on,  703 

of  high  note,  by  interference,  709- 
711. 

Standards  of,  720. 
Pivot,  Reaction  of  a,  100. 
Plammetor,  22. 
Plante  cell,  916. 
Plastic  state,  155. 
Plates,  Vibration  of,  739. 
Points,  Discharge  from,  937. 
Polarnneter,  652. 
Polarimetry,  648-654 
Polarisation,  (electrical),  940. 

(light),  648. 

Plane  of,  650. 

Rotation  of  plane  of,  651,  652. 

Specific  rotation  in,  652 
Polarised  light,  Plane,  648. 
Poles,  Force  between,  770,  815. 

Magnetic,  770. 
Polygon,  Link,  140. 

of  displacements,  29. 

of  forces,  85,  88-90. 
Pontoon,  270. 


*  Porous,  diaphragms,  306,  487  | 

^plugs,  Expansion  through,  487  | 
Positive  column  in  Geisler  tube,  1021 
Post-office  box,  888.  } 

Potential,  929.  ! 

duo  to  charge,  930. 

energy,  170 
Potential  difference,  841. 

Unit  of,  841. 
Potentiometer,  890. 

Calibration  of,  894. 

Range  of,  892. 

Zero  error  of,  892. 
Pound,  The,  4. 
Poundal,  The,  8. 
Power,  172. 
-r  gas,  361 

Units  of,  172. 
Practical,  illumination,  54&. 

electrical  units,  843 

unit  of  capacity,  943 
Piesbyopia,  608 

^ Pleasure,  and  temperature  of  gas,  40 
+-  and  volume  of  gas,  396 

Centre  of,  253 
.^coefficient  of  gas,  407. 

diagrams,  Fluid,  254 

energy  of  a  liquid,  263-265. 
<-  Sau6e»  M'Leod's,  435 
>fr.  gauges,  394-396. 
'   m  a  liquid,  245-248, 
—linos  of  a  gas,  Const 
, — Units  of  gaseous,  39 

in  atmospheres,  247, 

of  a  fluid,  245. 

of  a  gas,  268 
—  of  the  atmosphere,  259,  390. 

on  free  liquid  surface,  Gaseous,  26 

on  stream  lines,  287. 
/^Osmotic,  306. 

produced  by  a  piston,  261 
Principle,  of  moments,  96 

of  work,  184. 
Prism,  Achromatic,  631. 

Analysing,  651. 

Angle  of,  by  spectrometer,  626 

Constant  deviation  reflecting,  619 

Erecting,  605. 

Limiting  angles  of,  624. 

Minimum   deviation   in,    623,    62 
627. 

Nicol's,  649-651. 

Polarising,  651. 
Prisms,   605,   619,   622-625,   626-63 

636.  649. 
Projectile,  Motion  of  a,  48. 
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Projection  lantern,  604. 

Propagation  of  ligKt,  m  straight  lines, 

537. 

Pulfrich  refractometer,  582. 
Pulleys,  190,  191. 
Pump,  Hydraulic,  266. 
L'umps,  Air-exhausting,  431-435. 

Centrifugal,  '295. 

Force,  271. 

Lift,  269 

Pure  spectrum,  629 
Pyrometers,  322,  1026. 

f 

Qjuadrantal  deviation  of  compass,  807. 
Quadrant  electrometci,  947. 
Quality  of  musical  note,  671,  672,  673. 

Radiant  heat,  Tnveise  sijiuue  law,  384. 

•—Reflection  of,  383 

-Refi  action  of,  383 

Radiating  power,  Thermal,  385. 

Radiation,  of  light,  537 

Electro-magnetic,  1042. 
•*  Laws  of  theimal,  380,  381,  382-384. 
,.  of  heat,  368,  380-388 
9  piopagated  in  straight  lino,  382,537, 

538. 

Radiations,  Velocity  of  theimal,  381. 
Radioactivity,  1035. 
Radioactive  changes,  1038. 
Radio-telegraphy,  1040. 

"^m,  1035. 

,  *      T      <V.  B,  C,  D,  E  and  F,  1038 
,»  <*  -r    -  1038. 

.'  *t  by,  1038 


Ray,  .  >    •'*;*    - 

Ordinal  j.  ^vt  • 

Rays,  and  boa..  ;     '     ^; 

a,  /3  and  7,  1030. 

Canal,  1032. 

Kathode,  1030. 

Positive,  1032. 

Rontgen,  1032. 

X-,  1032. 
Reaction,  69,  76,  77. 

of  a  pivot,  100. 

of  a  loaded  beam,  102,  107,  143. 
Recorder,  Siphon,  1008 
Rectangular  coil,  Couple  on,  968. 
Rectangular  hyperbola,  398. 
Rectilinear,    motion,    Equations    for, 
33-35. 

propagation  of  heat,  382 

propagation  of  light,  538. 


Reed,  Beating,  762, 

Free,  762. 

pipes,  762. 

Reads,  Tuning  of,  763. 
Reflecting  galvanometer,  864. 
Reflection,  .it  open  end  of  pipe,  74 

by  cbiicavo  surface,  564. 

by  convex  surface,  564. 

by  glass  prism,  Total,  580 

Deviation  produced  by,  558 

Laws  of,  552 

of  compression  wave  at  rigid  v 

743,  744 
.——of  heat  rays,  383. 

ot  light,  552-571 

ot  sound  waves,  697. 

of  waves  in  strings,  728-730. 

Total,  580-583. 
Reflectors,     Right-angled    prisms 

583. 

Refraction,  at  a  spherical  surface,  , 
590. 

at  two  spherical  surfaces,  591. 

Atmospheric,  583-585,  701. 

by  prism,  623. 

Double,  648,  649. 

in  rectangular  glass  plate,  576. 

Index  of,  575,  577,  578,  581. 

—  of  heat  rays,  383 
of  light,  574-585 

of  light,  Laws  of,  574-576. 
of  sound  waves,  700. 
water  to  glass,  579 
Retractive  index,  ior  different  epic 

630. 

of  a  liquid,  627. 
Refractometer,  Pulfrich,  582. 
**• -Refrigerator,  Bell-Coleman,  440 
-Refrigerators,   Coefficient  of  perfc 
arice,  491. 

—  Substances  used  in,  489.  490. 
—  using  vapours,  488-491 

.  Regenerator,  Stirling's,  500. 
Relative,  angular  velocity,  61. 

velocity,  43. 

velocity.  Determination  of,  43. 
Relays,  1008 
Replenishor,  Kelvin,  960. 
Reservoir  wall,  255. 
Resistance,  boxes,  880. 

box  potentiometer,  895. 

Electrical,  842. 

Magnetic,  827. 

Measurement  of,  878. 

of  galvanometer,  883. 

Specific,  850,  889. 


Resistances,  by  potentiometer,  893 

CompM-ison  of,  882. 

Stand/rd,  879. 
Kesistifty,  850. 

Temferature  coefficient  of,  851,  857, 

*F 
Resorftnce,  713,  1050. 

atois,  716 

ftution,  Coefficient  of,  234,  239 
Resultant,  displacement,  28 
force,  70. 

of  concurrent  forces,  78,  84,  85 
of  parallel  forces,  97,  101,  141 
of  uniplanar  forces,  129,  130 
Reynolds  experiment  on  J,  354 
Right-hand  rule,  977 
Rigid  frames,  144-148 
Rigidity  modulus,  157 
Rods,  Longitudinal  vibrations  of,  753 

765. 
Transverse  vibrations  of.  736 


Roof  truss,  Forces  in.  147,  148 
Rotating,  body,  Velocities  of  points  in, 

61 

coil,  988 

Rotational  inertia,  199 
Rotatory  power  of  quartz,  654 
Rotation,  Specific,  652,  654 
Rotor,  1001. 
Routh's  rule,  203 
Rumford's  boring  experiment,  352 

Saccharimeter,  652 

Saturated  vapours,  Specific  volume  of, 

465,  466 
Saturation,  (vapours),  449. 

Magnetic,  773,  821. 
Scalar  quantities,  28. 
Scale,  Diatonic,  719. 

of  equal  temperament,   723. 
Scales,  13. 

Musical,  719. 
Screw,  Differential,  194. 
Screw-gauge,  16 
Screw-jack,  194 
Screws,  193-195. 
Second,  The,  4. 
Second  moment  of  area,  253. 
Secondary,   cells,  916. 

X-rays,  1035. 


Secular  variation  in  earth's  magneti 

field,  802. 

Seebeck  effect,  1016 
Self-induction,  985. 
Semi-circular  deviation  of  compasi 

805 
Sensitiveness    of   galvanometer,    86( 

866 

Series,  Conductors  in,  848. 
Series  K  (X-rays),  1035. 

L  (X-rays),  1035. 

winding,  994. 
Sextant,  The,  558 
Shadows,  538-640 
Shear  stress,  153 
Shearing  foice,  160 

stiain,  154 
Ship's  magnetisation,  8Oi>. 

Correction  for,  807 
Short-sight,  007. 
Shunts,  868 
Shunt  winding,  995. 
Siberian  oval,  801 
Siemen's  electrodyiiamometei ,  973 
v    Signs,  Convention  of,  in  mirrors,  56' 

in  lenses,  595 
Silver  voltameter,  905 
Simple    harmonic     motion,    220-22^ 

664 
Siphon,  289 

recorder,  1008. 
Siren,  670 

Disc,  669. 
— j.  Skating,  444. 

Slider-crank  mechanism,  27,  ^2 
Slotted- bar  mechanism,  223 
Soft-iron,   ammeters,  873 

and  steel,  773,  822 
-f-£olar  heat,  Utilisation  of,  359. 
Solenoid,  Endless,  965. 

Short,  966 

Straight,  966. 
«4~  Solidification,  443. 
Sonometer,  7^. 
Sound,  Intensity  of,  697. 

Inverse  square  law,  696. 

Moving  source  of,  702 

Reflection  of,  by  curved  surface,  69 

Sensation  of,  663. 

Sources  of,  663 

Transmission  of,  679. 

Velocity  of,  688-696 
Sound  waves,  Effect  of  wind  on,  70(] 

Refraction  of,  700 

Reflection  of,  697. 
Sounders,  Telegraphic,  1006. 
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Sounding  board,  697,  715. 
Spark,  Electric,  1028. 
Speaking  tube,  697. 
Specific  gravity,  277-283. 

bottle,  278. 

Determination  of,  278-283. 

of  mixtures,  282 

Relative,  281. 

[Specific  heat,  344,  346-350,  448 
•—•by  mixtures,  346. 
_  of  gases,  424-426. 
—  of  liquids,  348,  350. 
Specific,  inductive  capacity,  952 

resistance,  850,  889 
—volume  of  vapours,  465. 
Spectra,  Absorption,  643. 
Spectrometer,  625. 
Spectroscope,  643. 

Direct  vision,  631. 
Spectrum,  628. 

analysis,  642 

Continuous,  643. 

Heating  effects  in,  636,  637 

Infra-red  portion  of,  636 

of  luminous  vapour,  643. 

Photographic  effects  in,  636,  637. 

Pure  and  impure,  629 

Sodium  line  in,  643,  644. 

Solar,  644. 

Ultra- violet  region  of,  637. 
Speed,  29. 

Spherical  mirrors,  562-571, 
Spherometer,  38. 
Spinthariscope,  The,  1037. 
Spongy  lead,  916. 
Spring  balance,  7. 
Standard,  cells,  913. 

resistances,  879. 
State,  Change  of,  443,  449 
Static  electricity,  921 
Statics,  3 

Stationary  vibrations,  730. 
Stator,  1001. 
Steam,  boilers.  502,  616. 
— ^calorimeter,  468. 

-  engines,  502. 

-  Properties  of,  455,  465,  534. 
Steel,  Magnetic  properties  of,  822. 

Demagnetisation  of,  823. 

and  soft  iron,  773,  822. 
Storage  cells,  916. 
Storms,  Magnetic,  804. 
Straight  solenoid,  966. 
Strain,  153. 

Volumetric,  086. 
Stream  lines,  286,  287. 


Strength  of  magnetic  field,  780. 
Stress,  77,  153. 
Comprossive,  shearing  and  tensile, 

77. 

|   -—due  to  change  in  temperature,  330. 
!     Striations,  1029. 

String,  fixed  at  both  ends,  731  -733. 
Harmonic  wave  in,  728 
Reflection  of  wave  in,  728-730. 
Stationary  vibration  in,  730'. 
Velocity  of  wave  in  stretched,  725- 
^727 

Vibration  of  bowed,  760. 
\\  ave  in,  725. 
Strings,  as  sources  of  sound,  725-736, 

759-761. 

Sound  produced  by,  725. 
Stroboscopic  method  of   determining 

frequency,  738 

Subdivided  resistance,  874,  892. 
"T"~  Sublimation.  474 
Submarine  boat,  276 
Sum     and     difference     method     for 

e.m.f.'s,  881. 
Summation  tones,  712. 
Surface  tension,  298. 
Surveying  telescope,  613. 
Susceptibility,    Magnetic, 

825 
Suspended,   coil   galvanomc 

969 
magnet,  788. 


Tables,  see  p.  xv. 
Tangent  galvanometei ,  834 
Telegraph,  Thr,  1004. 
Telegraphy,  Duplex,  1006. 
Telephone,  The,  1009. 
Telescope,  Annallatic,  613. 
Astronomical,  612.  L 

Galilean,  615.  < 

Surveying,  613. 
,       Terrestrial,  614. 
I    Temperament,  722. 
!        Scale  of  equal,  723. 
-^Temperature,  313,  369. 
I  _,  Absolute,  401,  497. 

and  magnetisation,  772 
coefficient  of    resistivit 

889. 

_    ,  Scales  of,  316,  40%  497 
^.^  Temperatures,  Conversi 
**,  Measurement  of  high, 
Tensile  stress,  153. 
Terrestrial  magnetism,  .„, 
4»  Thermal  equilibrium,  369. 
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normal  transmitting  power,  387 
''hormodynamics,  First  law  of,  355 
/Second  law  of,  497 
!hermo- electric,  couples,  322,  1010 
diagram,  1018. 
e.m.f ,  1017. 
power,  1019. 

'hermo-milliammeter,  1025 
'hermometer,  Weight,  337 
'hermometers,  Air,  408-410 
-Alcohol,  319. 
>  Clinical,  319. 
-Errors  of,  316-319 
"Fixed  points  of.  314 
"Maximum  arid  minimum,  320 
'Mercurial,  313 
Precautions  in  using,  321 
Proportions  of,  319 
Sensitive,  320 
hermopile,  381,  1024. 
hermos  flask,  386 
hormoscopo.  Ether,  381. 
liermosropes,  322 
liomson  effect,  1023. 
horium,  1035,  1036. 
Dne,  Difference,  712. 
Summation,  712. 
)nes,  Combination,  712. 
oothed  wheels,  58. 
brsion,  158. 
i  of  a  wire,  159 
^tal  reflection,  580 
tansference  of  heat,  367 
ransformer,  The,  984 
tansiation,  and  rotation,  Eneigy  of, 
i     207,  208 

Pure,  198. 

anslucence,  541. 

ansmissibihty  of  force,  76. 

ansmissibn  of  sound,  679 
anspaienee,  541. 

msverse  waves,  679 

tangle  of  displacements,  29 

J)f  forces,  78,  79-81,  82,  83,  87,  88. 

f|jf  velocities,  41. 

gonometrical  formulae,  9-11. 

368,  Velocity  of  sound  in,  689. 

ning,  1050 

rung-fork,  663,  707 

Absolute  pitch  of,  735. 

Adjustment  of, pitch  of,  737. 

Clectnoally -driven,  737. 

interference  in,  707. 

ping-forks,  Frequency  of,  665-667. 

rbines,  Hydraulic,  292-295. 

fteam,  515,  516. 


Unit,  Board  of  Trade,  845 

electric  charge,  925 
i        of  current,  833 
j        of  potential  difference,  841. 
I        pole,  774 
!     Units  of  force,  7,  67 

of  length,  ar  ea  and  volume,  3. 
of  mass,  4 

Practical  electrical,  843 
j    Unipivot  miLliamcter,  871 
Universal  shunt,  869. 
Uranium,  1035,  1036. 

Valve,  Rectifying,  1048. 
— Vapoiu,  390,  485. 
**"-and  gas,  Mixture  of,  459 
— >  density,  4H1-4H5 
_— .  Formation  of,  at.  constant  piessure 
482 

r- pressure,  Maximum,  450-453 

«— '   Satin ated  and  superheated,  450. 
-Vapouis,  390,  449-470,  482-48(5 
— »  Internal  energy  of,  482 
-^—  Practical  expansion  and  compros 

sion  of,  482-486 
Vai  lations  in  earth's  field,  802. 
in  </,  35 

of  tlie  compass,  794. 
Vector  quantities,  28 
Vehicles  on  curves,  218,  21() 
Velocities,  Composition  and  resolution 

of,  41 

Parallelogram  of.  41, 
Tiiangle  of,  41 
Velocity,  29 
Angular,  53. 

changed  in  direction,  44. 
•—'Mean  square,  419 

Rectangular  components  of,  42 
Relation  of  linear  and  angular,  54. 
Relative,  43,  61. 
Uniform,  29 
Variable,  29 

Vcjcx-ity  of  light,  656-660. 
Bradley,  657. 
Cornu,  658 
Fizeau,  657,  658. 
Foucault,  659. 
Michelson,  660. 
Homer,  656. 

Velocity  of  sound,  688-696. 
Adiabatic  correction  for,  692. 
by  calculation,  690-693. 
by  dust  figures,  755. 
by  gun,  688. 
by  resonance,  752. 
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Velocity  of  sound,  Effect  of  pressure 
on,  693. 

Effect  of  temperature  on,  693. 

Effect  of  wjnd  on,  088. 

in  air,  688. 

in  gases,  694,  755. 

in  rods,  695,  753. 

in  tubes,  689 

in  water,  695. 
Velocity  ratio,  185 

Velocity-tune  giaph,  General  case,  36 
Ventilation,  4-74. 
Vernier  calipers,  1 6. 

protractor,  15. 
Verniers,  14. 
Vibration,  Amplitude  of,  220,  6(V4. 

Energy  of,  671,  672. 

Foiced,  714 

Frequency  of,  222,  664 

m  pipes,  743. 

in  strings,  stationaiy,  730 

of  magnet,  788. 

of  different  phase,  225,  674,  675 

of  plates,  739 

of  rods,  Longitudinal,  753 

of  rods,  Transverse,  736 

Simple  harmonic,  220,  664 
Violations,  compounding  of,  225,  673 
Violin,  759. 
Viitual,  current,  873. 

image,  567,  594,  596. 
Visibility  of  transparent  bodies,  579. 
Vision,  542. 

Defects  of,  607-609. 

Persistence  of,  640 

Theoiy  of  colour,  638 
Volcanic  heat,  Utilisation  of,  359 
Volt,  The,  843. 
Voltaic  cell,  909. 
Voltameters,  903. 
Voltmeter,  Electrostatic,  949 
Voltmeteis,  874 

Use  of,  874 

Volumetric  strain,  154. 
Volumes,  Measurement  of,  13,  17,  23. 

Water,  Density  of,  339. 

dropper,  959 

'equivalent,  345. 
Water  -turbines,  292-294. 
Water  voltameter,  906. 
Water-wheels,  292. 
Watt,  The,  844. 
Wave,  Curve  for  compression,  686. 


Wave,  equation  of  simple  harmonic, 
681,  682. 

motion,  679. 

Representation  of  longitudinal,  685. 

velocity  and  velocity  of  particle,  680 

velocity  in  string,  725-727. 

Velocity  of  sound,  688 
Wave-length,  frequency,  velocity,  680. 
Waves,  Combination  of  two  harmonic, 
225,  673. 

in  stretched  strings,  725. 

in  strings,  Harmonic,  728. 

Longitudinal,  680,  682-687. 

Transverse,  679. 
Weighing,  20. 
Weight,  6. 
—  -  thermometer,  337. 

Variation  of,  6. 
West  011  cell,  914. 
Western's  blocks,  192. 
-Wet  and  dry  bulb  hygrometer,  478. 
Wheatstone's  bridge,  885 
Wheel  and  differential  axle,  192. 
Wilson  electroscope,  946. 
WimshurHt  machine,  960. 
Wind,  Effect  of,  688,  700,  702. 
Wind  instruments,  761. 
-Winds,  377. 

Wu  es,  Elastic  stretching  of,  157. 
Work,  167-170 
_  -Diagrams  of,  510. 
•done  by  a  gas,  422-420. 

in  elevating  a  body,  168. 

(pole  and  current),  964. 

Principle  of,  184. 

Representation  of,  169. 

Units  of,  168. 

X-ray  tube,  1033. 
X-rays,  1032. 

Hard,  1033. 

Nature  of,  1035. 

Secondary,  1035. 

Soft,  1033. 

Yard,  The,  4. 

Young-  Helmholtz  theory,  638. 
Young's  modulus,  156. 
by  bending,  164. 


Zero,  error  of  potentiometer,  892. 

—  '  of  temperature,  Absolute,  402, 

498. 

—  state,  Thermal,  483. 
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